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algebra as asymptotic symmetries, we work with an extended class of spacetimes in which
the unphysical metric at null infinity is not universal. We show that the symplectic current
evaluated on these extended symmetries is divergent in the limit to null infinity. We also
show that this divergence cannot be removed by a local and covariant redefinition of the
symplectic current. This suggests that such an extended symmetry algebra cannot be
realized as symmetries on the phase space of vacuum general relativity at null infinity, and
that the corresponding asymptotic charges are ill-defined. However, a possible loophole in
the argument is the possibility that symplectic current may not need to be covariant in
order to have a covariant symplectic form. We also show that the extended algebra does
not have a preferred subalgebra of translations and therefore does not admit a universal
definition of Bondi 4-momentum.
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1 Introduction and summary

The asymptotic symmetry group at null infinity of asymptotically-flat spacetimes in general
relativity is normally considered to be the infinite-dimensional Bondi-Metzner-Sachs (BMS)
group. Associated with the Lie algebra of the BMS group there are an infinite number of
charges and fluxes (due to gravitational radiation) at null infinity [1-8]. Recently, these
charges and fluxes have been related to soft graviton theorems [9-14], gravitational memory
effects [9, 10, 15-19] and potentially black hole information loss [20-23].

There have been attempts to extend these relations to include the subleading soft the-
orems, in particular, the one proposed by Cachazo and Strominger in [24], by enlarging the



gravitational phase space to give additional asymptotic symmetries. To understand the na-
ture of these proposed enlargements consider, briefly, the structure of the BMS algebra (see
section 2 for details). The BMS algebra contains an infinite-dimensional extension of the
usual translations — known as supertranslations — as well as (many equivalent subalgebras
of) infinitesimal Lorentz transformations. These Lorentz transformations are conformal
Killing fields on 2-sphere cross-sections of null infinity which are smooth everywhere. It
was proposed by Barnich and Troessaert [25, 26] (see also [27]) that the BMS algebra should
be extended to include the entire infinite-dimensional Virasoro algebra, which consists of
all local conformal Killing fields on a 2-sphere.! The vector fields in the Virasoro algebra
which are not Lorentz vector fields are necessarily singular at isolated points on a 2-sphere.
An alternative proposal by Campiglia and Laddha [29, 30] was to extend the Lorentz
transformations by including all smooth infinitesimal diffeomorphisms on a 2-sphere. The
conservation law (i.e. Ward identity) for the charges at null infinity corresponding to such
extensions is then claimed to be equivalent to the subleading soft theorem of [24].

In this paper, we use the symplectic formalism for general relativity to investigate
whether such extensions of the asymptotic symmetries algebra have well-defined charges at
null infinity. Since the Virasoro vector fields are in general singular, it is tricky to apply the
usual symplectic formalism to such symmetries. Instead, we analyze the second extension
of smooth 2-sphere diffeomorphisms [29, 30] mentioned above.

The main quantity of interest in our analysis is the symplectic current derived from the
Lagrangian of general relativity (section 4). The symplectic current is a local and covariant
3-form w(g; 01§, d2g) which is an antisymmetric bilinear in two perturbations of the metric
01Gap and 0294y (we have used a “tilde” to denote quantities in the physical spacetime as
opposed to ones in the Penrose conformal completion). If suitable asymptotic conditions
are satisfied then the symplectic current has a finite limit to null infinity. Then, the integral
of the symplectic current over null infinity gives a symplectic form on the phase space of
general relativity. If one of the perturbations, say d2G4, is taken to be the perturbation
generated by some asymptotic symmetry, then the symplectic form gives an expression for
the generator of that symmetry on phase space. Note that the crucial aspect of the above is
that the symplectic current must have a finite limit to null infinity, otherwise the generator
would not be defined.

It is well-known that for asymptotically-flat spacetimes the symmetries in the usual
BMS algebra have well-defined generators in the sense described above [7, 8]. We are in-
terested in whether generators corresponding to the extension of the BMS algebra by all
diffeomorphisms of a 2-sphere exist. We show that the answer is no: the symplectic current
of general relativity diverges in the limit to null infinity, in general, when one of the pertur-
bations is generated by an extended BMS symmetry (which is not a BMS symmetry). This
divergence was also previously encountered in the computations of Compere, Fiorucci and
Ruzziconi [28]. This divergence suggests that the generators of such extended symmetries

!These symmetries are often called superrotations [25, 26], although more recently that term has come
to be used for the smooth infinitesimal diffeomorphisms on the 2-sphere [23]. Another terminology for the
smooth diffeomorphisms is super-Lorentz transformations, with the odd parity ones being called superro-
tations and the even parity ones being called superboosts [28].



may not exist on the phase space at null infinity, and the corresponding charges and fluxes
may be also ill-defined.

A loophole in this argument is that one can exploit an ambiguity in the symplectic
current to render it finite in the limit to null infinity (see ref. [31] for a general discussion
of such renormalization in a different context). The ambiguity is of the form w — w +
d[01Y (g;929)— (1 <> 2)], for some two-form Y which constructed out of the dynamical fields
and their variations [8]. Recently, Compere, Fiorucci and Ruzziconi have shown that one
can indeed obtain a finite symplectic current using this method, and they find expressions
for charges corresponding to all the symmetries of the extended algebra, including the
general 2-sphere diffeomorphisms [28].

However, as noted by the authors themselves, their prescription relies on a particular
choice of coordinates with the result that the two form Y and the final, finite symplectic
current are not local, covariant function of the dynamical fields. Thus, it is not clear that
the expressions obtained in ref. [28] for charges are unique. For instance, if one repeated
the construction using Newman-Unti coordinates instead of Bondi coordinates, it is not
clear if equivalent results would be obtained. We will show that one cannot eliminate the
divergences in the symplectic current by exploiting the ambiguity in a local and covariant
manner.

This result suggests that the general 2-sphere diffeomorphisms do not give rise to well
defined charges and fluxes. However, a possible loophole is that requiring that all the
quantities in the construction be local and covariant [8] is too strong a restriction, and
instead one should only impose this requirement on physically measurable quantities. For
example it might be possible that the presymplectic form (obtained by integrating the
presymplectic current over a Cauchy surface) may be independent of the arbitrary choice
of coordinate system used in ref. [28], despite the fact that the presymplectic current w
does depend on this choice. It would be interesting to investigate this possibility further,
but we do not do so in this paper.

The remainder of this paper is organized as follows. In section 2, we review the def-
inition of asymptotic flatness and show how the BMS algebra emerges as the asymptotic
symmetry algebra of asymptotically-flat spacetimes. In section 3, we consider the extended
phase space proposed in [30] which leads to an extension of the BMS algebra to include
arbitrary infinitesimal diffeomorphisms of a 2-sphere. In section 4, we show that the sym-
plectic current evaluated on these extended symmetries diverges in the limit to null infinity.
We also show that any local and covariant ambiguities in the symplectic current cannot
get rid of this divergent behavior. We consider other issues associated with this extension
of the BMS algebra in section 5. We end by summarizing our main conclusions in sec-
tion 6. In appendix A, we construct suitable coordinate systems near .# and show that
the conformal factor and the unphysical metric at null infinity can be chosen universally
in the class of asymptotically-flat spacetimes. In appendix B, we show that the extension
of the BMS algebra by all diffeomorphisms of a 2-sphere does not contain any preferred
translation subalgebra.



