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1 Introduction

In the semi-classical analysis of quantum physics, curves appear as the phase space orbit
leading to the semi-classical Bohr-Sommerfeld quantization condition. From the viewpoint
of full quantum physics, apparently these curves are technical tools and need to be quan-
tized eventually. Since in algebraic geometry curves are defined by zeros of polynomial
rings, in quantization by replacing the polynomial rings by quantum operators, the study
of zeros switches smoothly to spectral problems of the quantum operators.

Recently the study of quantization of curves attracts renewed attention due to the
important role it plays in understanding the integrability of gauge theories [1-4]. The
interplay between curves and gauge theories continues to the three-dimensional M2-brane
physics [5]. In [6] it was found that the grand canonical partition function of the M2-
branes on the background C*/Z;, can be rewritten as a spectral determinant of a quantum-
mechanical operator associated with the geometry P! x P!, following preceding works [7-11].
After further studies of the spectral determinant in [12-17] finally it was conjectured [18]
that the grand potential of the M2-branes is expressed as the free energy of the topological
string theory on the local P! x P! geometry. The rank deformations with the inclusion of
fractional M2-branes [19, 20] were studied in [21-24] and found to match the conjectured
topological string free energy.

The computation was further generalized to many superconformal Chern-Simons ma-
trix models describing the worldvolume theory of the M2-branes on other orbifold [25-31]
or orientifold [32-36] backgrounds and to many spectral determinants associated with other
curves [37, 38]. On the matrix model side, we can compute the models with or without
rank deformations with similar techniques and find that the results fit in the conjecture
with different choices of Kéhler parameters and BPS indices on the background geometry,
although it is difficult to explain these geometrical data. On the curve side, the general



structure of the correspondence is much clearer, though, besides the difficulty in the inter-
pretation in terms of the M2-branes, it was also difficult to compute directly the kernels of
the spectral operators for general parameters of the curves until recently with the impor-
tant progress in [39, 40]. All of these difficulties on the both sides prevent us from studying
the correspondence clearly.

To overcome the difficulties, the viewpoint of symmetry is crucial. On the curve side,
among others, the special class of curves of ultimate interest and importance are those
of genus one called del Pezzo curves, which are known to enjoy the symmetries of the
exceptional algebra. On the matrix model side, by studying rank deformations of matrix
models corresponding to curves of genus one, in several cases, the Kahler parameters and
the BPS indices were identified [30] and these geometrical data were further interpreted
from the symmetry breaking in [31]. Although the symmetry breaking patterns were
identified, the explanation of them was missing.

In this paper, we promote the discussions for the classical del Pezzo curves to quantum
curves. We define the quantum curves for our setup and study how the symmetry is
realized and how the symmetry breaking happens. We find that the breaking patterns
are completely consistent with the previous results in [31] from the superconformal Chern-
Simons matrix models.

The organization of this paper is as follows. We first review the analysis of the su-
perconformal Chern-Simons matrix models in the next section to explain our motivation.
After that, in section 3, we define the quantum curve and study its quantum symmetry
using an example of the D5 curve. In section 4 we identify the superconformal Chern-
Simons matrix models in the quantum curve and study its symmetry breaking. We turn to
a different example of the E7 curve in section 5. Finally we conclude with some discussions
on future directions. Appendix A is devoted to technical details on the construction of the
Weyl group.

2 Superconformal Chern-Simons matrix models

In this section, we review the superconformal Chern-Simons matrix models. The main
purpose of this section is to explain our motivation of studying quantum curves.

It was proposed [5, 19, 20] that the AN/ = 6 superconformal Chern-Simons the-
ory with gauge group U(Nj)pxU(N2)_ (with the subscripts k, —k denoting the Chern-
Simons levels) and two pairs of bifundamental matters describes the worldvolume theory
of min(Ny, No) M2-branes and | N2 — N;| fractional M2-branes on the target space C4/Zk.
With the localization techniques [41], the partition function, as well as the one-point func-
tions (and hopefully the two-point functions [42]) of the half-BPS Wilson loop in the N' = 6
superconformal Chern-Simons theory on S3, which is originally defined with the infinite-
dimensional path integral, reduces to a finite-dimensional matrix integration.

There are many generalizations for this matrix model. For example, by regarding the
quiver diagram of the ABJM theory as the Dynkin diagram of the affine Lie algebra El,
there are other generalized theories with quiver diagrams of affine simply-laced Lie algebras



and it is known that they also preserve the N' = 3 superconformal symmetries [43].!

Especially, it was found [46] that, for the ET quiver diagram with the gauge group U(N)"+1,
as long as the levels k, for a =1,2,--- ,r + 1 are given by
k
ko, = §(sa — Sq-1), Sq==*I1, (2.1)

(with the cyclic identification sy = s,41), the superconformal Chern-Simons theory enjoys
the supersymmetry enhancement to N' = 4. Hence, the ' = 4 theories can be characterized
by recording {sa}Zii with the order. Following the same localization techniques, the
partition functions of these theories are given clearly by associating the vector multiplets
(or vertices in the quiver diagram) and the hypermultiplets (or edges in the quiver diagram)

respectively with

N 2 N -2
. Aq (m) — Aa (m/) Ag (m) — )‘a—‘rl (n)
2sinh ———— 2 cosh — . 2.2
H ( sin 5 , H cos 5 , (2.2)

m<m/ m,n=1

and integrating all of the variables A, (,,,) with

DAam) e 5N 32
DAq,m) = —5 €™ Tt ielm. (2.3)
In [26] the model specified by the +1 alignment
q1 P1 q2 p2
{Sa}Zi%: +17'”)+17_17'”)_17+17'”7+17r_]—7'”7_17"' ) (24)

was named the (q1,p1,q2,p2,---) model and the grand canonical partition function of
the model Zg(z) = E,(qu’m’q%m’m)(z) defined from the partition function Zp(N) =
ZIEQ1,P17QQ71027“')(N) by

Ek(2) = Y 2N Z(N), (2.5)
N=0
was found to be given by
Ek(z) = det(1+ zﬁ_l), (2.6)

with H = H(@P1.422) of the model given by

N o\ @ =\ P1 o\ 42 o\ P2
H = <2(:oshg> <2cosh12)> <2coshg> <2coshg> (2.7)

Here ¢ and p are canonical operators satisfying the commutation relation [q, p] = 2mik.

