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ABSTRACT: We study the twisted compactifications of five-dimensional Seiberg SCFTs,
with SUpm(2) x E N;+1 flavor symmetry, on a generic Riemann surface that preserves four
supercharges. The five-dimensional SCFTs are obtained from the decoupling limit of N
D4-branes probing a geometry of Ny < 8 D8-branes and an O8-plane. In addition to the
R-symmetry, we can also twist the flavor symmetry by turning on background flux on the
Riemann surface. In particular, in the string theory construction of the five-dimensional
SCFTs, the background flux for the SU,((2) has a geometric origin, similar to the topo-
logical twist of the R-symmetry. We argue that the resulting low-energy three-dimensional
theories describe the dynamics on the world-volume of the N D4-branes wrapped on the
Riemann surface in the O8/D8 background. The Riemann surface can be described as a
curve in a Calabi-Yau three-fold that is a sum of two line bundles over it. This allows for
an explicit construction of AdS, solutions in massive IIA supergravity dual to the world-
volume theories, thereby providing strong evidence that the three-dimensional SCFT's exist
in the low-energy limit of the compactification of the five-dimensional SCFTs. We compute
observables such as the free energy and the scaling dimensions of operators dual to D2-brane
probes; these have non-trivial dependence on the twist parameter for the U(1) in SU¢(2).
The free energy exhibits the N%/2 scaling that is emblematic of five-dimensional SCFTs.
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1 Introduction

Indeed, one of the most useful ways to study Superconformal Field Theories (SCFTs) has
been to consider twisted compactifications of the six-dimensional (2,0) SCFT on various
types of manifolds. This approach has been championed by the class S program in the
study of four-dimensional N' = 2 SCFTs [1, 2]. The central idea has been to turn the
identification of SCFTs in various dimensions into a problem of classifying geometries.
The various properties of SCFTs can be extracted from topology and geometry.

The class S program and its generalizations have used six-dimensional SCFTs since
they live in the highest dimension where superconformal algebras can exist [3]. In this sense
the (2,0) SCFTs behave as the origin for lower dimensional physics. They are obtained by
considering various decoupling limits of strings theories.

In five dimensions, there also exist a class of SCFTs with eight supercharges that are
obtained by considering the decoupling limit of /N D4-branes in a background of Ny < 8



D8-branes with an O8-plane [4] — dubbed Seiberg SCFTs (reviewed in section 2).! These
SCFTs carry an SUm(2) X En,41 flavor symmetry. It is natural to consider whether
the Seiberg theories can be used to study, in a geometric way, lower dimensional SCFTs.
In this paper we initiate such a program by considering twisted compactifications of the
Seiberg theories on a generic Riemann surface, possibly with punctures. This is a prob-
lem that can be studied in holography, where we classify the possible AdSy solutions in
massive IIA supergravity with suitable constraints imposed by the necessary conditions for
supersymmetric compactifications of five-dimensional SCFTs on a Riemann surface.

We restrict to cases where the resulting three-dimensional quantum field theory
preserves at least four supercharges; these are given by topological twists of the five-
dimensional SCFTs [6, 7] on the Riemann surface. This question is exactly analogous
to the one studied for the holographic duals of N' = 1 class S theories and their (1,0)
cousins in [8-14] building from earlier work in [15].2

In section 2 we review the construction of the Seiberg theories and their AdSg x S%

gravity duals obtained in [17]. The half sphere, S%, is due to the presence of a 08/ D28
system. We then discuss the possible topological %cwist of the five-dimensional theories
on a Riemann surface that can preserve at least four supercharges. In addition to the
R-symmetry, we also discuss turning on background gauge fields of the flavor symmetry
on the Riemann surface, referred to as flavor twists. The SU x((2) mesonic symmetry of
Seiberg theories has a geometric origin in the construction of the SCFTs and therefore its
twist can described by curvature in geometry.