1.1 Notation and conventions

We follow the conventions of Wald [32] throughout. Tensors on spacetime will be denoted by
Latin indices a, b, ¢, . ... We will frequently use an index-free notation for differential forms
and denote then by a bold-face, e.g. w = wgp. is the 3-form symplectic current. Tensors on
the physical spacetime will be denoted by a “tilde” while those on the conformal completion
(unphysical spacetime) will not have a “tilde”, e.g. gqp is the physical metric while ggy, is the
unphysical metric in the conformal completion. Indices on unphysical, unbarred quantities
will be raised and lowered with the unphysical metric, for example nen® = ¢%n,ny.

2 Asymptotic flatness at null infinity and the BMS algebra

In this section, we review the definition of asymptotically-flat spacetimes and show how
the BMS algebra arises as the asymptotic symmetry algebra at null infinity.

2.1 Definition and properties of asymptotic flatness at null infinity

A physical spacetime (M ,Jab), satisfying the vacuum? Einstein equation Gap = 0, is
asymptotically-flat at null infinity if there exists another unphysical spacetime (M, gqp)
with a boundary .# = &M and an embedding of M into M ,? such that

1. there exists and a smooth function Q (the conformal factor) on M satisfying

Q=0on .4, V,Q isnowhere vanishing on .#, (2.2a)
Gab = %Gap is smooth on M including at .#. (2.2b)

2. .7 is topologically R x S2.

3. Defining the vector field
ng = Vi, (2.3)

then the vector field w™'n® is complete on .# for any smooth function w on M such
that w > 0 on M and V,(w*n®) =0on £

For detailed expositions on the motivations for this definition, we refer the reader to refs. [5,
32]. Note that the smoothness conditions on the unphysical spacetime can be significantly
weakened — we can allow M to have a C3-differential structure and gq, to be twice-
differentiable at the boundary .#.

2For non-vacuum spacetimes, the definition of asymptotic flatness includes a fourth condition, that the

physical stress-energy tensor Ty satisfies
Ty = QT (2.1)

for some tensor Ty, which is smooth on M including at .#. All of the results in this paper generalize to the
non-vacuum case, except for the discussion of the presymplectic current in section 4, which is specialized
to vacuum general relativity.

3We use the standard convention whereby the physical spacetime M is identified with its image in M
under the embedding.

4Since we will primarily be interested in the asymptotic symmetry algebra, and not the symmetry group,
we will not need the completeness condition on .#.



Using the conformal transformation relating the unphysical Ricci tensor Ry to the
physical Ricci tensor Rap (see appendix D of [32]), the vacuum Einstein equation can be
written as

Sab = =297V 4y + QN negap , (2.4)

where Sy is given by
1
Sab = Ragp — gRgab (25)

It follows immediately from eq. (2.4) and from the assumed smoothness of 2 and of the
unphysical metric gqp at # that ngn®| » = 0. Hence .# is a smooth null hypersurface in M
with normal n, = V,Q and the vector field n* = g%n; is a null geodesic generator of .#.

Next, we write n®n, = x€2, where x extends smoothly to .#, so that eq. (2.4) yields
on & that

2V (a") = XYab- (2.6)

Under a change of the conformal factor of the form
Q= wQ, gap > W Ga, (2.7)

where w is smooth in M and is nowhere vanishing on .#, we have that y transforms on .#
as X = (x+ 2L, Inw)/w. Hence we can choose w to make y = 0 [5, 32], which yields from
eq. (2.6) the Bondi condition

vanb’ﬂ = vavbQ’ﬂ =0, (2'8)

as well as
nan® = 0(Q?). (2.9)

The remaining freedom in the conformal factor is of the form eq. (2.7) with
wly >0, Lywls=0. (2.10)
Let gqp the pullback of g4, to #. This defines a degenerate metric on .# such that
G’ =0,  £nqa =0, (2.11)

where the second condition follows from eq. (2.8). Thus, g, defines a Riemannian metric
on the space of generators of .# which is diffeomorphic to S2.

A priori, the conformal completion depends on the physical spacetime (M, §) under
consideration. However, if (M, gq, Q) and (M, g,,€Y’) are the unphysical spacetimes cor-
responding to any two asymptotically-flat physical spacetimes, then M’ can be identified
with M using a diffeomorphism such that .#" maps to .#, Q' = Q in a neighborhood of .#
and g/ = gap|s [6]. This can be shown by setting up a suitable geometrically-defined
coordinate system in a neighborhood of .# and identifying the two unphysical spacetimes
in these coordinates; we defer the details to appendix A. Here we emphasize that the choice
of coordinate system used is largely irrelevant. The only essential ingredients used in the
identification are



1. 7 is a null smooth surface in the unphysical spacetime M.
2. The freedom in the choice of the conformal factor Q given by eq. (2.10).

3. The space of null generators of .# is topologically S? and thus has a unique conformal
class of metrics up to diffeomorphisms.

As discussed above, the first two ingredients follow directly from the smoothness require-
ments in the definition of asymptotic flatness and the Einstein equation at .#. The third
fact is a special case of the uniformization theorem (for instance see Ch. 8 [33]) and plays
a crucial role on .#.° As we will show below this fact leads directly to the BMS algebra
at .# with the Lorentz algebra being a subalgebra (instead of all diffeomorphisms of S?).
Further, it is also essential in the definition of a News tensor characterizing the presence
of radiation at .# (see Theorem 5 of [5]).

As a result of this identification, we can work on a single manifold M with boundary ¢
and treat 2 and g,p| » as universal within the entire class of asymptotically-flat spacetimes,
in the sense that they can be chosen to be independent of the choice of the physical
spacetime. Specifically, fix a metric ggqp on ¢ and a conformal factor €2y in a neighborhood
N of ., and define the field configuration space’

Lo = {(M, gab, Q)| gab|.r = Goav|.r» L= on N, V,V,Q|,=0}. (2.12)

Note that we include the Bondi condition (2.8) in this definition. Not all asymptotically
flat unphysical metrics lie in I'g, but for each one there corresponds an element of I'g
related to it by a diffeomorphism and a conformal rescaling of the form (2.7), as we show
in appendix A.

2.2 Review of derivation of the Bondi-Metzner-Sachs symmetry algebra

The asymptotic symmetries at .+ of the field configuration space I'y are the infinitesimal
diffeomorphisms generated by vector fields £* in M which extend smoothly to .#, and whose
pullbacks preserve the asymptotic flatness conditions and map I'y into itself, modded out
by the trivial diffeomorphisms whose asymptotic charges vanish [8].

Consider a one-parameter family of asymptotically-flat physical metrics gq,s(A) where
Jab = Jap(A = 0) is some chosen background spacetime. Define the physical metric pertur-
bation 7, around the background g, by

d
Yab = 0Gab = —~Gap(A 2.1
Yab = 0gab = =10 b(A) . (2.13)

We will use “0” to denote perturbations of other quantities defined in a similar way.

5The uniformization theorem is a global result depending on the topology of the 2-dimensional space.
Locally, all metrics of a particular signature on a 2-surface are conformally-equivalent, Problem 2 Ch. 3 [32].

SEven in spacetime dimensions d > 4, to have well-defined Bondi mass and News tensor it appears
essential to additionally assume that the metric g on the (d — 2)-dimensional space of generators of .# is
conformal to a compact space of constant curvature [16, 34, 35].

"Sometimes called the pre-phase space or space of field histories [36].