In a series of works [26-31] following the study of the ABJM matrix model [15-18] it
was further found that the reduced grand potential Jy(u) = J,gql PL2:P27) (1)) of a class of
the models (of genus one) defined by

[e.9]

SO el — g (o), (2:8)

n=—oo

is split into the perturbative part, the worldsheet instanton part and membrane instanton

!See [44, 45] for progress in the study of the matrix models for the D, quiver diagram.



part, Ji (1) = JE (1) + JWVS (1) + JMB (1) and if we redefine the chemical potential 4 into
pee [17] and further into the Kéhler parameters T, the instanton parts are described by
the free energy of topological strings

o 3
_1)(SL+SR—1)”3R sin 2mwgsns,
JWs — E E Ne . ( i T
k(1) JL’JR; n(2sinwgsn)? sin 2wgsn ¢ ’

jL7jR d
o : ™ : N
o —sin Z2sp, sin Z28g 4T
TP = 3 Y N s Y g [ e | (29)
Jju.Jjr d n=1 995 4d7n? (sin Z—”)
s

(with sy, /g = 2j1,/r + 1) on a target space which can be read off from (2.7).

Especially, it turns out that the target spaces for the (1,1), (2,2), (1,1,1,1), (2,1)
and (2,1,2,1) models are the del Pezzo curves of genus one, known to be classified by the
exceptional Lie algebra F,. From a careful analysis of the exact values of the partition
function in [26, 28, 30|, it was found [31] that the (2,2), (1,1,1,1) and (2,1) models
correspond to the E5 = Dy del Pezzo curve at the moduli where the Weyl symmetry of
the Djs algebra is broken respectively to those of the subalgebras? Dy, (A;1)? and As, while
the (2,1,2,1) model corresponds to the E7 del Pezzo curve at the modulus where the F7;
algebra is broken to the subalgebra D5 x A;. Namely, for example for the (2,2) model and
the (1,1,1,1) model, since the total BPS indices N]dLJ-R = Z\d|:d N;i,jR at each degree d
were computed in [47], our task reduces to identifying the Kéhler parameters T and the
split of the total BPS indices at each degree d. This was performed in [30] and it was further
found in [31] that, by regarding the BPS indices as representations of the Dj algebra, the
introduction of the Kahler parameters amounts to identifying “the Higgs fields acquiring
expectation values” and the split of the total BPS indices corresponds to the decomposition
of the representations of the D5 algebra into those of the unbroken subalgebras.

More concretely, the rank deformations of the (2,2) model and the (1,1,1,1) model,
which are connected by the Hanany-Witten effect, were studied intensively in [30]. For the
(2,2) model with the rank deformations U(N ) x U(N + My)ox U(N +2M7) i x U(N + Mi)o,

the Kihler parameters and the string coupling constant g in the instanton exponents e~¢T
and e=%T/9% are
Heff . M 1
T — + 1_ 7 =, 2.10
p m( k > 9s =1 (2.10)

and the BPS indices forming the representations of the D5 algebra are broken to repre-
sentations of Dy (see table 1 for the split of the BPS indices). Furthermore, for the (2,2)
model with the rank deformations

U(N + MII)k X U(N + MI)O X U(N + 2My + MII)fk X U(N + MI)O, (2.11)

2As we explain later, the remaining symmetry (A;)* for the (1,1,1,1) model identified in [31] should be
corrected by (A1)3.



d | (ju.jr) | BPS | (=171 34 (X, ]Iiijrlz’dn))dl
L] 0.0 16 841 +8.1
2| (0.3) | 10 lio+80+ 12
31 (0,1) 16 8.1 +81
40 (03) | 1 1o
(0.3) | 45 842+ 290 + 8
(32 | 1 1

Table 1. The split of the BPS indices on the Ds del Pezzo curve for the (2,2) model. The
split is interpreted as the decomposition of the D5 representations into the D, subalgebra, as in
16 — (8s/c)+1 1 (8s/c)—1, 10 = (1) 12 + (8v)o + (1)—2 and 45 — (8y)42 + (28)0 + (1)o + (8v)—2

which is connected to the (1,1,1,1) model without rank deformations at (Mg, My) =
(k/2,k/2) through the Hanany-Witten effect, the Kéhler parameters are

M 2M;
le::,u«eff:t (1_1_ 11)7

k k k
My
Ti:,ueffi R
2 k ( k‘)’
por | () My 20y
T3 = +7 <1 A + A >, (2.12)

and the BPS indices in the representations of the D, algebra are further split into repre-
sentations of the (A;)? algebra (see table 2 for the further split of the BPS indices). Hence,
from table 1 it was found that the symmetry for the (2,2) model without rank deformations
is broken to D4 while from table 2 the symmetry for the (1,1, 1, 1) model is further broken
to (Al)g.

Even though the symmetry is broken to (A;)? for general rank deformations of the
(2,2) model and the (1,1, 1,1) model, we can see an accidental symmetry enhancement for
the (1,1,1,1) model without rank deformations. Since the (1,1,1,1) model without rank
deformations corresponds to (My, M) = (k/2,k/2), the instanton exponent is given by

M 2M,
d-T:d“eﬁ+m<d (1—1) — dy ”> aleft 4 d— (2.13)

k k k k

where we have defined the total u(1) degree and the two Cartan u(1) charges which break
the symmetries as

=1 (2.14)
di = (df +df +dJ)— (dy +dy +d3),
diy = (df —dy) — (df —dy),



as well as the special combination of the u(1) charges d characterizing the (1,1,1,1) model
without rank deformations and the unbroken u(1) charge d as®

g: dr — 2dy, d= dr + dig. (2.15)

Then, the accidental symmetry enhancement is observed as follows. The adjoint rep-
resentation of the D5 algebra decomposes as

45 — (8) 12 + (28)0 + (1)o + (8y)_2, (2.16)

in the breaking Ds — (D4)q, and further decompositions of various Dy representations into
(Ap)* are given by

28 — (3,1,1,1) + (1,3,1,1) + (1,1,3,1) + (1,1,1,3) + (2, 2,2, 2),
8, — (2,2,1,1) +(1,1,2,2). (2.17)

The last factor of A; is broken and the u(1l) charge is denoted by di;. After expressing
the two u(1) charges di and dyj in terms of the charges d and d, each representation of the
third factor of (A1); in the unbroken symmetry (A;)? combines into the representations of
As as

8—=2,3+30+190+2_3, 3—=1;90+2_4, 3 — 2,14+19, 1—=1g (218)

in Ay — (A1) Finally the decomposition of the D5 adjoint representation into (A; x A x
Ag)7 is given by

45 —(1,1,3) 14+ (2,2,3) 12+ (3,1,1)0 + (1,3,1)9 + (1,1,8)g + (1,1,1)
+(2,2,3) 2+ (1,1,3)_4, (2.19)

which implies that the symmetry (A;7)3 is further enhanced to (A1)% x As = A x A x Ay
in the (1,1,1,1) model without rank deformations.

3 Quantum curve

In this section we define carefully what we mean by quantum curves and study the typical
example of the D5 del Pezzo curve.

