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1 Introduction

Among strongly coupled quantum systems, a distinguished class are dual to weakly coupled
gravitational theories and are therefore efficiently tackled by the gauge-gravity correspon-
dence. Models in this class are characterized by a large- N expansion and a sparse spectrum
of local operators: all single-trace primary operators with small scaling dimension have



spin two or less [1]. While the gravity side of the correspondence typically remains more
straightforward to use, new analytic bootstrap techniques are becoming applicable and
should be vigorously pursued being potentially more general. They appear especially ad-
vantageous for observables like four-point correlation functions, which can now be studied
to unprecedented precision.

In this paper, we study the four-point function of general half-BPS states in maximally
supersymmetric super Yang-Mills theory, or N' = 4 SYM for short, dual to type IIB
superstring theory on AdS;xSs geometry. Through the AdS/CFT correspondence, half-
BPS operators are dual to S5 spherical harmonics (Kaluza-Klein modes) of the graviton,
and we will consider the general correlator of four such spherical harmonics. This provides
an essential ingredient for studying the duality at loop level, where all modes can run inside
the loop, and also provides an explicit model for how local physics in an internal manifold
gets encoded from the CFT perspective.

Four-point correlators have been much studied since the early days of the AdS/CFT
correspondence. Initially, techniques were developed for computing tree-level Witten dia-
grams in position space, which led to the first complete results for the correlators of four
dilatons or stress tensor multiplets [2, 3]. In the case of the SYM model, part of these
correlators are fixed by non-renormalization theorem and agree with calculations at weak
‘t Hooft coupling [4, 5], but there is in addition an unprotected part which contains inter-
esting dynamical information. For example, a suitable limit reveals the flat space S-matrix
of the underlying ten-dimensional superstring theory [6-8]. This program was gradually
extended to higher spherical harmonics [9-13].

Meanwhile, by analyzing the operator product expansion (OPE), it was discovered
how to exploit the large gap property of holographic theories, that is the fact that all
non-protected single-traces get lifted from the spectrum. This led to various conjectures
for correlators [14, 15]. However, it took almost a decade for a conjecture to appear in
the general case [16], thanks to a remarkably simple pattern which was observed in Mellin-
space [7, 17]. The corresponding position space calculation of tree-level Witten diagrams
was only very recently completed after a longstanding effort [18, 19], which confirmed the
conjecture in all considered examples.

In this paper we will revisit correlators of half-BPS operators from the perspective of
the analytic bootstrap, which offers a constructive method to build correlators from their
light-cone singularities [20-23]. This can be formulated nonperturbatively as a Kramers-
Kronig type dispersion relation, known as the Lorentzian inversion formula, which explicitly
reconstructs OPE data from a suitably defined absorptive part [24-26]. For holographic
theories at tree-level, the absorptive part is a finite sum of conformal blocks, thus reducing
the computation in a given theory to essentially a group-theoretic exercise (see also [27, 28]).
The result is unique up to AdS contact interactions, whose size can be bounded by con-
sidering the Regge limit [24, 29]. These are further restricted by supersymmetry and in
fact absent in N' = 4 SYM as we will see. The method, therefore, rigorously and unam-
biguously determines the correlators. Interestingly, in analogy with the unitarity method
for one-loop S-matrices [30], “squaring” this tree-level four-point data gives sufficient in-
formation to go to one-loop [31], as has now been successfully carried out for low spherical
harmonics [32-34].



Study of N' =4 SYM specifically is further motivated by the possibility of finding un-
expected structures. In the planar limit, this theory is controlled by a rich and remarkable
integrable system, making it a rather unique nontrivial four-dimensional quantum field the-
ory in which the spectrum can be computed exactly at finite ‘t Hooft coupling, see [35, 36].
It is important to determine what, if anything, of this structure persists beyond the planar
limit. Correlation functions at strong coupling offer a clean, natural environment in which
to discuss this question. Furthermore, we expect the correlators in this limit to provide im-
portant cross-checks and guidance as integrability-based methods are now being developed
to tackle the 1/N expansion [37, 38|, as well as novel AdS-based techniques [39-41].

Hints of a hidden symmetry in correlators have been uncovered recently [42], who stud-
ied the anomalous dimension matrix governing the mixing between double-trace operators
built from different Ss spherical harmonics, starting from the conjectured Mellin-space for-
mula of [16]. Amazingly, the eigenvalues of the anomalous dimension matrix are simple
rational numbers, for which the authors of ref. [42] conjectured a general formula.

This paper is organized into two parts. First in section 2 we review the three ideas
behind our calculations: the Operator Product Expansion, the supersymmetric Ward iden-
tities satisfied by N/ = 4 SYM correlators, and the Lorentzian inversion formula. As a
warm-up, we then apply these formulas at order 1/N? in section 3. Including the identity
in two cross-channels yields double-trace data in the direct channel. While conceptually
straightforward, the supersymmetric OPE differs from the usual generalized free field result
in simple but important ways. Section 4 contains our main computations: the tree-level
correlator (order 1/N?2) at strong ‘t Hooft coupling. The full result is determined by just
the singular part arising from half-BPS single-trace operators. While their couplings are
well-known and could be obtained from non-renormalization theorems [4], we show that
crossing symmetry in fact suffices to bootstrap them from scratch. This computation yields
double trace mixing matrices, and we confirm the conjecture of [42] in many examples.

In a second part of this paper, section 5, we explore the remarkable structure found in
this result. We will attribute the simplicity of the eigenvalues to an unexpected SO(10,2)
symmetry, representing an effective conformal invariance of ten-dimensional supergravity
at tree-level. This symmetry will be used to unify all spherical harmonics into a single ten-
dimensional object. Proof of the symmetry at the level of four-point correlators amounts to
showing that this generating function correctly predicts the singular part of each correlator;
we check this for a large number of examples. We also show how the symmetry readily
implies the conjectured Mellin-space formula of [16], and use it to obtain the leading-
logarithmic term at each order in 1/N. Implications are discussed in the conclusion.

2 Generalities

At any coupling, N' = 4 SYM contains a special class of operators, which are half-BPS
and thus annihilated by the maximal possible number of supercharges. They transform
as Lorentz scalars and traceless symmetric tensors with respect to the SO(6)r ~ SU(4)r
global symmetry (Dynkin label [O,p7 O]) In the Lagrangian description of N' =4 SYM,
they are described as symmetrical traceless polynomials in the 6 adjoint scalar fields ¢* of



the theory. Denoting z* the spacetime coordinates and introducing null six-vectors y* to
parametrize the SO(6)r dependence, they can be written as

OP(z,y) o< Tr[(¢*y*)?] + O(1/N?) corrections, (2.1)
which will be normalized in this paper so that
v \?
(OP(21,y1)O (22, 92)) = <122> (2.2)
T12
where a:?j = (z; — ), y?j = y; - yj. Due to the BPS condition, the scaling dimension of

OP is exactly p, where p > 2. At strong ‘t Hooft coupling, they admit a dual description
as Kaluza-Klein modes of the graviton on AdS5xSs. According to the gravity analysis, all
other operators in this limit are either multi-trace composites built of products of the OP,
or are heavier than the string scale, A & /4,

Four-point correlators depend on AdSs and S cross-ratios:
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w= 25 p 2 IBT (g, (2:3)
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up to an overall prefactor conventionally written as follows [43]:

9 P1+p2 9 p3+p4 9 9 P2—P] 9 9 P3—P4
_ [ Y12 2 Y34 ? T14Y24 T14Y13
(OP(z1,91) - - OP* (24, 91)) = <2> <2) 2.2 2.2
T12 L34 Lo4Y14 T13Y14
X g{pi}(z,z,a,d). (2.5)

We will be studying the correlator in the regime appropriate to the gauge-gravity
duality, where the 't Hooft coupling A = g%, u NV is large but finite, and work order by order
N2-—1

in the gravity loop expansion 1/c where ¢ = ==

D (0) NS DG D IR R ()
90y = Gy T 2900 T @20 T (2.6)

The Operator Product Expansion (OPE) offers a series expansion of the correlator
around kinematic limits. In its most straightforward form, where we do not try to exploit
supersymmetry, it involves standard four-dimensional conformal blocks, times S5 spherical
harmonics for each R-symmetry representation which can be exchanged. The conformal
blocks for a given spin and dimension are written as

7,8 = 2z 7,8 7,8 = 7,8 7,8 =
Pa) = 2 R G )~ K R ). )

z—Z

kyt(z) = 2" o Fy (h + g, h+ g;Qh,z) : (2.8)

with 7 = pa1 = p2 — p1, § = p34a. Since SO(6)r and the SO(4,2) Lie algebra are analytic
continuations of each other, the S5 spherical harmonics admit identical expressions up to
reversal of some quantum numbers:

Zysn(0,@) = (~1)"Gpl 2 (0, @), (2.9)



where the labels m, n are related to the R-symmetry Dynkin labels by [m, n—m, m] . In the
literature these are often written as Jacobi polynomials, see [44]. The OPE decomposition
of the correlator (2.5), in the (12) or s-channel, is then

Gy (2, 50,8) = Y gy (6,0, m,n)GYAP (2, 2) Z225P% (a, &), (2.10)
0, m,n

Here the spin £ > 0 is an arbitrary nonnegative integer and A runs over all operators with
the given spin and R-symmetry. The summations over m, n however are finite, ranging over
the R-symmetry representations which can appear in the tensor product of each of the pairs
(1,2) and (3,4). Using the general formula for the tensor product of SU(4) representations
(see [44, 45]):

p—m

[O,p,()] X [O,q,O] = Z Z [m,q—p+2s,m], (2.11)

m=0 s=0

where we have assumed p < ¢, we get the summation range in eq. (2.10):
0 <m < min{p;}, max(|pi2], [psa) + m < n < min(py +p2,p3 +pa) —m,  (2.12)

where the difference between n and its lower/upper bound is restricted to be an even
integer.

The OPE (2.10) accounts for all the bosonic symmetries of the correlator. It is still
rather redundant because it does not exploit supersymmetry. A natural refinement would
be to use superconformal blocks instead, but here we will follow a simpler route which is
applicable thanks to the half-BPS nature of our external operators.

2.1 Superconformal Ward identities

A half-BPS supermultiplet is annihilated by half of the 32 supercharges of the theory.
Since the remaining charges split into pairs of raising/lowering operators acting within the
multiplet, only 1/4 of the supercharges actually act nontrivially on a given bosonic primary
OP(z,y). This is significant because for four external operators, these 1/4 are generically
linearly independent and span the full algebra. Thus the correlators of superconformal
descendents are fully determined from those of the primaries [44, 46].

Linear independence however fails when the x and y cross-ratios are aligned in a specific
way; this leads to a Ward identity satisfied by the bosonic correlator [14, 44, 47]:

o, <g(z,z, a, O_‘)‘a:z) —0. (2.13)

That is, the z dependence of the correlator disappears upon setting o = z.

Since the dependence of the correlator on «, & is purely rational (the left-hand-side of
eq. (2.5) being polynomial in the yfj), the Ward identities can be solved by factoring out
powers of z — «a, together with its conjugates under the (z <+ z) and (a <> &) symmetries.



The most general solution, consistent with these symmetries, is [44, 48]:

_X(_va)f(zva) x(z,a)f(z.a)  x(za)f(z ) . x(z, ) f(z, a)
. < az(z — 0:4) ) * o_z_z z - a) * az(z — a) az(z — «) )
G O‘>(Z(;Z(;2) ((ja_)f)(z N ) (2.14)

where y is a fixed function satisfying x(z, z) = 1, given shortly. Note that all the functions
above depend on {p;}, which we omitted in the above for readability. In practice, starting
from a correlator which fulfills the Ward identity (2.13), kgp,1, which we will call the unit
contribution, is obtained simply by setting z = «, z = a. The chiral correlator fr, is
obtained by taking only one such limit and subtracting the unit:

k{pl} = g{pi}(z,i,z,i),
. az o -
fy (2:0) = -2 (G (27,2, 0) = kppy X} (5:9))

(2.15)

Finally, the reduced correlator Hy,,, can be extracted from Gy,,.y by subtracting everything
else that comes before it in eq. (2.14).