Now let gqp(A\) and ©(A) be one-parameter family of unphysical metrics and conformal
factors corresponding to the conformal completions of the physical metrics gqp(A). As
discussed above, since the conformal factor €2 is universal we have 62 = 0 and dn, = 0.
The unphysical metric perturbation is then

5Gab = Yab = V*Fab » (2.14)

where 4 is smooth on M and extends smoothly to .#. Since the unphysical metric at &
is universal, we have that

d9ab|.s = Yablr =0 = Yap = Q7 (2.15)

for some tensor 7., which extends smoothly to .#. Further, perturbing the Bondi condi-
tion (2.8) we can show that [§]
Tan” = Qg (2.16)

for some 7, which extends smoothly to .#. Thus, the unphysical metric perturbations v
tangent to the field configuration space I'g of eq. (2.12) satisfy

Yab = QTab, (2.17a)
Yapn” = Q7. (2.17b)

Now consider the physical metric perturbation £¢g,, corresponding to an infinitesi-
mal diffeomorphism generated by a vector field £*. The corresponding unphysical metric
perturbation is

'7((1%) = ongﬁgab = ££gab - 2971nc§cgab‘ (2‘18)

For £% to be a representative of an infinitesimal asymptotic symmetry, the perturba-

tion (2.18) must satisfy the conditions (2.17). First, since 'yé? is smooth at .#, we have from

eq. (2.18) that ne{?*| » = 0, that is, £* must be tangent to .#. We define the function a;¢ by
nafa = Qa(g), (2.19)

where a(¢) extends smoothly to .#. This yields

%ﬁ) = LeGab — 20() Gab, (2.20)

and contracting with n%n® and using eqs. (2.17) and (2.9) gives that
nnbV.&, = O(Q2). (2.21)
Next, contracting eq. (2.20) with n® and using egs. (2.8) and (2.19) gives
n*yG) = n'Vika — €Vina — agena + Waage), (2.22)

where we have used V,n, = Vyn, from eq. (2.3). From eqs. (2.17) the left-hand-side of
eq. (2.22) must vanish at .#, which gives

Len®] , = — a(g)nﬂj. (2.23)



Similarly the constraint (2.17b) gives using egs. (2.3), (2.9), (2.19), (2.21) and (2.22)

nanb’y((i) =0(*) = £na(§)|j = 0. (2.24)

Finally, the pullback of eq. (2.20) to .# implies that

’Y((li) P 0 = Leqal , = 20(¢)qab - (2.25)
Thus, representatives of asymptotic symmetries for I'g on .# are vector fields £* which are
tangent to .# and satisfy on ¢

£§na = —oa(g)na, (2.26&)
Leqab = 20¢)qab (2.26b)

where the function Qe is smooth and
£na(§) =0 (2.27)

on .#.

Next we need to mod out by trivial infinitesimal diffeomorphisms for which all bound-
ary charges vanish. For the case of vacuum general relativity, the trivial vector fields £¢
are those which vanish on .# [8], and so it follows that the symmetry algebra consists of
intrinsic vector fields £€* on .# which satisfy the conditions (2.26) and (2.27) on .#. These
conditions are the familiar ones defining the BMS algebra b [5, 7].

Finally we review some of the properties of this algebra. Consider vector fields of the
form €%, = fn® for which £,,f|, = 0. It follows from eqs. (2.9) and (2.19) that we
have a ()|, = 0. It is easy to verify that vector fields of this form generate an infinite-
dimensional abelian subalgebra s of b. Further, this subalgebra is invariant in the sense
that the Lie bracket of any element of b with any element of s is again in s, that is s is a Lie
ideal of b. This is the subalgebra of supertranslations. From eq. (2.26b), the factor algebra
b/s is isomorphic to the algebra of smooth conformal Killing fields of g,; on S?. Since the
conformal class of metrics on S? is unique up to diffeomorphisms, the algebra of smooth
conformal Killing fields of any g4 is isomorphic to the algebra of smooth conformal Killing
fields of the unit-metric on S?, that is the Lorentz algebra so(1,3). Thus, the BMS algebra
has the semi-direct structure b = so(1,3) x s. The BMS algebra also contains a unique
4-dimensional Lie ideal t which can be interpreted as translations (see [3] or Theorem 6
of [5], also appendix B below). The presence of this preferred subalgebra t implies that the
Bondi 4-momentum at .# is unambiguously defined.

3 An extended field configuration space and extended algebra

In this section we show that by weakening the universal structure near .# — equivalently,
by extending the class of allowed metrics — one obtains a bigger asymptotic symmetry
algebra at null infinity which includes all the smooth diffeomorphisms of a 2-sphere. This
is the algebra proposed by Campiglia and Laddha [29, 30].



3.1 Extended field configuration space

It is clear from the preceding section that to obtain any extension of the BMS algebra, one
must enlarge the class of metrics under consideration. One option might be to suitably
weaken the definition of asymptotic flatness. An alternative approach, which we follow
here, is to enlarge the definition (2.12) of the field configuration space by relaxing the
requirement that the unphysical metric evaluated on .# be universal. The motivation for
this enlargement is questionable, since the new metrics that are being added are related to
metrics already included in the space I'y by diffeomorphisms and by the conformal transfor-
mations (2.10). This issue is discussed further in section 5.2 below. Nevertheless, we shall
proceed and consider the extended class of metrics proposed by Campiglia and Laddha [30].
In the definition of the extended field configuration space, we will continue to require
that the unphysical metric g, be smooth at .#. We will also continue to choose the
conformal factor {2 so that the Bondi condition (2.8) holds. Now, if we are given an
unphysical spacetime (M, gqp, (2), we can define tensors n* and g4 intrinsic to .# by

"t = gVl s, (3.1a)

5abcd|ﬂ = 45[abcnd} ’f7 (31b)

and by defining Z,. to be the pullback of g4 to #.% It follows from the Bondi condi-
tion (2.8) that
LaZabe = 0. (3.2)

We now fix a choice of tensors n§, €gqsc obtained in this way, fix a choice of conformal
factor Qp on a neighborhood N of .#, and define the extended field configuration space
Lext to be [compare eq. (2.12)]

I_‘ext = {(M, Gab, Q)| n = ﬁS, Eabe = €0 abe; Q= Q0 on N7 vavbQLﬂ = 0} . (33)

This is the definition proposed by Campiglia and Laddha [30], in which the 3-volume form
Zabe and the normal n® at .# are universal. Note that I'y is a proper subset of ey, if we
choose the fields 1} and £g 4 to be those associated with ggqpl.s.

3.2 Extended algebra

We now derive the form of the symmetry algebra for the field configuration space (3.3).
Since the fields 4. and n% are universal their perturbations must vanish, so

5§abc|f =0 = gab')/ab’ﬂ =0 = gab’}/ab = QO’,

3.4
only =0 = Yupn’ = Uxa, (34)

for some fields o and y, which extend smoothly to .#. Perturbing the Bondi condition (2.8)
we have

5(vanb>‘J =0 = ncvcfyab|j = 2n(aXb)v (35)

8Note that £qpe is ambiguous up to eqpe — €ave + QabMc) but this does not affect the pullback Eapec.



and taking the trace and using eq. (3.4) gives
n*Xa| » = 0. (3.6)
Thus, the unphysical metric perturbations 7, in the extended class satisfy

gab')/ab =Qo, ’Yabnb = OXa naXa|j =0, ncvc’YabLy = 2n(aXb)u (3.7)

which are weaker than the conditions (2.17) on perturbations in the conventional defini-
tion (2.12).

To find the asymptotic symmetries of this extended class of spacetimes, let 'yc(f)) be the
unphysical perturbation (2.18) generated by a diffeomorphism along £%, as before. Imposing
the requirements (3.7) we find that £ still satisfies the conditions (2.24) and (2.23). But

since the unphysical metric is no longer universal at .7, fy(gi)\ 7 is no longer required to

vanish and so the condition (2.25) no longer holds.? Using gab*y((i)]y = 0 we have instead

LeEabe = 3a(e)Eabes (3.8)

where £, is the 3-volume element (3.1b) on ..