We define a quantum algebraic curve to be the spectral problem of a polynomial quan-
tum operator H generated by @ = ¢@ and P = eP where g and p are the canonical operators
of coordinates and momenta satisfying the canonical commutation relation [g, p] = ¢h. Since
the similarity transformation, the adjoint action by CA},

A~~~

H~GHG™, (3.1)

typically does not affect the spectral problem, we define the quantum algebraic curve
with the identification of all the similarity transformations. As in the classical algebraic

3The combination of the u(1) charges d = 2(df — dy) + (df — d;) exchanges among the four Kihler

+ _ Meff e + _ Meff e . . s + _ Hetf 3mi
parameters 17~ = 50 £ 72 and Ty = 5 + 7, while leaving the remaining two T5" = #¢ff 4= =7* fixed.




L, ] - d,dp,d
a | Guogn) | di | BPS | (—1)0 5, (Nt

1| (0,0) | +1]| 8 2,1 +40+2
21 (0,3 | o 8 241 +40+2
+2 | 1 1o
31 (0,1) | £1] 8 2,1 +40+24
1o o] lo
0,2) | 0| 29 | 1io4+8 1 +11g+8_1+1
+2 | 8 211 +40+2
(3,2 | 0| 1 1o

Table 2. The split of the BPS indices on the D5 del Pezzo curve for the (1,1,1,1) model. The
split is interpreted as the decomposition of the D, representations into the (A;)* subalgebra, as
in 8, — (2,2,1,1) + (1,1,2,2), 8 — (2,1,2,1) + (1,2,1,2), 8. — (2,1,1,2) + (1,2,2,1)
and 28 — (3,1,1,1) 4+ (1,3,1,1) + (1,1,3,1) + (1,1,1,3) 4+ (2,2,2,2), where the last A; factor
contributes as the u(1) charge in the subscript (and hence is broken).

curve, the curve is studied within a linear combination of a certain class of the independent
operators @mﬁ” with (m,n) € Z2. Note that in the quantization, the order of the operators
is important and we adopt the normal ordering such that @ is in the left and P is in
the right. The set of (m,n) with non-vanishing coefficients is often referred to as the
Newton polygon.

The classical algebraic curve of genus one is called the del Pezzo curve and is known
to be classified by the exceptional algebra FE,,. As one of simple and abundant cases, here
we mainly consider the quantization of the F5 = D5 curve, where the quantum curve or
the quantum Hamiltonian is a linear combination of the independent operators

Q"P", m=-1,0,1, n=-1,0,1, (3.2)

(see figure 1 for the Newton polygon of the D5 del Pezzo curve). Instead of fixing the
coefficients, as in the classical case [48] (see sections 8.2.5 and 8.4.4), it is often convenient
to fix the asymptotic values of the curve

(OO, 6;1)’ (ooa 651)’ (637 OO), (643 OO), (03 h51€5)7 (0> h51€6)v (h16;17 0)7 (hlegl’ O)a (3'3)

(see figure 2 for the asymptotic values). Each two points out of the eight points are the
solutions to the quadratic equations obtained by setting @ — 00, P 0, @ — 0 and
P -0 respectively. In other words, the eight values are the asymptotic values of the dual
graph of the Newton polygon. Due to the Vieta’s formulas on products of roots, the eight
points are not independent and should be subject to the constraint

8

[1e = nins. (3.4)
=1



—e | »Q#

[ J T [

Figure 1. The Newton polygon of the Ds del Pezzo curve.

e, 6,
p=oco *—o

es/h, ® ® 1/e,
es/h, ® @ 1l/e,
P=0

@
Q=0 1/e7 hl/eSQ=°°

Figure 2. The asymptotic values of the Ds del Pezzo curve, (0o,e?), (00,e5 ), (e3,00), (e4,00),
(0, h5tes), (0,h5 es), (hle;l,O), (h1€81,0) The four lines denote “lines at infinity” Q = oo,
P =00, @ =0 and P = 0 respectively.

)

Then, our quantum curve is given by

~

QP —(e3 +eq)P tese Q1P
H/a= —(el_1 +62_1)Q +FE/a —h2_163€4(65 +e6)Q 1 (3.5)
+(6162)71QP71 —hy (6162)71(67_1 + €§1)P71 +h%(61626768)71Q71P71,

where the coefficient of the last term @_1]3_1 can be alternatively expressed as
h?(ejeseres) ™t = h5263646566 due to (3.4). Note that the classical algebraic curve is
defined from the zeros of the curve and characterized by their asymptotic zeros. For the
quantum case, the asymptotic zeros are obtained only after the normal ordering.

This curve enjoys a lot of symmetries. Especially our labelling of the curve is redundant
and the same curve can be realized by different choices of the parameters. For example,
we use ten parameters hi, ho and ej,--- ,eg to describe the eight asymptotic values and
apparently two degrees of freedom can be fixed arbltrarlly Also, by the similarity trans-
formation (3 1) generated by G = e PorG=e" ﬁq, it is clear that a curve and the same
curve with Q, P rescaled as

(Q,P) = (4Q,P), (Q,P)— (Q,BP), (3.6)



(with A = e® and B = €?) should be identified. Using these two rescalings we can further
fix two degrees of freedom. After the identification, aside from the parameters o and F,
we have ten parameters subject to four continuous symmetries and one constraint (3.4),
which leaves only five parameters.

After identifying these continuous gauge symmetries, there also remain discrete gauge
symmetries, which should be clarified. The analysis for the classical algebraic curve is
well-known and explained carefully for example in [48]. Here we study the same problem
for the quantum curve.

Classically the Ds del Pezzo curve enjoys the Weyl symmetry of Dy, which is basically
generated by s1, s2, $3, 84, S5 exchanging the asymptotical points [48]

81 : hle;1 > hlegl,

S9 . €3 <> e4,

S3 €3 <> h1€7_1, (37)
Sq: 61_1 > h2_1€5,

S5 61_1 ey L

and has 2% x 5! = 1920 elements in total (see figure 3 for the Dynkin diagram of Dj and
the numbering of the roots). Though in our setup the affine root does not appear, we can
introduce the lowest root

s0 : hytes <> hyteg, (3.8)

to complete the affine Dynkin diagram. Of course, this is not necessary because the lowest
root is generated by the simple roots as sg = $4535255545351535455525354.
To provide the Weyl symmetry explicitly, in the following we adopt the gauge fix-
ing condition
€y — €4 = €g — €8 — 1, (3.9)
using the two degrees of freedom in the redundant description of the eight points with ten

parameters and the other two degrees of freedom in the continuous rescaling as explained
in (3.6). Then, the constraint (3.4) becomes

h%h% — €1€e3€5er. (3.10)
We often drop ey with
er = h%h%(616365)71, (3.11)

to display the transformations unambiguously.
After the gauge fixing, it is not difficult to realize that the exchanges of s, s2, s5 and

Sp are given as

—1 1
s1: (h1,ha,e1,e3,e5,e7; hies ", ha,e1,e3,e5,e5 5 a),
-1 —1 .