There is a rather unique, convenient choice for the function x(z, &), which ensures that
the superconformal Casimir equation commutes with the preceding decomposition [44]:

z > max(|p21],|psal)/2 (1 — a) mex(partpan 0)/2 . (2.16)

X{p;} (2, @) = (*

« 1—=z2

The Casimir operator then annihilates the k contribution, in particular. In fact there are
four possible solutions to this constraint, obtained by analytic continuation in the p;’s:
the above solution is singled out by the fact that it does not introduce spurious negative
exponents at z — 0 and o — 1. The same solution was used in [44] (who restricted to a
specific ordering of the p;’s).

We now review the implications of the Casimir equations, following [44]. Its action on
the chiral correlator takes on a separated form, whose general solution involves products
of the hypergeometric functions in eq. (2.7), thus giving the OPE:

Ty (2:0) = 3 3 by (o m)RZEDS (IR0 (). (217)
j=0 m

The sum over m is finite since f is a polynomial in 1/a, whose degree determines the range:

max(|pi2l, [p34]) < m < min(py + p2,p3 +pa) — 2, (2.18)

where in addition m should differ from its lower bound by an even integer. Single-valuedness
of the correlator (2.5) forces j to be an integer. It must be nonnegative due to the unitarity
bound, since the superconformal Casimir eigenvalue (m + j)(m + 7+ 1) — m(m + 1) must
be nonnegative.



The Casimir equation for the reduced correlator H also takes separated form, and
its solution is similar to the naive OPE (2.10) but with the dimension shifted by 4 in
accordance to the zz denominator in the prefactor multiplying H:

Hipy (2, 2,0,0) = ) a6 A,m,n)GYATY (2,2) 283 (o, @). (2.19)
£,A ,m,n
The representations appearing in H can be worked out from the «, & dependence of the
coefficient of H in eq. (2.14), and are only those which appear in the tensor products of
[0, p; — 2,0]; this gives the range

0 <m <min{p;—2},  max(|pia|, [psa])+m < n < min(p1+p2, ps+ps) —m—4. (2.20)

While formally similar to the bosonic expansion enjoyed by G in eq. (2.10), we see that the
OPE for the susy-decomposed correlators f and H contains much fewer terms. For example,
for the simplest case of the 2222 correlator, eq. (2.10) contains six distinct R-symmetry
representations whereas there is a single one in eq. (2.19), involving only Z(()?O’O) (a,) = 1.
The full @ dependence is then entirely produced by the chiral correlator f(z,a) and the
various factors in (2.14).

2.2 Lorentzian inversion formula

To determine the OPE data bgfl} and agz]: m.n €tering egs. (2.17) and egs. (2.19), our main
tool will be a recently derived inversion integral which plucks out the OPE coefficients
from the correlator. The key point is that this formula does not require to know the full
correlator, but just its “double discontinuity” which is much easier to compute.

Let us first deal with the global symmetry. Using that the Z,, ,(«, @) represent Ss
spherical harmonics, which are mutually orthogonal, it is straightforward to write down an
integral which projects the reduced correlator onto any desired representation. As noted,
the Z,, ’s are secretly Jacobi polynomials, with argument cosf = 1 — %, which suggests
that the natural integration range is cosf € [—1,1] or a,@ € [1,00). One can then show

that the following orthogonality relation holds:
-1
— _ 4~1,8 ~T,8
Hy,a(2,2,m,n) = (87r 52+W/£1+,l_2m>

©dada (a—a)? s, _
X/l 2z (O@> Zpyy (o, ) Hipy (2,2, 0,0) - (2.21)

where r = po1, $ = p34, and

I'(h+ %1")1“ (h — %r) T (h + %s) T (h — %s) B 1";’8 T;T’_S

fn = 272T(2h — 1)T'(2h) T on2(2h— 1)’ (2:22)
rs _ D(h+3r)T (h+ 3s)
P = Tk =) (2.23)

This diagonalizes the S; part of the OPE (2.19), leaving only sums over dimension and spin:

Hppy (2, 2man) = 3 agy (6 A, m,n)GYRRY (2, 7). (2.24)
0,A



The Lorentzian inversion formula inverts this z,Z OPE: it extracts the coefficient of a
given Gy a block by integrating against z, Z. Writing its left-hand-side as ¢p, n (¢, A —4) to
compensate for the argument of the block being A + 4, the formula from [24] is written as
a sum of ¢-channel and u-channel contributions:

1 Ydzdz (2— 2\ o
cipy (6 A = 4,m,n) = —RRU 4zadz (Zzzz> Gi’fi’ef;“(z,Z)dDiSC[H{pi}(z,Z,m,n)]

Rate —- -
4755542 fg 22 72

+ (—1)Z+m(1?1 < p2)
(2.25)
with p;; = p; — pj.l The function cgp1 (¢, A, m,n) serves as a generating function of the
OPE data, which, for a fixed integer ¢, are encoded in its A-plane poles:

a{pi}(f, Ak, m,n)

lim eg,3(6,A,m,n) = , (2.26)

where k labels the the different exchanged operators.

The double discontinuity in the integrand is a natural Lorentzian object defined as the
expectation value of a double commutator (0[[O4, 01][O2, 03][0) in a region where the
two invariants 2%, and z3; are timelike [24]. Since (1 — z) o 23,23, switches sign when
either invariant crosses the light-cone, the different operator orderings can be reached by
analytically continuing around z = 1 with z fixed. Specifically, working in the region
0 < z,zZ < 1 and denoting the usual Euclidean-branch correlator simply as G, the double

commutator is equal to:
dDisc[G(z,2)] = cos(ra)G(z, Z) — %eimgo(z, Z) — %e_imgQ(z, zZ), (2.27)

where o = %.

It is important to stress that eq. (2.25), contrary to eq. (2.21), is not a straightforward
consequence of an orthogonality condition applied termwise to the OPE. In fact, the dDisc
operation naively annihilates each term in eq. (2.24). In reality it is nonzero because
the OPE sum diverges for Z > 1 which generally creates a branch cut or pole at z =
1. The formula is thus more analogous to a Kramers-Kronig dispersion relation which
reconstructs a function from its discontinuities, or the Froissart-Gribov formula in the
scattering amplitude context.

The OPE data in one channel is thus obtained from that in two cross-channels, which
can be used to efficiently compute the two H functions on the right of eq. (2.25). This
reorganization of crossing symmetry is advantageous in large- N theories, because the dDisc
operation kills cross-channel operators with double-trace dimensions, see [24]. Only single-
traces contribute in the cross-channels (up to order 1/c?, that is one-loop order in super-
gravity). We will see this in action in the next sections.

'Comparison with [24] requires the identity: [(1— z)(1 — 2)]T+SG2‘13’H3(z, Z) = G50, 5(2,2).



Using the explicit form (2.7) for the conformal blocks, the formula (2.25) can be written
in a more useful factorized form as

2 22 72

+ (=)™ (p1 4 p2), (2.28)

FP2UP3 1 g g _
cipiy (6, A, m, n)= 1 / ——k R O e ¢ )lesc H{pl}(z zZ,m,n)
0

where h =14 2 and h = 2+ AM In practice, the OPE data is encoded in poles with
respect to h Wthh comes from the z — 0 limit of the z integration. The Z integral is dual
to h. Analytic results for the integrals we will need are given in appendix A.

Some words about convergence. In an abstract (unitary) CFT, convergence of the
integral for ¢ > 1 (along the principal series A = d/2 + iv) was proven in [24] using
boundedness of G from the Regge limit z, Z — 0 (more precisely, boundedness of each term
in eq. (2.27)). For the present supersymmetric correlator, tracing through the factors in
eq. (2.14), boundedness of G actually implies that H/(zZ)? is bounded. Supersymmetry
thus buys us four units of spin: convergence is ensured for £ > —3, that is, all spins.?

Order by order in the 1/c¢ expansion, the situation can be less favorable than nonper-
turbatively, reflecting the worsening ultraviolet behavior of supergravity with increasing
loop order. At order 1/¢, convergence for ¢ > 2 was nonetheless proven in [24] from a stress
tensor sum rule, which thus ensures convergence for £ > —2 in our supersymmetric case.
Therefore, at order 1/c, the integral (2.28) is guaranteed to recover all OPE data in N' = 4
super Yang-Mills. The coefficients ¢(¢, A, m,n) contain information about both protected
and unprotected contributions, which are effectively treated on the same footing.

Finally, for the chiral correlator f, the OPE (2.17) can be similarly inverted using the
one-dimensional inversion integral from ref. [25]. This formula deals with the case where
the sum runs over integer h, which is precisely the case for the chiral correlator!® Using
orthogonality on a simple contour integral around o = 0 to deal with the R-symmetry part,

1 da

P (zm) = 5  SGRIT(0) (2, 0), (2:29)

27

the inversion integral then gives the coefficient as

b{pl i,m / ;klfﬁ}gﬁ“( z) dDisc [f{p }(z m)] (2.30)

In this way all protected and unprotected data for f and H in eqs. (2.17) and (2.19) are
recovered from the double-discontinuity.

We will be particularly interested in double-trace operators [O,Pglk ¢, which in the
large-N limit should appear as poles near twist A — ¢ = p + q + 2k + ~, that is h =
1+k+ % + %, where ~ is a small anomalous dimension. Actually, many nearly-degenerate

2 A simply analogy is the flat space supergravity S-matrix, where supermomentum conservation §*®) (Q)
removes a factor s* in the Regge limit s — oo.

3We find that the result in [25] holds also in the case of non-identical external operators provided that
the sum runs over half-integer A when pi2 is odd.



operators generally contribute, so summing over them, eq. (2.26) becomes

hh=h+(+1 _ a{p}(gAmn) 2.31
e P R e AN

where the brackets imply that we sum over all superconformal primary operators with spin
¢ and approximate twist p+ ¢+ 2k, and R-symmetry representation [m,n—m,m|. One can
—1  Tndeed,
one can consider the 1/c¢ expansion of the scaling dimension and OPE coefficients as

use this equation to organize the OPE data as a 1/c expansion, with ¢ = N

Ape=A+ v(l) + 277(12} +. (2.32)
an o = a;% + a;% + af} +... (2.33)

(1)

In particular, expanding in 1/¢, leading anomalous dimensions Yn,¢ APPeAr as double poles
in the tree-level data CF{Z}'

Below we will first recover the OPE data for f and H at order 1/c° (disconnected
correlator), where only the identity contributes in the cross-channel, which we will resolve
into protected and unprotected double-traces in the s-channel. We will then proceed to
order 1/c, where we will only need to insert a finite number of single-trace half-BPS blocks

in the cross-channels.

2.3 Other decompositions in the literature

Before proceeding, let us briefly contrast our organization scheme, based on the Ward
identity (2.13) and Casimir equation, to other similar but distinct formulas used in the
literature. A common way of writing the OPE is to separate “short” (protected) and
“long” (unprotected) superconformal blocks, schematically:

G(z,z,a,a) = Z chorttgshort (2 o, @) + Z dongglong(» z o, a). (2.34)

In terms of the supersymmetry decomposition (2.14), the short blocks contribute to all of
k, f, H, whereas long blocks contribute only to H (as the single term in eq. (2.19)). Another
popular scheme exploits nonrenormalization theorems to separate out contributions which
do not depend on the coupling:

G2, %,0,6) = G (2, 7, 0, ) + L= (zz;) (( 7 a)(2 O‘)H;;z‘;ram“g(z, Z,a,a) (2.35)
where Gf®® can be computed from the limit of weak ‘t Hooft coupling A — 0 and
Hinteracting(» 7 o &) only receives contribution from long blocks (of both the strong and
weakly interacting theories). Since the ¢'°® only contribute to the H part, these schemes
both isolate the nontrivial corrections into H-like functions, which differ only by the amount
of protected physics subtracted from it.