Modding out by the trivial diffeomorphisms as before,'” we thus find that the extended
BMS algebra bey [30] of Teyt is generated by vector fields €% on .# which are tangent to
# and which satisfy

£§n“ = —oz(g)na, (3.9&)
££gabc = 3a(§)gab07 (39b)

where the function o) is smooth and satisfies eq. (2.27). The structure of this extended
BMS algebra can be analyzed as before. There is an infinite-dimensional abelian Lie ideal
s of supertranslations as before. However as a direct consequence of dropping eq. (2.26b)
in favor of eq. (3.9b), the factor algebra beyt /s is now isomorphic to the Lie algebra iff(S?)
of all smooth infinitesimal diffeomorphisms of S?. Hence we have beyx, = 0iff(S?) x s.

Thus, by weakening the universal structure near .# — equivalently, extending the
class of allowed perturbations — one obtains a bigger asymptotic symmetry algebra at null
infinity which includes all the smooth diffeomorphisms of a 2-sphere.

4 The symplectic current of general relativity at null infinity

In this section we evaluate the symplectic current of general relativity for the extended
class of perturbations detailed in section 3. We will show that any choice of symplectic
current, which is local and covariant, necessarily diverges in the limit to .#.

9The last condition in eq. (3.7) does not impose additional restrictions on &% at .#.

0The trivial vector fields are those for which the integral of symplectic current evaluated on §g., and
£¢§ap vanishes [8]. However, this quantity cannot be evaluated since the symplectic current diverges on .#,
as we show in the next section. So we simply assume here that the trivial vector fields £* are those which van-
ish on .#, as for the standard definition of field configuration space. The symmetry algebra thus could change
given a finite renormalized symplectic current; see section 5.2 below for further discussion of this point.

~10 -



4.1 The symplectic current for general perturbations

We briefly review the symplectic formalism for general relativity, though this formalism
can be used for any local and covariant Lagrangian theory. The Lagrangian 4-form for
vacuum general relativity is given by

L=—¢&R (4.1)

where R and &, = Eabed are the Ricci scalar and the volume 4-form, respectively, in the
physical spacetime. The variation of the Lagrangian is

1

oL =
167

G 5Gay €4+ d6(5; 67) (4.2)
where Ggp is the physical Einstein tensor and the symplectic potential 3-form 6 is given

by [8]
1
0 =0, = Fédabcf)d with
v
(4.3)

5 = GG/ |V tAen, — VeAsn| -
Note that the symplectic potential (4.3) is not uniquely determined by the Lagrangian. We
will investigate the ambiguities in the symplectic formalism in section 4.3.
The symplectic current 3-form w is defined by'!

w(g;019,029) = 610(g; 623) — 020(g;017) . (4.4)

Using eq. (4.3), the symplectic current w for general relativity can be written as wgpe =
Eqape?/ (167) with [8]

W = padeef’?ch@dﬁ/lef - [1 A 2]7
N cvontbed Lovdote-te  Lobocdeer L obe-ae-td . 1 be-ad- (4.5)
Pabcdef _ gaegfbgcd _ 5gadgbegfc _ 5gabgcdgef _ §gbcgaegfd + igbcgadgef7

where “[1 <> 2]” denotes the preceding expression with the labels 1 and 2, labeling the
perturbations, interchanged.

If the metric gqp, the perturbation §g,, and the vector field £¢ generating an infinitesi-
mal diffeomorphism satisfy some suitable asymptotic conditions at .# so that the symplectic
current w(g; g, £¢g) has a finite limit to .#, then the integral of this symplectic current
over .# can be used to define a generator of the symmetry corresponding to £* at null
infinity [8]. Note that we require the full 3-form w to have a limit to .# and not just its
pullback or integral over some surfaces that limit to .#; the latter procedure would, in
general, depend on the choice of surfaces used and would not be covariant.

We now investigate whether the symplectic current has a limit to .# when £% is a
generator of the extended BMS algebra. To analyze the behavior of the symplectic current

1n general the integral of the symplectic current over a 3-dimensional surface will be degenerate and
hence only defines a presymplectic form on the space of fields. We shall not be concerned with such issues
and so continue to call w a symplectic current.
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at £, it is convenient to express the symplectic current in terms of unphysical quantities
which extend smoothly to .# and are non-vanishing there in general. Thus we define

Eabed = Q43’1:0Lbcd7 Pabcdef = Q_GpadeEf y  Yab = QZ:Yab . (46)

The relation between the physical derivative operator V and unphysical derivative operator
V acting on any covector v, is given by

@avb = Vaup + Copve

| 1 1 (4.7)
with C¢, =207 5(Canb) — Q7 ngw
Inserting eq. (4.6) into eq. (4.5), using eq. (4.7), one obtains:
1 d
W = Wabe = ngabcw )
T (4.8)

with  w® = Q2P o, Vavier + Q73 070" — [1 4 2]

Note that if both perturbations 14 and 7245 are tangent to the standard field config-
uration space (2.12) and so satisfy the usual conditions (2.17), we have

w = P“deefTchVdﬁef + 117 + 7% — 1+ 2]+0(9), (4.9)

and in this case the symplectic current is finite at .#. In particular, when one of the
perturbations is generated by an infinitesimal diffeomorphism corresponding to the BMS
algebra, one can define the corresponding charges and fluxes following the procedure in [8].

4.2 Divergence of the symplectic current on the extended phase space

Now consider the case where one of the perturbations, say 145, satisfies the usual set (2.17)
of conditions, while the other one, o4, lies in I'exy and so satisfies only the weaker set of
conditions (3.7). If in this case the symplectic current has a finite limit to .# then one
can hope to define charges and fluxes for the extended BMS algebra taking vs., = '7((57)
where £%| » is an element in bey. However, as we now show, the symplectic current (4.8)
in this case necessarily diverges in the limit to ., unless y243 also lies in the standard field
configuration space I'g [i.e. satisfies the standard conditions (2.17)], or the perturbation
Y1ap cOntains no gravitational radiation, i.e., has vanishing perturbed News tensor.

If the symplectic current w has a limit to .# then its pullback to .# will be proportional
to €3 ng,w® where €3 = 4 is the 3-volume element on .. It will suffice for our purposes to
show that n,w® does not have a limit to .#. Using egs. (2.16), (2.15) for v14, and egs. (3.4)
for 94, We have

naw® = Q7 g P 90,V ariep — na P 1100V ayae s (4.10)
1 3 1 1
+ x2a71% + 50'27-1ana = 59 "n%%aais’ — 59 N6y Tipe + 59 Ynan®oar” .