1 h163 7h2761763 ,85,67,630[),

hi

h17 h27 €1,€3,€5,€7;

85 yha,e1,e3,e5,er;

(
s9 1 (
(
(

) = (

hi,ha, €1, €3, €5, e7;a) > (
) = (hq, hgel_l,el_l,63,€5,€7; el_la),
)= (

-1 -1
S0 hlah265 €1, €3, €5 ,67;@), (312)



.
L]
L
L4
Yap?

Figure 3. The Dynkin diagram of the D5 algebra.

as in the classical case. For s3 and s4 the situation is more complicated. For s3 we apply

the canonical transformation,
Q=Q, P =(Q-e3)P@Q—hies")!, (3.13)

which can be obtained by applying the similarity transformation (3.1) generated by

(D)

_ el‘%(f?)*F7(qA)7 (3.14)

with F3(q) and F7(q) defined by

eFs(@)—Fslg—ih) — oq _ es, efrlatin—Fr(a) — ga _ hle;l. (3.15)

Indeed, by using the formula e¥? f(q)e*? = f(§ + ih) repeatedly one can show
GDPG—) — F3@—Fr(@) o= Fs@+Fr(@

= P @@=l PP @~ Fr@+ih) — (§ — 3) P(Q — hie; )L (3.16)

Then, after the normal ordering, we find that the terms in H /a proportional to P and

those proportional to P! are respectively given by (g = e
prop

QHQ —e3)(Q - 1P =QHQ — ghies Q' — 1)(¢"P"),
e 'Q7HQ — ez )(Q — )Pt = 7' QHQ — ¢ les)(Q — m)(¢ T P)TL (3.17)

Similarly for s4 we apply the similarity transformation
Q' =(P-hyles)'QP—ey"), P =P, (3.18)
and perform a similar normal ordering. These transformations imply that

-1 -1 -1,
S3 ¢ (hlah2561563a65767;a) = (hlvqh1h2(6367) ,61,(]h1€7 765)qh163 ,O[),

s1: (h1,ho, €1, e3,€5,e7;0) = (hiha(geres) ™", ko, ha(ges) ™, es, ha(ger) ', er;a).  (3.19)
Using the constraint (3.11), we find

€1€3€;5
2
h1h3

h1 1
S9 ¢ (h17h2,€1,€3,€5;04) — <67h2,61,6,65;€306 )
3 3

s1: (h1,ho,e1,e3,€e5;a) — ( h2,€1,€37€5§a>7

~10 -



geies geieses
s3: (h1, ha,e1,e3,e5; ) = (h Ty €0 mhd 5;Oé>
' ‘ h1h2 ha hy |
S4 ° (h17h2a€1a€37€57 = —,€3, ],
q€1€5 €5 qel
(6
S5 ¢ (h17 h2a61;€3765; H hl) , —,€3,65; — e )
1
1
0 - (h17h2761563765; ) h17 —,€1,€3, — e Q). (320)
5

It is not difficult to see the algebraic relations

s%zs%zs%zsi:sgzl,
(s152)* = (s154)” = (s185)% = (s254)” = (s285)” = (s355)° = 1,
(8183) (8283) = (8384)3 = (8485)3 =1. (3.21)

By comparing with the general relations of the Weyl group (sisj)T+2 =1 for two different
simple roots connected by r edges, the relations (3.21) indicate that the transformations
generate the Weyl group of Dy in figure 3.

Apparently, in the transformations (3.20) only s3 and s4 contain the quantum defor-
mation parameter ¢ explicitly and, by setting ¢ = 1, the transformations reproduce those
for the classical curves. It is, then, natural to ask whether the transformations for the
quantum curves essentially change from the classical ones. To answer this question, let us
redefine hy and hgy by

hy = qhi, hy=q 'h. (3.22)

After the redefinition, the transformations s3 and s4 become

- T 1€5 €1€3€5
3 (hlah27€lae3a€5; ) (hl) ; €1, ) , €5, Q0 )7

hihs hihs
o hihy — h h

4 (hl,h2,61,63,€5;06) — (12th7 72’637 2;O[>, (323)
elés es5 €1

and the other transformations are unaffected by the change of variables. Hence we conclude
that the only change from the transformations for the classical curves is the shift of the
parameters (3.22).

This fact implies that we can regard the parameter space of the curve as the root or
weight space and identify these transformations as the standard Weyl actions, reflections
by the simple root vectors «,

, (3.24)

where v is an element of a five-dimensional space and (-,-) is a bilinear form in the space.
To identify the simple root vectors in the parameter space of the curve, we also prepare
the fundamental weight vectors w; (1 < ¢ < 5), which are defined as the dual basis of
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the coroot vectors, (w;, ) = d;;, with the coroot vectors being o’ = 2a;/ (v, ;). Then,
we find that the root vectors are expanded by the fundamental weight vectors with the
coefficients given by the Cartan matrix A;; = (o, o)),

oy = Aijw]', (325)
and that transformation s,, acts on w; as
Sa; (wj) = Wwj — (5@‘0&@, (326)

with no sum over ¢. Now, it turns out that our task for finding simple roots and fundamental
weights is to solve (3.25) and (3.26) simultaneously under the identification s,,(v) = s;(v)
along with the explicit form of the Cartan matrix of D5

2 0 -10 0
0 2 -10 0

A=|-1-12 -1 0 |. (3.27)
0 0 -12 -1
00 0 —12

Then, we find that the final results of the identification are given as

= (1,0,0,0,0), =(1,-1,0,0,—1),
as = (1,0,0,2 o) =(1,-1,0,1,—-1),
as _( ~1,0), =(1,-2,0,0,—-2),
= (=1,0,-1,0,—1), ws=(0,-1,0,0,-2),
a5 = (o 1,2,0,0), =(0,0,1,0, 1), (3.28)

where we have represented the parameters of curves by (log h1,log hs, log e1, log es, log es).
Note that in this expression, our symmetries of the algebraic curve s; (3.20), (3.23) reduce
to the standard Weyl action s,, (3.24).

4 Symmetry breaking

After establishing the Weyl symmetries of the quantum D5 del Pezzo curve, we start our
study of the symmetry breaking. For the (2,2) model and the (1,1,1,1) model with the
expressions of the quantum operator

22 = (Q2 + Q2)%(P: + P2)2,
OB = (G2 + Q2) (P2 + P2)(Q2 + Q%) (P2 + P 2), (4.1)

after the shift ¢ — ¢+mi and p — p— mi, generated by the similarity transformations (3.6),
we can easily identify the parameters

(h1, ha, e1, 3, e5,e7; )32 = (1,1,1,1,1,1,1>

1

2,q2;q 1), (4.2)

(hl,h2,€1,€3,€5,67; )(1111) (1717(] 2,(]2 q
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Figure 4. The Dynkin diagram of the D, subalgebra within the original D5 algebra which preserves
the (2,2) model without rank deformations (Left) and that of the (A1) x Ay subalgebra which
preserves the (1,1,1,1) model without rank deformations (Right).

