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1 Introduction

The QCD energy-momentum tensor Tµν is known to receive the trace anomaly as [1–3],

Tµµ =
β(gR)

2gR
(FµνFµν)R + (1 + γm(gR))

(
mψ̄ψ

)
R
, (1.1)

representing the broken scale invariance due to the quantum loop effects, with the beta-

function β for the QCD coupling constant g and the anomalous dimension γm for the

quark mass m. Here, the suffix R denotes the renormalized quantities, and (FµνFµν)R and(
ψ̄ψ
)
R

denote the renormalized composite operators. This QCD trace anomaly signals the

generation of a nonperturbative mass scale, say, the nucleon mass M , taking the nucleon

matrix element of (1.1) and using the fact that 〈P |Tµν |P 〉 = 2PµP ν , where |P 〉 is the

nucleon state with 4-momentum Pµ.

The energy-momentum tensor consists of the quark part and the gluon part, Tµν =

Tµνq + Tµνg . Considering the corresponding renormalized quantities as (Tµν)R = (Tµνq )R +

(Tµνg )R, we have

(Tµν)R = Tµν , due to ∂νT
µν = 0 , (1.2)

representing conservation of energy and momentum, while (Tµνq )R and (Tµνg )R are not con-

served separately and thus are different from Tµνq and Tµνg , respectively, by the ultraviolet

(UV) subtraction terms to make the divergent bare quantities finite. Such subtraction

terms for the second rank symmetric tensors in various quantum field theories appear to

produce a finite contribution, when contracted with the metric tensor ηµν [4]. The explicit

results for the individual quark and gluon parts in QCD have been derived at the two-

loop level in the minimal subtraction (MS) scheme in the dimensional regularization in our

recent paper [5], and the corresponding one-loop results read,

ηµν
(
Tµνq

)
R

= T µ
q µ +

αs
4π

(
nf
3

(
F 2
)
R

+
4CF

3

(
mψ̄ψ

)
R

)
= (mψ̄ψ)R +

αs
4π

(
nf
3

(F 2)R +
4CF

3
(mψ̄ψ)R

)
, (1.3)
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ηµν
(
Tµνg

)
R

= T µ
g µ −

αs
4π

(
nf
3

(
F 2
)
R

+
4CF

3

(
mψ̄ψ

)
R

)
=
αs
4π

(
−11CA

6
(F 2)R +

14CF
3

(mψ̄ψ)R

)
, (1.4)

with

αRs =
g2R
4π
≡ αs , (1.5)

such that their total sum, ηµν (Tµνq )R+ηµν (Tµνg )R, reproduces the QCD trace anomaly (1.1)

with the one-loop terms for the renormalization group (RG) functions,

β(gR)

gR
= −β0

αs
4π

+ · · · , β0 =
11

3
CA −

2nf
3

, (1.6)

γm(gR) = 3CF
αs
2π

+ · · · , (1.7)

being substituted, where CF = N2
c−1
2Nc

= 4
3 and CA = Nc = 3 for Nc (= 3) color. Therefore,

the quark-loop (∝ 2nf

3 ) and gluon-loop (∝ −11
3 CA) contributions to the gluon self-energy

(in the background field method, see, e.g., [6]) directly determine the
(
F 2
)
R

terms in (1.3)

and (1.4), respectively. Similar correspondence may be invoked to the relative weights, 4

and 14, of the (mψ̄ψ)R terms in (1.3) and (1.4) by interpreting that those weights corre-

spond to the respective contributions caused by the quark and gluon internal propagators

in the quark self-energy. Such simple correspondence between the loop contributions of the

diagrams and the decomposition of the total anomaly demonstrates that the decomposi-

tion as (1.3) and (1.4) is of physical origin and well-defined; this point is also supported

by the fact [5] that actually (1.3) and (1.4) are separately RG-invariant to one-loop order,

because (mψ̄ψ)R is an exactly RG-invariant quantity and αs
(
F 2
)
R

is RG-invariant up to

the corrections of order α2
s. However, similar intuitive correspondence is not obvious in the

two-loop results derived in [5], and each of quark/gluon parts exhibits the RG scale de-

pendence. Therefore, the decomposition at two loops is likely to depend on regularization

and renormalization schemes to handle the UV divergences. Within the MS-like (MS, MS)

schemes in the dimensional regularization, their mutual relation is straightforward, but the

results using the other schemes are not known at present.

Physical relevance as well as phenomenological implications of such decomposition is

also demonstrated in [5], such that those RG properties of the quark/gluon parts of the

trace anomaly allow us to constrain the twist-four gravitational form factor C̄q,g, which

arises as one of the gravitational form factors [7–11] to parametrize hadron matirx ele-

ments of the quark/gluon parts of the QCD energy-momentum tensor, 〈P ′|Tµνq,g |P 〉. In

particular, the solution of the corresponding two-loop RG equations provides the model-

independent determination of the forward (P ′ → P ) value of C̄q,g, at the level of accuracy

∼ 10%. Such quantitative constraint could have an impact on the descriptions of the

shape deep inside the hadrons reflecting dynamics of quarks and gluons, such as the pres-

sure distributions inside the hadrons [9, 12, 13]; indeed, the recent results of the pressure

distributions inside the nucleon [14] are based on the determination of the gravitational

form factors from the behaviors of the generalized parton distributions (GPDs) [15–17],
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which are obtained by experiments like deeply virtual Compton scattering (DVCS) [16–21],

deeply virtual meson production [22, 23], meson-induced Drell-Yan production [24–26], etc.

(see also [27, 28]). As another phenomenological implication, the cross section of the near-

threshold photoproduction of J/ψ in ep scattering [29] is sensitive to the F 2 part of the

trace anomaly (1.1) [30], which can be conveniently handled [31] through the P ′ → P

behavior of the gravitational form factors that represent 〈P ′|ηµν (Tµνq,g )R |P 〉. Also, appar-

ently, the decomposed quark and gluon contributions to the trace anomaly should provide

a new insight on understanding the origin of the nucleon mass, one of the main objectives

of the future Electron-Ion Collider.

The two-loop results corresponding to (1.3) and (1.4) have been derived [5] working

out the renormalization mixing among the operators arising in the quark and gluon energy-

momentum tensors, where the two-loop anomalous dimensions for the second moment of

the twist-two quark/gluon distribution functions, as well as for the mixing of the twist-four

operators FµνFµν , mψ̄ψ, have been used as the necessary input informations. Because all

such input informations appear to be available at the three-loop order, we extend, in this

paper, the quark/gluon decomposition of the QCD trace anomaly to the three-loop level.

We work out the renormalization-mixing structure relevant for the quark and gluon energy-

momentum tensors in the MS scheme in section 2, present their explicit results at three

loops, and, as their direct consequence, derive the three-loop results of quark/gluon trace

anomaly in section 3. As an application of our results, the anomaly-induced mass structure

of nucleon as well as pion is discussed in section 4. Section 5 is reserved for conclusions.