Due to egs. (2.9) and (3.7) the second line in eq. (4.10) has a finite limit to .#. Now if

nqw® has a finite limit to .# then we must have 1112 Onqw® = 0. From eq. (4.10) we have
ﬁ

Qnawa = naP“deefwaVdﬁef — naPadeelebcvd’YQef + O(Q)7 (4‘11)
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where O(2) indicates terms which vanish in the limit to .#. Evaluating the first term of
eq. (4.11) at .#, using eq. (3.7), we have

1
bed b b
nq P ef’y2bcvd7—lef P = na’72 “VeTtab — §na’7/2 “VaTibe

(4.12)
= —572bcnavaﬁbc-
Similarly for the second term in eq. (4.11) we have (from eqgs. (2.17), (3.7))
g P 1,V gyae ¢ P —%nb‘fnavawbc =0. (4.13)
Thus eq. (4.11) can be written as
Qnow® = —%ygabncvcﬁab +0(Q). (4.14)

We now simplify the above expression further using the vacuum Einstein equation.
Perturbing eq. (2.4), for the perturbation v;4, we have (see also eq. (67) of [8])

018ab|.7 = 2naTip + 205710 — NV eT1ab — NT1cYab- (4.15)

Using eq. (4.15) in eq. (4.14) to eliminate the derivative of 7,45, and egs. (2.17), (3.7) we
get

1
Qnow® = 572@515@(, +0(9). (4.16)

Further, since 2 is tangent to .# (from eq. (3.4)) we can replace S, by its pullback to
S Sy to get

1 _
Qnow® = 5720“?515,1,, +0(Q) (4.17)
Now for a asymptotically flat spacetime the News tensor on .# is defined by
Nab = gzJLb — Pab, (418)

where pgyp is the unique symmetric tensor field on .# constructed from the (usual) universal
structure at .# in Theorem 5 of [5]. Thus, for the perturbation 7 45 we have d1p4 = 0 and
we can replace 015y, in eq. (4.17) with 6; Ny, to get

1
Qnyw® = 5’)’2ab(51Nab +0(Q) (4.19)

For general perturbations 145 the perturbed News 61 N, does not vanish on .#, indicating
the presence of (linearized) gravitational radiation, although it is subject to the constraints

P61 Ny =0,  n1 Ny = 0. (4.20)

If the quantity (4.19) vanishes for all perturbations ~y; g, then 794, must be of the form
agab + n(qvp) + O(2), but it then follows from egs. (3.7) that y2. = O(€2).
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We therefore conclude that

1. The symplectic current has a finite limit to .# for all perturbations 7,4, that are
tangent to the standard phase space Ty, if and only if vo9.p| » = 0, that is, v94p also
is tangent to I'g. In particular when 9., = 76(5,) is a perturbation generated by an

infinitesimal diffeomorphism £%, then vg))] » = 0 and thus £%| » is an element of the
usual BMS algebra b (see eq. (2.25)).

2. The symplectic current has a finite limit to .# for any o4, = ’yc(f)) generated by

an infinitesimal diffeomorphism £% in beyt which is not in b, if and only if ~1, has
vanishing perturbed News, that is, 7145 is non-radiating at .#.

We emphasize that we have shown that (except in the cases discussed above) the
limit to .# of the symplectic current w as a 3-form does not exist. That is, the symplectic
current diverges as we approach any point of .# along any curve in the unphysical spacetime
independently of any choice of coordinates.

We now compare our result with the procedure used by Campiglia and Laddha [30],
who obtained finite charges associated with generators of the extended algebra. Their pro-
cedure can be described as follows. In the physical spacetime pick some Bondi coordinate
system (r,u,z) near .#. Consider the surfaces ¥; given by t = u + r = constant and
integrate the symplectic current w on ¥; with the perturbation 629,y = £¢gap» generated
by some diffeomorphism in beyxt and 01g4p lying in I'g. This integral can be rewritten as
an integral over a 2-sphere of u = constant on ¥;. Then as u — —oo this integral diverges
linearly in wu if the vector field &% is an element of beyt which is not in the usual BMS
algebra b. To get a finite symplectic form for all symmetries in beyt, ref. [30] then imposes

I+¢ along every ¥; where Csp is a subleading piece of

the boundary condition Cyp ~ 1/u
the physical metric on the 2-spheres in Bondi coordinates. The symplectic form on .# is
then defined as the ¢ — oo limit of this symplectic form on the surfaces 3.

We note that, in contrast to our approach, the procedure used by [30] is not covariant.
In particular their boundary condition Cap ~ 1/u'*€ along every ¥; is not invariant under
supertranslations (this was noted also by [30]). Thus, if this condition holds in one choice of
Bondi coordinate system, it fails to hold in another Bondi coordinate system related to the
first by a supertranslation. Similarly, this condition fails to hold if one instead integrates the
symplectic current on some different family of surfaces which are supertranslated relative
to their choice of ¥;. We also note that for the “soft charge” on .# defined in [29, 30] to be
finite one needs to impose Cap ~ 1/|u|'T¢ along .# as u — +oo (the “soft charge” vanishes
for elements of the Lorentz algebra so(1,3) upon integration over the 2-spheres and this
restriction is not required). As is well-known [16], this implies that the memory effect in
such spacetimes must vanish which is a severe restriction on the class of spacetimes.

4.3 Ambiguities in the symplectic current

As shown in the previous section, the symplectic current of a perturbation in the standard
phase space I'g with any element of the extended BMS algebra (which is not in the usual
BMS algebra) is not finite at .#. However, the symplectic current of general relativity is
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not uniquely determined by its Lagrangian, and it was claimed in [28] that the symplectic
current can be made finite at .# by a suitable choice of such an ambiguity. Since the
computations of [28] are tied to a Bondi coordinate system, it is not apparent if their choice
of the ambiguity is local and covariant. In this section we show that any ambiguity in the
symplectic current, which is local and covariant cannot be used to make the symplectic
current finite at .#, in general.

The symplectic potential @ defined by eq. (4.2) is ambiguous up to the addition of a
local and covariant 3-form X (g; dg) which is linear in §g and closed, i.e. dX = 0. It can be
shown quite generally [37] that such a closed form must be exact i.e. X(§;0¢) = dY (g;99)
for some 2-form Y which is local and covariant and linear in dg. Thus, the ambiguity in
the symplectic potential is

6(3;09) — 6(7:09) + dY (g;69) (4.21)
From eq. (4.4), the corresponding ambiguity in the symplectic current is given by'?
w(g;019,029) = w(g; 619, 029) + d[Z(g; 619, 029) — Z(g; 629, 619)] (4.22)
where, for later convenience, we have defined the 2-form
Z(g;619,629) = 01Y (g;629) (4.23)
Note that it follows from eq. (4.23) that any such Z must satisfy the condition
03Z(7; 019, 029) — 01Z(g; 639, 629) = 0 (4.24)

for arbitrary perturbations d3g of the metric, even those that do not lie in I'g.

We first define the notion of a scaling dimension for tensors following [34]. A tensor
L%, with u upper and [ lower indices constructed out of the unphysical metric gq; and the
conformal factor €2 is said to have a scaling dimension s, if under a scaling of the conformal
factor  — A and the metric g, — A2gqp by a constant A\, we have L%, — As—utlpa..,
Note that the scaling dimension is independent of the tensor index positions and is additive
under tensor products. One sees from this that the relevant scaling dimensions are:

Q:1, 9gap:0, €aped:0, V:—=1, ng:0 (4.25)

Since we are interested in the behavior of Z near .#| it is useful to write everything in
terms of unphysical quantities which are smooth at .#. Since Z(01g, d2g) is linear in both
physical metric perturbations, in terms of the unphysical perturbations 145, v2q4p We must
have

Z(n,y) =Y Wederafida(g, . Vo 1) (Vi - Vi, Y2e) (4.26)

Py
where p and ¢ (each ranging from 0 to some finite value) count the number of derivatives
of Y1ap and o, respectively. Here Wabederepfi-fa are some local and covariant tensor-
valued 2-forms which are local functionals of the unphysical metric, the unphysical Riemann

12Note that the equations of motion are unaffected by the change L — L + dK in the Lagrangian. This
does not affect the symplectic current since 6102 K — §261 K = 0.
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tensor and its derivatives and the conformal factor. The scaling dimension of 7145 and Yo
is 0, and since the scaling dimension of the symplectic potential 8 is —3 it follows from
eq. (4.21) that the scaling dimension of Z is —2. Therefore, the scaling dimension of
Wabcde1...epf1...fq is —24p+q.

