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1 Introduction and summary

The asymptotic symmetry group at null infinity of asymptotically-flat spacetimes in general

relativity is normally considered to be the infinite-dimensional Bondi-Metzner-Sachs (BMS)

group. Associated with the Lie algebra of the BMS group there are an infinite number of

charges and fluxes (due to gravitational radiation) at null infinity [1–8]. Recently, these

charges and fluxes have been related to soft graviton theorems [9–14], gravitational memory

effects [9, 10, 15–19] and potentially black hole information loss [20–23].

There have been attempts to extend these relations to include the subleading soft the-

orems, in particular, the one proposed by Cachazo and Strominger in [24], by enlarging the
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gravitational phase space to give additional asymptotic symmetries. To understand the na-

ture of these proposed enlargements consider, briefly, the structure of the BMS algebra (see

section 2 for details). The BMS algebra contains an infinite-dimensional extension of the

usual translations — known as supertranslations — as well as (many equivalent subalgebras

of) infinitesimal Lorentz transformations. These Lorentz transformations are conformal

Killing fields on 2-sphere cross-sections of null infinity which are smooth everywhere. It

was proposed by Barnich and Troessaert [25, 26] (see also [27]) that the BMS algebra should

be extended to include the entire infinite-dimensional Virasoro algebra, which consists of

all local conformal Killing fields on a 2-sphere.1 The vector fields in the Virasoro algebra

which are not Lorentz vector fields are necessarily singular at isolated points on a 2-sphere.

An alternative proposal by Campiglia and Laddha [29, 30] was to extend the Lorentz

transformations by including all smooth infinitesimal diffeomorphisms on a 2-sphere. The

conservation law (i.e. Ward identity) for the charges at null infinity corresponding to such

extensions is then claimed to be equivalent to the subleading soft theorem of [24].

In this paper, we use the symplectic formalism for general relativity to investigate

whether such extensions of the asymptotic symmetries algebra have well-defined charges at

null infinity. Since the Virasoro vector fields are in general singular, it is tricky to apply the

usual symplectic formalism to such symmetries. Instead, we analyze the second extension

of smooth 2-sphere diffeomorphisms [29, 30] mentioned above.

The main quantity of interest in our analysis is the symplectic current derived from the

Lagrangian of general relativity (section 4). The symplectic current is a local and covariant

3-form ω(g̃; δ1g̃, δ2g̃) which is an antisymmetric bilinear in two perturbations of the metric

δ1g̃ab and δ2g̃ab (we have used a “tilde” to denote quantities in the physical spacetime as

opposed to ones in the Penrose conformal completion). If suitable asymptotic conditions

are satisfied then the symplectic current has a finite limit to null infinity. Then, the integral

of the symplectic current over null infinity gives a symplectic form on the phase space of

general relativity. If one of the perturbations, say δ2g̃ab, is taken to be the perturbation

generated by some asymptotic symmetry, then the symplectic form gives an expression for

the generator of that symmetry on phase space. Note that the crucial aspect of the above is

that the symplectic current must have a finite limit to null infinity, otherwise the generator

would not be defined.

It is well-known that for asymptotically-flat spacetimes the symmetries in the usual

BMS algebra have well-defined generators in the sense described above [7, 8]. We are in-

terested in whether generators corresponding to the extension of the BMS algebra by all

diffeomorphisms of a 2-sphere exist. We show that the answer is no: the symplectic current

of general relativity diverges in the limit to null infinity, in general, when one of the pertur-

bations is generated by an extended BMS symmetry (which is not a BMS symmetry). This

divergence was also previously encountered in the computations of Compère, Fiorucci and

Ruzziconi [28]. This divergence suggests that the generators of such extended symmetries

1These symmetries are often called superrotations [25, 26], although more recently that term has come

to be used for the smooth infinitesimal diffeomorphisms on the 2-sphere [23]. Another terminology for the

smooth diffeomorphisms is super-Lorentz transformations, with the odd parity ones being called superro-

tations and the even parity ones being called superboosts [28].
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may not exist on the phase space at null infinity, and the corresponding charges and fluxes

may be also ill-defined.

A loophole in this argument is that one can exploit an ambiguity in the symplectic

current to render it finite in the limit to null infinity (see ref. [31] for a general discussion

of such renormalization in a different context). The ambiguity is of the form ω → ω +

d[δ1Y (g̃; δ2g̃)−(1↔ 2)], for some two-form Y which constructed out of the dynamical fields

and their variations [8]. Recently, Compère, Fiorucci and Ruzziconi have shown that one

can indeed obtain a finite symplectic current using this method, and they find expressions

for charges corresponding to all the symmetries of the extended algebra, including the

general 2-sphere diffeomorphisms [28].

However, as noted by the authors themselves, their prescription relies on a particular

choice of coordinates with the result that the two form Y and the final, finite symplectic

current are not local, covariant function of the dynamical fields. Thus, it is not clear that

the expressions obtained in ref. [28] for charges are unique. For instance, if one repeated

the construction using Newman-Unti coordinates instead of Bondi coordinates, it is not

clear if equivalent results would be obtained. We will show that one cannot eliminate the

divergences in the symplectic current by exploiting the ambiguity in a local and covariant

manner.

This result suggests that the general 2-sphere diffeomorphisms do not give rise to well

defined charges and fluxes. However, a possible loophole is that requiring that all the

quantities in the construction be local and covariant [8] is too strong a restriction, and

instead one should only impose this requirement on physically measurable quantities. For

example it might be possible that the presymplectic form (obtained by integrating the

presymplectic current over a Cauchy surface) may be independent of the arbitrary choice

of coordinate system used in ref. [28], despite the fact that the presymplectic current ω

does depend on this choice. It would be interesting to investigate this possibility further,

but we do not do so in this paper.

The remainder of this paper is organized as follows. In section 2, we review the def-

inition of asymptotic flatness and show how the BMS algebra emerges as the asymptotic

symmetry algebra of asymptotically-flat spacetimes. In section 3, we consider the extended

phase space proposed in [30] which leads to an extension of the BMS algebra to include

arbitrary infinitesimal diffeomorphisms of a 2-sphere. In section 4, we show that the sym-

plectic current evaluated on these extended symmetries diverges in the limit to null infinity.

We also show that any local and covariant ambiguities in the symplectic current cannot

get rid of this divergent behavior. We consider other issues associated with this extension

of the BMS algebra in section 5. We end by summarizing our main conclusions in sec-

tion 6. In appendix A, we construct suitable coordinate systems near I and show that

the conformal factor and the unphysical metric at null infinity can be chosen universally

in the class of asymptotically-flat spacetimes. In appendix B, we show that the extension

of the BMS algebra by all diffeomorphisms of a 2-sphere does not contain any preferred

translation subalgebra.
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1.1 Notation and conventions

We follow the conventions of Wald [32] throughout. Tensors on spacetime will be denoted by

Latin indices a, b, c, . . .. We will frequently use an index-free notation for differential forms

and denote then by a bold-face, e.g. ω ≡ ωabc is the 3-form symplectic current. Tensors on

the physical spacetime will be denoted by a “tilde” while those on the conformal completion

(unphysical spacetime) will not have a “tilde”, e.g. g̃ab is the physical metric while gab is the

unphysical metric in the conformal completion. Indices on unphysical, unbarred quantities

will be raised and lowered with the unphysical metric, for example nan
a = gabnanb.

2 Asymptotic flatness at null infinity and the BMS algebra

In this section, we review the definition of asymptotically-flat spacetimes and show how

the BMS algebra arises as the asymptotic symmetry algebra at null infinity.