The decomposition used in this paper is distinct since we do not subtract anything
from H, neither its short block contribution nor its free theory limit. Rather we directly

~10 -



Figure 1. Possible Witten diagrams for the disconnected correlator at order 1/c°. When p # q,
only the first diagram contributes. For p = ¢, the two other diagrams can appear. See eq. (3.1).

obtain the functions f and H at strong coupling, by computing their double-discontinuity
and using the inversion integrals (2.28) and (2.30) to find the expansion coefficients (2.17)
and (2.19). This method eschews the use of nonrenormalization theorems and detailed
knowledge of superconformal blocks.

3 Disconnected correlator: leading order 1/c°

As a first step toward anomalous dimensions of double-trace operators, here we detail the
disconnected correlator OPE coeflicients (a(0)>pqqp, which set the overall normalization.
The disconnected correlator itself is simply (see figure 1)

pt+q

G =00+ (5) 7 [(5)"+ 0] .1

The OPE decomposition of such correlators is well known [49]. However, we want to
first apply the supersymmetry decomposition (2.14). While we find that the unit part is
given by a simple general formula: kl(,%p = 1+ 20,4, the chiral and reduced correlators are

generally given by more lengthy expressions. To give a few examples:

2 2 ?

o _z(1-a = z (b = 0% + 5
f2222_(1_z)2a+1_z+2+a27 Hypoo =1 +v27 52)
0 (1—a)z3/? 0 Tud/? '

f2(32:,2 =" ——(a+z—2az), Hé:s?%z = o1/243"

(1 — 2)3a3/2

Generally, starting from p,q > 3, neither f nor H are simple sums and the expressions
quickly grow lengthier with increasing p and g. Nonetheless, the corresponding OPE data
admits a simple uniform expression, as we now describe.

3.1 OPE coefficients

The OPE coefficients (a?) (R, h, m,n))pqqp for a given correlator depend on h, h, the scaling
dimensions p,q and the R-symmetry representation labels m,n of the exchanged opera-
tor. They are obtained by applying the R-symmetry projection (2.21) and inversion inte-
gral (2.28) to the double-discontinuity of H(®). (We will discuss the chiral part f(*) below.)
Since there are no branch cut at z = 1, the double-discontinuity here simply picks out the
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polar terms. For instance, in the above examples, switching to the variables x = 1% and
y = 1;2, we find for the poles in y:
3 2
Z—Z . (0) 0.0 _ . X X
———dDiscH. = Zyo(a,a) x dD — -,
= 18C12222 0,0 (@, @) 1C [yg Y }
2 2 aDiscHY), = 2 (a, &) x ——dDi [xQ $3] (3.3)
——dDisc = Zyy(a, @) x ——=dDisc | - — — | . .
23 2332 0,1 \/E y3 y2
To give a less trivial example:
zZ—Zz . (0) 0,0 _ . x x2 0,0 _ i 22 x3 x 3
= dDiscH3333 = Zgy (v, &) dDisc i + 771 (o, @) dDisc W 2E + m
2
T x x
+ 720 a, &) dDisc [ — 4+ = = (zey ! } . 3.4
0,0 ( ) 6y5 yg yg ( ) ( )

We notice that all expressions are antisymmetric under the interchange x <+ y~'. This
stems from the manifest antisymmetry in (z, z) of the left-hand-side together with the fact
that the expressions are simple polynomials in z and y~! (after factoring the same power of
z and z that appeared in the integral (2.28)). The integral can be immediately performed
using the elementary integrals (A.2) and (A.3):

oo (s, 0,0) = rp rd¥x cot(wh) x (1+ (~1)) (h(h = 1) = h(h — 1)), (3.50)

Kb (1, 0,1) = rytri wtan(rh) x 5 (A(h = 1) = h(h = 1)) (b= 3) (h = }), (3.5D)

whereas in the 3333 case the three non-vanishing R-symmetry structures give three coefli-
cients: cg%):,)g(h, h,0,2), cé%ég(h,ﬁ, 1,1) and cé%)i,,g,(h,B,0,0).

Let us briefly interpret such results in terms of double-trace and protected operators.
Double-traces have twist p+ g+ 2k with £k = 0,1,2. .., which correspond to h = W +k
and therefore h > 3 in the 2222 case. However, we see from the formula (3.5a) that cogge
has poles (from the cotangent) at each integer h. The poles at A < 0 can ignored (due
to the terms discarded in doing the integral (A.3)), but the poles at h = 1 and h = 2
would seem puzzling: these naively correspond to twists 0 and 2, which shouldn’t be there.
Similarly, for 2332, the formula exhibits two poles below the h = % double-trace threshold:
at h = % and % As we will see shortly, the resolution is that these poles originate from
short (and so-called semi-short) multiplets, which can contribute to the reduced correlator
H with the two apparent twists:

n—m-+2 m-+n+4
= or hzi
2 2

h (3.6)

We are now ready to state the OPE coefficients in the general case. Due to the general
form of the integrals (A.2)—(A.3), the result is always the r factors times a polynomial in
h,h. This polynomial is easily determined using the following observations:

1

e It is odd under interchange of h and h (due to the z <+ y~! symmetry just mentioned).

e It is symmetrical under A — 1 — h (up to an overall minus sign when p + ¢ is odd).
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ptq+2
2

e It vanishes for all values of h below the double-trace threshold h = , except at

the protected locations allowed by eq. (3.6).

It is easy to show that the result is always simply the lowest-order polynomial with these
properties, up to a h, h-independent constant. It can be written in general as:

a—p,9—Pp ,r,g*p:Q*P

— r
0 1 h h
<a§7q21p>(h, h,m,n) = <1 + 9pg(—1) +m) pa4—PA—P 0P
1+n7m 2+'m+n

2 2
r'(h+ %)F(@ + 2 p(h—1) — h(h—1)
D(h—PgO0(h=251) AR, (h )
B+m+n)(14+n—m)(m+1)(n+2)
F(p+q+42+m+n )F(p+q+22+nfm )F( p+q7gnfm) )F(p+qf(22+m+n) )

, (3.7)

Notice that the factor A®) simply provides poles at the locations (3.6) and their orbits
under h — 1 — h and h — h.

For the chiral correlator f, which depends only on z, «, we similarly apply the one-
dimensional inversion formula in eq. (2.30). We find a structurally similar result (loosely,
one drops all the factors which depend either on h or m + n, and substitutes 25 — 2):

2 2
N rdTPATP (], 4 Pt _1)(ptg—m—2)/2
05 5:) =1+ 817 s gt
7’1+m/2 ( o T) m m E:1+m/2+]‘
m+1 (3.9)

R ]

The last line of both egs. (3.7) and (3.9) contains a h, h-independent normalization factor,
which in all cases is determined by the following nice property: the coefficient becomes
unity when setting o = 14 "5™ and h=2+ AR (or j = 0 in the chiral case). This is the
expected half-BPS contribution to the correlator as we now explain.

3.2 Reorganizing into superconformal blocks

Although this will not be needed below, it is an interesting cross-check that the above
results can be reorganized into superconformal blocks.

A general expectation is that only operators with double-trace dimensions contribute
to the disconnected correlator (with the lone exception of the identity operator). However,
looking at the result for az(g?l)qp in eq. (3.7), we found contributions to H below the double-
trace threshold h > W, exemplified by eq. (3.6). Looking more closely into them,
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Multiplet Dynkin labels | Dimension A and spin ¢
Half-BPS By, [0,7,0] A=qg, (=0
Quarter-BPS B, ,, [m, n—m, m] A=m+n =0, m>1
Semi-short Cpm p [m, n—m, m] A=m+n+2+/¢
Long Ay Am.n [m, n—m, m] A>m+n+2+1¢

Table 1. Supermultiplets which can appear in the four point function of half-BPS operators.

we find that they always appear with identical coefficients as contributions to the chiral
part f in eq. (3.9). These together organize into superconformal blocks with double-trace
dimensions.

An effective way to group these contributions is to use the superconformal (quadratic)
Casimir invariant. The different types of supermultiplets that can contribute to the four-
point function are listed in table 1 (see for e.g. [44]). The corresponding Casimir eigenval-

ues are
Co= 3 (AA+4)+L(£+2) —m(m+2) —n(n+4)) (3.10)
0, Half-BPS By, ,
=4 m(n+1), Quarter-BPS By, , (3.11)
L+m+2)(l+n+3), Semi-short Cy ., -

As mentioned, the superconformal Casimir commutes with the supersymmetry decomposi-
tion (2.14) and is diagonalized by the OPE expansions (2.17) and (2.19). For convenience
let us recall the eigenvalues:

k

Co g fim(z,a) = k1+m/2+j(z)kfm/2(a)
Hopmn(2,2,a,0) = Gata(2,2) Zmpn (o, @)
0

=< jm+j+1) (3.12)
SAA+4)+ (6 +2) —m(m+2) —n(n+4))

Equating the eigenvalues (3.10) and (3.12) will give a simple way of understanding the
k, f, H-decomposition of superconformal blocks.

Let us first discuss the short half-BPS blocks By a. These are the only blocks for which
the Casimir eigenvalue vanishes, and therefore the only blocks for which k # 0. However, for
each R-symmetry representation, both the chiral and reduced correlator can also contain a
term with vanishing Casimir eigenvalues: the functions fo,,(z, @) and Hp, pmn(2, 2, a, &).
Looking at the disconnected OPE data a&?}n,m,n and b(()??)n in egs. (3.7) and (3.9), we find that
these come with unit coefficient for all the allowed R-symmetry representations. On the
other hand, only one half-BPS block, with double-trace dimension A = p + ¢, is expected
physically to contribute to the disconnected correlator. Consistency thus requires this half-

BPS block to be equal to the sum over all the vanishing-Casimir contributions to f(© and
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H®O  and the non-identity contribution to k:

A—2
S CRO T S O )
i=max(|r|,|s|)

r7s J—
Bya = Ad (A—i)/2 (3.13)
H(Z,E,Oé,@) = Z G;:j+j+4(z72) Z;,7;+j(a’5é)’
L i=max(|r|,|s|]) J=0

Since this holds for any A = p 4 ¢, this must be equal to the half-BPS block for any A.

For half-BPS blocks, a simple alternative is to use formulas from [50] (see also ap-
pendix A of [51]) which express the blocks as a finite sum of bosonic blocks, according
to the finite list of primaries contained within the supermultiplet. The formulas there are
given for identical external operators but are easy to generalize, since the list of primaries is
the same and the coefficients can be fixed from the Ward identity in eq. (2.13). Performing
this exercise we obtain

Bya = GoaZoa
+CA)GT A1 211+ CA)CA +2)G5 A 0 Z5A
+ (A = 2)((A)Goar2Zo a2 + C(A = 2)C(A)C(A +2)GT A 13218 5
+C(A =2 (A)A +2)G oA (3.14)

where ((A) = %. The block in the first line is always present and just has the
quantum numbers of By A. The remaining lines account for superconformal descendants.
Because of the coefficient ((A), the second line should only be kept for A > 2+min(|r|, |s|),
while the last two lines only contribute for A > 4 4 min(|r|, |s|). (For another approach
and more results on superconformal blocks, see [52, 53].)

Although eq. (3.13) was derived using the disconnected correlator (where r = s), we
find that this expression is precisely equal to eq. (3.14) for the large set of values of A
and r # s that we have verified. We believe that this equality is an exact mathematical
identity.

The analog of eq. (3.13) for semi-short and quarter-BPS blocks is discussed in ap-
pendix B. The fact that the data obtained from the inversion integral organizes into a
super-OPE with only double trace dimensions provides a very non-trivial consistency check.

3.3 A®): a remarkable eighth-order differential operator

The combination A®) in eq. (3.8) will play an important role below. It depends only on
Casimir invariants like h(h — 1) and can in fact be viewed as a eight-order differential

operator:
®p, =_ 20 5 DY (D _pyr=A-a)
A H{pz‘} - (Z—z)(a—d) (Dz Da) (Dz Da) (Dz Da) (Dz Da) P H{pi}a
(3.15)
where
D, = 2°0,(1 — 3)0; — 3(r + 8)2°0, — sz (3.16)
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with 7 = pa1, s = p3s. Acting on the product Gy at4(2, Z) Zm n (o, @) this has precisely the

eigenvalue in eq. (3.8). Its presence in the denominator of eq. (3.7) suggests that A® H(©)

is a simple function; indeed by looking at individual cases we find that:

& 0 N
A( )H;gqép = O'ij_Q <’Uq+2 + 5}%‘]) X C(p)C(Q) (317)

This is precisely the form of a disconnected correlator of complex scalar primaries with
dimensions p; + 2 and R-symmetry [0,p;—2,0], up to a normalization C(p) = p?(p? — 1),
explaining the form of eq. (3.7).