Now we analyze the possible forms of Wabedei--esfi-fa that can appear in eq. (4.26).
Note that our goal is to find a Z that can get rid of the divergence in the symplectic
current in the limit to .#. From eq. (4.19) we see that this diverging term depends ana-
lytically on the background unphysical metric. Thus, in any candidate expression for Z of
the form (4.26), we can assume that Wabederepfi-fa ig an analytic functional of its argu-
ments.'® Using the Einstein equation (2.4), we can eliminate the covariant derivatives of n,
in favor of S,; and its derivatives. Similarly, the unphysical Riemann tensor and its deriva-
tives can be rewritten in terms of S, and the Weyl tensor Cyp.q and their derivatives using

Raped = Cabed + JajeSap — 9p[eSdja (4.27)
Thus any typical term in Wabeder-€ofi--fa can be schematically written in the form!*
T u
Y H(V)sisab H(V)tj (Cabed) X (terms with 0 scaling dimension) , (4.28)
i=1 j=1

where we have suppressed contractions with the metric g4, for simplicity of notation. In the
above r,u > 0 count the number of factors involving S,; and Cgpcq respectively and s;,t; > 0
count the number of derivatives occurring in each such term. Note that v is allowed to be
negative. Comparing the scaling dimensions of eq. (4.28) and Wecderepfi--fa giyeg

' u
—2+p+q:v—Zsi—2T—th—2u. (4.29)

{ J
From the above we see that v > —2. Lets consider the “most singular” term where v = —2,

and thus p = ¢ = r = v = 0; this term does not contain any Sy, or Cypeq and has no
derivatives of the perturbations v14p, 7245. Then, eq. (4.26) simplifies to the form

Z(71,72) = Wy py0ea + O(Q7Y), (4.30)

where Wabed — =2 (terms with 0 scaling dimension). Recall that when 714, is a per-
turbation in I'g we have 14, = Q714 Where 7145 is smooth and non-vanishing, in general,
at .#. In this case, the “most singular” term we have considered in eq. (4.30) diverges as
Q! near .#. This is precisely the term one would need to cancel the diverging part of the
symplectic current in eq. (4.19).

13We emphasize that Webcdei-—epfi--fa heing analytic in its functional dependence is unrelated to the
analyticity of the unphysical metric on the spacetime manifold. We do not impose any analyticity conditions
on the spacetimes under consideration.

1 Note that, by the peeling theorem (Theorem 11 [5]), for an asymptotically-flat spacetime, Capeq vanishes
and Q7 1Cupeq has a finite limit at 7. Thus, in eq. (4.28) we can use Q1 Cuped instead; this only changes
the last term in eq. (4.29) to —3u and does not affect the rest of the argument. We use the Weyl tensor
Clabea since we allow the background spacetime to satisfy some “extended” notion of asymptotic flatness
for which the peeling theorem might not hold.
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Let us now figure out what the 2-form W can be. Notice that Q can only appear
with a power —2 in the expression for W in particular, any terms with 0 scaling
dimension that we need cannot be constructed by multiplying some powers of {2 with
something with a negative scaling dimension. Since W®“? must be local and covariant
the only quantities available are gqp, €4peq and n, — note that any derivatives of these will
have negative scaling dimension. Using egs. (2.9) and (3.7) leads to just two possible terms
which appear at order 272, in terms of which we can write eq. (4.30) as

Z(,72) = Zap(n,72) = Q72 (Aeap™ + BOF,01) 9 1eevaar + O(27) (4.31)

where A, B are some constants. Since we have only computed the Z up to terms of
O(271), our consistency condition eq. (4.24), must also hold to this order. However, it
is easy to verify that eq. (4.31) fails to satisfy this condition since d3g.|s # 0 for an
arbitrary perturbation in the extended class of perturbations. That is, there does not exist
an ambiguity Y in the symplectic potential such that eq. (4.31) is of the form eq. (4.23).
Thus we conclude that any choice of the symplectic current for general relativity, which is
local and covariant, must diverge in the limit to .#, in general, when at least one of the
perturbations is taken to be in the extended class of allowed perturbations.

5 Other issues

Since our covariance arguments are not airtight, as discussed in the Introduction, we now
consider some other arguments for and against the extension of the BMS algebra. We focus
on two specific issues: the desirability of having a definition of Bondi 4-momentum and the
freedom in choosing a field configuration space.

5.1 Existence of Bondi four-momentum

The standard BMS algebra b contains a preferred four dimensional subalgebra of trans-
lations, associated with the existence of Bondi 4-momentum. By contrast, the extended
algebra beyt does not, as we show explicitly in appendix B. Therefore, there is no natural
universal definition of Bondi 4-momentum in any context where beyt is the asymptotic
symmetry algebra. This lack of a definition of Bondi 4-momentum would seem to be a
difficulty for any physical interpretation of the extended algebra.

However, the notion of Bondi 4-momentum would still apply in the context of the
symmetry algebra bey, but in a solution-dependent manner. Specifically, given a solu-
tion (M, gap, ©2), one can define the field configuration space (2.12) associated with that
solution, and from it obtain an associated translation subgroup of beyt and corresponding
4-momentum charge. The 4-momenta associated with two different solutions need not be
comparable, as in general they would lie in different spaces. This status of 4-momentum
in the extended algebra would be analogous to the status of angular momentum in the
standard BMS context. There, stationary solutions determine preferred Poincaré subalge-
bras of the BMS algebra, with associated linear and angular momentum charges, but the
angular momentum charges associated with two different stationary solutions need not be
comparable as they live in different spaces.
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5.2 Choice of field configuration space

In the body of the paper we considered an enlargement of the field configuration space I'y to
a larger space Iyt which contains additional unphysical metrics (M, gqp, ) that are related
to metrics already in I'g by diffeomorphisms and conformal transformations. This raises
the question of what criterion can one use to define field configuration spaces in general?
How much gauge (here diffeomorphism and conformal) freedom can or should be fixed?

A key consideration is that the phase space of the theory is constructed from the field
configuration space ['g or I'ext by modding out by degeneracy directions of the presym-
plectic form [8, 36, 38]. The construction of the symmetry algebra also mods out by
these degeneracies (see footnote 10 above). The degeneracy directions correspond to gauge
transformations (diffeomorphism or conformal) which vanish sufficiently rapidly near the
boundary. Therefore, in defining the initial field configuration space, it should not matter
how much gauge freedom is fixed, since any residual gauge freedom will be removed in the
construction of the final phase space and symmetry algebra. However, one must be careful
that one fixes only “true gauge” degrees of freedom, that is, degeneracy directions of the
presymplectic form.

The question then is whether the standard configuration space I'g of eq. (2.12) has
already fixed some degrees of freedom which are physical and not gauge (i.e. do not cor-
respond to degeneracy directions of the presymplectic form). Unfortunately, it is not
straightforward to answer this question, since as we have shown, for the relevant met-
ric perturbations the presymplectic current is either divergent on .#, or if one uses the
renormalized presymplectic current of ref. [28], the presymplectic form may or may not be
covariant. If we suppose for the sake of argument that it is covariant, then an examination
of eq. (5.27) of ref. [28] shows that the presymplectic form on the extended phase space does
not exhibit any degeneracy directions. This would argue in favor of the extended algebra.