2.1 Definition and properties of asymptotic flatness at null infinity

A physical spacetime (M̃, g̃ab), satisfying the vacuum2 Einstein equation G̃ab = 0, is

asymptotically-flat at null infinity if there exists another unphysical spacetime (M, gab)

with a boundary I = ∂M and an embedding of M̃ into M ,3 such that

1. there exists and a smooth function Ω (the conformal factor) on M satisfying

Ω = 0 on I , ∇aΩ is nowhere vanishing on I , (2.2a)

gab = Ω2g̃ab is smooth on M including at I . (2.2b)

2. I is topologically R× S2.

3. Defining the vector field

na = ∇aΩ, (2.3)

then the vector field ω−1na is complete on I for any smooth function ω on M such

that ω > 0 on M and ∇a(ω4na) = 0 on I .4

For detailed expositions on the motivations for this definition, we refer the reader to refs. [5,

32]. Note that the smoothness conditions on the unphysical spacetime can be significantly

weakened — we can allow M to have a C3-differential structure and gab to be twice-

differentiable at the boundary I .

2For non-vacuum spacetimes, the definition of asymptotic flatness includes a fourth condition, that the

physical stress-energy tensor T̃ab satisfies

T̃ab = Ω2Tab (2.1)

for some tensor Tab which is smooth on M including at I . All of the results in this paper generalize to the

non-vacuum case, except for the discussion of the presymplectic current in section 4, which is specialized

to vacuum general relativity.
3We use the standard convention whereby the physical spacetime M̃ is identified with its image in M

under the embedding.
4Since we will primarily be interested in the asymptotic symmetry algebra, and not the symmetry group,

we will not need the completeness condition on I .
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Using the conformal transformation relating the unphysical Ricci tensor Rab to the

physical Ricci tensor R̃ab (see appendix D of [32]), the vacuum Einstein equation can be

written as

Sab = −2Ω−1∇(anb) + Ω−2ncncgab , (2.4)

where Sab is given by

Sab = Rab −
1

6
Rgab. (2.5)

It follows immediately from eq. (2.4) and from the assumed smoothness of Ω and of the

unphysical metric gab at I that nan
a|I = 0. Hence I is a smooth null hypersurface in M

with normal na = ∇aΩ and the vector field na = gabnb is a null geodesic generator of I .

Next, we write nana = χΩ, where χ extends smoothly to I , so that eq. (2.4) yields

on I that

2∇(anb) = χgab. (2.6)

Under a change of the conformal factor of the form

Ω 7→ ωΩ, gab 7→ ω2gab, (2.7)

where ω is smooth in M and is nowhere vanishing on I , we have that χ transforms on I

as χ→ (χ+ 2£n lnω)/ω. Hence we can choose ω to make χ = 0 [5, 32], which yields from

eq. (2.6) the Bondi condition

∇anb|I = ∇a∇bΩ|I = 0, (2.8)

as well as

nan
a = O(Ω2). (2.9)

The remaining freedom in the conformal factor is of the form eq. (2.7) with

ω|I > 0 , £nω|I = 0. (2.10)

Let qab the pullback of gab to I . This defines a degenerate metric on I such that

qabn
b = 0 , £nqab = 0, (2.11)

where the second condition follows from eq. (2.8). Thus, qab defines a Riemannian metric

on the space of generators of I which is diffeomorphic to S2.

A priori, the conformal completion depends on the physical spacetime (M̃, g̃ab) under

consideration. However, if (M, gab,Ω) and (M ′, g′ab,Ω
′) are the unphysical spacetimes cor-

responding to any two asymptotically-flat physical spacetimes, then M ′ can be identified

with M using a diffeomorphism such that I ′ maps to I , Ω′ = Ω in a neighborhood of I

and g′ab|I = gab|I [6]. This can be shown by setting up a suitable geometrically-defined

coordinate system in a neighborhood of I and identifying the two unphysical spacetimes

in these coordinates; we defer the details to appendix A. Here we emphasize that the choice

of coordinate system used is largely irrelevant. The only essential ingredients used in the

identification are

– 5 –



J
H
E
P
0
1
(
2
0
2
0
)
0
0
2

1. I is a null smooth surface in the unphysical spacetime M .

2. The freedom in the choice of the conformal factor Ω given by eq. (2.10).

3. The space of null generators of I is topologically S2 and thus has a unique conformal

class of metrics up to diffeomorphisms.

As discussed above, the first two ingredients follow directly from the smoothness require-

ments in the definition of asymptotic flatness and the Einstein equation at I . The third

fact is a special case of the uniformization theorem (for instance see Ch. 8 [33]) and plays

a crucial role on I .5 As we will show below this fact leads directly to the BMS algebra

at I with the Lorentz algebra being a subalgebra (instead of all diffeomorphisms of S2).

Further, it is also essential in the definition of a News tensor characterizing the presence

of radiation at I (see Theorem 5 of [5]).6

As a result of this identification, we can work on a single manifold M with boundary I

and treat Ω and gab|I as universal within the entire class of asymptotically-flat spacetimes,

in the sense that they can be chosen to be independent of the choice of the physical

spacetime. Specifically, fix a metric g0 ab on I and a conformal factor Ω0 in a neighborhood

N of I , and define the field configuration space7

Γ0 = {(M, gab,Ω)| gab |I = g0 ab |I , Ω = Ω0 on N , ∇a∇bΩ|I = 0
}
. (2.12)

Note that we include the Bondi condition (2.8) in this definition. Not all asymptotically

flat unphysical metrics lie in Γ0, but for each one there corresponds an element of Γ0

related to it by a diffeomorphism and a conformal rescaling of the form (2.7), as we show

in appendix A.

2.2 Review of derivation of the Bondi-Metzner-Sachs symmetry algebra

The asymptotic symmetries at I + of the field configuration space Γ0 are the infinitesimal

diffeomorphisms generated by vector fields ξa in M which extend smoothly to I , and whose

pullbacks preserve the asymptotic flatness conditions and map Γ0 into itself, modded out

by the trivial diffeomorphisms whose asymptotic charges vanish [8].

Consider a one-parameter family of asymptotically-flat physical metrics g̃ab(λ) where

g̃ab = g̃ab(λ = 0) is some chosen background spacetime. Define the physical metric pertur-

bation γ̃ab around the background g̃ab by

γ̃ab = δg̃ab =
d

dλ
g̃ab(λ)

∣∣∣∣
λ=0

(2.13)

We will use “δ” to denote perturbations of other quantities defined in a similar way.

5The uniformization theorem is a global result depending on the topology of the 2-dimensional space.

Locally, all metrics of a particular signature on a 2-surface are conformally-equivalent, Problem 2 Ch. 3 [32].
6Even in spacetime dimensions d > 4, to have well-defined Bondi mass and News tensor it appears

essential to additionally assume that the metric qab on the (d− 2)-dimensional space of generators of I is

conformal to a compact space of constant curvature [16, 34, 35].
7Sometimes called the pre-phase space or space of field histories [36].
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Now let gab(λ) and Ω(λ) be one-parameter family of unphysical metrics and conformal

factors corresponding to the conformal completions of the physical metrics g̃ab(λ). As

discussed above, since the conformal factor Ω is universal we have δΩ = 0 and δna = 0.