The operator A®) has two important properties. First, it annihilates all the protected
multiplets, as listed in table 1. Second, A®) H {p:} generally transforms under z — z/(z—1)
crossing like the correlator of scalar primaries with the mentioned quantum numbers, which
are precisely those of the superconformal descendant £Pi~2? = Q*OPi. (The LPi~2 are pri-
maries with respect to bosonic isometries.) We thus identify A(s)H{pi} as the correlator
of the product £P1=2£P2~2 with its complex conjugate: indeed this correlator has to anni-
hilate protected multiplets since the first pair is proportional to @®. This generalizes the
p = 2 case studied in [54], where £° was the chiral Lagrangian density.

The correlators with different p’s will be combined into a single ten-dimensional dilaton
amplitude in section 5.

4 Tree-level correlator at strong coupling: order 1/c!

At order 1/c in the limit of strong ‘t Hooft coupling, the correlator can be computed
in principle in terms of tree-level Witten diagrams in IIB supergravity on AdSsxSs [55].
The present formalism offers a powerful alternative which relies only on CFT ideas. The
only input from supergravity is the assumption that all the single-trace operators are the
half-BPS ones. The double-discontinuity of the correlator comes exclusively from their
exchange in the cross-channels, which can be computed easily. The inversion integral then
reconstructs the full tree-level correlator, in the form of its OPE data, as depicted in
figure 2.

The double-discontinuity is computed explicitly by inserting in the cross-channel the
half-BPS blocks given in eq. (3.14) or equivalently eq. (3.13), together with the crossing
relation

pr2+p3
2

> Gpspopips(1 — 2,1 =2, 1 —a,1 — &).
(4.1)
If using eq. (3.13), it is important to note that the different supersymmetry components

Gp1p2p3p4 (Z, Z, Q e}

22\ ((1-a)(1-a)
)7<ad ((1_2)(1_2)

f,k, H in the decomposition (2.14) mix under crossing: to find H in one channel one needs
all of f,k, H in the cross-channel.

4.1 Fixing three-point coefficients from crossing symmetry

For the correlator of eq. (2.5), the possible half-BPS states exchanged in the t-channel
are the representations of the form [0, A,O] in the intersection ([O,pl,O} X [0,p4,0]) N
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=D

Figure 2. s-channel OPE data for single- and double-traces can be reconstructed from cross-

Half-BPS

channel single-traces using the inversion formula. In particular, demanding crossing symmetry
unique fixes single-trace three-point coefficients.

([0, o, O] X [(), p3, 0] ). From the tensor product formula in eq. (2.11) one finds the allowed

range

max(|p1 — pal, [p2 — p3l) < A < min(py + pa,p2 + p3), (4.2)

where the allowed values of A differ from the endpoints by an even integer.

We will now demonstrate that, at order 1/¢, the three-point function of single-trace
half-BPS operators is uniquely fixed by crossing symmetry, to take the well-known value [4]:

\/Par
qur:Tc’ p—ql+2<r<p+q-—2. (4.3)

The coefficients fpq, with r = [p—g| or r = p+¢q can be set to zero without loss of generality
by a suitable choice of basis for the “single-trace” operators. One simply chooses them to
be orthogonal to all multi-traces. This can always be done by including suitable multiple of
the latter in eq. (2.1), see for example [42]. (This assumes simply the existence of linearly
independent half-BPS double-trace operators [OPO1] for each p,q > 2, which follows from
the 1/c° analysis of the preceding section. One also needs them to be linearly independent
from the single traces OP*4, which is physically expected at large N.)

Our proof of eq. (4.3) uses only the chiral part of the correlator. We illustrate the
method starting with the simplest correlator, fos90. The only half-BPS block in the
range (4.2) which contributes to its double-discontinuity is the stress-tensor multiplet
A = 2, since the A = 4 block has double-trace dimensions and therefore no singular-
ity. This block is given as

(z —a)(z —a)Z?log(l — 2) — 2%(2 — a)(z — @) log(1 — 2).

2Z(Z — z)ad (44)

BO’Q(Z, zZ, 07) =1+

Only this block and the identity contribute to the double discontinuity of f. We insert
them into the crossing relation (4.1), extract the f part by setting a = z (see eq. (2.15)),
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and focus on the polar terms as z — 1:

dDisc fag2(Z, &) = dDisc [( 1= (; + (i)a_ Na f2222(1+0‘)a}
4.5
= dDisc [1 = + 3f222] k )( ) + dDisc [ fZQQ] (a) )
) 2y2 4y 0 y y 71 )

where on the second line y = 1=2
tions. Plugging this into the inversion integral (2.30) then gives the full OPE decomposition
for the chiral part:

_1 ; 2
o <(1 J )2(3 +2) 3sz2> rO0 fio(z, @)
fa200(Z, @) Z( )

2
=0 + <(j+1)<j+2> - f‘;”) ri fia(z, @)

where f;,, is the function defined in eq. (3.12), and the (—1)J terms account for the
u-channel contribution (obtained generally by permuting operators 1 and 2, which does
nothing here). This OPE can be easily resummed, as discussed shortly. However, what is
most important here is to project it into its half-BPS contributions, which is simply the
j =0 term:

2 2
f2222‘1/2_BPS = <2 + 3];222> foo(z, @) + (2 + “702222> fo(Z, @)

2
= f3Bo2 + (2 + J02222> Bo,4,

where we have used from eq. (3.13) that the f part of B2 = fo0 and Boa = fo,0 + fo,1-
The second line of eq. (4.7) is the main result of this exercise. It shows that, if one

(4.7)

inserts the stress tensor block Bo o in the cross-channels with coefficient fz,,, the resulting
double-discontinuity forces it to reappear in the s-channel with the same coefficient. Thus
crossing can be satisfied for any value of fags. For the present purposes, its value, foos =
m from eq. (4.3), is simply a definition of the central charge ¢. The double-trace block
Bo.4 then has a fixed coefficient.

We now proceed similarly for the 2323 correlator, and find that the double-discontinuity
of the t- and u-channel OPE force its half-BPS part to be

1 1
< f222 fo33 + f233> By, + <1 + §f222f233 + 9f2233) Bos + O(1/c?).

(4.8)
Focusing on the first term, which is the only single-trace block, the s-channel OPE is

2323’
f 1/2—BPS

satisfied only if the coefficient of By 3 is f2233. Thus crossing symmetry requires that
1 2 9
fos3 §f222 - §f233 =0(1/c), (4.9)

which has a nontrivial solution, fo33 = % f222, in precise agreement with eq. (4.3). The
trivial solution fo33 = 0 could be ruled out using the stress tensor Ward identities: the
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O? multiplet contains the stress tensor, whose coupling to any pair of identical scalars
is nonzero and proportional to their dimension (consistent with the nontrivial solution).
More generally, the 2p2p crossing relation requires that

1 2
Jopp (pf222 - prQ})p) =0(1/), (4.10)

which has the nontrivial solution fo,, = p/2f222 in agreement with both eq. (4.3) and the
stress tensor Ward identity. We find empirically that it seems possible to rule out the
trivial solutions without relying on the Ward identities: for example, setting fass = 0 (but
not the other ones) would eventually lead to a crossing equation with no solution for a
higher correlator (namely 5566).

We include O(1/c?) errors in the above, because double-trace operators, such as semi-
short ones, generally contribute to the double-discontinuity at this order.

Further coefficients can be fixed by looking at more correlators. For example, the 3p3p
correlators gives two equations each, from the coefficients of the two single-trace blocks
Bop—1 and By p+1. From these we can uniquely fix the f3,,41 and f,, three-point functions
for all p. We find that the solution is always unique (up to an overall sign ambiguity for
each operator: OF — +OP, which we fix by taking all three-point functions to be positive).

From the 4p4p correlators one similarly fixes all f4,,4+2 and fep, three-point functions,
then from 5pbp with p > 5 one can fix f5pp11, f5pp+3 and fspp, and so on. There appears
to be a simple pattern: the gpgp family with a given ¢, once families with lower ¢’s have
been used, fixes all the fg,, coefficients in the range of eq. (4.3) as well as fag—2pp-

We conclude that, under the assumption that the only single-trace operators are the
half-BPS ones (as expected at strong ‘t Hooft coupling), crossing symmetry at order 1/c
uniquely determines the three-point functions to have the values in eq. (4.3) at this order.
A full analysis of the crossing relations at finite ¢ would be very interesting but is beyond
our scope. See [56] for further results.

4.2 Chiral (protected) correlator: deducing the free correlator

Interestingly, from this solution for the chiral correlator obtained at strong coupling (this is
how we justified having all single-traces operators being half-BPS), we can recover Feynman
diagrams of the free theory!

Consider again the protected correlator fagee, given by the OPE in eq. (4.6). The
infinite sum over j can be computed easily if one puts in the expectation that the result
is 1/(1 — 2)? times a polynomial, which can be found using a small number of terms. We

obtain:
2(1-a) 2(2-2) 22 1z(z+(3-22))

Joam(2,0) = (1-2)2a t s ta T a(l —z) ' (411)

This does not look very suggestive but can be illuminated by comparing with the free
theory. Due to nonrenormalization theorems [5, 44, 57], the protected quantity f should
be independent of the ‘¢ Hooft coupling and therefore computable from the free theory
limit (small ‘t Hooft coupling) of the correlator.
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In the free theory the correlator is a sum of Wick contractions which give products of
y” / m2 factors. In terms of cross-ratios (see eq. (2.5)), the free correlator thus depends only
on tvvo variables: g;‘;fﬁs(u/ o,v/7). Given that f(z,«) is itself a two-variable function, it is
actually possible to go the other direction! Indeed, we can solve eq. (2.15) for the former
in terms of f and k:

1 1

w\ 3 max(|pi2],lp3al) /1 7\ 5
173 +kpq7‘8 (7>2 (;)2

z

free -
= — zZ,
Gpars o fpars(2; @) a1

max(p2+p3—p1—p4,0)

(4.12)
The unit part k can be computed generally by summing the coefficients of all By A blocks in
the OPE (including the double-trace one), plus the identity block. For example, eq. (4.7)
gives kogoo = 3 + % Plugging the innocuous-looking eq. (4.11) into eq. (4.12), we then get
the free correlator:

2 2,2 2
free U u“T 1 /u ur u'rt
=1+—=+ +-|=-+—+ . 4.13

Gz = o2 o2 ¢ <a ov 021)) (4.13)
This precisely matches with computing Wick contractions at weak coupling! Note that
this computation leveraged non-renormalization theorems starting from the limit of strong
‘t Hooft coupling.

It is straightforward to repeat these stops for other correlators, for example

w2t
uT
Ghisgp = 14 — <2g+§gv+p >+0<1/c> (p>2), (419
2 2,2 2 2 2.2 3.2 3
free U uUT 9 (u uT ucT  uc°T u’T ucT 9
—1 2—— — | +0(1/c%).
Gisas TRt e 4c< R Vel o R ) +a3v)+ (1/¢%)

(4.15)

We found that these formulas agree precisely with the result of summing Wick contractions.
For p > 4 it is important to define external “single-trace” operators to be orthogonal to
all double-trace ones, reflecting the choice of basis stated below eq. (4.3). For the reader’s
convenience, a general formula for the free correlator at order 1/c is recorded in eq. (B.5).

4.3 Reduced correlator: anomalous dimensions at order 1/c

Let us now turn to our main target, the correlator at order 1/c for external operators with
general R-symmetry representations. This gives information on both the 1/c¢ anomalous
dimensions of double-trace operators and 1/c¢ corrections to their OPE coefficients.