6 Discussion and conclusions

Using the definition of asymptotically-flat spacetimes we showed how the BMS algebra
b arises as the asymptotic symmetry algebra at null infinity, emphasizing the role of the
smoothness and topological assumptions in the definition. A crucial role in our analysis
was played by the fact that the conformal class of metrics on a 2-sphere is unique up to
diffeomorphisms. This can be used to show that the conformal factor 2 and the unphysical
metric gqp|» can be chosen to be universal in the class of asymptotically-flat spacetimes,
without loss of generality.

We then considered an extended class of spacetimes where gq|.~ is not considered uni-
versal as proposed by Campiglia and Laddha [30]. In this class of spacetimes, the asymp-
totic symmetry algebra includes all smooth diffeomorphisms of a 2-sphere. We showed,
however, that the symplectic current of general relativity evaluated on such extended sym-
metries does not have a finite limit to null infinity, and that no local and covariant ambiguity
in the choice of symplectic current cures this divergent behavior. This suggests that the
extension of the BMS symmetry algebra proposed by [29, 30] is ill-defined on the phase
space at null infinity. However, as discussed in the introduction, a possible loophole is the
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fact that imposing locality and covariance at all stages of the computation may be too
strong a restriction, and instead one should only impose covariance on the symplectic form
obtained by integrating the symplectic current.
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A Metric on .# and conformal factor in a neighborhood can be chosen
to be universal

In this appendix, we prove the following property of asymptotically flat spacetimes. Sup-
pose that we are given two different unphysical spacetimes (M, gqp,2) and (M’ g.,, Q')
corresponding to two different physical spacetimes. By specializing to a neighborhood of
# and using a diffeomorphism we can identify the background manifolds. In addition, by
exploiting the diffeomorphism freedom (gap, 2) — (V«Gap, 1§2) and the conformal rescaling
freedom (gap, Q) — (W?gap, W), we can without loss of generality take

Q=0 (A.1)

in a neighborhood of .#, as well as
9abl = Gan| (A.2)

together with the Bondi condition
VaVi| , = 0. (A.3)

Thus, without loss of generality, we can take the conformal factor in a neighborhood of .#
and the unphysical metric evaluated on .# to be universal, the same for all asymptotically
flat spacetimes.

The proof is based on constructing suitable coordinate systems in a neighborhood
of .#. Let us pick any asymptotically-flat physical spacetime (M, jqp) and let (M, gap)
be its conformal completion with some choice of conformal factor €2 satisfying the Bondi
condition (2.8). Pick any cross-section S = S? of .# and consider the induced metric gqp at
S. Since the conformal class of metrics on S? is unique up to diffeomorphisms, there exists
a unit round 2-metric sq, and a smooth positive function w on S so that gu, = w?se 00 S.
We can now use the freedom (2.10) in the choice of conformal factor at S to make w =1,
so that gu, = sqp on S.

A _ ( 1

Next, we choose coordinates z z',2%) = (0,¢) on S so that this 2-metric sap

takes the standard form
sapda’dx® = df* + sin? 0dy>. (A.4)

We extend the coordinates =4 to all of . by imposing the condition

nvVazt|, = 0. (A.5)

~19 —



We also define the function w on .# by the conditions u|g = 0 and
n*Vou = 1. (A.6)

This defines the coordinate system (u, %) on .#. Note that on ., £,qq = 0 (eq. (2.11))
and thus in our choice of conformal factor we have that the induced metric takes the
form (A.4) on all of .#.

We next define spacetime coordinates (€2, u, xA) in a neighborhood of .#. First, since
Qs =0 and V| s # 0, we can use {2 as a coordinate. Next, we extend the coordinates
(u,z) away from .#. There are many different choices of extension. The extension we
choose here leads to the familiar Bondi coordinates in the physical spacetime (see also [39]).
Consider a family of null hypersurfaces transverse to .# which intersect .# in the cross-
sections S, given by w = constant. In a sufficiently small neighborhood of .#, such null
hypersurfaces generate a null foliation. We first extend the coordinate u by demanding

that it be constant along these null hypersurfaces. We define
lo = Vau, (A.7)

the null normal to these hypersurfaces, which satisfies [?l, = 0 and [“n,| s = 1 from the
condition (A.6). Then, we extend the angular coordinates 2 to a neighborhood of .# by
demanding 1*V 24 = 0.

Finally, we specialize the definition of € off .# as follows. To extend (2 away from .
we use the freedom in the conformal factor away from .# to demand that the 2-spheres
of constant u and {2 have the same area element as the unit sphere, that is, if hap is the
2-metric on the surfaces of constant v and €2 then we demand that det h = det s in the
zA-coordinates. This fixes Q uniquely away from .#. Thus we have set up a conformal
Bondi coordinate system (€2, u, #4) in a neighborhood of .# in which the unphysical metric
takes the form

ds? = —We?Pdu? + 2e*PdQdu + hap(dz® — UAdu)(dz® — UBdu) (A.8)

where W, 3, hap, and U4 are smooth functions of the coordinates (€2, u, ). Note that
the metric components gno and goa vanish due to [?], = 1°V 2?4 = 0. Now if we assume
that the metric components in eq. (A.8) have an asymptotic expansion in integer powers
of  near .#, then from the construction of our coordinates, and using the condition (2.9)
we have

W =0(Q%), B=0(Q) Ut =0(Q),

A9
hap = sap + QCap +0(Q%)  s*BCup =0. (4.9)

If we further define » = Q! then we get the familiar Bondi coordinate form'® for the
physical metric §ap = Q2 2gap = 72gap. Note that the asymptotic falloffs in  used for the
physical metric in Bondi coordinates follow from eq. (A.9) and are a direct consequence of
asymptotic flatness and the construction of the coordinate system.

15The usual Bondi coordinate expression incorporates two other conditions, W = Q% + O(Q®), U* =
O(9?), that are obtained by imposing the Einstein equations with the assumption (2.1) on the stress
energy tensor.
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Since n®V,u| » = 1, the unphysical metric g, at .# in these coordinates is
Jap| s = 2dQdu + s 4pdaida®. (A.10)

We now identify all asymptotically-flat spacetimes with each other, in a neighborhood of .7,
by identifying their points in the coordinates (€2, u, ) constructed above. With this choice
it follows that the conformal factor © and the unphysical metric (A.10) are universal i.e.
independent of the chosen asymptotically-flat physical spacetime. Different asymptotically-
flat physical metrics change only the subleading metric components in eq. (A.9) but agree
to leading order.

We emphasize that many of the choices made in constructing the Bondi coordinates
are irrelevant to this argument and are made just for convenience. For instance, the choice
of the unit-metric s4p is irrelevant. In any asymptotically-flat spacetime, we can instead
choose the coordinates x4 and use the freedom w in the conformal factor at .# so that
Qab = q((l?)) where q((l?)) is any fized metric on S?. Then we can proceed with the rest of the
construction as before to conclude that g.p| s is universal. The only important ingredient is
the fact that S? has a unique conformal class of metrics up to diffeomorphisms. Similarly,
the extension of the coordinates away from .# can also be chosen differently. For instance,
consider the null vector field I?| , = /052 transverse to the cross-sections S, of .#. Instead
of choosing ) away from .# to make the 2-spheres have unit area, we can extend this
vector field away from .# by demanding that [* = 9/9) be an affinely-parameterized null
vector field i.e. 1%, = 0 and I°V,l* = 0. Then we can extend the coordinates (u,z*)
by parallel transport along [*. This defines a conformal Gaussian null coordinate system
in a neighborhood of .# [16, 35]. Now we can again identify all the asymptotically-flat
spacetimes in these conformal Gaussian null coordinates to conclude that € and g,3| s are
universal in a neighborhood of .#. We can also develop an asymptotic expansion for the
metric components in this coordinate system similar to egs. (A.8) and (A.9) (see [35]) and
again see that different asymptotically-flat physical metrics only change the subleading
metric components but agree to leading order.