343 5 3 4
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For the study of the (2,1) model we need to rescale p by 2,

~

HED = (Q2 +Q2)(P+P7). (4.3)
Then, the parameters are
(hla h25 €1,€3,€5,€7; Oé)(2’1) = (]-7 ]-a _1) 17 _17 17 1) (44)

Hence, the main question is, out of the 1920 elements of the Ds Weyl group, which ele-
ments leave these parameters including « invariant and what group these elements form.
We can easily generate the 1920 elements with a computer by subsequently acting the
transformations si, s9, s3, S4, S5 and choosing only the transformations which do not ap-
pear previously. We can then act these 1920 transformations on the parameters of the
various models (4.2), (4.4) and pick up the invariant transformations.

Let us search for the transformations leaving the parameters for these models invariant.
For the (2,2) model, out of the 1920 elements, we find that there are 192 elements leaving
the parameter invariant. If we look closely, we further find that, among them, the four
transformations

S1, 52, 535483, S5, (45)
satisfy the relations

(51535453)° = (s2535453)° = (s5538453)° =1, (4.6)

and generate 23 x 4! = 192 different elements. Hence we conclude that the invariant sub-
group leaving the (2,2) model is the Dy Weyl group (see figure 4 for the Dynkin diagram).
The result matches with the studies of the superconformal Chern-Simons matrix models
as in table 1.

We can further ask which subspace in the parameter space (hq, ho, €1, €3, €5) enjoys the
same Dy symmetry as the (2,2) model without rank deformations for arbitrary values of
a. Due to the expression of the transformation s3ssss

i i el es es -
ho’ h1’ hihy’ hihy hihe' )’

535453 1 (h1, ho,e1,e3,e5;a) — ( (4.7)
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cosets (El,ﬁg, e1,es,es,e7) D, symmetry invariant subspace
1, 83515283 (¢F,¢T1,1,1,1,1) (835483; 81, S2, S5) (h=Y h,1,1,1,1)
83, 815283 (¢F,1,1,¢%1, 1, ¢FY) | (545818351, 525352, 85) | (b1, 1,1,h~ 1 1, A7)
54,5453515253 | (1,71, qTH,1,¢TE 1) | (s3;51, 82, 545554) (1,h,h,1,h,1)
5183, 5953 (1,1,1,¢,1,¢TY) | (s4; 83, 5152535251, 85) (1,1,1,h71,1,h)
584, 855453515283 | (1,1,¢%1, 1,44 1) (835 81,52, 54) (1,1,h=1,1,h,1)

Table 3. Different representative choices of the parameters for the (2,2) model without rank
deformations. The parameters (h1, ha, €1, €3, €5, e7) are obtained by acting the 10 cosets of the Dj
Weyl group by the invariant Dy Weyl group (where the upper/lower double-sign corresponds to the
first/second coset respectively). For the Dy symmetry we first denote the root corresponding to the
adjoint representation and then the other three corresponding to the three 8 representations.

the condition hjhy = 1 is required. Along with the actions of s1, so and s5 in (3.20), we
further find the conditions e; = es = e5 = 1. Namely, the subspace in the parameter
space (hi, ho,e1,e3,e5,e7) enjoying the same D,y symmetry as the (2,2) model without
rank deformations is parametrized by

{<517527 €1, €3, €5, 67) = (h_17 h’7 17 17 17 1)} (48)

We find that, instead of the original parameter of (hi, ho,e1,es, €5, e7), in discussing the
subspace with the symmetry enhancement, it is convenient to use the redefined parameter
(h1, ha, e1,e3,e5,e7) introduced in (3.22).

Note that the symmetry breaking does not mean that the Ds Weyl symmetry dis-
appears completely. Even though the broken symmetries do not leave the parameters
invariant, since the transformations come from the similarity transformations, the new pa-
rameters share the same spectrum. In the analogy of the spontaneous symmetry breaking,
the broken symmetry is realized “non-linearly”. More concretely, with the broken sym-
metries, the vacuum expectation value is mapped to other equivalent values which share
the same symmetry breaking. In fact since the order of the D5 Weyl group is 1920 and
the order of the invariant Dy Weyl group is 192, we find 1920/192 = 10 cosets. Using
these cosets we can map the original parameter (51,52,61,63,65,67)(2’2) (4.2) into other
equivalent parameters. In table 3 we display the 10 parameters mapped by the cosets, the
generators of the invariant Dy Weyl groups and the one-dimensional subspaces invariant
under these generators.

Similarly, we work for the (1,1,1,1) model. This time we find that, out of the 1920
elements, there are 24 elements that leave the parameter invariant. We find that the whole
24 elements are generated from the following four transformations

S3, S4, §1583545558453S51, §28354555458382. (4.9)

Since the latter two commute with the others it is clear that the invariant subgroup leaving
the (1,1,1,1) model is Ay x (A1)? (see figure 4 for the Dynkin diagram). Compared with
the analysis from the superconformal Chern-Simons matrix models where the invariant
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subgroup was originally found to be (A1) as reviewed in table 2, the results do not coincide.
The reason is that in the study of the matrix models the invariant subgroup was found
as the further deformation from the (2,2) model and the subgroup was considered within
the invariant subgroup of the (2,2) model. In fact, if we investigate the intersection of the
192 elements of the invariant subgroup Dy for the (2,2) model and the 24 elements of the
invariant subgroup As x (A1)?, we find only 8 elements containing the commuting elements

838483, S1838455545351, 82535455548382. (4.10)

Hence, the invariant subgroup is reduced to (A1)3. Alternatively, in (2.19) we have seen
that the invariant subgroup of the (1,1, 1, 1) model without rank deformations is enhanced
to Ag x (A1)? accidentally.

Besides the A1 symmetry s3s4s3 requiring hihe = 1, since the actions of the extra two
generators 5158358455548351 and 5§9283548554583S9 are given by

ereses hihy hiha eses
hihy 7 es ' e3 ’h1h2a)’
hihy hihg ereses

e3 ' er hihy ,a>

51535455545351 : (h1, ho, €1, e3,e5;0) — (h1,h2,

$2535455545352 1 (h1, ha, e1,e3,e5;a) — <h1,h2, (4.11)

the conditions e; = 6;1 = e5 are further required. Hence, the subspace enjoying the (A;)3
symmetry is

{(ElaEQa €1,€3,¢€x5, 67) = (h_lev h€_17 6_17 €, e_la 6)} (412)

As previously, we can use representatives of the cosets to map the parameter for the
(1,1,1,1) model without rank deformations into other parameters. Since the order of the
Ag x (A1)? invariant subgroup is 24, we have 1920/24 = 80 cosets and hence 80 equivalent
parameters for the same model.