2 Operator mixing in renormalization of energy-momentum tensor

We follow, here and in the following, the notations and conventions of [5]. Our starting

point is the gauge-invariant, symmetric QCD energy momentum tensor which is given

by [7] (see also the article by Jackiw in [32])

Tµν = Tµνq + Tµνg , (2.1)

where the quark and gluon parts read, respectively, in terms of the bare quark/gluon fields,

Tµνq = iψ̄γ(µ
←→
D ν)ψ , T µνg = −FµλF νλ +

ηµν

4
F 2 . (2.2)

Here, we have neglected the ghost and gauge fixing terms as they do not affect our final

results. Tµν is conserved and therefore it is a finite, scale-independent operator. However,

Tµνg and Tµνq are not conserved separately (see (3.29), (3.30) below) and are subject to

regularization and renormalization. Their traceless part and trace part are expressed by

the twist-two and twist-four operators, respectively. Therefore, in order to derive the quark

and gluon contributions to the quantum anomalies in their trace parts, we have to work out

the renormalization structure of the corresponding twist-two as well as twist-four operators

– 3 –
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associated with (2.2), clarifying their renormalization mixing. For this purpose, let us write

O1 = −FµλF νλ , (2.3)

O2 = ηµνF 2 , (2.4)

O3 = iψ̄γ(µ
←→
D ν)ψ , (2.5)

O4 = ηµνmψ̄ψ , (2.6)

and, using this basis of operators Ok (k = 1, 2, 3, 4), Tµν of (2.1) is expressed as

Tµν = O1 +
O2

4
+O3 . (2.7)

We introduce the renormalized composite operators ORk and the corresponding renormal-

ization constants as

OR1 = ZTO1 + ZMO2 + ZLO3 + ZSO4 , (2.8)

OR2 = ZFO2 + ZCO4 , (2.9)

OR3 = ZψO3 + ZKO4 + ZQO1 + ZBO2 , (2.10)

OR4 = O4 . (2.11)

Here, for simplicity, we do not explicitly show the mixing with the equations-of-motion

operators as well as the BRST-exact operators; their matrix elements sandwiched between

physical states vanish (see e.g., [4, 33–35]), so that they do not affect our final result. We

note that the composite operator O1, as well as O3, is a mixture of the twist-two and

-four operators, and the corresponding twist-four components can be expressed in terms of

O2 and O4. The formulas (2.11) and (2.9) reflect, respectively, that O4 is a RG-invariant

operator, and that the twist-four operator O2 mixes with itself and another twist-four

operator O4.

The renormalization constants arising in (2.8)–(2.10) can in principle be calculated by

evaluating the Feynman diagrams for the loop corrections of the corresponding composite

operators. As we explain here, however, the renormalization constants can be determined

without explicit evaluation of the those loop diagrams, i.e., by utilizing certain anomalous

dimensions in the literature which are available to the three-loop order. First, subtracting

the trace part from (2.3), (2.5), we obtain the traceless, twist-two part. Denoting the

corresponding renormalized and bare operators of twist-two as (` = 1, 3)

ÕR` = OR` − traces , Õ` = O` − traces , (2.12)

respectively, and subtracting those traces from both sides of (2.10) and (2.8), we obtain,

ÕR3 = ZψÕ3 + ZQÕ1 , (2.13)

ÕR1 = ZLÕ3 + ZT Õ1 . (2.14)

The differentiation of these relations with respect to the renormalization scale µ yields the

RG equations of the twist-two, spin-2 quark and gluon operators, which should coincide

– 4 –



J
H
E
P
0
1
(
2
0
1
9
)
1
2
0

with the second moment of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-

lution equations for the flavor-singlet part of the unpolarized parton distribution functions:

d

d lnµ

(
ÕR3 (µ)

ÕR1 (µ)

)
= −

(
γ̃qq(αs) γ̃qg(αs)

γ̃gq(αs) γ̃gg(αs)

)(
ÕR3 (µ)

ÕR1 (µ)

)
, (2.15)

with the anomalous dimension matrix,

γ̃(αs) ≡

(
γ̃qq(αs) γ̃qg(αs)

γ̃gq(αs) γ̃gg(αs)

)
=
αs
4π

(
16
3 CF −4nf

3

−16
3 CF

4nf

3

)
+ · · · , (2.16)

where the ellipses denote the two- and higher-loop terms, given as the second moment of the

singlet DGLAP kernel. In mass-independent regularization schemes like the dimensional

regularization, the anomalous dimensions of (2.16) depend on the scale µ only through that

of the strong coupling constant αs(µ). As a result, (2.15) is integrated to give(
ÕR3 (µ)

ÕR1 (µ)

)
= T(αs) exp

(
−
∫ αs(µ)

αs(µ′)
dα

1

β
(√

4πα
)√π

α
γ̃(α)

)(
ÕR3 (µ′)

ÕR1 (µ′)

)
, (2.17)

where the beta function is defined as

β(gR) ≡ dgR
d lnµ

=

√
π

αs

dαs
d lnµ

, (2.18)

and T(αs) means an ordering in the coupling constant such that the couplings increase from

right to left (µ < µ′). In particular, employing the dimensional regularization in d = 4−2ε

space-time dimensions, the µ′ →∞ limit of (2.17) leads to the result,(
ÕR3 (µ)

ÕR1 (µ)

)
= T(αs) exp

(
−
∫ αs(µ)

0
dα

1

β
(√

4πα
)√π

α
γ̃(α)

)(
Õ3

Õ1

)

≡

(
Uqq Uqg
Ugq Ugg

)(
Õ3

Õ1

)
, (2.19)

where (2.18) implies,

β(gR)

gR
=
d lnαs
d lnµ2

= −ε−
∞∑
n=0

βn

(αs
4π

)n+1
. (2.20)

This result (2.19) determines the renormalization constants in (2.13), (2.14) as

Zψ = Uqq , ZQ = Uqg , ZL = Ugq , ZT = Ugg , (2.21)

in terms of the anomalous dimensions of (2.16) in the MS-like schemes to a desired accuracy.

The renormalization constants ZM , ZS in (2.8), as well as ZK , ZB in (2.10), are still to

be determined. For this purpose, we need to analyze the relevant renormalization structure
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at the twist-four level by treating the explicit form of the “traces” in (2.12). For the bare

operators, it is straightforward to construct the corresponding contributions as

Õ1 = −FµλF νλ +
ηµν

d
F 2 = O1 +

1

d
O2 , (2.22)

Õ3 = iψ̄γ(µ
←→
D ν)ψ − ηµν

d
iψ̄γ(λ

←→
D λ)ψ = O3 −

1

d
O4 . (2.23)

Here, in the second formula, we have used the equations of motion for the quark fields,

ψ̄
(
i
←−
/D +m

)
=
(
i
−→
/D −m

)
ψ = 0. On the other hand, such straightforward manipulation

to construct the trace terms is not useful for the renormalized operators in (2.12), be-

cause the trace operation and the renormalization do not commute, i.e., ηµν
(
FµλF νλ

)
R
6=(

FµλFµλ
)
R

, ηµν

(
iψ̄γ(µ

←→
D ν)ψ

)
R
6=
(
iψ̄γ(λ

←→
D λ)ψ

)
R

: this is a general phenomenon one en-

counters when renormalizing a certain operator θµν , that behaves as a symmetric second

rank tensor [4, 36]. In the dimensional regularization with d = 4 − 2ε dimensions, the

counter terms to subtract the UV divergences in the bare operator as,

(θµν)R = θµν + [counter terms] , (2.24)

may contain a term proportional to ηµν/ε. Then, the contribution of this type, ηµν/ε,

produces,

ηµν
ηµν

ε
=

4− 2ε

ε
=

4

ε
− 2 , (2.25)

for the trace of the renormalized operator, ηµν (θµν)R, in the MS, while it produces 4/ε

as a counter term to define (θµµ)R, giving rise to a finite difference between ηµν (θµν)R
and (θµµ)R. Finite contributions of this type represent the trace anomaly in quantum field

theories. In particular, such finite contributions for ηµν
(
−FµλF νλ

)
R

, the trace of OR1 ,

appear to produce not only the contribution of OR2 but also of another twist-four operator