In conclusion, given the definition of asymptotic flatness and that the conformal class
of metrics on S? is unique, it is always possible to identify all the unphysical spacetimes in
a neighborhood of .# so that 2 and ¢,3| » are independent of the physical spacetime under
consideration.

B The extended BMS algebra does not contain any preferred translation
subalgebra

In this appendix we show that the extended BMS algebra does not contain any preferred
subalgebra (i.e. a Lie ideal) of translations. Since the asymptotic symmetry algebra is
common to all spacetimes under consideration, its Lie bracket is independent of the choice
of background spacetime. Thus we can compute the Lie bracket on any choice of back-
ground spacetime, and in particular we can take the background physical spacetime to
be Minkowski. Let us choose a conformal completion for Minkowski so that the induced

- 21 —



metric gq on # is that of a unit-metric on S? and let 2 denote the covariant derivative of
dap- Let u be an affine parameter along the null geodesics of n® so that n*V,u| s = 1.

From eq. (3.9), any element £* of the algebra bey; can be written as
1
=X+ §(u — u) Dy Xn® + f'n® (B.1)

where f is any function on S? (representing a supertranslation), X is a vector field on S?
while the function a/¢) = 1 9,X*. The Lie bracket of a supertranslation fn® € s and £% is

-2
then

[fn, &% = pBn® where f=—-X°YD,f + %QaXaf (B.2)

It is straightforward to check that £,5 = 0 and so Sn® is a supertranslation in s.

If translations are a Lie ideal in beyxt then Sn® would also be a translation whenever fn?®
is translation. To investigate this we proceed as follows. Since fn® is a translation, fisa/f =
0, 1 spherical harmonic on S? — it is well-known that the limit of translations in Minkowski
spacetime to .# are precisely such vector fields. Let X® be a ¢-vector harmonic so that

X = 9°F +£*9,G (B.3)

for some functions F' and G which are ¢’-spherical harmonics. In the case £ is an element
of the BMS algebra b so that X* is an element of the Lorentz algebra so(1,3), both F
and G are spherical harmonics with ¢/ = 1. The function F corresponds to Lorentz boosts
while G corresponds to Lorentz rotations. When &% is an element of the extended BMS
algebra beyt, ¢ > 1 and then ¢ > 1 modes of F' and G can be thought of as “extended”
boosts and rotations.

Using the decomposition eq. (B.3) in eq. (B.2) we have
1
B=—-PFD,f + 5@2F f+e2,.GDy f (B.4)

Now we wish to find the spherical harmonic mode L of 8 when f is a translation i.e.
¢ = 0, 1-harmonic mode while the harmonic mode of F' and G can be ¢/ > 1. It is useful to
consider the following different cases.

Case 1: f is time translation, £ = 0. Then,
1 2 1 ! (gl
6259 Ff:—§€(€ +1)Ff (B.5)

SO

P*B=—0'(0' +1)3=—-L(L+1)p (B.6)

Thus, S =01if F =0else 8 is a L = ¢ mode. When X® € s0(1,3), ¢ =1 and this can be
interpreted as the fact that a time translation is invariant under Lorentz rotations given
by G but changes by a spatial translation under Lorentz boosts given by F'.
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Case 2: f is spatial translation i.e. £ =1, FF = 0 and G # 0. Then we have,
B=ec"D,Ghf (B.7)

d
- D26 = [0 +1) — 00 +1) +2] B+ 26D 2,GT° D f
=0 +1)p=-L(L+1)B

where in the last line we use £ = 1 and that 2,2, f = —quf for such functions. Thus, 5 is

(B.8)

a L = ¢ mode. Thus, when X € s0(1,3), ¢ = 1, a spatial translation changes by another
spatial translation under Lorentz rotations given by G.

Case 3: f is spatial translation i.e £ =1, F # 0 and G = 0.
1
B=—-DFPuf + 592Ff (B.9)

To find the L-mode of #, we multiply the above equation with the (complex conjugate)
spherical harmonic Y1, 5y and integrate over S? to get (we have left the area element of the
unit-metric on S? implicit for notational convenience)

//;’YLM = —/@aF@afYL,M — %z’(e’ + 1)/FfYL,M (B.10)

The first term on the right-hand-side can be rewritten using repeated integration-by-parts
as

— / D EDofY 1. = / FP*fY [ u+ / F2.f2°Y Lm
= / FP?fY [ — / DuF fDY 11— / FfP°Y 1m
= /FQQfYL,M +/@2FfYL,M —/Ff92YL,M +/.@aF9afYL,M
- / DDV s = % / FP2 Y+ % / DF IV 10— % / FI9°Y i (B.11)
:% (¢ +1)— €€ +1) + L(L+1)] /FfYL,M
Thus, we have
/ﬂYL,M = {—;W +1) =0 +1)+ %L(L + 1)] /FfYL,M (B.12)
Expanding the functions F' and f in terms of the corresponding spherical harmonics Yy s

and Yy, respectively, we can write the final integral in terms of the 3j-symbols (see sec-
tion 34 [40]) (or in terms of the Clebsch-Gordon coefficients, section 3.7 [41]) as

/}/Z’,m’}/f,mYL,M = (_1)M\/(2€+ 1)(281 + 1)(2L + 1) (6’ 6,7 L) (E, g/’ L )

47 0,0, 0 m, m', —M
(B.13)
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Since f is a spatial translation with £ = 1, we have

avd IR 17 1 1,7, L 1, ¢, L
/BYL,M o [ 1-0W+1)+ 2L(L+1)] <0’ 0. 0) \om. . —a1 (B.14)

where we have ignored non-zero constant factors. The right-hand-side is non-vanishing if
and only if (section 34 [40])

1
—1—6’(€’+1)+§L(L+1)7é0
14+ /¢ 4+ L iseven (B.15)
V—1<L<l+1, M=m+m

These conditions on L can be satisfied if and only if (we do not need the conditions on M

0 for ¢! =1
L= (B.16)
0/ —1 or /'+1 fort >2

for our argument)

Note that for the ¢ = 1 case, the value L = ¢/ + 1 = 2 is ruled out by the first condition
in eq. (B.15). Thus, when X° € s0(1,3), ¢/ = 1, a spatial translation changes by a time
translation under Lorentz boosts given by F.

For the usual BMS algebra b with X € s0(1,3) and ¢/ = 1, we see that in each case
B is a spherical harmonic with L = 0,1 that is fn® is a translation. Thus the translation
subalgebra is preserved under the Lie bracket of b i.e. there is a preferred 4-dimensional Lie
ideal of translations in b. For the extended BMS algebra bey; with X¢ € 9iff(S?) and ¢/ > 2,
the translations fn® in general, change by Sn® where 8 contains a spherical harmonic as
high as L = ¢' 4+ 1. Thus, translations are not preserved by the Lie bracket of bey and are
not a preferred subalgebra (Lie ideal) of beyi. The above argument can be generalized to
show that there is, in fact, no finite-dimensional Lie ideal of extended BMS algebra.

The absence of a preferred translation algebra poses a problem for the prescription used
by [30] to define a symplectic form on .#. As discussed above, the boundary condition
imposed by [30] near spatial infinity to obtain a finite symplectic form for bey; is not
invariant under general supertranslations, but is invariant under translations in a specific
choice of Bondi coordinates. However, as we have shown, there is no preferred notion of
pure translations in beyi. Thus, the translation invariance of the boundary condition in [30]
is also unclear.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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