Since it was known that the (2,2) model and the (1,1,1,1) model are connected
through rank deformations as studied carefully in [30], it is natural to expect that they
are also connected in the parameter space. Intending to understand better “the moduli
space of the M2-branes”, we concentrate on the subspace (4.12) and study the invariant
subgroup at each point. We find that the symmetry enhances at certain linear subspaces
as depicted in figure 5.

We can identify the one-dimensional subspace (4.8) spanned by h as the My deforma-
tion space of the (2,2) model and the two-dimensional subspace (4.12) as the (My, M)
deformation space because of the correspondence of the symmetries. Furthermore, if we
take the fact into account that the (2,2) model with (Mg, Myr) = (k/2,k/2) is equal to the
(1,1,1,1) model without rank deformations as explained above (2.13), we can tentatively
identify the correspondence between parameters of the curve and parameters of the (2,2)
model as

h = e%i(MI_k), e = 2™Mu (4.13)

~15 —



log h

BO

2345432 2345432
2345432 23 2345432

Figure 5. The patterns of the symmetry breaking in the (log h,loge) plane (4.12).

The result of the rank deformations in [30] seems consistent with our current analysis.
To really understand the rank deformations, however, we need some further clarifications
which is beyond the scope of the present work [49].

Finally let us turn to the (2,1) model. There are 24 elements containing

817 52) 5384837 (414)

which leave (4.4) invariant. These three elements are part of (4.5), so the invariant subgroup
for the (2,1) model is Az, which again accords with the analysis on the matrix model side.

5 Degenerate curve

Let us turn to the E7 del Pezzo curve. Classically, the Ey del Pezzo curve is realized as a
linear combination of

Q"P", m=-2,-1,0,1,2, n=-1,0,1. (5.1)

See figure 6 for the Newton polygon. This realization of the E7 del Pezzo curve appeared
in [50] following the proposal of utilizing the degenerate genus in [51]. Note that the
coefficients of these operators are not all independent, otherwise the number of inner points
in the Newton polygon indicating that the genus is three. To reduce the genus to one,
classically we require the curve to be singular at (Q, P) = (0,h1) and (Q, P) = (o0, ha).
Since the singular point of an algebraic curve H(Q, P) = 0 at (Qo, Fp) is defined by

H(Qo, Py) =0, %(me’o) =0, Z—I;(QO,PO) =0, (5.2)

the requirements we have imposed become the conditions that the quadratic polynomials
of P at Q? and Q' respectively have a double root and a single root at hy and those at Q2
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Figure 6. The Newton polygon of the F; del Pezzo curve.
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Figure 7. The asymptotic values of the E7 del Pezzo curve.

and Q! respectively have a double root and a single root at hi. For other asymptotical

values, we set
(617 00)7 (627 00)7 (63) OO)) (64) 00)7 (hlegla 0)7 (h16g17 0)7 (hle’;l) 0)7 (hleg_la 0) (53)

See figure 7 for the asymptotical values. Again from the Vieta’s formulas on products of
roots, the parameters satisfy

8
[1e = nins. (5.4)
i=1
Then we find that if we define s; to be the exchange of the two singular asymptotical
points
811 hi < ho, (5.5)
generated by the canonical transformation
Q' =(P—-h)"'QP—hy), P =P (5.6)
along with
S9 : eyq <> €3, S3 : €3 <> €9, S4 . eg <> e, Sy . €1 <—>h1€5_1,
s6 hlegl YRS hleﬁ_l, s7 hlegl > hle;l, (5.7)

these actions generate the whole E7 Weyl group whose Dynkin diagram is given in figure 8.
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Figure 8. The Dynkin diagram of the F; algebra.

Now let us turn to quantum curves. Our working hypothesis for the condition of the
degeneracy (5.2) for the quantum curves is that the relative coefficients are determined so
that the quantum deformation of the transformation (5.6) is again the symmetry of the
curve. Then, for the transformation in the positive or negative quadratic terms to work
we need to split the asymptotic double roots h; and hg respectively into qi%hl and qi%hg
and consider the curve specified by

H/a=Q*(P—q 2hy)(P—q2hs) P!
~Q(P—q 7hg)((e1+ea+ezted) P—qahiho(es +eg ey ey ) Pt
—|—{(6162—1—6163—1—6164+6263+6264+ege4)§—|—E/a
TR (es ey hep e hes ey ke e ey e ey ey ) P
—€1€2€3€4Q_1(P—q%h1) ((6;1+651+651+621)ﬁ—q_% (e5+66+e7+eg))ﬁ_1
+€1626364©72(ﬁ—q%hl)(ﬁ—qiéhl)ﬁil. (5.8)

Instead we can display the same curve by listing each order of 13, as
Hja=(Q—e1)(Q—e2)(Q—e3)(Q—e)Q?P
+{ (a3 +a QP+ ha[q 3 (1 ertesten) +aihu(es o5 +er ! )] Q
+FE/a+ejezeseq [q_%(65+66+67+€8)+q%h1(efl+€;1+€§1+€Zl)]@_1

1 1 ~
—(q2 +q_5)h1€1626364Q_2}

+h5(Q—hies ) (Q@—hieg ) (Q—hier ) (Q—hieg Q2P (5.9)
Let us turn to the Weyl symmetry of the curve. For si, we consider the similarity
transformation
Q@ =(P-qh)'QP ~q thy), P =P, (5.10)
which also implies
Q%= (P~ q?h) (P = q?h) ' QUP — ¢ 2ha)(q P —q 2ha).  (5.11)

After combining with the rescaling

~

Q” _ q—léj/7 ﬁ” _ ﬁ/ (5‘12)
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we find that s transforms the parameters as

. . -2 2 .
1: (1, ha,e1,e2,e3,e4, €5, €6, e7,e8;0) = (¢ “ha,q"h1,e1, ez, e3, e4, €5, €6, €7, €85 )
(5.13)

The other transformations are parallel to the previous studies in the D5 case.
As in the Ds case, if we use the degrees of freedom of the rescaling of @ and P (3.6)
to fix the gauge

es=eg =1, (5.14)
and drop e7 by using the constraint
h2h2
ep = —~12 (5.15)
€1€2€3€5€E4

we find that the transformations are given by

ho
2 .
S1 ¢t (hl,h2,€1,€2,€3,€5,€6;04) = <qgaq h1,€1,€2,€3,€5,€6706

h1 h2 €1 €9 1 3
s : (h1,ha,e1,e2,e3,e5,€6;0) = —, =, —,e5,€6; 30
ez’ ez’ ez’ ez’ e3

S3: (hl,h2,€1,€2,€3,€5,€6;06) — (h‘lah27617637€2a€51€6;a)7
sq: (h1, ha,e1,e2,e3, €5, €65 ) = (h1, ha, e2, €1, €3, €5, €65 ),

qhihs qhq qhy €165
S (h13h2761a62a63a€5766;a) — hlv ) ,€2,€3, —, €
eles  es el th

s6 : (h1,ha,e1,e2,€3,¢e5,¢e6;a) = (h1, ha,e1,e2,e3, €6, €5; )

h2h?2
) ) ihy
s7: (h1,ha,e1,e2,€3,es5,€e6;00) — (hl,h2,€1,€2,63765, —— . (5.16)
€1€2€3€5€¢6