Our input again is the double-discontinuity written as a sum of half-BPS blocks with
coefficients in eq. (4.3), and crossing relation (4.1). Explicitly, it is:

P1+P2 pot+pg Min(p2+p3,p1+pa)— A
dDisc g{pi} = dDisc(E> 2 (I) 2 Z P1P2pP3pP4 Bp23,p14( ’
o

27 )
Y A=max([pas).|pual) +2
(4.16)
where 2/ = (1—z). To get information on unprotected operators we first extract the H part
following the SUSY decomposition (2.14); in the context of the 2222 correlator (discussed
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at length in [34]), this gives, for reference,
3 5
. 1) e (1 =3u)  2u’logu
dDisc Hss5, = dDisc d—wf  (T=u) (4.17)

where we have dropped all terms with no poles at v = 0.* We then plug into the Lorentzian

inversion integral (2.28).

Loosely speaking, the logu term informs us about anomalous dimensions, whereas
the constant term corrects in addition the OPE coefficients. We begin with the former.
1-z

Converting to x = = and y =

. variables, the above gives

zZ—2z (1) 3 1
H = —2z° dDisc— 4.18
2z 2222 ISCy ( )

logu

dDisc

and the inversion integral (2.28) gives straightforwardly, using formulas (A.2) and (A.3)
for the z and y powers,

(a5 (R, h,0,0))2990 = —2(h + 1) (k) (h — 1)(h — 2)&%«%02858. (4.19)

This is in agreement with [34]. The bracket notation indicates that the result is generally
the sum of multiple nearly-degenerate operators. The set of correlators really gives a matrix
of anomalous dimensions matrix, whose eigenvalues are the actual anomalous dimensions.
The operators which can mix with each other have the same R-symmetry represen-
tation [m,n — m,m] and twist 7 = A — ¢. To obtain their matrix element in the basis
of disconnected theory operators, we need to divide by the disconnected OPE data in

eq. (3.7), and since (a(?) 40 = (a2 gppq, we have:
71()(11?7”5 = <a(0)’7(1)>pqrs _ <a(0)’7(1)>§7qrs + (*1)£+m<a(0)7(1)>gprs’ (4'20)

\/<a(0)>pqqp<a(0)>rssr \/(a(0)>pqqp<a(0)>rssr

where the ¢ and u superscripts denote the t and u-channel exchanges respectively. For a

given twist and R-symmetry representation, one can find the list of pairs (p, q), with p < ¢,
for which double-trace operators [pgle A m,n exist, and construct the matrix in eq. (4.20).
Its eigenvalues are then the actual OPE coefficients of the double-trace operators.

To perform the computation, we wish to organize our data in terms of twist 7 and
R-symetry representations labelled by [m, n—m, m] One must also consider separately
the cases where the spin £ is either even or odd. For a given twist and representation,
one must find the possible scaling dimensions of the operators in the four-point function.
One can simply consider the constraints on the three-point vertices. Given the possible
(pgrs) scaling dimensions and values of twist, R-symmetry Dynkin labels and spin, one
can diagonalize the corresponding matrix.

We will change our notation to write the anomalous dimension matrix (’y(l))imm
labelled by the twist 7, R-symmetry labels m,n and spin ¢ = {4, —} corresponding to
either even or odd spin. For example, let us consider the nontrivial representation [0, 2, O].

“For unequal operators, one can generally drop all powers of v higher than %min(O7 p1+ps—p2 —p3), as
these correspond to double-trace dimensions. These vanish upon integration as can be seen from the zeros
of the 1/ factors in eq. (A.2).
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The minimal twist associated with this representation is 7 = 6. For odd spin, the only three-
point vertex is given by external operators (p, q) = (2,4), in which case it is straightforward
to diagonalize. For even spin, one has (2,4) and (3, 3). The corresponding matrix is

(@OyDE o + (= DXa@y WY @@y aq + (=1)4a @y D)0

v (a(©)2442(a©)2449 V(@) 2449(a©) 3333 (421)
(@ Dy + (1)@ yW)es45 (@O M) is55 + (1) (a7 M) 554
v/ (a(©) 3333 (a©) 2449 V(@®)3333(a©)3333

Consider the 2442 component. One finds that the only possible R-symmetry represen-
tation is [O, 2, ()]. The reduced correlator inversion integral yields

1 z VA -
c(g,A,o,2):/0 d(l—z)%ffh(z)zl/() dz (1—2)k(h)k(2)2"

22 72

B () ) e

where we have omitted non-singular terms. This formula contains corrections to the OPE

dDisc ( : z >3 (4.22)

—Z

coefficients @) and anomalous dimensions v(!). Focusing now on the latter, which are
related to double-poles with respect to h, they can be obtained simply by integrating the
coefficient of log(z), see eq. (A.4).

Using egs. (A.2)—(A.3), the above matrix with h = 1+ 5 gives

(,Y(l))+ _ —60 (12+h — 1) 6/A( —1) (423)

602 (h—4)(h—1)(h)(h+3) \ 63/h(h—1) 6+ h(h—1)

which has the two eigenvalues:

60(h + 2) 60(h — 3) [ -af)@h) —AF @R
+ {_Ui )}_{ (4.24)

S R T [ M T T[S G R | PR R

where (...)g is the Pochhammer symbol and A(®) is the polynomial introduced in eq. (3.8).
This way of writing the result was suggested by a recent conjecture by [42], discussed
shortly. For 7 = 8, again for the [0, 2, O] representation, the matrix is somewhat bigger:

(2442) (2433) (2435) (2444)
(3342) (3333) (3335) (3344)
(3542) (3533) (3553) (3544)
(4442) (4433) (4453) (4444)

(4.25)

For odd spin, one removes the second and last rows and columns. We then find the
eigenvalues, for even and odd spins:

(4.26)

_ 1 1 1 1
AL :—A(B)S,hx{ - - - }
8,0,2 0205 1) (h—5)s" (h—3)" (h—3)s" (h—1)g

Note that in the even spin case, the second and third eigenvalues are degenerate.
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It is amazing that the eigenvalues of nontrivial matrices give rational functions of h.

Reciprocity symmetry, h — 1 — h, is preserved in an interesting way. The matrix
elements in eq. (4.23) are all invariants under h — 1 — h (this is always true and trivially
follows from the form of the integrals (A.2)-(A.3)). The individual eigenvalues are not
invariant, but the set of eigenvalues is, as it should: reciprocity interchanges the first and
last eigenvalue.

One can continue this process to obtain anomalous dimension eigenvalues in different
R-symmetry representations and higher twist which would involve diagonalizing larger
dimensional matrices. A conjecture for the outcome was formulated recently in [42] (who
obtained it by OPE-decomposing a Mellin-space formula for the general pgrs correlators
previously conjectured in [16]). These authors conjectured that the eigenvalues always take
the form:
1A (145, h)
c(l+m+1+v)g

71%2‘5 (7—7 B7 ¢,m, 7’L) = -

(4.27)

where £ = h — 5 — 2 is the angular momentum and v is an integer shift that distinguishes

different eigenvalues of the matrix.

Generically, diagonalizing the anomalous dimension matrix will yield degenerate states.
This degeneracy can be worked out experimentally. We find that the allowed shifts are

1— (_1)€+m

v=——F5—+2, 0<u<3(r—2m—5+4) (4.28)
5— {(—1)"3er if mod (n—m,2)=0 (4.29)
0 otherwise.
The multiplicity for a given shift is then
min (u+1,53(n—m+140),5 (1 —2m—3+48) —u). (4.30)

The first case sets the degeneracy for the first few cases, which increases incrementally from
1 until it reaches its maximum multiplicity given by the second condition. If the twist is
large enough, the multiplicity will plateau until the third condition becomes relevant, after
which it decreases symmetrically. In all cases, the multiplicities add up to the dimension of

the mixing matrix (which is equal to the number in the second condition, times =712,

Consider for example the [2, 12, 2} representation with twist up to 7 = 20 and 7 = 50.
One can find the multiplicity of the degenerate states in figure 3. This matches with
the finding in ref. [42], where the allowed states were nicely organized into a 45°-rotated

rectangle in the (p, ¢) plane.

From this analysis, we see that the Pochhammer term serves as a useful quantity to
resolve the double trace mixing problem. This observation will be recycled in the next

section.
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Figure 3. Even and odd spins are in blue and orange respectively. On the left is the multiplicity
for 7 = 20 and on the right is the multiplicity for 7 = 50 of the same R-symmetry representation.
Given eq. (4.30), the maximal multiplicity for [2, 12, 2] is 7 and 6 for even and odd spin respectively.

5 An accidental 10-dimensional conformal symmetry

In this section we propose an explanation for the remarkable conjecture (4.27): that it orig-
inates from the conformal flatness of the AdS5xSs; geometry and an accidental SO(10,2)
conformal symmetry of the supergravity four-point amplitude. This will lead to new con-
jectures which we will test.

5.1 A mysterious equality with 10-dimensional S-matrix partial waves

Our main inspiration will be the following empirical observation: the conjectured anoma-
lous dimension is equal to a quantity computed in flat ten-dimensional space. We consider
the 2 — 2 scattering of identical complex axi-dilatons in IIB supergravity:

8TGNIO(Q) st

Atree — = %) 8GN —. 5.1
10 stu g Nstu ( )
Below we’ll use that 87Gy = ”558 with ¢ = N24_1 in the AdSsxSs context, to express

this in terms of ¢ and the AdS radius L. We now consider the partial-wave decomposition
of this amplitude; in general dimension this can be written using Gegenbauer polynomials
(see for example [58]) as:

d—2
207573 d—3

il ST Dasa(204d—3)As) Cf 7 (cosh),  (5.2)

iAjo(s,cosb) =
STF(%) £>0, even

where C‘y‘) (x) = Cy‘) (x)/CZ(/\)(l) is a Gegenbauer polynomial normalized to unity at 1,
the scattering angle is cos(f) = 1 + %, and we should put d = 10 in the above. The
normalization factors are such that A,(s) =1 for the disconnected part of the S-matrix of
two identical particles. Retaining the disconnected part and computing the A, using the
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orthogonality relation® we find:

_ m (Ly/5/2)°
Adls) =141 (5.4)

This should be compared with the exponential of the anomalous dimension in eq. (4.27),
which controls the phase of each conformal block in the bulk point limit (see for exam-
ple [1, 8]):

e =14 - & +0O(1/c) (5.5)

¢ (ber +1)6 ' .

The resemblance of the phases (5.4) and (5.5) is too striking to be an accident and this
suggests a direct relation between the four-dimensional theory and the flat ten dimensional
supergravity. We will not fully derive such a relation from first principles here, but we will
try to guess what form it could take and deduce precise implications.

5.2 Statement of the conjecture

To explain how an observable of 10-dimensional supergravity on AdSsxSs might be entirely
determined by the S-matrix of the same theory on flat space, we propose a scenario based
on the following two observations:

e The AdS5xSs metric is conformally equivalent to flat space. To check this, write the
10-dimensional flat space metric using radial and angular variables for the 6 extra
dimensions, with dQ2 is the metric on Ss:

3
dsi/linkowski = Z d(E'ud.CEM + dT'Q + T2dQ§
H=0 (5.6)
dztdx,, + dr? r?
= ’[”2 X (7{; + ng) = ﬁ X dS%dS5XS5'

e By a happy coincidence, the combination Gx6%(Q) is dimensionless. Divided by this
“coupling”, the four-point tree amplitude (5.1) is in fact conformally invariant:

51003 i)
" (p1-p2) (p1-p3) (p2-p3)

=0. (5.7)
This can be checked using the conformal generators in momentum space,

DPip 6 0 d 2 0
K, = E .
n= ( 2 opY 8pw Pi 8p ap O Gpl (5-8)

5Specifically, the relevant relation is:

is® T Ty A7)
Ae(s) =1+ m/o dfsin’(0) C;"' " (cos @) Aio(s,cos0). (5.3)
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In effect, we will now play a game where we pretend that IIB supergravity is a conformal
theory and work out the implications for four-point correlators. In particular, we should
find an action of the ten-dimensional conformal group SO(10,2).