OR4 , by contract to (2.22) [5]; similarly, ηµν

(
iψ̄γ(µ

←→
D ν)ψ

)
R

, the trace of OR3 , receives the

contribution of OR4 as well as OR2 . Thus, we express the corresponding contributions as

OR1 = ÕR1 +
−1 + x1

d
OR2 +

y1
d
OR4 , (2.26)

OR3 = ÕR3 +
x3
d
OR2 +

1 + y3
d

OR4 , (2.27)

using certain coefficients x1, y1, x3, and y3 of order αs and higher, which are to be deter-

mined below. Substituting (2.22)–(2.27) into (2.8) and (2.10), we obtain,

−1 + x1
d

OR2 +
y1
d
OR4 =

(
−1

d
ZT + ZM

)
O2 +

(
1

d
ZL + ZS

)
O4 , (2.28)

x3
d
OR2 +

1 + y3
d

OR4 =

(
1

d
Zψ + ZK

)
O4 +

(
−1

d
ZQ + ZB

)
O2 , (2.29)
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where the twist-two operators dropped out using (2.13), (2.14), and the further substitution

of (2.9) and (2.11) yields the relations among the twist-four bare operators as(
1− x1
d

ZF −
1

d
ZT + ZM

)
O2 +

(
1− x1
d

ZC −
y1
d

+
1

d
ZL + ZS

)
O4 = 0 , (2.30)(

−x3
d
ZF −

1

d
ZQ + ZB

)
O2 +

(
−x3
d
ZC −

1 + y3
d

+
1

d
Zψ + ZK

)
O4 = 0 , (2.31)

leading to the four conditions,

ZM =
1

4− 2ε
ZT +

−1 + x1
4− 2ε

ZF , (2.32)

ZS = − 1

4− 2ε
ZL +

−1 + x1
4− 2ε

ZC +
y1

4− 2ε
, (2.33)

ZB =
1

4− 2ε
ZQ +

x3
4− 2ε

ZF , (2.34)

ZK = − 1

4− 2ε
Zψ +

x3
4− 2ε

ZC +
1 + y3
4− 2ε

. (2.35)

Recalling that ZT , ZL, ZQ, and Zψ are already determined as (2.21), these conditions allow

us to determine the renormalization constants in the l.h.s., once ZF , ZC , and the coefficients

x1, y1, x3, y3 are given. We note that the Feynman diagram calculation of ZF and ZC is

available to the two-loop order in the literature [37].

Now that explicit forms of all six renormalization constants arising in the r.h.s.

of (2.32)–(2.35) are available to a certain accuracy, we are able to fix also the coefficients

x1, y1, x3, and y3, invoking the following property of the renormalization constants in the

MS-like schemes: in this scheme, the renormalization constants take the form,

ZX = (δX,T + δX,ψ + δX,F ) +
aX
ε

+
bX
ε2

+
cX
ε3

+ · · · , (2.36)

with X = T, L,Q, ψ, F , and C; here, aX , bX , cX , . . ., are constants depending only on αs,

and δX,X′ denotes the Kronecker symbol. Laurent expansion of the r.h.s. of (2.32)–(2.35)

about ε = 0 would produce the O(ε0) terms as

1

32
[(8 + 4aT + 2bT + cT + · · · ) + (−1 + x1) (8 + 4aF + 2bF + cF + · · · )] , (2.37)

1

32
[− (4aL + 2bL + cL + · · · ) + (−1 + x1) (4aC + 2bC + cC + · · · ) + 8y1] , (2.38)

1

32
[(4aQ + 2bQ + cQ + · · · ) + x3 (8 + 4aF + 2bF + cF + · · · )] , (2.39)

1

32
[− (8 + 4aψ + 2bψ + cψ + · · · ) + x3 (4aF + 2bF + cF + · · · ) + 8(1 + y3)] , (2.40)

respectively, but these four formulas equal zero because ZM , ZS , ZB, and ZK should also

obey the form of (2.36). These four conditions allow us to determine x1, y1, x3, and y3 as

power series in αs to the accuracy same as the renormalization constants (2.36). Then, this

result of x1, y1, x3, y3 allows us to determine ZM , ZS , ZB, and ZK to the same accuracy

– 7 –
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using (2.32)–(2.35); furthermore, using (2.26) and (2.27), the result of x1, y1, x3, and y3
allows us to derive the gluon/quark individual contributions to the trace anomaly as,

ηµν
(
Tµνg

)
R

= −ηµν
(
FµλF νλ

)
R

+
(
F 2
)
R

= x1
(
F 2
)
R

+ y1
(
mψ̄ψ

)
R
, (2.41)

ηµν
(
Tµνq

)
R

= ηµν

(
iψ̄γ(µ

←→
D ν)ψ

)
R

=
(
mψ̄ψ

)
R

+ x3
(
F 2
)
R

+ y3
(
mψ̄ψ

)
R
. (2.42)

It is worth mentioning that the obtained results of the renormalization constants satisfy

the following constraints,

ZT + ZQ = 1 , (2.43)

ZM +
ZF
4

+ ZB =
1

4
, (2.44)

ZL + Zψ = 1 , (2.45)

ZS +
ZC
4

+ ZK = 0 , (2.46)

such that Tµν = (Tµν)R of (1.2) is obeyed with (2.1)–(2.11). Using (2.28), (2.29), and (2.9),

the above results (2.41) and (2.42) for individual anomalies may be reexpressed as

ηµν
(
Tµνg

)
R

= (ZF − ZT + ZMd)F 2 + (ZC + ZL + ZSd)mψ̄ψ , (2.47)

ηµν
(
Tµνq

)
R

= (−ZQ + ZBd)F 2 + (Zψ + ZKd)mψ̄ψ , (2.48)

in terms of the bare operators multiplied by the renormalization constants; adding these

formulas and using the constraints (2.43)–(2.46), we get

ηµν
(
Tµνq

)
R

+ ηµν
(
Tµνg

)
R

= [ZF − 1 + (ZM + ZB) (4− 2ε)]F 2

+ [ZC + 1 + (ZS + ZK) (4− 2ε)]mψ̄ψ

= − ε
2
F 2 +mψ̄ψ +

ε

2

(
ZFF

2 + ZCmψ̄ψ
)

= − ε
2
F 2 +mψ̄ψ . (2.49)

Here, in the last equality, we have used (2.9) and that ε
(
F 2
)
R
→ 0, as ε → 0. Note that

this final form coincides with the asymptotic (µ→∞) limit of the r.h.s. of (1.1) with the

use of (2.20), so that

ηµν
(
Tµνq

)
R

+ ηµν
(
Tµνg

)
R

= lim
µ→∞

[
β(gR(µ))

2gR(µ)

(
F 2
)
R

+ (1 + γm(gR(µ)))
(
mψ̄ψ

)
R

]
= T λλ , (2.50)

where we have used the RG invariance of T λλ . This result shows that the consistency condi-

tions (2.43)–(2.46) ensure that the total sum of the individual anomaly contributions (2.41)

and (2.42) correctly reproduces the QCD trace anomaly (1.1) at arbitrary order in αs.
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The formulas derived above hold to arbitrary order in perturbation theory. It is demon-

strated in [5] that the above logic leading to the formulas (2.41) and (2.42) indeed works at

the two-loop level: substituting the anomalous dimension matrix γ̃(αs) at two loops [38, 39]

into (2.19), we are able to obtain the two-loop formulas of ZT , ZL, ZQ, and Zψ using (2.21),

and, combined with the two-loop result [37] of ZF and ZC , the coefficients x1, y1, x3, and

y3 are uniquely determined to order α2
s. As a result, the two-loop result for ZM , ZS , ZB,

ZK and that for (2.41) and (2.42) are obtained, such that their one-loop terms read (1.3)

and (1.4).