Note again that, if we introduce hy and hy as in (3.22),
hi = qhi, ha=q 'hs, (5.17)

we can absorb the quantum deformation parameter ¢ completely in (5.16).
As in the Dj case, we find that the Weyl symmetries are realized as standard Weyl
actions. In this case, root vectors and fundamental weight vectors are

(1,100000) (2100022)

= (-1 1,-2,0,0), ws = (0,0, ~1,1,1),
ag_(ooo 1100) w3_(, 1022)
a4—( ~1,1,0,0,0), w4—( 10033)

(0,1,1,0010) (3300044)
aﬁ_(ooooo 1), =(2,2,0,0,0,2,3),
a7_(000000—1) w7—(11000,1,1) (5.18)
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Figure 9. The Dynkin diagram of the D5 x A; subalgebra within the original E7 algebra, which
preserves the (2,1,2,1) model without rank deformations.

where we have represented the parameters by (log h1,logha,loge,loges,loges,loges,logeg)
as in the Djy case.

In the study of the (2,1,2,1) model without rank deformations, it was found that the
model falls into the class of the E; del Pezzo curve with the symmetry broken to D5 x A;.
As in the previous case we can identify the parameters of the (2,1,2,1) model

~

g 2)P+2(q2 +1)Q 1P +q: Q2P

+2(¢2 +2+¢72)Q7 + (¢ +q72)Q°
1 o~ ~ 1 ~ 1 1.~
+ QP +2(q> + QP + (g2 +4+¢72)P!
+2(14+¢2)Q P 4 ¢ 2Q 2P, (5.19)
as

(h17 h27 €1, €2, €3, €5, €6, 67)(2717271) = (17 q, q% ) q%7 17 q% ; q%’ 1) (520)
Then we can ask again which elements of the E; Weyl group generated by
S1, 892,83, - , 87 preserve this parameter and what group those elements form. We again

generate all elements of the E7 Weyl group by using a computer, then we find that the
answer is 3840 elements generated by

S4, S5, S6, S1575655545354555657S51, @S2, (5.21)

along with the commuting element s354555156555453525354555651555453. See figure 9 for the
Dynkin diagram for these elements. The former five elements generate the Weyl group of
D5 while the latter is A;. The result matches again with the study from the superconformal
Chern-Simons matrix model.

Since the Fy Weyl group has 2903040 elements in total, it is not easy to generate the
elements without strategies. We shall explain how we have generated them in appendix A.
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6 Conclusion

In this paper we have studied the symmetry breaking of the quantum curves. We first
find that the symmetry for the classical algebraic curve given in the Weyl group of the
exceptional algebra is promoted to that for the quantum curve in our definition. We then
fix the values of the parameters to those of the superconformal Chern-Simons matrix models
and study the symmetry breaking patterns for these values.

The main motivation of our work is to reproduce the symmetry breaking patterns we
found previously for the superconformal Chern-Simons matrix models. We find that we
can reproduce the results perfectly and at the same time detect an unexpected symmetry
enhancement. After the reproduction, we continue to study the breaking patterns of other
values, partially expecting that this gives “the moduli space of the M2-branes”. We find
that the moduli space does not change from the classical limit ¢ — 1 and conjecture that
this is the case as well for other curves. It is interesting to find that the whole moduli space
of the M2-branes enjoys a generalization of the Weyl group of the exceptional algebra.

Previously the correspondence between the superconformal Chern-Simons matrix mod-
els and the algebraic curves was mainly studied from the analytical viewpoint. We believe
that, along with [31], our computation in terms of the symmetry breaking of the Weyl
group has opened up a new avenue to understand better the correspondence. We shall list
several further directions.

First, our method is applicable to many generalizations and the study in these direc-
tions may lead to many clarifications of the correspondence. As well as the grand canonical
ensembles of the matrix models constructed from other N = 4 U(N)"*! superconformal
Chern-Simons theories for the A, quiver diagram with (2.1), those constructed from the
N = 3 theories with the same field contents ((2.1) with {s,} 1] being arbitrary integers)
also take the form of the Fredholm determinant (2.6). In these cases H is given as a product
of 2 cosh(q — s,p)/2, and hence is expanded by finite terms of @mlg" with (m,n) € Z2. In
general, the curve is a higher-genus generalization of the del Pezzo curves we have consid-
ered in this paper. It is interesting to study the higher-genus generalizations and compare
with the results in [52].

Secondly, so far in this paper we have mainly restricted our studies to the case without
rank deformations. To fully understand the moduli space of the M2-branes we need to
proceed to the rank deformations. For the rank deformations, however, we encounter
several interesting new points to be clarified which we would like to study more carefully
and report in our future work [49].

Thirdly, the rank deformations of the (2,1, 2, 1) model have another interesting aspect.
If we consider the (2,1,2,1) model with general choice of six ranks, the whole moduli
space would also include the (4,2) model, whose curve is not degenerate according to the
definition of degenerate quantum curve in section 5. It would be interesting to study the
rank deformations of the (2,1,2,1) model and identify the special class which keeps the
degeneracy of the Er curve.

Fourthly, it would be nice to establish the quantum notion of degenerate curves for
general type of singularities. In the case of the classical F; curve, there is a pair of
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singularities at @ = 0 and @ = oo, which are exchanged by the symmetry s; (5.6).
Hence we can define the degeneracy condition for the quantum curve by requiring that
s1, now the similarity transformation of the quantum operators (5.10), remains to be
the symmetry of the quantum curves. This strategy does not work for general un-paired
singularities. Nevertheless, we notice that, if we introduce the g-derivative as dif(z) =
(f(qx) — f(z))/(qz — x), the E; curve (5.8) satisfies H(0,q /2hy) = d%H(O,q_l/th) =
d%H(O,q*1/2h2) = 0 at the singularity on @ = 0 (and the same condition for @ = o0).
This is analogous to the degeneracy condition for the classical curves (5.2), hence might
be a good starting point. Once we know the definition of quantum degeneracy, it would
be possible to study the models corresponding to the Eg curve or the Eg curve as well,
which can be obtained by starting from the higher genus rectangular curve and tuning the
parameters so that the curve is singular and all but a single genus are degenerate, similar
to the case of the E7 curve [50].

Fifthly, the relation to the g-deformed Painlevé equation is another interesting direc-
tion. It was shown in [53] that the grand canonical ensemble of the ABJM matrix model
satisfies the ¢-deformed Painlevé equation. On the other hand, the Weyl symmetries we
have studied in this paper are also known to be the symmetries of the g-deformed Painlevé
equations [48]. Hence, our studies of the relation between the superconformal Chern-Simons
matrix models and the Weyl symmetries should be connected via the g-deformed Painlevé
equations. The integrable structure of the superconformal Chern-Simons matrix models
would be made clearer from the studies. Recent developments between matrix models and
Painlevé equations [54, 55] may be helpful in studying the generalizations.