The unphysical metric perturbation is then

δgab = γab = Ω2γ̃ab , (2.14)

where γab is smooth on M and extends smoothly to I . Since the unphysical metric at I

is universal, we have that

δgab|I = γab|I = 0 =⇒ γab = Ωτab , (2.15)

for some tensor τab which extends smoothly to I . Further, perturbing the Bondi condi-

tion (2.8) we can show that [8]

τabn
b = Ωτa , (2.16)

for some τa which extends smoothly to I . Thus, the unphysical metric perturbations γab
tangent to the field configuration space Γ0 of eq. (2.12) satisfy

γab = Ωτab, (2.17a)

γabn
b = Ω2τa. (2.17b)

Now consider the physical metric perturbation £ξ g̃ab corresponding to an infinitesi-

mal diffeomorphism generated by a vector field ξa. The corresponding unphysical metric

perturbation is

γ
(ξ)
ab = Ω2£ξ g̃ab = £ξgab − 2Ω−1ncξ

cgab. (2.18)

For ξa to be a representative of an infinitesimal asymptotic symmetry, the perturba-

tion (2.18) must satisfy the conditions (2.17). First, since γ
(ξ)
ab is smooth at I , we have from

eq. (2.18) that naξ
a|I = 0, that is, ξa must be tangent to I . We define the function αξ by

naξ
a = Ωα(ξ), (2.19)

where α(ξ) extends smoothly to I . This yields

γ
(ξ)
ab = £ξgab − 2α(ξ)gab, (2.20)

and contracting with nanb and using eqs. (2.17) and (2.9) gives that

nanb∇aξb = O(Ω2). (2.21)

Next, contracting eq. (2.20) with nb and using eqs. (2.8) and (2.19) gives

nbγ
(ξ)
ab = nb∇bξa − ξb∇bna − α(ξ)na + Ω∇aα(ξ), (2.22)

where we have used ∇anb = ∇bna from eq. (2.3). From eqs. (2.17) the left-hand-side of

eq. (2.22) must vanish at I , which gives

£ξn
a|I = − α(ξ)n

a
∣∣
I
. (2.23)
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Similarly the constraint (2.17b) gives using eqs. (2.3), (2.9), (2.19), (2.21) and (2.22)

nanbγ
(ξ)
ab = O(Ω2) =⇒ £nα(ξ)

∣∣
I

= 0. (2.24)

Finally, the pullback of eq. (2.20) to I implies that

γ
(ξ)
ab

∣∣∣
I

= 0 =⇒ £ξqab|I = 2α(ξ)qab . (2.25)

Thus, representatives of asymptotic symmetries for Γ0 on I are vector fields ξa which are

tangent to I and satisfy on I

£ξn
a = −α(ξ)n

a, (2.26a)

£ξqab = 2α(ξ)qab, (2.26b)

where the function α(ξ) is smooth and

£nα(ξ) = 0 (2.27)

on I .

Next we need to mod out by trivial infinitesimal diffeomorphisms for which all bound-

ary charges vanish. For the case of vacuum general relativity, the trivial vector fields ξa

are those which vanish on I [8], and so it follows that the symmetry algebra consists of

intrinsic vector fields ξa on I which satisfy the conditions (2.26) and (2.27) on I . These

conditions are the familiar ones defining the BMS algebra b [5, 7].

Finally we review some of the properties of this algebra. Consider vector fields of the

form ξa|I = fna for which £nf |I = 0. It follows from eqs. (2.9) and (2.19) that we

have α(ξ)|I = 0. It is easy to verify that vector fields of this form generate an infinite-

dimensional abelian subalgebra s of b. Further, this subalgebra is invariant in the sense

that the Lie bracket of any element of b with any element of s is again in s, that is s is a Lie

ideal of b. This is the subalgebra of supertranslations. From eq. (2.26b), the factor algebra

b/s is isomorphic to the algebra of smooth conformal Killing fields of qab on S2. Since the

conformal class of metrics on S2 is unique up to diffeomorphisms, the algebra of smooth

conformal Killing fields of any qab is isomorphic to the algebra of smooth conformal Killing

fields of the unit-metric on S2, that is the Lorentz algebra so(1, 3). Thus, the BMS algebra

has the semi-direct structure b = so(1, 3) n s. The BMS algebra also contains a unique

4-dimensional Lie ideal t which can be interpreted as translations (see [3] or Theorem 6

of [5], also appendix B below). The presence of this preferred subalgebra t implies that the

Bondi 4-momentum at I is unambiguously defined.

3 An extended field configuration space and extended algebra

In this section we show that by weakening the universal structure near I — equivalently,

by extending the class of allowed metrics — one obtains a bigger asymptotic symmetry

algebra at null infinity which includes all the smooth diffeomorphisms of a 2-sphere. This

is the algebra proposed by Campiglia and Laddha [29, 30].
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3.1 Extended field configuration space

It is clear from the preceding section that to obtain any extension of the BMS algebra, one

must enlarge the class of metrics under consideration. One option might be to suitably

weaken the definition of asymptotic flatness. An alternative approach, which we follow

here, is to enlarge the definition (2.12) of the field configuration space by relaxing the

requirement that the unphysical metric evaluated on I be universal. The motivation for

this enlargement is questionable, since the new metrics that are being added are related to

metrics already included in the space Γ0 by diffeomorphisms and by the conformal transfor-

mations (2.10). This issue is discussed further in section 5.2 below. Nevertheless, we shall

proceed and consider the extended class of metrics proposed by Campiglia and Laddha [30].

In the definition of the extended field configuration space, we will continue to require

that the unphysical metric gab be smooth at I . We will also continue to choose the

conformal factor Ω so that the Bondi condition (2.8) holds. Now, if we are given an

unphysical spacetime (M, gab,Ω), we can define tensors n̂a and εabc intrinsic to I by

n̂a = gab∇aΩ|I , (3.1a)

εabcd|I = 4ε[abcnd]|I , (3.1b)

and by defining εabc to be the pullback of εabc to I .8 It follows from the Bondi condi-

tion (2.8) that

£n̂εabc = 0. (3.2)

We now fix a choice of tensors n̂a0, ε0 abc obtained in this way, fix a choice of conformal

factor Ω0 on a neighborhood N of I , and define the extended field configuration space

Γext to be [compare eq. (2.12)]

Γext = {(M, gab,Ω)| n̂a = n̂a0, εabc = ε0 abc, Ω = Ω0 on N , ∇a∇bΩ|I = 0} . (3.3)

This is the definition proposed by Campiglia and Laddha [30], in which the 3-volume form

εabc and the normal n̂a at I are universal. Note that Γ0 is a proper subset of Γext, if we

choose the fields n̂a0 and ε0 abc to be those associated with g0 ab|I .

3.2 Extended algebra

We now derive the form of the symmetry algebra for the field configuration space (3.3).

Since the fields εabc and n̂a are universal their perturbations must vanish, so

δεabc|I = 0 =⇒ gabγab|I = 0 =⇒ gabγab = Ωσ ,

δna|I = 0 =⇒ γabn
b = Ωχa ,

(3.4)

for some fields σ and χa which extend smoothly to I . Perturbing the Bondi condition (2.8)

we have

δ(∇anb)|I = 0 =⇒ nc∇cγab|I = 2n(aχb), (3.5)

8Note that εabc is ambiguous up to εabc 7→ εabc + α[abnc] but this does not affect the pullback εabc.
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and taking the trace and using eq. (3.4) gives

naχa|I = 0. (3.6)

Thus, the unphysical metric perturbations γab in the extended class satisfy

gabγab = Ωσ , γabn
b = Ωχa , naχa|I = 0 , nc∇cγab|I = 2n(aχb), (3.7)

which are weaker than the conditions (2.17) on perturbations in the conventional defini-

tion (2.12).

To find the asymptotic symmetries of this extended class of spacetimes, let γ
(ξ)
ab be the

unphysical perturbation (2.18) generated by a diffeomorphism along ξa, as before. Imposing

the requirements (3.7) we find that ξa still satisfies the conditions (2.24) and (2.23). But

since the unphysical metric is no longer universal at I , γ
(ξ)
ab |I is no longer required to

vanish and so the condition (2.25) no longer holds.9 Using gabγ
(ξ)
ab |I = 0 we have instead

£ξεabc = 3α(ξ)εabc, (3.8)

where εabc is the 3-volume element (3.1b) on I .

Modding out by the trivial diffeomorphisms as before,10 we thus find that the extended

BMS algebra bext [30] of Γext is generated by vector fields ξa on I which are tangent to

I and which satisfy

£ξn
a = −α(ξ)n

a, (3.9a)

£ξεabc = 3α(ξ)εabc, (3.9b)

where the function α(ξ) is smooth and satisfies eq. (2.27). The structure of this extended

BMS algebra can be analyzed as before. There is an infinite-dimensional abelian Lie ideal

s of supertranslations as before. However as a direct consequence of dropping eq. (2.26b)

in favor of eq. (3.9b), the factor algebra bext/s is now isomorphic to the Lie algebra diff(S2)

of all smooth infinitesimal diffeomorphisms of S2. Hence we have bext = diff(S2) n s.