We emphasize that the input information necessary for this method is the anomalous

dimension matrix γ̃(αs) of (2.16) and the renormalization constants ZF and ZC of (2.9).

The anomalous dimension matrix γ̃(αs) for the flavor-singlet part of the DGLAP evo-

lution equation is now known to three-loop order [39, 40]. On the other hand, for ZF
and ZC beyond two loops, there seems no Feynman-diagram calculation performing the

renormalization of the higher-twist scalar operators F 2 and ψ̄ψ. Fortunately, however,

the constraints imposed by the RG invariance of the energy-momentum tensor are strong

enough to determine the form of ZF as well as ZC : using the RG invariance of (2.49)

and (1.1), we have,

− ε
2
F 2 +mψ̄ψ =

β(gR)

2gR

(
F 2
)
R

+ (1 + γm(gR))
(
mψ̄ψ

)
R

=
β(gR)

2gR
ZFF

2 +

(
1 + γm(gR) +

β(gR)

2gR
ZC

)
mψ̄ψ , (2.51)

where we have substituted (2.9) and (2.11); this yields the relations,

ZF = −ε gR
β(gR)

=
1

1 +
1

ε

[
β0
αs
4π

+ β1

(αs
4π

)2
+ β2

(αs
4π

)3
+ · · ·

] , (2.52)

ZC = −2γm(gR)
gR

β(gR)
=

2

ε

[
γm0

αs
4π

+ γm1

(αs
4π

)2
+ γm2

(αs
4π

)3
+ · · ·

]
1 +

1

ε

[
β0
αs
4π

+ β1

(αs
4π

)2
+ β2

(αs
4π

)3
+ · · ·

] , (2.53)

where we have substituted (2.20) and the anomalous dimension for the quark mass in

the form,

γm(gR) = −d lnmR

d lnµ
= γm0

αs
4π

+ γm1

(αs
4π

)2
+ γm2

(αs
4π

)3
+ · · · . (2.54)

The power series expansion of (2.52), (2.53) in αs reads

ZF = 1 +
αs
4π

(
−β0
ε

)
+
(αs

4π

)2 [β20
ε2
− β1

ε

]
+
(αs

4π

)3 [
−β

3
0

ε3
+

2β1β0
ε2

− β2
ε

]
+ · · · , (2.55)

ZC =
αs
4π

(
2γm0

ε

)
+
(αs

4π

)2 [2γm1

ε
− 2β0γm0

ε2

]
+
(αs

4π

)3 [2β20γm0

ε3
− 2 (β1γm0 + β0γm1)

ε2
+

2γm2

ε

]
+ · · · . (2.56)
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These formulas completely determine ZF and ZC from the beta function β and the mass

anomalous dimension γm in the MS-like scheme. Indeed, these formulas correctly reproduce

the two-loop results of ZF and ZC of [37], which were obtained by the Feynman diagram

calculation. As another check, substituting (2.55) and (2.56) into the µ derivative of (2.9),

dOR2
d lnµ

=
dZF
d lnµ

O2 +
dZC
d lnµ

O4 =
d lnZF
d lnµ

OR2 +

(
d lnZC
d lnµ

− d lnZF
d lnµ

)
ZCO

R
4 , (2.57)

the result can be recast into the following RG equation,

d

d lnµ

(
F 2
)
R

= −2

(
d [β(gR)/2gR]

d ln gR

(
F 2
)
R

+
dγm(gR)

d ln gR

(
mψ̄ψ

)
R

)
, (2.58)

which, alternatively, may be derived as a direct consequence of the fact that the total trace

anomaly (1.1) is RG invariant, d
dµT

λ
λ = 0.

The mass anomalous dimension (2.54) is now known to four-loop order in the litera-

ture [41, 42]. Therefore, combined with the three-loop DGLAP anomalous dimensions for

γ̃(αs) in (2.15)–(2.21), the formulas derived in this section allow us to work out the new

three-loop result for the gluon/quark trace anomalies (2.41) and (2.42), which is presented

in the next section.

3 Results at three loops

We present the three-loop results in the MS or MS schemes, using the general formu-

las of section 2 with the three-loop input informations substituted. For this, the beta-

function (2.20) is given with β0 of (1.6) and

β1 =
34

3
C2
A − 2CFnf −

10

3
CAnf , (3.1)

β2 =
2857C3

A

54
− 1

2
nf

(
1415C2

A

27
+

205CACF
9

− 2C2
F

)
+

1

4
n2f

(
158CA

27
+

44CF
9

)
, (3.2)

and the mass anomalous dimension (2.54) reads [41, 42]

γm0 = 6CF , (3.3)

γm1 = 3C2
F +

97

3
CFCA −

10

3
CFnf , (3.4)

γm2 = nf

[(
−48ζ(3)− 556

27

)
CACF + (48ζ(3)− 46)C2

F

]
− 129

2
CAC

2
F +

11413

54
C2
ACF −

70

27
CFn

2
f + 129C3

F , (3.5)

where ζ(s) is the Riemann zeta-function with ζ(3) = 1.202056903 . . . . The three-loop

anomalous dimension matrix (2.16) for the twist-two flavor-singlet operators reads [39, 40]

γ̃(αs) =
αs
4π

(
16CF

3 −4nf

3

−16CF
3

4nf

3

)
+
(αs

4π

)2
S +

(αs
4π

)3
R , (3.6)
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where

S = 2

(
376
27 CFCA −

112
27 C

2
F −

104
27 nfCF −74

27CFnf −
35
27CAnf

−376
27 CFCA + 112

27 C
2
F + 104

27 CFnf
74
27CFnf + 35

27CAnf

)
, (3.7)

and

Rqq = −Rgq = −256

3
ζ(3)CACFnf −

44

9
CACFnf − 128ζ(3)CAC

2
F +

128

3
ζ(3)C2

ACF

− 17056

243
CAC

2
F +

41840

243
C2
ACF +

256

3
ζ(3)C2

Fnf −
14188

243
C2
Fnf

− 568

81
CFn

2
f +

256ζ(3)C3
F

3
−

1120C3
F

243
, (3.8)

Rqg = −Rgg = −208

3
ζ(3)CACFnf +

278

9
CACFnf + 48ζ(3)C2

Anf −
3589

81
C2
Anf

+
2116

243
CAn

2
f +

64

3
ζ(3)C2

Fnf −
346

243
CFn

2
f −

4310

243
C2
Fnf . (3.9)

Then, using (2.21), we obtain the corresponding three-loop renormalization constants as