Finally, it is also interesting to study the connection to five-dimensional gauge theories.
Historically the Newton polygons and the dual asymptotic values played an important role
in studying five-dimensional gauge theories constructed from the (p,q)5-brane webs [56].
The superconformal Chern-Simons matrix models studied in this paper can also be realized
by the type IIB brane setups consisting of D3-branes spanning between NS5-branes and
(1, k)5-branes, where the rank of the gauge group is given by the number of D3-branes on
each segment. We hope to clarify the relation between the five-dimensional gauge theories
and the three-dimensional gauge theories.

A  Weyl group

In this appendix we comment on the computation of the Weyl group of the exceptional
algebra, when the order, the number of the elements, is large such as Eg, E7, E3. See table 4
for the order of the Weyl group for the exceptional algebra W (FE,) where we denote the
Weyl group of the Lie algebra G by W(G).

A first trial would be to collect all of different elements of the Weyl group from the
simple roots by multiplying them one by one to see whether the transformation is new
or not. Namely, we prepare a set of elements obtained so far and try to generate a new
element of the Weyl group by multiplying the simple roots to those in the original set. If
the transformation is new, we add the new element to the original set. Otherwise we forget
it and proceed to the next multiplication. This is valid for the D5 Weyl group with only
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E3 = A2 X A1 E4 = A4 E5 = D5 E6 E7 Eg
12 192 1920 51840 | 2903040 | 696729600

Table 4. The order of the Weyl group for each exceptional algebra #W(E,,).

A4/(A2 X Al) D5/A4 Eﬁ/D5 E7/E6 Eg/E7 ‘
16 10 27 56 240 |

Table 5. The number of cosets of two Weyl groups # (W (E,,)/W (Ep—1)).

1920 elements in total, though for the F7 Weyl group with 2903040 elements this method
is very time-consuming. The article [57] is helpful for us to improve this situation.

The main time-consuming process would be to judge whether the generated element is
new or not. In fact, for the final step of the Fy Weyl group, we need to multiply 7 elements
to the existing 2903040 — 1 elements in the set to find out only one, the longest element, by
comparing the generated (2903040 — 1) x 7 elements with each of the 2903040 — 1 elements.
To improve the situation, it is nice to consider cosets. Namely, if we need to study the
Weyl group of G, we can start from the Weyl group of a subalgebra H(C G) and consider
only the cosets in W(G)/W (H). When we generate the Eg Weyl group from the D5 Weyl
group the number of the cosets W (Eg)/W (Ds) is 27, while when we generate the F; Weyl
group from the Eg Weyl group the number of the cosets W (Er)/W (Es) is 56. See table 5
for the number of the cosets of two Weyl groups for the subsequent exceptional algebras.
Then, each time we find out a new coset in W(G)/W (H), as a bonus, we obtain #W (H)
new elements in the Weyl group W (G). We have followed this process to find out the E7
Weyl group. Namely, starting from the Ds Weyl group generated by si, s4, S5, Sg, S7, t0
find out the Eg Weyl group generated by s1, s3, s4, S5, Sg, s7 all we have to do is to find
out the 27 cosets. (The numbering of the simple roots is the same as in figure 8.) Each
time we find out one element in the coset, we can generate 1920 elements in the original
Es Weyl group. See table 6 for the representatives of the cosets W (Eg)/W (Ds5). After
generating the Fg Weyl group, to find out the F7 Weyl group, we only need to find out
the 56 cosets, which can be done similarly. See table 7 for the representatives of the cosets
W (E7)/W (Eg). This process saves a lot of time, though the computation still takes several
hours on a decent laptop computer.

We can further improve the computation. Namely, although we have reduced the
computation by considering the coset, in the final step for E; we still need to generate
(56 — 1) x 7 elements and compare them with the existing 2903040 — 51840 elements. It is
nice if we can compare the generated elements only with those in the cosets W(G)/W (H).

The main idea in [57] is to restrict the consideration to a Weyl chamber of W (H).
Namely, by changing our transformations into the standard Weyl actions, we can choose
the representatives of the cosets in the Weyl chamber. Since we only consider those rep-
resentatives, if the generated element is not located in the Weyl chamber we can simply
discard it without comparing with the existing representatives and proceed to the next
element. In this sense we do not need to compare with the whole set of the Weyl group
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step | representatives
1
1 83
2 5354
3 535485
4 53545551, 3545556
5) 83545858156, S35458586S7
6 5354585515655, 354555815657
7 53545551565554, 5354555156555 7
8 5354555156555453, 8354555156555457, 853545551565557S6
9 83548581565554S83S57, 83545551565554S57S6
10 535458551565554535756,535455515655545756S5
11 | 5354555156555453575655, S354555156555457565551
12 535455515655545357565551, S35455515655545357565554
13 8354855815655545357S6555154
14 83545551565554535756555154S5
15 | 5354555156555453575655515455S56
16 53545551565554535756555154555657

Table 6. The 27 cosets of the D5 Weyl group (generated by s1, s4, S5, Sg, 57) in the Eg Weyl group
(generated by s1, 83, 84, S5, S6, S7)-

but instead only with the representatives. After the simplifications are taken into account,
finally we can generate the E7 Weyl group within a few minutes.
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step | representatives
1 2
2 23
3 234
4 2345
) 23451, 23456
6 234516, 234567
7 2345165, 2345167
8 23451654, 23451657
9 234516543, 234516547, 234516576
10 | 2345165432, 2345165437, 2345165476
11 | 23451654327,23451654376, 23451654765
12 | 234516543276, 234516543765, 234516547651
13 | 2345165432765, 2345165437651, 2345165437654
14 | 23451654327651,23451654327654, 23451654376514
15 | 234516543276514, 234516543276543,234516543765145
16 | 2345165432765143, 2345165432765145, 2345165437651456
17 | 23451654327651435, 23451654327651456, 23451654376514567
18 | 234516543276514354,234516543276514356, 234516543276514567
19 | 2345165432765143546,2345165432765143567
20 | 23451654327651435465,23451654327651435467
21 | 234516543276514354651,234516543276514354657
22 | 2345165432765143546517,2345165432765143546576
23 | 23451654327651435465176
24 | 234516543276514354651765
25 | 2345165432765143546517654
26 | 23451654327651435465176543
27 | 234516543276514354651765432

Table 7. The 56 cosets of the Eg Weyl group (generated by sy, ss3, S4, S5, Sg, $7) in the E; Weyl
group (generated by s1, 2, 83, s4, S5, Sg, S7). We abbreviate s1, sa, S3, 84, S5, S¢, S7 as 1,2,3,4,5,6,7
for simplicity.
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