This SO(10,2) contains as a subgroup the SO(4,2)xSO(6) bosonic isometries of
AdSs5xSs, so a natural action can be defined by building 12-vectors wj:

w; = (Xi, yi)- (5.9)

Here X; is the embedding coordinate corresponding to the space-time point 2/', on which
SO(4,2) acts, and %® is the null 6-vector introduced in eq. (2.4) and on which the SO(6)
R-symmetry acts.

Motivated by the above, we conjecture that all tree-level four-point correlators arise
from a single SO(10,2)-invariant object.

To state this more explicitly we consider the correlator of Lagrangian insertions £P:—2
defined in section 3.3 (which are susy descendent Q*OPi of scaling dimension 2 + p;), since
these can be easily identified with axi-dilatons in ten dimensions. Indeed, the simplest case,
p; = 0, has scaling dimension 4 which is the correct value for a free field in ten dimensions.
The operators with p; > 0 are then identified to be its Ss spherical harmonics. To extract
a given spherical harmonic we simply need to extract the component of a ten-dimensional
expression with the correct homogeneity degree in the null vectors y;:

(O1LP* (1) LP2 () L7 (3) L7 (24)]0) = ((w1)(w2)d(ws3)d(wa))10 (5.10)

YPlyhyis gt
with p; = p; — 2. The expectation value on the right is formal since we haven’t defined a
10D CFT (and won’t define one). It simply denotes a function of the four points w; which

transforms like a 10D CF'T correlator of four scalars with scaling dimension 4, that is:

G1o(u10,v10)

(¢(w1)(w2)d(w3)d(ws))10 = (5.11)
B ((5’3%2 - y%Z)(x§4 - 932,4))4
where (9”%2 - y%z)(x?m - y§4) (9533 - 953)(95%4 - 9%4)
o (95%3 - 9%3)(95%4 - 1154) oo (x%g - yfg)(x& - y%4) ( )

are the then-dimensional cross-ratios.

Let us now write the prediction in eq. (5.10) in terms of cross-ratios, by dividing
the left-hand-side by the factor in eq. (2.5) (with the p; shifted by +2 for the = and y
dependence, respectively). We can extract the component of correct homogeneity degree
in y by performing contour integrals in auxiliary variables a; introduced via the rescaling
yfj =Yy — a,-ajy?j. With a suitable rescaling of the a’s this gives a formula with
cross-ratios only:

P1+p2 _9

4 1—p;
~ da;a;” " (u/o) 2
H. apa (U, V, 0, T) = - e
p1papspa ) f Zl_Il [ 27 ] (1-— aa1a2)4(1 — azaq)?

( (1 — %a1a2>(1 — a3a4) (1 — %agag)(l — a1a4)>
X GlO u y U
(1 —ara3)(1 — azay) (1 —aqra3)(1 — azay)
= Dp1popspa G1o(u, v). (5.13)
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Figure 4. The flat-space limit of a scattering process in AdSsx S5 map to one in R'°. In the
flat-space limit, the dilaton has A = 4. We conjecture that the ten-dimensional dilaton correlator
G1o can be projected to a AdSsx S5 correlator by a suitable differential operator Dy, p,p,p, acting
on GlO-

The last line emphasizes the fact that the contour integral really just defines a differential
operator. In the first few cases for example we find:

Dagoo =1,

u
Do3ze = _\\j;Tam
(5.14)
Doozz = 4 — udy,

u+to (v+71)

(udy)* + 2Eu8uvav + Y
o ov

D3333 =16 — 8u8u + (v@v)2 .

Relation (5.13) is the main result of this section: it expresses all tree-level correlators as
derivatives of a single one, G19 = ﬁzggg, the stress-tensor multiplet correlator. This is
depicted in figure 4.

It remains to precisely define the left-hand-side H 2992. The correct guess is of course to
be ultimately justified by explicit computations, as done in the next subsection, but it may
be helpful to handwave-motivate the result here. Since the spherical harmonics of the ten-
dimensional dilaton most naturally map to correlators of £Pi, the most natural guess would
be H = A® H as defined in section 3.3. However, to reveal its hidden conformal symmetry,
we had to divide the 10D tree amplitude by the dimensionless “coupling” G n§'%(Q)/16,
which eqs. (5.4) and (5.5) suggest to identify as a multiple of A(®) /c. Thus a better guess is
to divide the order 1 /¢ dilaton correlator by A®) and thus consider H itself, which turns out
to be a correct prediction. We have to bear in mind that this division is ill-defined however
unless one cancels the protected contributions killed by A®): a simple work-around is to
subtract the free correlator. The correct guess for the functions H which satisfies eq. (5.13),
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including a normalization factor, thus turns out to be:

~ 4 ~ 4
H 0) _— A 8 H 0 H 1) — 1 1)free

If this sequence were to continue at loop level supergravity, a natural form of the next term

would be fléﬁls = ﬁ(Hﬁ?«s — ngiree), but we leave this for further study.

Egs. (5.13) and (5.15), independent of their origins, yield precise and testable relations
among tree-level correlators.

5.3 Checking the conjecture from the calculated correlators

Let us first check the relation for the disconnected correlator H(®). According to eq. (3.17)
(0) () 7 ©) 2 (0 U
Gho (u,v) = A Hypo = C(2) (u + 1)4> ) (5.16)

with C(p) = p?(p? — 1). The formula in eq. (5.13) then predict the other correlators as

p1t+po 2 4 1—p;
Pip2psps — P13P2 9 pale 2mi (1—ara3)*(1—agaq)*  (v—Tagaz)*(1—ajag)?
A ) e (s s
= ITPQ (p1) (p2)m p1,p39p2,pa T Op1,pa P2:P37 pyt2 |0

(5.17)
C(p)/p. This is in precise agreement with

6da a'”P __
2mi(1—a)t
eq. (3.17), a first sanity check. Essentially this just fixes the normalization factors ,/p; in

eq. (5.15).

The real test now is the tree-level correlator H("). The formula in eq. (5.13) predicts

where we have used the integral ¢

the higher correlators as specific derivatives of the first instance [3, 15],
Gig (u,v) = Hypyy = —u'Daaa(u.v). (5.18)

Acting with D), pop,p, o0 this gives predictions for the correlators of spherical harmonics. It
is instructive to compare with the literature. For some of the cases presented in egs. (5.14),
refs. [11, 12, 15, 48, 53] provided explicit results in terms of D functions. Using derivative
relations to generate higher weight D functions (see e.g. ref. [9]), we evaluated these results
as functions of z, z variables and compared with ﬁg%wsm as computed from the action of
the differential operator Dy, pypsp, 01 €q. (5.18). We find agreement with the literature up

2Lig (z)—2Lig(z)+log(zz) log

zZ2—Z

1—=2
1—z

GEXpliCitly, D2,4,272(u, ’U) = auav(l + uly + Uav)
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to a normalization constant:

(1) 5
Hyyg3 = —6u’D3 529,

Tihs = —90° (1+ 0 +7)D3ss3+ (Das2s + 0Dss2 +mDas32))

- 1 _
HSJM = —16u° ( <O’ +74+o07+ 1(1 +02+ 72)> Dyga4

- (0154,6,2,4 =+ TD2,6,4,4 + 07[74,674,2) (5.19)
+ 2 (0D3,672,3 + TD2,6,3,3 + UTD3,673,2)

1, _ _
t3 (D224 +0°Dagoo+ 72Doga2)

+ (D3,6,3,4 + 02[74,6,3,3 + T2D3,6,4,3) ) .

1
2
We stress that in those papers, the result came from explicit supergravity or Mellin-space
calculations whereas our result came from the action of the differential operator Dy, pypsp. -
With hindsight, the existence of an operator such as Dy, p,psp,, Which acts on flgggg
to give the other correlators, can be understood from the derivative relations between D
functions. Note however this way of writing the correlator is not unique, which is made
apparent e.g. by comparing the 4444 cases from [15] and [53]. The fact that the operators
Dy, popsps Canl be taken from a unique generating function (5.13) is very surprising and had
not been observed before. It is also completely invisible in the supergravity Feynman rules.
From the perspective of the analytic bootstrap, since the formula (5.13) manifests
crossing symmetry, to rigorously establish it it suffices to show that it correctly predicts
the double-discontinuity in one channel, say v — 0. This will be entirely generated by the
v — 0 poles of the seed:
u3(14u)  2utlogu

dDiscHaygog = — -0 — 1w + pole-free in v. (5.20)

Indeed, acting with the differential operators (5.14) on this seed we reproduce precisely the
double discontinuity of the finite sum (4.16). We checked this explicitly for all correlators
D1, P2, P3, P4 With p; < 10, making us confident that a group-theoretic identity underwrites
the formula (5.13). It would be interesting to prove it analytically in the general case.

5.4 Deriving the Mellin-space formula by Rastelli and Zhou

A frequently useful language for conformal correlators is based on Mellin-space, see
refs. [7, 59-61] for example. Correlators of N' =4 SYM at strong coupling for arbitrary
external scalar operators were conjectured in refs. [16, 42, 62] in Mellin-space. In this
section we show that our proposed formula is in precise agreement with that conjecture.

The Mellin representation of the generating functional is an integral over Mandelstam
variables such that

~ dsdt -~
Hp1p2p3p4 = /(27”)2 Mp1p2psp4 (5-21)
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where the region of integration is detailed in ref. [62]. We will omit the use of the Man-
delstam variable u and express everything in terms of s,t to avoid confusion with the
cross-ratio u. The reduced correlator for 2222 in position space is given by eq. (5.18).
According to the first of eq. (5.14) this function serves as the seed of our generating func-
tional. We thus start with the 2222 correlator with the normalization of eq. (5.11), written
in terms of D274,272 in its Mellin representation as written in the appendix of ref. [62]:

- r(2—
PRI RLLCEL Tl

t s+
~ )T (5" (
, 5.22)

(-5 0-D(F-1
where u,v are cross-ratio variables. To uplift to a 10-dimensional generating functional,
we promote the cross-ratios to be 10-dimensional, normalize according to eq. (5.11) and
expand in terms of 6-dimensional embedding coordinates similar to eq. (5.13) with the
auxiliary contour integral variables a;:

Vo = fH[daz ] re-3)°re-9°reEd)’  wo

p1tpo
3 2

2
Prp2psba —245)(—2+1t)(=2+s+1t) (1 —ara3)*(1 — azaq)*

« <u (1 - Zajaz) (1 - a3a4)> o (v (1 - Fazas) (1 - a1a4)> %_2. (5.23)

(1 — alag)(l — a2a4) (1 — a1a3)(1 — a2a4)

By construction, this satisfies Mgggg = Mag95. The key feature of this equation is
that each of the six I'(—«) functions is naturally paired with one of the six factors of the
form (1 — ca;a;)®, which originate from the six distances w . To extract a given spherical
harmonics, we need to series-expand in powers of the a’s. Thanks to the pairing, this series
can be organized into shifted I'-functions using the identity —al'(—a) = T'(—a + 1):

o i
(1 —x)*T(— Z —I'(i — ) (5.24)

1l
2.
=0

8

Inserting this identity six times into eq. (5.23), we find a sum of the form

(.. o\t (T\F m n
> (2) (%) (a102)' (asaa) (aza0)" (a104)! (ar103)" (az00)" . (5.25)
B4,k lm,n>0 T

The four contour integrals then select out the terms which have the correct exponent for
each a. Consider for example the 3333 case, where each a must appear linearly: three
terms contribute,

~ -9 s 2 2 2
M3333 = uT?v%_QF(?)—f) r Z—E r st
(=24 s)(—24+t)(-2+s+1) 2 2 2
2 2
21,637 5\2 t s+t
4(2—7) r(s—2)r
ur v 2 (3 2> ( 2
1 s\ 2 £\ 2 s+t\?
£-1, 5-2
F(277) r{2—2) (1 . 2
puiti2lo(z ( 2) ( + > ) (5.26)
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If one shifts s and ¢ for each term above such that there is an overall factor of u%72v%73,

one obtains

- , 2 t\2 [s+t—2\2 1
Maszs = —2u3 20330 (3=2) 1(3-2) 1
sy = —2ui 03T (3-2) T (35 > (21 ) (<41 0)(—d+s+0)

T 1 1 1
o At (24 0)(dts+D) o(4ts)(4T0)(6+s +t)>’ (5.27)

which is precisely the form found in ref. [16].” Notice how all the I'-functions automatically
line up after the shifts. This can be tracked to the identity in eq. (5.24). In general, one
should perform appropriate shifts for each term such that an overall factor of U%_2U%
can be retrieved.