Thus, by weakening the universal structure near I — equivalently, extending the

class of allowed perturbations — one obtains a bigger asymptotic symmetry algebra at null

infinity which includes all the smooth diffeomorphisms of a 2-sphere.

4 The symplectic current of general relativity at null infinity

In this section we evaluate the symplectic current of general relativity for the extended

class of perturbations detailed in section 3. We will show that any choice of symplectic

current, which is local and covariant, necessarily diverges in the limit to I .

9The last condition in eq. (3.7) does not impose additional restrictions on ξa at I .
10The trivial vector fields are those for which the integral of symplectic current evaluated on δg̃ab and

£ξ g̃ab vanishes [8]. However, this quantity cannot be evaluated since the symplectic current diverges on I ,

as we show in the next section. So we simply assume here that the trivial vector fields ξa are those which van-

ish on I , as for the standard definition of field configuration space. The symmetry algebra thus could change

given a finite renormalized symplectic current; see section 5.2 below for further discussion of this point.
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4.1 The symplectic current for general perturbations

We briefly review the symplectic formalism for general relativity, though this formalism

can be used for any local and covariant Lagrangian theory. The Lagrangian 4-form for

vacuum general relativity is given by

L =
1

16π
ε̃4 R̃ (4.1)

where R̃ and ε̃4 ≡ ε̃abcd are the Ricci scalar and the volume 4-form, respectively, in the

physical spacetime. The variation of the Lagrangian is

δL = − 1

16π
G̃abδg̃ab ε̃4 + dθ(g̃; δg̃) (4.2)

where G̃ab is the physical Einstein tensor and the symplectic potential 3-form θ is given

by [8]

θ ≡ θabc =
1

16π
ε̃dabcṽ

d with

ṽa = g̃aeg̃fh
[
∇̃f γ̃eh − ∇̃eγ̃fh

]
.

(4.3)

Note that the symplectic potential (4.3) is not uniquely determined by the Lagrangian. We

will investigate the ambiguities in the symplectic formalism in section 4.3.

The symplectic current 3-form ω is defined by11

ω(g̃; δ1g̃, δ2g̃) = δ1θ(g̃; δ2g̃)− δ2θ(g̃; δ1g̃) . (4.4)

Using eq. (4.3), the symplectic current ω for general relativity can be written as ωabc =

ε̃dabcw̃
d/(16π) with [8]

w̃a = P̃ abcdef γ̃2bc∇̃dγ̃1ef − [1↔ 2],

P̃ abcdef = g̃aeg̃fbg̃cd − 1

2
g̃adg̃beg̃fc − 1

2
g̃abg̃cdg̃ef − 1

2
g̃bcg̃aeg̃fd +

1

2
g̃bcg̃adg̃ef ,

(4.5)

where “[1 ↔ 2]” denotes the preceding expression with the labels 1 and 2, labeling the

perturbations, interchanged.

If the metric g̃ab, the perturbation δg̃ab and the vector field ξa generating an infinitesi-

mal diffeomorphism satisfy some suitable asymptotic conditions at I so that the symplectic

current ω(g̃; δg̃,£ξ g̃) has a finite limit to I , then the integral of this symplectic current

over I can be used to define a generator of the symmetry corresponding to ξa at null

infinity [8]. Note that we require the full 3-form ω to have a limit to I and not just its

pullback or integral over some surfaces that limit to I ; the latter procedure would, in

general, depend on the choice of surfaces used and would not be covariant.

We now investigate whether the symplectic current has a limit to I when ξa is a

generator of the extended BMS algebra. To analyze the behavior of the symplectic current

11In general the integral of the symplectic current over a 3-dimensional surface will be degenerate and

hence only defines a presymplectic form on the space of fields. We shall not be concerned with such issues

and so continue to call ω a symplectic current.
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at I , it is convenient to express the symplectic current in terms of unphysical quantities

which extend smoothly to I and are non-vanishing there in general. Thus we define

εabcd = Ω4ε̃abcd , P abcdef = Ω−6P̃ abcdef , γab = Ω2γ̃ab . (4.6)

The relation between the physical derivative operator ∇̃ and unphysical derivative operator

∇ acting on any covector va is given by

∇̃avb = ∇avb + Ccabvc

with Ccab = 2Ω−1δc(anb) − Ω−1ncgab
(4.7)

Inserting eq. (4.6) into eq. (4.5), using eq. (4.7), one obtains:

ω ≡ ωabc =
1

16π
εdabcw

d ,

with wa = Ω−2P abcdefγ2bc∇dγ1ef + Ω−3γab1 nbγ2c
c − [1↔ 2] .

(4.8)

Note that if both perturbations γ1ab and γ2ab are tangent to the standard field config-

uration space (2.12) and so satisfy the usual conditions (2.17), we have

wa = P abcdefτ2bc∇dτ1ef + τ1
abτ2b + τ1

aτ2c
c − [1↔ 2] +O(Ω) , (4.9)

and in this case the symplectic current is finite at I . In particular, when one of the

perturbations is generated by an infinitesimal diffeomorphism corresponding to the BMS

algebra, one can define the corresponding charges and fluxes following the procedure in [8].

4.2 Divergence of the symplectic current on the extended phase space

Now consider the case where one of the perturbations, say γ1ab, satisfies the usual set (2.17)

of conditions, while the other one, γ2ab, lies in Γext and so satisfies only the weaker set of

conditions (3.7). If in this case the symplectic current has a finite limit to I then one

can hope to define charges and fluxes for the extended BMS algebra taking γ2ab = γ
(ξ)
ab

where ξa|I is an element in bext. However, as we now show, the symplectic current (4.8)

in this case necessarily diverges in the limit to I , unless γ2ab also lies in the standard field

configuration space Γ0 [i.e. satisfies the standard conditions (2.17)], or the perturbation

γ1ab contains no gravitational radiation, i.e., has vanishing perturbed News tensor.

If the symplectic current ω has a limit to I then its pullback to I will be proportional

to ε3 naw
a where ε3 ≡ εabc is the 3-volume element on I . It will suffice for our purposes to

show that naw
a does not have a limit to I . Using eqs. (2.16), (2.15) for γ1ab and eqs. (3.4)

for γ2ab we have

naw
a = Ω−1

[
naP

abcdefγ2bc∇dτ1ef − naP abcdefτ1bc∇dγ2ef

]
(4.10)

+ χ2aτ1
a +

1

2
σ2τ1

ana −
3

2
Ω−1naχ2aτ1b

b − 1

2
Ω−2nan

aγ2
bcτ1bc +

1

2
Ω−1nan

aσ2τ1b
b .

Due to eqs. (2.9) and (3.7) the second line in eq. (4.10) has a finite limit to I . Now if

naw
a has a finite limit to I then we must have lim

→I
Ωnaw

a = 0. From eq. (4.10) we have

Ωnaw
a = naP

abcdefγ2bc∇dτ1ef − naP abcdefτ1bc∇dγ2ef +O(Ω), (4.11)
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where O(Ω) indicates terms which vanish in the limit to I . Evaluating the first term of

eq. (4.11) at I , using eq. (3.7), we have

naP
abcdefγ2bc∇dτ1ef

∣∣∣
I

= naγ2
bc∇cτ1ab −

1

2
naγ2

bc∇aτ1bc

= −1

2
γ2
bcna∇aτ1bc.

(4.12)

Similarly for the second term in eq. (4.11) we have (from eqs. (2.17), (3.7))

naP
abcdefτ1bc∇dγ2ef

∣∣∣
I

= −1

2
τ1
bcna∇aγ2bc = 0. (4.13)

Thus eq. (4.11) can be written as

Ωnaw
a = −1

2
γ2
abnc∇cτ1ab +O(Ω). (4.14)

We now simplify the above expression further using the vacuum Einstein equation.