Zψ = 1+
αs
4π

(
8CF
3ε

)
+
(αs

4π

)2CF
(
16nf

9 −
44CA

9

)
+

32C2
F

9

ε2
+
CF

(
188CA

27 −
52nf

27

)
− 56C2

F
27

ε


+
(αs

4π

)3[ 1

ε3

{
nf

(
320C2

F

81
− 616CACF

81

)
− 352

27
CAC

2
F +

968

81
C2
ACF

+
32

27
CFn

2
f+

256C3
F

81

}
+

1

ε2

{
nf

(
3272CACF

243
−

560C2
F

243

)
+

5744

243
CAC

2
F

−6584

243
C2
ACF−

104

81
CFn

2
f−

448C3
F

81

}
+

1

ε

{
nf

(
− 2

27
(192ζ(3)+11)CACF−

2

729
(3547−5184ζ(3))C2

F

)
− 16

729
(972ζ(3)+533)CAC

2
F +

8

729
(648ζ(3)+2615)C2

ACF

−284

243
CFn

2
f+

16

729
(648ζ(3)−35)C3

F

}]
, (3.10)

ZQ =
αs
4π

(
−

2nf
3ε

)
+
(αs

4π

)2 11CAnf

9 − 8CFnf

9 − 4n2
f

9

ε2
+
−35

54CAnf−
37CFnf

27

ε


+
(αs

4π

)3[ 1

ε3

{
n2f

(
154CA

81
− 80CF

81

)
+nf

(
88CACF

27
−

242C2
A

81
−

64C2
F

81

)
−

8n3f
27

}

+
1

ε2

{
n2f

(
−355CA

243
− 10CF

9

)
+nf

(
−26CACF

81
+

997C2
A

243
−

8C2
F

27

)}
+

1

ε

{
nf

(
1

81
(417−936ζ(3))CACF +

1

486
(3888ζ(3)−3589)C2

A

+
1

729
(2592ζ(3)−2155)C2

F

)
+n2f

(
1058CA

729
− 173CF

729

)}]
, (3.11)
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ZL =
αs
4π

(
−8CF

3ε

)
+
(αs

4π

)2CF
(
44CA

9 −
16nf

9

)
− 32C2

F
9

ε2
+
CF

(
52nf

27 −
188CA

27

)
+

56C2
F

27

ε


+
(αs

4π

)3[ 1

ε3

{
nf

(
616CACF

81
−

320C2
F

81

)
+

352

27
CAC

2
F−

968

81
C2
ACF

−32

27
CFn

2
f−

256C3
F

81

}
+

1

ε2

{
nf

(
560C2

F

243
− 3272CACF

243

)
−5744

243
CAC

2
F +

6584

243
C2
ACF +

104

81
CFn

2
f+

448C3
F

81

}
+

1

ε

{
nf

(
2

27
(192ζ(3)+11)CACF +

2

729
(3547−5184ζ(3))C2

F

)
+

16

729
(972ζ(3)+533)CAC

2
F−

8

729
(648ζ(3)+2615)C2

ACF

+
284

243
CFn

2
f−

16

729
(648ζ(3)−35)C3

F

}]
, (3.12)

ZT = 1+
αs
4π

(
2nf
3ε

)
+
(αs

4π

)2−11CAnf

9 +
8CFnf

9 +
4n2

f

9

ε2
+

35CAnf

54 +
37CFnf

27

ε


+
(αs

4π

)3[ 1

ε3

{
n2f

(
80CF

81
− 154CA

81

)
+nf

(
−88CACF

27
+

242C2
A

81
+

64C2
F

81

)
+

8n3f
27

}

+
1

ε2

{
n2f

(
355CA

243
+

10CF
9

)
+nf

(
26CACF

81
−

997C2
A

243
+

8C2
F

27

)}
+

1

ε

{
nf

(
1

81
(936ζ(3)−417)CACF +

1

486
(3589−3888ζ(3))C2

A

+
1

729
(2155−2592ζ(3))C2

F

)
+n2f

(
173CF

729
− 1058CA

729

)}]
. (3.13)

On the other hand, ZF and ZC at three loops are given by (2.55) and (2.56), respectively,

with (1.6), (3.1)–(3.5) substituted.

Substituting the above formulas into (2.32)–(2.40), the three-loop result for the re-

maining renormalization constants is obtained as

ZM =
αs

4π

(
11CA

12ε

)
+
(
αs

4π

)2 [ 11CAnf

12
− 121C2

A
36

+
2CFnf

9

ε2
+
− 14CAnf

27
+

17C2
A

6
− 5CFnf

108

ε

]

+
(
αs

4π

)3 [ 1

ε3

{
n2f

(
121CA

162
+

20CF

81

)
+ nf

(
−22CACF

27
− 484C2

A

81
+

16C2
F

81

)
+

1331C3
A

108

}
+

1

ε2

{
n2f

(
−140CA

243
− 43CF

162

)
+ nf

(
541CACF

162
+

7889C2
A

972
+

14C2
F

81

)
−187C3

A

9

}
+

1

ε

{
nf

((
26ζ(3)

9
− 1123

324

)
CACF +

(
−2ζ(3)− 293

72

)
C2
A

+
(

784

729
− 8ζ(3)

9

)
C2
F

)
+ n2f

(
361CF

1458
− 655CA

5832

)
+

2857C3
A

216

}]
, (3.14)
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ZB =
αs

4π

(
−nf

6ε

)
+
(
αs

4π

)2 [ 11CAnf

36
− 2CFnf

9
− n2

f

9

ε2
+
− 17

54
CAnf −

49CFnf

108

ε

]

+
(
αs

4π

)3 [ 1

ε3

{
n2f

(
77CA

162
− 20CF

81

)
+ nf

(
22CACF

27
− 121C2

A

162
− 16C2

F

81

)
− 2n3

f

27

}
+

1

ε2

{
n2f

(
−130CA

243
− 65CF

162

)
+ nf

(
53CACF

162
+

1723C2
A

972
− 14C2

F

81

)}
+

1

ε

{
nf

((
401

648
− 26ζ(3)

9

)
CACF +

(
2ζ(3)− 67

27

)
C2
A +

(
8ζ(3)

9
− 2407

2916

)
C2
F

)
+n2f

(
697CA

1458
+

169CF

2916

)}]
, (3.15)

ZS =
αs

4π

(
−7CF

3ε

)
+
(
αs

4π

)2 [CF

(
88CA

9
− 14nf

9

)
+

8C2
F

9

ε2
+

CF

(
11nf

27
− 406CA

27

)
− 85C2

F
54

ε

]

+
(
αs

4π

)3 [ 1

ε3

{
nf

(
1034CACF

81
+

80C2
F

81

)
− 88

27
CAC

2
F −

3025

81
C2
ACF

−28

27
CFn

2
f +

64C3
F

81

}
+

1

ε2

{
nf

(
−5056CACF

243
− 1721C2

F

243

)
+

4753

486
CAC

2
F

+
42767

486
C2
ACF +

22

81
CFn

2
f −

80C3
F

81

}
+

1

ε

{
nf

((
184ζ(3)

9
+

1423

243

)
CACF

+
(

25229

1458
− 184ζ(3)

9

)
C2
F

)
+
(

91753

2916
− 16ζ(3)

3

)
CAC

2
F

+
(

16ζ(3)

9
− 294929

2916

)
C2
ACF +

277

243
CFn

2
f +

(
32ζ(3)

9
− 95041

1458

)
C3
F

}]
, (3.16)