Let us now derive the general Mellin amplitude from eq. (5.23). The Mellin amplitude
in [16] was conjectured by solving a set of algebraic crossing-symmetry constraints. (These
authors assumed, with no loss of generality, an ordering p; > pa > p3 > p4, and ref. [42] also
assumed py3 > p21 > 0, but note that here we will make no assumption on the orderings.)
Using eq. (5.25), the contour integrals in eq. (5.23) imposes four constraints on the six

indices, such that after lining up the powers of © and v we obtain:

~ s_o t=atp3) [ p1+p2— S p3+ps— s p2+p3—t
My, popsps = — 2u? %y 2 F< >F< >F< >

2 2 9
—1 t+4—p — t4+4—py—
< T P1+ P4 r s+1+4—p1—p3 r s+t+4—p2—p4
2 2 2
oo o P1+P2
1 i+2-H7E2 k
x Y T . (5.29)
ik:[)z!]!k:!l!m!n! (s —2—2s5)(t —2—2ts)(s+t—2—2(s5 + t5))

where the variables above must obey the following constraints:

R
J==(2i —p1 —p2+p3+pa),

1
5 l= 5(2k~|—p1 —p2—p3+ps), (5.30)
1
m:§(p1+p2+p3—p4—2(2+i+k)), n=py—2—1—k, (5.31)
SS:L;mfzq, tS:p72+p3f2—k. (5.32)

The shifts in Mandelstam variables sg,ts were constrained by shifting s and ¢ to obtain

P1;p2 and pQ;-Ps

the appropriate power of respectively as explained previously. Because of

the inverse factorials, the summand is only nonvanishing when i, j, k, [, m,n > 0. Denoting

; __ p1tp2
- 2

i —2—p, demanding m, n > 0 yields for example k < p+ %min(pgl, p34). Similarly,

one can work out the remaining constraints to find that (this is similar to the summation

"Their convention of ¢, 7 differs from ours: in their paper, they have

2 2 2 2
_ Y13Y24 _ Y1aY2s3
=2 2 =2 2

Y12Y34 Y12Y34

(5.28)

which should be compared to our definitions given by eq. (2.4).

~ 31—



range for the free correlator in eq. (B.5) with k — q):

Pmin = 3 max(|p1al, [p34]), Pmax = 3 min(py + pz, ps + pa) — 2, (5.33)
kmin = 3 max(0, pa1 + paa), kmax = p +  min(pa1, psa). (5.34)

This matches precisely the results by ref. [16], with some extra factors fixed in ref. [42].%

This completes our derivation of the Mellin amplitude from a more fundamental 10-
dimensional symmetry.

5.5 Ten-dimensional OPE and the leading logarithmic part to all loops

The SO(10,2) symmetry suggests using ten-dimensional blocks to express the correlators:
these should diagonalize the mixing problem. This will also explain the flat space rela-
tion (5.5), which originally motivated our looking for a SO(10,2) symmetry.

We start with the free correlator, eq. (5.16), and perform its OPE decomposition into
10-dimensional conformal blocks. As may be seen from the generalized free field formulas
from ref. [49], an important simplification occur for fields that saturate the unitarity bound,
such as the axi-dilaton: a single double-twist trajectory then contributes,

_8L(4+0)?

(0 _ > ~(0 10 _ . 0
H§2)22(z72) = Z aé ) Gé,sif(%z) with ‘1%12))(5) - 1“(7 + 2@)

{=0, even

(0 +1). (5.36)

A—t _A+2

Our blocks are normalized so that lim, ¢z« Géﬁ(z, zZ) =z 2 z 2 , and we have verified
the sum by series expanding the blocks in z, Z using ref. [63]. In fact, because we are in even
dimensions and on the unitarity bound, the required blocks admit very simple closed-form
expressions as derivatives of hypergeometric functions [59], given explicitly in eq. (C.2).
(Note that since the dimension of the dilaton is protected, the putative 10D CFT cannot
be unitary since otherwise this would be the exact result to all orders in 1/c.)

To extract ten-dimensional anomalous dimension, we OPE-decompose the log u terms

in the tree-level correlator ﬁzg)Qz = —ulDy 499
; log(l —2) —log(l — 2
H{3o (2 %) g —u'0,0,(1 4 udy + v0,) 8 Zi — zog( ) (5.37)
L0 g ]
= —a, 'y, G (z,z) with 4,7’ = ——. (5.38)
E(gezven 2 oot ‘ (6 + 1)6

This precisely matches the S-matrix phase shift in eq. (5.4). This agreement has a simple
intuitive explanation: in the bulk point limit z — Z (reached after an analytic continuation,
see [1, 8] for further detail), the correlator must reproduce the flat space amplitude. On

8The precise comparison with ref. [42], accounting for eq. (5.15) and different overall normalizations
should be:

(1) _ 4 (1) (Dfree  \ _ 1 2
HP1P2P3P4 - P1P2P3D4 (HP1P2P3P4 - HP1P2P3P4) NC HPIP2P3P4) . (5'35)

B p1p2p3p4( their
Comparing with ref. [42] we thus find precise agreement for the p; dependence, up to perhaps an overall
constant factor (47i)? which we didn’t track down.
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the other hand, in this limit, each block in the sum (5.38) reduces to a single Gegenbauer
polynomial matching that in the partial wave expansion (5.2), weighted by e~'™A . Because
a single ten-dimensional block appears for each spin, its anomalous dimension at order 1 /¢
must be identical to the flat space phase shift.

The fact that there is a single 10D block for each spin at the lowest order suggests
these blocks “diagonalize” the double trace mixing problem. Let us illustrate this with the
nontrivial R-symmetry representation [0, 2, 0] at twist 6, which led to the 2x2 mixing matrix
in eq. (4.23). We start by considering the contribution of a single ten-dimensional block
to the numerator of the anomalous dimension matrix in eq. (4.20), using the generating
function (5.13):

Doy24 Daassz | (10 _
G z,2), 5.39
<Ds324 D3333) are(2:7) (5.39)

where we now project each term onto the [0,2,0] representation using the orthogonality
relation (2.21). Using the explicit form of the block in eq. (C.2) and expanding at small
z, we find that this matrix contains the following three four-dimensional blocks of twist 6
(plus an infinite tower of blocks of twist 8 and higher):*

(0 —1)Grrrare(2,2) (‘3}\@ _zjf> B WGHMMH(%@ <(1) 8>

(+7)(¢+8) ” _ (€ +5)2 3/V2(0 +4)(L +5) O[5
iy o) s B A g sy gyers) o2 ) TOE)

(5.40)
This is not very illuminating yet, but upon shifting the value of ¢ in each term so as to

extract the coefficient of Gy 119 for a given even ¢ in the sum of eq. (5.38), and dividing
by the free theory data in the denominator of eq. (4.20), this yields the mixing matrix in

the form:
(1) 0+4 (£+4)(£+5) 045 —/ (t+4) (¢+5)
76,0,2 _ 20+9 3019 +50 2019 279
A®(4,541,0,2) '* (£44)(e45) 045 2| /(-4 (t+5) (44
2049 2049 2049 2049

41)
It turns out that each of these matrices is a projector! The two matrices square to them-
selves, and are orthogonal to each other. The right-hand-side precisely reproduces the
matrix in eq. (4.23), if one inserts the value of (1), however it is now evident that the
eigenvalues are :yél) and %22 regardless of the functional form of 3 used in eq. (5.38).
That is, the derivative operators in eq. (5.39) have simply turned each ten-dimensional
block into a projector matrix.
This example shows that the double trace mixing matrices are far from random but
have an entirely group-theoretical origin, which encodes the expansion of SO(10,2) blocks
into those of its SO(4,2) xSO(6) subgroup. This explains why the eigenvalues are rational

numbers, and also why these numbers are specifically equal to S-matrix phase shifts.

9There is a slight abuse of notation here as we omit the superscripts on the blocks G’Igﬁ’p?’“. In reality

the blocks sit inside the matrix and have a different superscript for each position inside the matrix.
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We have verified in many more examples that the ten-dimensional blocks always turn
into projectors onto eigenspaces, including in cases with nontrivial multiplicity. Presum-
ably, a more thorough study of these matrices would be more easily carried out at the level
of 3-point vertices rather than four-point correlators.

As proposed in ref. [42], the solution to the double-trace mixing problem at order 1 /¢
enables to compute the leading logarithmic terms at each loop order. Thanks to the ten-
dimensional blocks this can be done for any correlator without actually computing any
matrix. We simply add more powers of ¥ to the ten-dimensional OPE in eq. (5.38) to find
1:12222, and then obtain the others by taking derivatives:

k—1
- [A@)] - Dygrs - Digy - B (2). (5.42)

log” u
This result is a product of very many differential operators. The third-order operator
D(3), defined in eq. (C.2), builds (extremal) ten-dimensional blocks from single-variable
functions h(¥). The operator Dpgrs, from eq. (5.13), then extracts various 4D correlators;
for the stress tensor multiplet this operation is trivial, Dogos = 1. Finally, the power of
A®) | defined in eq. (3.15), accounts for the fact that it is only the ratio v/A®) which is
compatible with the ten-dimensional symmetry. The ordering of operations is important:
in general A®) destroys the ten-dimensional structure and must act to the left of Dpgys.

Using the explicit form of the block in eq. (C.3), together with the coefficients in
egs. (5.36) and egs. (5.38), the single-variable seed is given explicitly as:

k o0
h8)(2) = 1 <1> 3 9600 (£ + 1)T(¢ + 4) 1 P (041, 44,2048, 7).

Tk \ 9 ¢, oven 20+ 7) [(ﬁ + 1)6]k—1
(5.43)
In the first few cases the sum is readily computed,
hO(z) = 28802(12_2), (5.44)
—z
)2 _ _ 2 _
B0 () = 12082 i‘ig(l 2 Lol 2)(ZZ3+ 62—6) (5.45)
Lio(2) — (1 — 2)%Lia(2/(1 — 2)) (1 —2)(222 — 7z + 7)log(1 — 2)
(2)(y) = 2 _ 4
h'(2) s 1 (5.46)
(z—=2)(1—2) 2352z—2
—_ e — 4
+ 23 + 576 =z ' (5.47)

with the three-loop case in eq. (C.4). Plugging h(?)(z) into eq. (5.42) (and multiplying both
sides by A®)) reproduces eq. (3.17). Plugging h(") (z) we reproduce the logarithmic term
given in eq. (5.37) and its extension to all Hpyrs. Finally, plugging h®)(z) we reproduce
the one-loop double-discontinuity of Hagee computed in refs. [32-34] and now predict the
log? u terms for all Hpgrs correlators.'? Needless to say, since the one-loop expressions
require taking 11 or more derivatives of the compact seed h(2)(z), these expressions are
much lengthier!

10Note that the log? u gives the full double-discontinuity at one-loop for Haga2, but for other correlators
one may also need polar terms. We have not tested whether they are controlled by the same generating
function.
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6 Conclusion

In this paper we revisited the problem of computing correlation functions in holographic
conformal field theories, focusing on the important example of N' = 4 super Yang-Mills.
We used a conformal field theory approach which constructs OPE data from the singular
part of correlators, the Lorentzian inversion formula [24]. Other approaches to this problem
include the direct evaluation of supergravity Witten diagrams and the solution of crossing
symmetry constraints in Mellin-space; a chief interest of the present method is that the
singular part can be computed rather straightforwardly in holographic theories, and the
approach extends seamlessly to one-loop level.

By inserting the identity operator in the cross-channels, we thus obtained the OPE
data at order 1/N? in section 3; inserting a finite set of protected single-trace operators in
section 4 then yielded the full 1/N? corrections, corresponding to tree-level supergravity.
In particular, we obtained mixing matrices and anomalous dimensions of double trace
operators, see eq. (4.27), confirming a recent conjecture [42].