Perturbing eq. (2.4), for the perturbation γ1ab we have (see also eq. (67) of [8])

δ1Sab|I = 2naτ1b + 2nbτ1a − nc∇cτ1ab − ncτ1cgab. (4.15)

Using eq. (4.15) in eq. (4.14) to eliminate the derivative of τ1ab, and eqs. (2.17), (3.7) we

get

Ωnaw
a =

1

2
γ2
abδ1Sab +O(Ω). (4.16)

Further, since γ2
ab is tangent to I (from eq. (3.4)) we can replace Sab by its pullback to

I Sab to get

Ωnaw
a =

1

2
γ2
abδ1Sab +O(Ω) (4.17)

Now for a asymptotically flat spacetime the News tensor on I is defined by

Nab = Sab − ρab, (4.18)

where ρab is the unique symmetric tensor field on I constructed from the (usual) universal

structure at I in Theorem 5 of [5]. Thus, for the perturbation γ1 ab we have δ1ρab = 0 and

we can replace δ1Sab in eq. (4.17) with δ1Nab to get

Ωnaw
a =

1

2
γ2
abδ1Nab +O(Ω) (4.19)

For general perturbations γ1ab the perturbed News δ1Nab does not vanish on I , indicating

the presence of (linearized) gravitational radiation, although it is subject to the constraints

gabδ1Nab = 0, naδ1Nab = 0. (4.20)

If the quantity (4.19) vanishes for all perturbations γ1 ab, then γ2 ab must be of the form

αgab + n(avb) +O(Ω), but it then follows from eqs. (3.7) that γ2 ab = O(Ω).
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We therefore conclude that

1. The symplectic current has a finite limit to I for all perturbations γ1ab that are

tangent to the standard phase space Γ0, if and only if γ2ab|I = 0, that is, γ2ab also

is tangent to Γ0. In particular when γ2ab = γ
(ξ)
ab is a perturbation generated by an

infinitesimal diffeomorphism ξa, then γ
(ξ)
ab |I = 0 and thus ξa|I is an element of the

usual BMS algebra b (see eq. (2.25)).

2. The symplectic current has a finite limit to I for any γ2ab = γ
(ξ)
ab generated by

an infinitesimal diffeomorphism ξa in bext which is not in b, if and only if γ1ab has

vanishing perturbed News, that is, γ1ab is non-radiating at I .

We emphasize that we have shown that (except in the cases discussed above) the

limit to I of the symplectic current ω as a 3-form does not exist. That is, the symplectic

current diverges as we approach any point of I along any curve in the unphysical spacetime

independently of any choice of coordinates.

We now compare our result with the procedure used by Campiglia and Laddha [30],

who obtained finite charges associated with generators of the extended algebra. Their pro-

cedure can be described as follows. In the physical spacetime pick some Bondi coordinate

system (r, u, xA) near I . Consider the surfaces Σt given by t = u + r = constant and

integrate the symplectic current ω on Σt with the perturbation δ2g̃ab = £ξ g̃ab generated

by some diffeomorphism in bext and δ1g̃ab lying in Γ0. This integral can be rewritten as

an integral over a 2-sphere of u = constant on Σt. Then as u→ −∞ this integral diverges

linearly in u if the vector field ξa is an element of bext which is not in the usual BMS

algebra b. To get a finite symplectic form for all symmetries in bext, ref. [30] then imposes

the boundary condition CAB ∼ 1/u1+ε along every Σt where CAB is a subleading piece of

the physical metric on the 2-spheres in Bondi coordinates. The symplectic form on I is

then defined as the t→∞ limit of this symplectic form on the surfaces Σt.

We note that, in contrast to our approach, the procedure used by [30] is not covariant.

In particular their boundary condition CAB ∼ 1/u1+ε along every Σt is not invariant under

supertranslations (this was noted also by [30]). Thus, if this condition holds in one choice of

Bondi coordinate system, it fails to hold in another Bondi coordinate system related to the

first by a supertranslation. Similarly, this condition fails to hold if one instead integrates the

symplectic current on some different family of surfaces which are supertranslated relative

to their choice of Σt. We also note that for the “soft charge” on I defined in [29, 30] to be

finite one needs to impose CAB ∼ 1/|u|1+ε along I as u→ ±∞ (the “soft charge” vanishes

for elements of the Lorentz algebra so(1, 3) upon integration over the 2-spheres and this

restriction is not required). As is well-known [16], this implies that the memory effect in

such spacetimes must vanish which is a severe restriction on the class of spacetimes.

4.3 Ambiguities in the symplectic current

As shown in the previous section, the symplectic current of a perturbation in the standard

phase space Γ0 with any element of the extended BMS algebra (which is not in the usual

BMS algebra) is not finite at I . However, the symplectic current of general relativity is
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not uniquely determined by its Lagrangian, and it was claimed in [28] that the symplectic

current can be made finite at I by a suitable choice of such an ambiguity. Since the

computations of [28] are tied to a Bondi coordinate system, it is not apparent if their choice

of the ambiguity is local and covariant. In this section we show that any ambiguity in the

symplectic current, which is local and covariant cannot be used to make the symplectic

current finite at I , in general.

The symplectic potential θ defined by eq. (4.2) is ambiguous up to the addition of a

local and covariant 3-form X(g̃; δg̃) which is linear in δg̃ and closed, i.e. dX = 0. It can be

shown quite generally [37] that such a closed form must be exact i.e. X(g̃; δg̃) = dY (g̃; δg̃)

for some 2-form Y which is local and covariant and linear in δg̃. Thus, the ambiguity in

the symplectic potential is

θ(g̃; δg̃) 7→ θ(g̃; δg̃) + dY (g̃; δg̃) (4.21)

From eq. (4.4), the corresponding ambiguity in the symplectic current is given by12

ω(g̃; δ1g̃, δ2g̃) 7→ ω(g̃; δ1g̃, δ2g̃) + d [Z(g̃; δ1g̃, δ2g̃)−Z(g̃; δ2g̃, δ1g̃)] (4.22)

where, for later convenience, we have defined the 2-form

Z(g̃; δ1g̃, δ2g̃) = δ1Y (g̃; δ2g̃) , (4.23)

Note that it follows from eq. (4.23) that any such Z must satisfy the condition

δ3Z(g̃; δ1g̃, δ2g̃)− δ1Z(g̃; δ3g̃, δ2g̃) = 0 (4.24)

for arbitrary perturbations δ3g̃ of the metric, even those that do not lie in Γ0.

We first define the notion of a scaling dimension for tensors following [34]. A tensor

La...b... with u upper and l lower indices constructed out of the unphysical metric gab and the

conformal factor Ω is said to have a scaling dimension s, if under a scaling of the conformal

factor Ω 7→ λΩ and the metric gab 7→ λ2gab by a constant λ, we have La...b... 7→ λs−u+lLa...b....

Note that the scaling dimension is independent of the tensor index positions and is additive

under tensor products. One sees from this that the relevant scaling dimensions are:

Ω : 1 , gab : 0 , εabcd : 0 , ∇ : −1 , na : 0 (4.25)

Since we are interested in the behavior of Z near I , it is useful to write everything in

terms of unphysical quantities which are smooth at I . Since Z(δ1g̃, δ2g̃) is linear in both

physical metric perturbations, in terms of the unphysical perturbations γ1ab, γ2ab we must

have

Z(γ1, γ2) =
∑
p,q

W abcde1...epf1...fq(∇e1 · · · ∇epγ1ab)(∇f1 · · · ∇fqγ2cd) (4.26)

where p and q (each ranging from 0 to some finite value) count the number of derivatives

of γ1ab and γ2ab, respectively. Here W abcde1...epf1...fq are some local and covariant tensor-

valued 2-forms which are local functionals of the unphysical metric, the unphysical Riemann

12Note that the equations of motion are unaffected by the change L 7→ L + dK in the Lagrangian. This

does not affect the symplectic current since δ1δ2K − δ2δ1K = 0.
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tensor and its derivatives and the conformal factor. The scaling dimension of γ1ab and γ2ab

is 0, and since the scaling dimension of the symplectic potential θ is −3 it follows from

eq. (4.21) that the scaling dimension of Z is −2. Therefore, the scaling dimension of

W abcde1...epf1...fq is −2 + p+ q.