ZK =
αs

4π

(
−2CF

3ε

)
+
(
αs

4π

)2 [CF

(
11CA

9
− 4nf

9

)
− 8C2

F
9

ε2
+

CF

(
34nf

27
− 61CA

54

)
+

2C2
F

27

ε

]

+
(
αs

4π

)3 [ 1

ε3

{
nf

(
154CACF

81
− 80C2

F

81

)
+

88

27
CAC

2
F −

242

81
C2
ACF

− 8

27
CFn

2
f −

64C3
F

81

}
+

1

ε2

{
nf

(
20C2

F

243
− 1478CACF

243

)
− 1040

243
CAC

2
F

+
1283

243
C2
ACF +

68

81
CFn

2
f +

80C3
F

81

}
+

1

ε

{
nf

((
32ζ(3)

9
+

1079

243

)
CACF

+
(

8305

1458
− 32ζ(3)

9

)
C2
F

)
+
(

16ζ(3)

3
+

572

729

)
CAC

2
F

+
(
−16ζ(3)

9
− 6611

1458

)
C2
ACF +

38

243
CFn

2
f +

(
500

729
− 32ζ(3)

9

)
C3
F

}]
, (3.17)

and the coefficients in (2.26) and (2.27) for the trace after renormalization are obtained as

x1 =
αs

4π

(
−11CA

6

)
+
(
αs

4π

)2 [
nf

(
28CA

27
+

5CF

54

)
− 17C2

A

3

]
+
(
αs

4π

)3 [
nf

((
1123

162
− 52ζ(3)

9

)
CACF +

(
4ζ(3) +

293

36

)
C2
A

+
16

729
(81ζ(3)− 98)C2

F

)
+ n2f

(
655CA

2916
− 361CF

729

)
− 2857C3

A

108

]
, (3.18)
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y1 =
αs

4π

(
14CF

3

)
+
(
αs

4π

)2 [812CACF

27
− 22CFnf

27
+

85C2
F

27

]
+
(
αs

4π

)3 [
nf

((
368ζ(3)

9
− 25229

729

)
C2
F −

2

243
(4968ζ(3) + 1423)CACF

)
+
(

32ζ(3)

3
− 91753

1458

)
CAC

2
F +

(
294929

1458
− 32ζ(3)

9

)
C2
ACF −

554

243
CFn

2
f

+
(

95041

729
− 64ζ(3)

9

)
C3
F

]
, (3.19)

x3 =
αs

4π

(
nf

3

)
+
(
αs

4π

)2 [17CAnf

27
+

49CFnf

54

]
+
(
αs

4π

)3 [
nf

((
52ζ(3)

9
− 401

324

)
CACF +

(
134

27
− 4ζ(3)

)
C2
A

+
(

2407

1458
− 16ζ(3)

9

)
C2
F

)
+ n2f

(
−697CA

729
− 169CF

1458

)]
, (3.20)

y3 =
αs

4π

(
4CF

3

)
+
(
αs

4π

)2 [
CF

(
61CA

27
− 68nf

27

)
− 4C2

F

27

]
+
(
αs

4π

)3 [
nf

((
64ζ(3)

9
− 8305

729

)
C2
F −

2

243
(864ζ(3) + 1079)CACF

)
− 8

729
(972ζ(3) + 143)CAC

2
F +

(
32ζ(3)

9
+

6611

729

)
C2
ACF

− 76

243
CFn

2
f +

8

729
(648ζ(3)− 125)C3

F

]
. (3.21)

Substitution of these results into (2.41) and (2.42) leads to the main result of this paper,

ηµν
(
Tµνg

)
R

=
αs

4π

(
14

3
CF
(
mψ̄ψ

)
R
− 11

6
CA
(
F 2
)
R

)
+
(
αs

4π

)2
×
[(
CF

(
812CA

27
− 22nf

27

)
+

85C2
F

27

)(
mψ̄ψ

)
R

+

(
28CAnf

27
− 17C2

A

3
+

5CFnf

54

)(
F 2
)
R

]
+
(
αs

4π

)3 [{
nf

((
368ζ(3)

9
− 25229

729

)
C2
F−

2

243
(4968ζ(3)+1423)CACF

)
+
(

32ζ(3)

3
− 91753

1458

)
CAC

2
F +
(

294929

1458
− 32ζ(3)

9

)
C2
ACF−

554

243
CFn

2
f

+
(

95041

729
− 64ζ(3)

9

)
C3
F

}(
mψ̄ψ

)
R

+
{
nf

((
1123

162
− 52ζ(3)

9

)
CACF +

(
4ζ(3)+

293

36

)
C2
A+

16

729
(81ζ(3)−98)C2

F

)
+n2f

(
655CA

2916
− 361CF

729

)
− 2857C3

A

108

}(
F 2
)
R

]
, (3.22)

ηµν
(
Tµνq

)
R

=
(
mψ̄ψ

)
R

+
αs

4π

(
4

3
CF
(
mψ̄ψ

)
R

+
1

3
nf
(
F 2
)
R

)
+
(
αs

4π

)2
×
[(
CF

(
61CA

27
− 68nf

27

)
− 4C2

F

27

)(
mψ̄ψ

)
R

+
(

17CAnf

27
+

49CFnf

54

)(
F 2
)
R

]
+
(
αs

4π

)3 [{
nf

((
64ζ(3)

9
− 8305

729

)
C2
F−

2

243
(864ζ(3)+1079)CACF

)
− 8

729
(972ζ(3)+143)CAC

2
F +
(

32ζ(3)

9
+

6611

729

)
C2
ACF−

76

243
CFn

2
f

+
8

729
(648ζ(3)−125)C3

F

}(
mψ̄ψ

)
R

+
{
nf

((
52ζ(3)

9
− 401

324

)
CACF +

(
134

27
−4ζ(3)

)
C2
A+
(

2407

1458
− 16ζ(3)

9

)
C2
F

)
+n2f

(
−697CA

729
− 169CF

1458

)}(
F 2
)
R

]
, (3.23)
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corresponding to the three-loop extension of (1.4) and (1.3), respectively. In accord with

the general result (2.50), we note that the sum of these two equations reproduces the

three-loop expression of (1.1) and is thus RG-invariant. However, each of them exhibits

the dependence on the RG scale µ, i.e.,

T λλ = ηλν

(
T λνg

)
R

∣∣∣
µ

+ ηλν

(
T λνq

)
R

∣∣∣
µ
, (3.24)

due to the contributions of order α2
s and higher (see the discussion in section 1).