Perhaps our most important result is that an unexpected symmetry controls this mix-
ing matrix. For one thing, the eigenvalues are rational, as previously observed. We further
observed in section 5 that they coincide with ten-dimensional flat space partial waves. We
have argued that this agreement can be explained by an accidental SO(10,2) conformal
symmetry of the four-particle supergravity amplitude. This symmetry correctly predicts
an infinite number of relation between the correlators of different spherical harmonics, in
fact unifying them into a single object. The generating function in egs. (5.13) and (5.15)
is the main result of this paper. It is equivalent to the Mellin-space formula conjectured
in [16], as shown in subsection 5.4. The symmetry explanation provides further evidence
for the validity of this conjecture. An analytic proof of the symmetry itself, as noted at
the end of subsection 5.3, is now reduced to essentially group-theoretical identities between
the singular part of four and ten-dimensional conformal blocks, which we have verified in
many cases.

The SO(10,2) symmetry neatly diagonalizes the mixing between double trace operators
which otherwise carry the same four-dimensional quantum numbers. Using this, we ob-
tained a compact formula, see egs. (5.42) and (5.43), which yields the leading-logarithmic
part of any correlator at each loop order. (At tree-level, the generating function (5.13)
gives more than the leading-log part and correctly predicts finite parts as well.) This data
should suffice in the future to determine the one-loop correlator, up to contact ambiguities
related to a R* counter-term, analogous to [32, 34]. An interesting question is whether the
contact ambiguities for different spherical harmonics can be correlated with each other:
this is related to locality in the internal S manifold.

It is very surprising to find that a theory of gravity, which evidently has a dimensionful
coupling, effectively behaves like a conformal theory. Since AdSsxSs is conformally flat,
this relates observables on this geometry to observables in ten-dimensional flat space: in
our case, anomalous dimensions to S-matrix phase shifts. An analog of this may be the
relation between four-dimensional Einstein and conformal gravity, see [64] (and also [65]);
conformal-like Ward identities satisfied by tree amplitudes of n gravitons in any dimension
were discovered in [66].
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A most pressing question is to determine if such a conformal symmetry can somehow
be formulated for further CFT observables in this or other theories — higher point corre-
lation functions, higher loops, superstring or M-theory corrections — or if the symmetry is
just an accident of tree-level four-point supergravity amplitudes. One also wonders if the
supergravity Lagrangian could be re-organized, perhaps following [67, 68|, to avoid a mode

expansion and streamline other calculations.
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A Basic inversion integrals

Let us record generic results of the inversion integral. It will be convenient to isolate powers
of 7 2 = and 7% since they integrate nicely. We now perform the z integral first as shown
in equation 4.7 of [24]. First, we compute the double discontinuity using eq. (2.27) to

find that

1 5\* 1 5\*
dDisc ( E Z) zp34/2] = 2sin(Am) sin((A + p21 + paa) ) ( z Z) Z7Pa/2 0 (ALD)
To evaluate the z integral, we first rewrite the hypergeometric function in its integral
form (with dummy variable v) and use the change of variable ¢ = % Details of the
computation can be found in [24]. The Z integral yields
tdz 713 (P21+p34) & (1,/9) EP21P34 (5)dDi 1-z)" 5—P34/2
; ?(1—2)2 i (h/2) h (z)dDisc e z
T19217P34 T B—A—M—l
— h ( 2 ) (AQ)

D(=A)T (=X — 22323y T (h 4 A+ 532 4 1)

where 7,° is defined in eq. (2.2).

A similar result can be found for the z integral. This integral differs from the previous
one by the double discontinuity term which only acted on the Z sector, and the extra
gamma functions from x. We therefore have

22 1—=2
CP@2=2R)P(1 =N (=h+X—B4)D (B + B — X +1)
T (-h+ R+ 1) T (—h— B+ 1)T (~h+ 5B -\ +2)

Ldz 1 PR )
/ (1 — Z)§(p21+p34)k‘§)ill;p34 (Z) |:} Z_p34/
0
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sin (7 (h — B2t)) sin(m(h 4+ X — 24)) sin (7 (h + B2))
sin(2mh) sin(mA) sin (7 (h — A + 23)) sin (7 (225282 — )))
r£217p34 (h i - p34 o 1)
T\ (A — 22t — B34) [ (h — A+p34+ 1)

N s 7,22171334 (h N & — 1)
JCOt( ()‘ 2 h)) (AT (A — 22— BT (h— )\+p34+1)

X

(A.3)

where we have assumed A > 0 and dropped terms with no poles near positive integer h.
Notice the similarity with (A.2) setting A — A.

A
To study higher 1/c¢ corrections, one would need to integrate [f } log(z). This will

—Zz
generically yield the following structure:

A
/ dz(l Z)é(p21+p34)k11721é1734(z)[ z 2] log(z)z_p34/2
0

22 1-
N P34 T;;JLQLPM (h + = p34 — 1)
~70h (C°t< (A_ 2 _h>>) T (A= 2 —BOT (h— A+ ’“4 +1) -
1 7,122171734 (h + = p54 _ 1)

(A.4)

:sin2(7rh) rr (/\ _ p;l p34) (h A+ p34 T 1)

where the ellipsis correspond to terms with single poles only. At order 1/¢, the subleading
poles would correspond to contributions to OPE coefficients a(V), see [34] for example
computations.

B Superconformal blocks, and weak coupling correlator to order 1/c

Although these were not needed in the main text, for reference we record here expressions
for superconformal blocks, as deduced from the disconnected OPE data of section similarly
to the half-BPS case in eq. (3.13). For the semi-short multiplets Cy,,,, equating the
Casimirs in egs. (3.10) and (3.12) we find (for generic integer m,n) a single matching
chiral block:

f€+m+2,n—m(za 04)' (B.l)
For the H part, on each of the two families (3.6) we find a one-parameter family of solu-

tions, and looking at the coefficients (a(0)>pqqp we find that they all appear with the same
coefficient up to sign. It is thus natural to group them together into a single block:

k= O? f(z7 Oé) ( ) krig+m+n< ) k:t‘l’;i (Ct),

2

m

_ _ i—1 ) _
o H(zz,a,0) = Z(_l)l Gilibrermin—i(#:2) Zp_i (@)
£,m,n i=1

Tmax

+ —
+Z(_ m ’ ng2+m+z4+€+n Z(Z Z) ZzTi m—i— 2( O‘)

with imax = (n —m — 2 — max(|r|, |s|))/2 on the last line. Again, although deduced from
the disconnected correlator, we find that this expression has the correct z,z — 0 limit for
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all the values of m,n,¢,r, s that we have verified, and so we identify it to be a general
expression for any semi-short block.

We also find that quarter-BPS blocks are simply a special case of the semi-short blocks,
where one sets £ = —1:

By, =Cn% (B.2)

—1m—-1n—1"

The long block Ap A m » only has a H contribution, written already on the last line of (3.12).

In terms of these superconformal blocks, the OPE decomposition of the disconnected
correlator given in egs. (3.7)—(3.9) turns out to involve exclusively double-traces:

G = Opa + (1 + 5p,q) Bo,p+q

min(p,g)—1 oo

0
+ 3 [(_1)mbl(,q2]p(£ F24mptq—2— Qm)} Compra--m (5.3
m=0 {=-1
oo o0
+ Z Z Z al(gl)qp(g’p +tq+ 2t + 67 m, n)AZ,p+q+2t+Z,m,n .
t=0 ¢=0 m,n

The range of m,n is as in eq. (2.20) and the coefficients are in egs. (3.7) and (3.9). The
fact that the OPE data can be reorganized into such a super-OPE with only double trace
dimensions is a non-trivial consistency check.

Let us briefly comment on the so-called multiplet merging phenomenon: there is an
inherent ambiguity in extracting the coefficients of C blocks, because a pair of semi-short
multiplets can be equivalent to a long one:

Cf,m,n + Cﬁ—l,m—i—l,n—i—l = A€,€+m+n+2,m,n (f > 0) (B4)

For £ = 0, the second term is to be interpreted as a quarter-BPS block according to
eq. (B.2). However, given that all the Cy,, ,-blocks in eq. (B.3) have the maximum value
of m 4+ n allowed by R-symmetry considerations, this identity could not be used to rewrite
the above without introducing terms with negative coefficients. We thus conclude that the
decomposition of the disconnected correlator into superconformal blocks is unique if we
assume unitarity. More generally, the multiplet merging phenomenon does not affect the
a and b coefficients defined in egs. (3.7) and (3.9), which are the fundamental objects in
this paper.

B.1 'Weak coupling limit

Finally, let us record another way to look at the protected part of the OPE data. As
discussed in subsection 4.2, due to nonrenormalization theorems and the structure of Wick
contractions, from it one can uniquely determine the weak ‘t Hooft coupling limit. At order
1/c, one needs to sum over Wick contractions which can be drawn on a sphere. There are
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Figure 5. The three type of planar Wick contractions between four operators at weak coupling;
each line represents a non-empty bundle of propagator. The respective symmetry factors are 1,
k + 1 and 2, where k is the number of diagonal propagators.

three cases, as shown in figure 5; the sum, explicitly, can be written as

p1+p2

£ u 2 T\ P2
g{;:e = Op1,p2Ops.ps + <;) {(517111135292,174 + <;> 5}?1,1745172,173}

VP1P2P3P1 X = o (/) 1+ Lpos + pra| w5 min(i+p2,ps+pa)
= 2 X ()

U/T (v/q—)p-i-min(pzhpszx)

P=Pmin 4=Aqmin

+ 3Ip21 + padl 1+ 3|p12 + psal (g)ﬁ
(v/r)maX(P21+p34,0) (’U/T)min(p217p34) ov

+0(1/c%), (B.5)

with the summation ranges determined so that all bundles are non-empty,
Pmin = 1 + %max(‘plﬂv |P34|), Pmax = %min(pl + p2,p3 +p4) -1, (BG)
Gmin = 1 + 3 max (0, pa1 + p34), Gmax = P + 5 min(pa1, p3s) — 1. (B.7)

This formula holds when the single-trace operators are defined to be orthogonal to multi-
traces, see discussion below eq. (4.3).

C Ten-dimensional conformal blocks at the unitarity bound

Some calculations in the text are greatly simplified using the explicit form of even-
dimensional conformal blocks, in particular right at the unitarity bound. Following ar-
guments in [59] we find that these blocks satisfy a simple differential equation:

s 22 (o - 29 G50 <o, -

which holds for any ¢ > 0. By a simple generalization of eq. (5.10) of [59], a general solution
can be written as a differential operator acting on a single-variable function:

<2Z_ZZ>7fj(Z)+<ZZ_ZZ>6 28 fi(z) + <2Z_ZZ>5 382(219( )

+ (—ZZ )412053( 2fi(2))

Zz—Z

d= _
Gé,s—:ZO) (2,2) =

+ (Z > 2) = D(3)fj(z). (02)
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Comparing with the series expansion in powers of z,Zz (see [63]) we find that the block
indeed takes this form, with the function specifically chosen as

120
&= G969

Finally, for future reference, let us record the seed controlling the two-loop leading-log

AL (G4 1,4+ 4,25 + 8, 2). (C.3)

term, following eq. (5.43):
1E) — (2 — 2)(249714 — 249714z + 21785522) N (1—2)(2903 — 29032 + 125822)

log(1—
1244160023 17280024 og(1—2)
(—2435 + 4870z — 367022 + 123523 + 224)
+ 1728002 Liz(2)
(1 —2)(227 + 877z + 17722 — 2323 + 22%) .,
N 34560025 log(1 - 2)
1—2)3(1 — 122 + 2122 , ,
d-2) (2880,25 ) (295(2) + Lia(2) — log(1 - 2)Lia(2))
(14102 + 102?)

e (93() — Lis(2)). (C4)
where g3(z) = Liz(1 — 2) — log(1 — 2)Lis(1 — 2) — 3 log(2) log*(1 — 2) — (.
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