Now we analyze the possible forms of W abcde1...epf1...fq that can appear in eq. (4.26).

Note that our goal is to find a Z that can get rid of the divergence in the symplectic

current in the limit to I . From eq. (4.19) we see that this diverging term depends ana-

lytically on the background unphysical metric. Thus, in any candidate expression for Z of

the form (4.26), we can assume that W abcde1...epf1...fq is an analytic functional of its argu-

ments.13 Using the Einstein equation (2.4), we can eliminate the covariant derivatives of na
in favor of Sab and its derivatives. Similarly, the unphysical Riemann tensor and its deriva-

tives can be rewritten in terms of Sab and the Weyl tensor Cabcd and their derivatives using

Rabcd = Cabcd + ga[cSd]b − gb[cSd]a (4.27)

Thus any typical term in W abcde1...epf1...fq can be schematically written in the form14

Ωv
r∏
i=1

(∇)siSab

u∏
j=1

(∇)tj (Cabcd)× (terms with 0 scaling dimension) , (4.28)

where we have suppressed contractions with the metric gab for simplicity of notation. In the

above r, u ≥ 0 count the number of factors involving Sab and Cabcd respectively and si, tj ≥ 0

count the number of derivatives occurring in each such term. Note that v is allowed to be

negative. Comparing the scaling dimensions of eq. (4.28) and W abcde1...epf1...fq gives

− 2 + p+ q = v −
r∑
i

si − 2r −
u∑
j

tj − 2u . (4.29)

From the above we see that v ≥ −2. Lets consider the “most singular” term where v = −2,

and thus p = q = r = u = 0; this term does not contain any Sab or Cabcd and has no

derivatives of the perturbations γ1ab, γ2ab. Then, eq. (4.26) simplifies to the form

Z(γ1, γ2) = W abcdγ1abγ2cd +O(Ω−1) , (4.30)

where W abcd = Ω−2 × (terms with 0 scaling dimension). Recall that when γ1ab is a per-

turbation in Γ0 we have γ1ab = Ωτ1ab where τ1ab is smooth and non-vanishing, in general,

at I . In this case, the “most singular” term we have considered in eq. (4.30) diverges as

Ω−1 near I . This is precisely the term one would need to cancel the diverging part of the

symplectic current in eq. (4.19).

13We emphasize that W abcde1...epf1...fq being analytic in its functional dependence is unrelated to the

analyticity of the unphysical metric on the spacetime manifold. We do not impose any analyticity conditions

on the spacetimes under consideration.
14Note that, by the peeling theorem (Theorem 11 [5]), for an asymptotically-flat spacetime, Cabcd vanishes

and Ω−1Cabcd has a finite limit at I . Thus, in eq. (4.28) we can use Ω−1Cabcd instead; this only changes

the last term in eq. (4.29) to −3u and does not affect the rest of the argument. We use the Weyl tensor

Cabcd since we allow the background spacetime to satisfy some “extended” notion of asymptotic flatness

for which the peeling theorem might not hold.
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Let us now figure out what the 2-form W abcd can be. Notice that Ω can only appear

with a power −2 in the expression for W abcd, in particular, any terms with 0 scaling

dimension that we need cannot be constructed by multiplying some powers of Ω with

something with a negative scaling dimension. Since W abcd must be local and covariant

the only quantities available are gab, εabcd and na — note that any derivatives of these will

have negative scaling dimension. Using eqs. (2.9) and (3.7) leads to just two possible terms

which appear at order Ω−2, in terms of which we can write eq. (4.30) as

Z(γ1, γ2) ≡ Zab(γ1, γ2) = Ω−2(Aεab
cd +Bδc[aδ

d
b])g

efγ1ceγ2df +O(Ω−1) (4.31)

where A,B are some constants. Since we have only computed the Z up to terms of

O(Ω−1), our consistency condition eq. (4.24), must also hold to this order. However, it

is easy to verify that eq. (4.31) fails to satisfy this condition since δ3gab|I 6= 0 for an

arbitrary perturbation in the extended class of perturbations. That is, there does not exist

an ambiguity Y in the symplectic potential such that eq. (4.31) is of the form eq. (4.23).

Thus we conclude that any choice of the symplectic current for general relativity, which is

local and covariant, must diverge in the limit to I , in general, when at least one of the

perturbations is taken to be in the extended class of allowed perturbations.

5 Other issues

Since our covariance arguments are not airtight, as discussed in the Introduction, we now

consider some other arguments for and against the extension of the BMS algebra. We focus

on two specific issues: the desirability of having a definition of Bondi 4-momentum and the

freedom in choosing a field configuration space.

5.1 Existence of Bondi four-momentum

The standard BMS algebra b contains a preferred four dimensional subalgebra of trans-

lations, associated with the existence of Bondi 4-momentum. By contrast, the extended

algebra bext does not, as we show explicitly in appendix B. Therefore, there is no natural

universal definition of Bondi 4-momentum in any context where bext is the asymptotic

symmetry algebra. This lack of a definition of Bondi 4-momentum would seem to be a

difficulty for any physical interpretation of the extended algebra.

However, the notion of Bondi 4-momentum would still apply in the context of the

symmetry algebra bext, but in a solution-dependent manner. Specifically, given a solu-

tion (M, gab,Ω), one can define the field configuration space (2.12) associated with that

solution, and from it obtain an associated translation subgroup of bext and corresponding

4-momentum charge. The 4-momenta associated with two different solutions need not be

comparable, as in general they would lie in different spaces. This status of 4-momentum

in the extended algebra would be analogous to the status of angular momentum in the

standard BMS context. There, stationary solutions determine preferred Poincaré subalge-

bras of the BMS algebra, with associated linear and angular momentum charges, but the

angular momentum charges associated with two different stationary solutions need not be

comparable as they live in different spaces.
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5.2 Choice of field configuration space

In the body of the paper we considered an enlargement of the field configuration space Γ0 to

a larger space Γext which contains additional unphysical metrics (M, gab,Ω) that are related

to metrics already in Γ0 by diffeomorphisms and conformal transformations. This raises

the question of what criterion can one use to define field configuration spaces in general?

How much gauge (here diffeomorphism and conformal) freedom can or should be fixed?

A key consideration is that the phase space of the theory is constructed from the field

configuration space Γ0 or Γext by modding out by degeneracy directions of the presym-

plectic form [8, 36, 38]. The construction of the symmetry algebra also mods out by

these degeneracies (see footnote 10 above). The degeneracy directions correspond to gauge

transformations (diffeomorphism or conformal) which vanish sufficiently rapidly near the

boundary. Therefore, in defining the initial field configuration space, it should not matter

how much gauge freedom is fixed, since any residual gauge freedom will be removed in the

construction of the final phase space and symmetry algebra. However, one must be careful

that one fixes only “true gauge” degrees of freedom, that is, degeneracy directions of the

presymplectic form.

The question then is whether the standard configuration space Γ0 of eq. (2.12) has

already fixed some degrees of freedom which are physical and not gauge (i.e. do not cor-

respond to degeneracy directions of the presymplectic form). Unfortunately, it is not

straightforward to answer this question, since as we have shown, for the relevant met-

ric perturbations the presymplectic current is either divergent on I , or if one uses the

renormalized presymplectic current of ref. [28], the presymplectic form may or may not be

covariant. If we suppose for the sake of argument that it is covariant, then an examination

of eq. (5.27) of ref. [28] shows that the presymplectic form on the extended phase space does

not exhibit any degeneracy directions. This would argue in favor of the extended algebra.