The formulas (3.22)–(3.24) and the other formulas obtained in this section should be

evaluated using the three-loop running coupling constant, which is obtained by solving the

RG equation (see (2.20), (3.1), (3.2)),

d lnαs
d lnµ2

= −β0
αs
4π
− β1

(αs
4π

)2
− β2

(αs
4π

)3
, (3.25)

as

ln
µ2

Λ2
QCD

=
4π

β0αs(µ)
+
β1
β20

ln

(
β0αs(µ)

4π

)
+

(
β0β2 − β21

)
αs(µ)

4πβ30
, (3.26)

where the constant of integration is represented by the QCD scale parameter ΛQCD accord-

ing to the definition in [43, 44], and this result may be further solved for αs(µ) iteratively,

leading to

αs(µ)

4π
=

1

β0L
− β1 lnL

β30L
2

+
1

L3

[
β2
β40

+
β21
(
ln2 L− lnL− 1

)
β50

]
, (3.27)

where L ≡ ln
(
µ2/Λ2

QCD

)
. For example, using the RunDec package [45], we obtain,

αs(µ = 1 GeV) = 0.47358 . . . , (3.28)

as the result of the three-loop evolution in the MS scheme, where, starting from the initial

value αs(MZ) = 0.1181, the number of active flavors is determined automatically such that

the decoupling is performed at the pole mass of the respective heavy quark. We use this

value (3.28) for numerical evaluations with the nf = 3 active flavors.1

Before ending this section, we mention an immediate consequence of our three-loop

results, combined with the exact operator identities in QCD, which read [10, 46, 47]

∂νT
µν
q = ψ̄gFµνγνψ , (3.29)

up to the terms which vanish using the equations of motion, (i /D −m)ψ = 0, and

∂νT
µν
g = F µ

ν DαF
αν . (3.30)

Note that (3.29) and (3.30) are compatible with the condition (1.2), using the equations

of motion for the gluon fields, DαF
αν = gψ̄γνψ, and the fact that the equations of motion

are preserved under renormalization. Then, the ∂µ-derivative of (2.10) gives

(ψ̄gFµνγνψ)R = (Zψ − ZQ)ψ̄gFµνγνψ + ZK∂
µ(mψ̄ψ) +

(
ZB −

ZQ
4

)
∂µF 2 . (3.31)

1The value (3.28) corresponds to Λ
(3)
QCD ' 0.336 GeV, when (3.26) is used with nf = 3 fixed.
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Here, the last term plays roles for cases beyond one loop, because ZB −
ZQ

4 = O(α2
s) from

the results (3.11) and (3.15). It is remarkable that (3.31), together with the above results

of the three-loop renormalization constants, leads to the three-loop evolution equation for

the twist-four quark-gluon operator,

∂

∂ lnµ

(
gψ̄F λνγνψ

)
R

=
αs

4π

((
−16CF

3
− 4nf

3

)(
gψ̄F λνγνψ

)
R

+
4CF

3
∂λ
(
mψ̄ψ

)
R

)
+
(
αs

4π

)2 [(11CA

18
+

4CF

9

)
nf∂

λ
(
F 2
)
R

+

((
20CF

9
− 70CA

27

)
nf−

752CACF

27
+

224C2
F

27

)(
gψ̄F λνγνψ

)
R

+

(
122CACF

27
− 136CFnf

27
− 8C2

F

27

)
∂λ
(
mψ̄ψ

)
R

]
+
(
αs

4π

)3[
∂λ
(
F 2
)
R

(
n2f

(
−56CA

81
− 19CF

27

)
+nf

(
433CACF

108
+

1235C2
A

324
+

14C2
F

27

))
+
(
gψ̄F λνγνψ

)
R

(
nf

((
16ζ(3)+

322

9

)
CACF +

(
48ζ(3)− 3589

81

)
C2
A

+
(

9878

243
−64ζ(3)

)
C2
F

)
+n2f

(
2116CA

243
+

1358CF

243

)
+
(

128ζ(3)+
17056

243

)
CAC

2
F

− 16

243
(648ζ(3)+2615)C2

ACF−
32

243
(648ζ(3)−35)C3

F

)
+∂λ

(
mψ̄ψ

)
R

(
nf

((
64ζ(3)

3
− 8305

243

)
C2
F−

2

81
(864ζ(3)+1079)CACF

)
+
(
−32ζ(3)− 1144

243

)
CAC

2
F +
(

32ζ(3)

3
+

6611

243

)
C2
ACF

−76

81
CFn

2
f+

8

243
(648ζ(3)−125)C3

F

)]
, (3.32)

which extends the previous two-loop result obtained in [5]; the substitution
(
gψ̄F λνγνψ

)
R
→

−
(
F λ
ν DαF

αν
)
R

in (3.32) gives the evolution equation for the twist-four gluonic operator,

F λ
ν DαF

αν . Those evolution equations should be handled combining with the RG equations

for higher twist operators arising in the r.h.s., i.e., (see (2.58))

d

d lnµ
∂λ
(
F 2
)
R

= 2

(
β0
αs
4π

+ 2β1

(αs
4π

)2
+ 3β2

(αs
4π

)3)
∂λ
(
F 2
)
R

− 4

(
γm0

αs
4π

+ 2γm1

(αs
4π

)2
+ 3γm2

(αs
4π

)3)
∂λ
(
mψ̄ψ

)
R
, (3.33)

d

d lnµ
∂λ
(
mψ̄ψ

)
R

= 0 , (3.34)

with (1.6), (3.1)–(3.5).

4 Anomaly-induced mass structure of hadrons

As mentioned in section 1, it is well-known that the QCD trace anomaly (1.1) is related to

the nucleon mass M , as

2M2 = 〈P |T λλ |P 〉 = 〈P |
(
β(gR)

2gR

(
F λνFλν

)
R

+ (1 + γm(gR))
(
mψ̄ψ

)
R

)
|P 〉 . (4.1)
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This indicates that almost all of the nucleon mass could be attributed to the quantum

loop effects in QCD which induce the trace anomaly. Based on this equation, it is also

argued frequently that, in the chiral limit, the entire mass comes from gluons. However,

the partition of QCD loop effects for the trace anomaly into the gluon and quark contri-

butions, (1.4) and (1.3), and their three-loop extension (3.22) and (3.23), shows that the

latter statement is not correct: evaluating (3.22)–(3.24) with Nc = 3, nf = 3, one finds,

2M2 = 〈P | ηλν
(
T λνg

)
R

∣∣∣
µ
|P 〉+ 〈P | ηλν

(
T λνq

)
R

∣∣∣
µ
|P 〉 , (4.2)

where

ηλν

(
T λνg

)
R

∣∣∣
µ

=
(
−0.437676αs(µ)−0.261512α2

s(µ)−0.183827α3
s(µ)

) (
F 2
)
R

∣∣
µ

(4.3)

+
(
0.495149αs(µ)+0.776587α2

s(µ)+0.865492α3
s(µ)

)(
mψ̄ψ

)
R
,

ηλν

(
T λνq

)
R

∣∣∣
µ

=
(
0.0795775αs(µ)+0.0588695α2

s(µ)+0.0216037α3
s(µ)

) (
F 2
)
R

∣∣
µ

(4.4)

+
(
1+0.141471αs(µ)−0.00823495α2

s(µ)−0.0643511α3
s(µ)

)(
mψ̄ψ

)
R
,

where
(
mψ̄ψ

)
R

is independent of the scale µ, while the µ dependence of
(
F 2
)
R

∣∣
µ

is con-

trolled by the RG equation (2.58); substituting (3.28), we obtain

ηλν

(
T λνg

)
R

∣∣∣
µ=1 GeV

= −0.285452
(
F 2
)
R

∣∣
µ=1 GeV

+ 0.500593
(
mψ̄ψ

)
R
, (4.5)

ηλν

(
T λνq

)
R

∣∣∣
µ=1 GeV

= 0.0531842
(
F 2
)
R

∣∣
µ=1 GeV

+ 1.05832
(
mψ̄ψ

)
R
. (4.6)

Because α3
s(1 GeV) ' 0.1, the neglected four-loop contributions are expected to produce

corrections less than ten percent.