6 Discussion and conclusions

Using the definition of asymptotically-flat spacetimes we showed how the BMS algebra

b arises as the asymptotic symmetry algebra at null infinity, emphasizing the role of the

smoothness and topological assumptions in the definition. A crucial role in our analysis

was played by the fact that the conformal class of metrics on a 2-sphere is unique up to

diffeomorphisms. This can be used to show that the conformal factor Ω and the unphysical

metric gab|I can be chosen to be universal in the class of asymptotically-flat spacetimes,

without loss of generality.

We then considered an extended class of spacetimes where gab|I is not considered uni-

versal as proposed by Campiglia and Laddha [30]. In this class of spacetimes, the asymp-

totic symmetry algebra includes all smooth diffeomorphisms of a 2-sphere. We showed,

however, that the symplectic current of general relativity evaluated on such extended sym-

metries does not have a finite limit to null infinity, and that no local and covariant ambiguity

in the choice of symplectic current cures this divergent behavior. This suggests that the

extension of the BMS symmetry algebra proposed by [29, 30] is ill-defined on the phase

space at null infinity. However, as discussed in the introduction, a possible loophole is the
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fact that imposing locality and covariance at all stages of the computation may be too

strong a restriction, and instead one should only impose covariance on the symplectic form

obtained by integrating the symplectic current.
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A Metric on I and conformal factor in a neighborhood can be chosen

to be universal

In this appendix, we prove the following property of asymptotically flat spacetimes. Sup-

pose that we are given two different unphysical spacetimes (M, gab,Ω) and (M ′, g′ab,Ω
′)

corresponding to two different physical spacetimes. By specializing to a neighborhood of

I and using a diffeomorphism we can identify the background manifolds. In addition, by

exploiting the diffeomorphism freedom (gab,Ω)→ (ψ∗gab, ψ∗Ω) and the conformal rescaling

freedom (gab,Ω)→ (ω2gab, ωΩ), we can without loss of generality take

Ω = Ω′ (A.1)

in a neighborhood of I , as well as

gab|I = g′ab
∣∣
I

(A.2)

together with the Bondi condition

∇a∇bΩ|I = 0. (A.3)

Thus, without loss of generality, we can take the conformal factor in a neighborhood of I

and the unphysical metric evaluated on I to be universal, the same for all asymptotically

flat spacetimes.

The proof is based on constructing suitable coordinate systems in a neighborhood

of I . Let us pick any asymptotically-flat physical spacetime (M̃, g̃ab) and let (M, gab)

be its conformal completion with some choice of conformal factor Ω satisfying the Bondi

condition (2.8). Pick any cross-section S ∼= S2 of I and consider the induced metric qab at

S. Since the conformal class of metrics on S2 is unique up to diffeomorphisms, there exists

a unit round 2-metric sab and a smooth positive function $ on S so that qab = $2sab on S.

We can now use the freedom (2.10) in the choice of conformal factor at S to make $ = 1,

so that qab = sab on S.

Next, we choose coordinates xA = (x1, x2) = (θ, ϕ) on S so that this 2-metric sAB
takes the standard form

sABdx
AdxB = dθ2 + sin2 θdϕ2. (A.4)

We extend the coordinates xA to all of I by imposing the condition

na∇axA|I = 0. (A.5)
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We also define the function u on I by the conditions u|S = 0 and

na∇au = 1. (A.6)

This defines the coordinate system (u, xA) on I . Note that on I , £nqab = 0 (eq. (2.11))

and thus in our choice of conformal factor we have that the induced metric takes the

form (A.4) on all of I .

We next define spacetime coordinates (Ω, u, xA) in a neighborhood of I . First, since

Ω|I = 0 and ∇aΩ|I 6= 0, we can use Ω as a coordinate. Next, we extend the coordinates

(u, xA) away from I . There are many different choices of extension. The extension we

choose here leads to the familiar Bondi coordinates in the physical spacetime (see also [39]).

Consider a family of null hypersurfaces transverse to I which intersect I in the cross-

sections Su given by u = constant. In a sufficiently small neighborhood of I , such null

hypersurfaces generate a null foliation. We first extend the coordinate u by demanding

that it be constant along these null hypersurfaces. We define

la = ∇au, (A.7)

the null normal to these hypersurfaces, which satisfies lala = 0 and lana|I = 1 from the

condition (A.6). Then, we extend the angular coordinates xA to a neighborhood of I by

demanding la∇axA = 0.

Finally, we specialize the definition of Ω off I as follows. To extend Ω away from I

we use the freedom in the conformal factor away from I to demand that the 2-spheres

of constant u and Ω have the same area element as the unit sphere, that is, if hAB is the

2-metric on the surfaces of constant u and Ω then we demand that det h = det s in the

xA-coordinates. This fixes Ω uniquely away from I . Thus we have set up a conformal

Bondi coordinate system (Ω, u, θA) in a neighborhood of I in which the unphysical metric

takes the form

ds2 ≡ −We2βdu2 + 2e2βdΩdu+ hAB(dxA − UAdu)(dxB − UBdu) (A.8)

where W , β, hAB, and UA are smooth functions of the coordinates (Ω, u, xA). Note that

the metric components gΩΩ and gΩA vanish due to lala = la∇axA = 0. Now if we assume

that the metric components in eq. (A.8) have an asymptotic expansion in integer powers

of Ω near I , then from the construction of our coordinates, and using the condition (2.9)

we have
W = O(Ω2) , β = O(Ω) UA = O(Ω),

hAB = sAB + ΩCAB +O(Ω2) sABCAB = 0.
(A.9)

If we further define r = Ω−1 then we get the familiar Bondi coordinate form15 for the

physical metric g̃ab = Ω−2gab = r2gab. Note that the asymptotic falloffs in r used for the

physical metric in Bondi coordinates follow from eq. (A.9) and are a direct consequence of

asymptotic flatness and the construction of the coordinate system.

15The usual Bondi coordinate expression incorporates two other conditions, W = Ω2 + O(Ω3), UA =

O(Ω2), that are obtained by imposing the Einstein equations with the assumption (2.1) on the stress

energy tensor.
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Since na∇au|I = 1, the unphysical metric gab at I in these coordinates is

gab|I ≡ 2dΩdu+ sABdx
AdxB. (A.10)

We now identify all asymptotically-flat spacetimes with each other, in a neighborhood of I ,

by identifying their points in the coordinates (Ω, u, xA) constructed above. With this choice

it follows that the conformal factor Ω and the unphysical metric (A.10) are universal i.e.

independent of the chosen asymptotically-flat physical spacetime. Different asymptotically-

flat physical metrics change only the subleading metric components in eq. (A.9) but agree

to leading order.

We emphasize that many of the choices made in constructing the Bondi coordinates

are irrelevant to this argument and are made just for convenience. For instance, the choice

of the unit-metric sab is irrelevant. In any asymptotically-flat spacetime, we can instead

choose the coordinates xA and use the freedom ω in the conformal factor at I so that

qab = q
(0)
ab where q

(0)
ab is any fixed metric on S2. Then we can proceed with the rest of the

construction as before to conclude that gab|I is universal. The only important ingredient is

the fact that S2 has a unique conformal class of metrics up to diffeomorphisms. Similarly,

the extension of the coordinates away from I can also be chosen differently. For instance,

consider the null vector field la|I ≡ ∂/∂Ω transverse to the cross-sections Su of I . Instead

of choosing Ω away from I to make the 2-spheres have unit area, we can extend this

vector field away from I by demanding that la ≡ ∂/∂Ω be an affinely-parameterized null

vector field i.e. lala = 0 and lb∇bla = 0. Then we can extend the coordinates (u, xA)

by parallel transport along la. This defines a conformal Gaussian null coordinate system

in a neighborhood of I [16, 35]. Now we can again identify all the asymptotically-flat

spacetimes in these conformal Gaussian null coordinates to conclude that Ω and gab|I are

universal in a neighborhood of I . We can also develop an asymptotic expansion for the

metric components in this coordinate system similar to eqs. (A.8) and (A.9) (see [35]) and

again see that different asymptotically-flat physical metrics only change the subleading

metric components but agree to leading order.

In conclusion, given the definition of asymptotic flatness and that the conformal class

of metrics on S2 is unique, it is always possible to identify all the unphysical spacetimes in

a neighborhood of I so that Ω and gab|I are independent of the physical spacetime under

consideration.

B The extended BMS algebra does not contain any preferred translation

subalgebra

In this appendix we show that the extended BMS algebra does not contain any preferred

subalgebra (i.e. a Lie ideal) of translations. Since the asymptotic symmetry algebra is

common to all spacetimes under consideration, its Lie bracket is independent of the choice

of background spacetime. Thus we can compute the Lie bracket on any choice of back-

ground spacetime, and in particular we can take the background physical spacetime to

be Minkowski. Let us choose a conformal completion for Minkowski so that the induced
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metric qab on I is that of a unit-metric on S2 and let D denote the covariant derivative of

qab. Let u be an affine parameter along the null geodesics of na so that na∇au|I = 1.

From eq. (3.9), any element ξa of the algebra bext can be written as

ξa = Xa +
1

2
(u− u0)DbX

bna + f ′na (B.1)

where f ′ is any function on S2 (representing a supertranslation), Xa is a vector field on S2

while the function α(ξ) = 1
2DaX

a. The Lie bracket of a supertranslation fna ∈ s and ξa is

then

[fn, ξ]a = βna where β = −XaDaf +
1

2
DaX

af (B.2)

It is straightforward to check that £nβ = 0 and so βna is a supertranslation in s.

If translations are a Lie ideal in bext then βna would also be a translation whenever fna

is translation. To investigate this we proceed as follows. Since fna is a translation, f is a ` =

0, 1 spherical harmonic on S2 — it is well-known that the limit of translations in Minkowski

spacetime to I are precisely such vector fields. Let Xa be a `′-vector harmonic so that

Xa = DaF + εabDbG (B.3)

for some functions F and G which are `′-spherical harmonics. In the case ξa is an element

of the BMS algebra b so that Xa is an element of the Lorentz algebra so(1, 3), both F

and G are spherical harmonics with `′ = 1. The function F corresponds to Lorentz boosts

while G corresponds to Lorentz rotations. When ξa is an element of the extended BMS

algebra bext, `
′ ≥ 1 and then `′ > 1 modes of F and G can be thought of as “extended”

boosts and rotations.

Using the decomposition eq. (B.3) in eq. (B.2) we have

β = −DaFDaf +
1

2
D2Ff + εabDaGDbf (B.4)

Now we wish to find the spherical harmonic mode L of β when f is a translation i.e.

` = 0, 1-harmonic mode while the harmonic mode of F and G can be `′ ≥ 1. It is useful to

consider the following different cases.

Case 1: f is time translation, ` = 0. Then,

β =
1

2
D2Ff = −1

2
`′(`′ + 1)Ff (B.5)

so

D2β = −`′(`′ + 1)β = −L(L+ 1)β (B.6)

Thus, β = 0 if F = 0 else β is a L = `′ mode. When Xa ∈ so(1, 3), `′ = 1 and this can be

interpreted as the fact that a time translation is invariant under Lorentz rotations given

by G but changes by a spatial translation under Lorentz boosts given by F .
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Case 2: f is spatial translation i.e. ` = 1, F = 0 and G 6= 0. Then we have,

β = εabDaGDbf (B.7)

and
D2β =

[
−`′(`′ + 1)− `(`+ 1) + 2

]
β + 2εabDcDaGDcDbf

= −`′(`′ + 1)β = −L(L+ 1)β
(B.8)

where in the last line we use ` = 1 and that DaDbf = −qabf for such functions. Thus, β is

a L = `′ mode. Thus, when Xa ∈ so(1, 3), `′ = 1, a spatial translation changes by another

spatial translation under Lorentz rotations given by G.

Case 3: f is spatial translation i.e ` = 1, F 6= 0 and G = 0.

β = −DaFDaf +
1

2
D2Ff (B.9)

To find the L-mode of β, we multiply the above equation with the (complex conjugate)

spherical harmonic Y L,M and integrate over S2 to get (we have left the area element of the

unit-metric on S2 implicit for notational convenience)∫
βY L,M = −

∫
DaFDafY L,M −

1

2
`′(`′ + 1)

∫
FfY L,M (B.10)

The first term on the right-hand-side can be rewritten using repeated integration-by-parts

as

−
∫

DaFDafY L,M =

∫
FD2fY L,M +

∫
FDafDaY L,M

=

∫
FD2fY L,M −

∫
DaFfDaY L,M −

∫
FfD2Y L,M

=

∫
FD2fY L,M +

∫
D2FfY L,M −

∫
FfD2Y L,M +

∫
DaFDafY L,M

−
∫

DaFDafY L,M =
1

2

∫
FD2fY L,M +

1

2

∫
D2FfY L,M −

1

2

∫
FfD2Y L,M (B.11)

=
1

2

[
−`(`+1)−`′(`′+1)+L(L+1)

]∫
FfY L,M

Thus, we have∫
βY L,M =

[
−1

2
`(`+ 1)− `′(`′ + 1) +

1

2
L(L+ 1)

] ∫
FfY L,M (B.12)

Expanding the functions F and f in terms of the corresponding spherical harmonics Y`′,m′

and Y`,m respectively, we can write the final integral in terms of the 3j-symbols (see sec-

tion 34 [40]) (or in terms of the Clebsch-Gordon coefficients, section 3.7 [41]) as∫
Y`′,m′Y`,mY L,M = (−1)M

√
(2`+ 1)(2`′ + 1)(2L+ 1)

4π

(
`, `′, L

0, 0, 0

)(
`, `′, L

m, m′, −M

)
(B.13)
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Since f is a spatial translation with ` = 1, we have∫
βY L,M ∝

[
−1− `′(`′ + 1) +

1

2
L(L+ 1)

](
1, `′, L

0, 0, 0

)(
1, `′, L

m, m′, −M

)
(B.14)

where we have ignored non-zero constant factors. The right-hand-side is non-vanishing if

and only if (section 34 [40])

−1− `′(`′ + 1) +
1

2
L(L+ 1) 6= 0

1 + `′ + L is even

`′ − 1 ≤ L ≤ `′ + 1 , M = m+m′

(B.15)

These conditions on L can be satisfied if and only if (we do not need the conditions on M

for our argument)

L =

{
0 for `′ = 1

`′ − 1 or `′ + 1 for `′ ≥ 2
(B.16)

Note that for the `′ = 1 case, the value L = `′ + 1 = 2 is ruled out by the first condition

in eq. (B.15). Thus, when Xa ∈ so(1, 3), `′ = 1, a spatial translation changes by a time

translation under Lorentz boosts given by F .

For the usual BMS algebra b with Xa ∈ so(1, 3) and `′ = 1, we see that in each case

β is a spherical harmonic with L = 0, 1 that is βna is a translation. Thus the translation

subalgebra is preserved under the Lie bracket of b i.e. there is a preferred 4-dimensional Lie

ideal of translations in b. For the extended BMS algebra bext with Xa ∈ diff(S2) and `′ ≥ 2,

the translations fna, in general, change by βna where β contains a spherical harmonic as

high as L = `′ + 1. Thus, translations are not preserved by the Lie bracket of bext and are

not a preferred subalgebra (Lie ideal) of bext. The above argument can be generalized to

show that there is, in fact, no finite-dimensional Lie ideal of extended BMS algebra.

The absence of a preferred translation algebra poses a problem for the prescription used

by [30] to define a symplectic form on I . As discussed above, the boundary condition

imposed by [30] near spatial infinity to obtain a finite symplectic form for bext is not

invariant under general supertranslations, but is invariant under translations in a specific

choice of Bondi coordinates. However, as we have shown, there is no preferred notion of

pure translations in bext. Thus, the translation invariance of the boundary condition in [30]

is also unclear.
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