For simplicity, in the chiral limit, we find

〈P | ηλν
(
T λνq

)
R

∣∣∣
µ
|P 〉

〈P | ηλν
(
T λνg

)
R

∣∣∣
µ
|P 〉

= −0.181818− 0.0258682αs(µ) + 0.0424613α2
s(µ) , (4.7)

so that the gluon- and quark-loop effects make the nucleon mass heavy and light, respec-

tively, with the magnitude of the former being five times larger than that of the latter, and

it appears that the µ-dependence of this result for the relative size of the gluon/quark loop

effects in the chiral limit is rather weak. It is also worth noting that the total sum (4.2)

of (4.5) and (4.6) allows us to constrain the matrix element of F 2 as

〈P |
(
F 2
)
R

∣∣
µ=1 GeV

|P 〉 ' −8.61M2 . (4.8)

When taking into account the quark-mass effects, the matrix element of the quark scalar

operator, 〈P |mψ̄ψ|P 〉, participates; its value may be constrained from the informations on

the sigma terms (see, e.g., [48–51]), but we do not go into the detail here.

Next, we consider the pion case, making the substitution: |P 〉 → |π(p)〉 with p2 = m2
π.

Then, (4.1) becomes

2m2
π =

〈
π(p)

∣∣(β(gR)

2gR

(
F 2
)
R

+ (1 + γm(gR))
(
mψ̄ψ

)
R

)∣∣π(p)
〉
, (4.9)
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which implies, in the chiral limit m = 0,〈
π(p)

∣∣(F 2
)
R

∣∣π(p)
〉∣∣
m=0

= 0 . (4.10)

Since the PCAC relation (fπ is the pion decay constant),

− (mu +md) 〈0|
(
ūu+ d̄d

)
|0〉 = 2f2πm

2
π , (4.11)

indicates m2
π ∼ m as m → 0, (4.9) gives the relation among the O(m) terms when the

substitution
∣∣π(p)

〉
→
∣∣π(p)

〉
0
+
∣∣π(p)

〉
1

+ . . ., where
∣∣π(p)

〉
0
≡
∣∣π(p)

〉∣∣
m=0

and
∣∣π(p)

〉
1

is

the O(m1)-term, is made, such that
〈
π(p)

∣∣(mψ̄ψ)
R

∣∣π(p)
〉
→ 0

〈
π(p)

∣∣(mψ̄ψ)
R

∣∣π(p)
〉
0

and〈
π(p)

∣∣(F 2
)
R

∣∣π(p)
〉
→ 0

〈
π(p)

∣∣(F 2
)
R

∣∣π(p)
〉
1

+ 1

〈
π(p)

∣∣(F 2
)
R

∣∣π(p)
〉
0
, up to the corrections

of O(m2). On the other hand, the pion mass can also be calculated as the mass shift

due to the ordinary first-order perturbation theory in the quark mass term in the QCD

Hamiltonian, as [48]

m2
π = 0

〈
π(p)

∣∣mψ̄ψ∣∣π(p)
〉
0
, (4.12)

and, combining this with (4.9), we obtain

(1− γm(gR))m2
π =

〈
π(p)

∣∣β(gR)

2gR

(
F 2
)
R

∣∣π(p)
〉
, (4.13)

to O(m) accuracy. Therefore, up to the corrections of O(m2), the terms associated with

the F 2 operator and the mψ̄ψ operator in the r.h.s. of (4.9) contribute to m2
π according to

the relative weights, (1 − γm(gR)) and (1 + γm(gR)), respectively, where

γm(gR) = 0.63662αs + 0.768352α2
s + 0.801141α3

s ' 0.559 , (4.14)

using (3.3)–(3.5), and (3.28). Substituting (4.12) and (4.13) into (4.2) with (4.3)–(4.6) and

M2 → m2
π, we find

1

2m2
π

〈
π(p)

∣∣ηλν (T λνg )
R

∣∣∣
µ

∣∣π(p)
〉

= 0.611111− 0.12215αs(µ)− 0.124659α2
s(µ)− 0.0430357α3

s(µ) , (4.15)

1

2m2
π

〈
π(p)

∣∣ηλν (T λνq )
R

∣∣∣
µ

∣∣π(p)
〉

= 0.388889 + 0.12215αs(µ) + 0.124659α2
s(µ) + 0.0430357α3

s(µ) , (4.16)

and

1

2m2
π

〈
π(p)

∣∣ηλν (T λνg )
R

∣∣∣
µ=1 GeV

∣∣π(p)
〉

= 0.521 , (4.17)

1

2m2
π

〈
π(p)

∣∣ηλν (T λνq )
R

∣∣∣
µ=1 GeV

∣∣π(p)
〉

= 0.479 , (4.18)

which hold to O(m) accuracy. As in the nucleon case, the µ-dependence of the result is

rather weak, but this result shows the structure which is completely different from the

nucleon case: both the gluon- and quark-loop effects make the pion mass heavy, each
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of them giving rise to roughly half of the pion mass. This remarkable feature may be

eventually attributed to particular nature of the pion as a Nambu-Goldstone boson, but

the clarification needs further studies, including those to make connections with the QCD

analysis of hadron masses based on the decomposition of the QCD Hamiltonian [49, 50, 52]

into the quark/gluon components.

5 Conclusions

We have studied the renormalization of the energy-momentum tensor in QCD at three-loop

order and derived the analytic formulas for all the relevant renormalization constants in

the MS scheme. To achieve this, we did not need any new loop calculation. We explained

our method which allows us to determine the structure of the renormalization mixing

involving the twist-four as well as twist-two operators, from the knowledge of the basic RG

functions, β(g) and γm(g), and the anomalous dimensions for twist-two, spin-2 operators,

which are available to the required accuracy in the literature. This method utilized, in

particular, the constraints from the fact that the trace of the total energy-momentum tensor

is determined completely by the basic RG functions in the RG-invariant form, and that

the renormalization constants in the MS-like schemes obey the divergent pole structures

independent of any mass.

Determining the renormalization structure at three loops, we were immediately able

to calculate the trace contributions for the quark and gluon parts of the energy-momentum

tensor separately, leading to the decomposition of the three-loop QCD trace anomaly into

the quark and gluon parts. Our result extends the previous result in the two-loop order into

three loops, and the features found in the former case are preserved at the three-loop level,

although their analytic expressions become considerably complicated and cumbersome.

Going from the two-loop formula to the three-loop formula, we have found that the accuracy

is generally improved from ten percent level to a few percent level, and, therefore, our three-

loop formula should provide good control on the uncertainties in the calculations for most

practical purposes. Our formula obtained in the MS scheme will be most convenient for

various actual applications, but it would be interesting to derive the similar formula using

other regularization schemes, e.g., the gradient flow regularization [36, 53], and study the

scheme dependence.

As an immediate application, we used our three-loop formula to analyze the anomaly-

induced mass structure of nucleon as well as of pion. Our three-loop formula allowed us to

carry out such analysis at a few percent-level accuracy, and provided a new insight on the

hadron masses such that they are generated from the quantum anomaly effects for quarks

as well as for gluons. Our analysis revealed that the nature of the masses, in particular,

the dominant roles played by the quark part and the gluon part of the energy-momentum

tensor, are completely different between nucleon and pion. Another application, which was

not discussed in this paper, is to constrain the gravitational form factor C̄q,g of a hadron,

as treated in [5]. C̄q,g receives much attention in connection with the force distribution

inside the nucleon [9, 11, 31, 52, 54] and the nucleon’s transverse spin sum rule [55–57].

Quantitative analysis for the constraints on C̄q,g will be discussed elsewhere.
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