In section 3 we argue that the quantum field theories, in the low-energy limit of the
compactified Seiberg SCFTs, also describe the world-volume dynamics of N D4-branes
wrapped on the Riemann surface in an O8/D8 background. From this perspective, super-
symmetry allows us to identify the Riemann surface as a holomorphic curve of a Calabi-Yau
three-fold that is a sum of two line bundles over the curve. The phases of the line bun-
dles can be identified with a U(1)? subgroup of the SUx(2) R-symmetry and the SU4(2)
mesonic symmetry of the five-dimensional SCFTs. The degrees of the line bundles are then
the twist parameters for the Cartan U(1)? subgroup of SUR(2) x SUx¢(2). From the D4-
branes picture we are able to construct the most general AdS, solutions that can be dual to
three-dimensional SCFTs in the low-energy limit of the five-dimensional SCFTs. The sys-
tem derived is exactly analogous to the general holographic duals of the four-dimensional
SCFTs on the world-volume of M5-branes on a punctured Riemann surface [12].

In section 4 we construct explicit AdSy x ¥, X §‘i solutions dual to cases when the

2 ~

Riemann surface is smooth and without punctures. The S‘i is a deformed half-sphere
2

that descends from the parent half-sphere in the AdSg X S‘i duals of Seiberg SCFTs. The

2
solutions are exactly analogous to the B3W solutions that describe the twisted compactifi-

See also [5] for further studies and generalizations of the Seiberg SCFTs.

*Holographic duals of twisted compactifications of five-dimensional SCFTs were also studied in [16]
using six-dimensional F'(4) supergravity. There, twist of a U(1) flavor symmetry was considered by adding
a vector multiplet to the theory. However it was not proven that the theory considered is a consistent
truncation of massive IIA supergravity.



cations of M5-branes wrapping a smooth Riemann surface in M-theory [10]? except for an
additional contribution to the overall warp factor due to the O8/D8 system. We compute
some observables for the dual field theories from these solutions: the free energy and scaling
dimensions of operators dual to D2-branes that wrap internal cycles. The free energy, for
example, is

£ 82— g)N°/2 (122 — &2)32 (VK2 + 822 — )
5 Ky/8— Ny (|422 — K2 + KV K2 + 822|)3/2

where g is the genus of the Riemann surface, k € {—1,0, 1} is its sectional curvature, and z

F.(z, k), F.(z, k) = (1.1)

is the twist parameter for the U(1) in SU(2). The torus limit can be taken. We observe

5/2
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2 Five-dimensional SCFTs with twist

scaling due to the five-dimensional origin of the SCFTs.*

In this section we review the construction of the five-dimensional N/ = 1 SCFTs of in-
terest, and then discuss the possible topological twists that can lead to interacting three-
dimensional N' = 2 SCFTs.

2.1 5D SCFTs from D4-0O8/D8

We briefly review the construction of five-dimensional SCFTs from N D4-branes probing
a type IIA background geometry with an O8-plane and Ny D8-branes [4]. We also re-
view their holographic duals constructed in [17] (see [20] for a review and generalizations
with branes at orbifolds). The space-time is split as R"* x R* x R and the branes are
distributed as:

o X1 T2 X3 T4 Ty Te Ty Ty X9

D4 | x x X xXx x - - - - =

O8/D8 | x x x X X X X X X -

The D4-branes are localized along the 56789 directions, while the O8/D8 are localized
on zg. More precisely, the O8-plane sits at x9 = 0 and Ny D8-branes are distributed
along the g directions, with the i’th brane sitting at x9 = z. The N D4-branes sit
at 5 = x¢ = x7 = xg = 0 for simplicity, and distributed along the xg direction. The
background metric of the O8/D8 system in type ITA supergravity in the string frame is

ds%o = Hgl/z (fdx% + dx% cee dx%) + H81/2dxg, e? = gSH§5/4 (2.1)
89s al gs|zg — | al gs|zo + T

Hg = 298 o N 2879 ol N P9 T ol 2.2

8=C0t g Z Ard, Z Ard, (2.2)

3These similarities are due to the fact that the Riemann surface in both cases is embedded in a CY3
that is always a sum of two line bundles. This is related to the universality discussed in [18].

4A natural name for these theories is: theories of class F due to their five-dimensional origin. Class S
theories are similarly named. However the authors of [19] define theories of class F' where F' refers to fiber
bundles. We hope they can appreciate the symmetry in our naming.



The background solution also admits a piece-wise constant Romans mass given by the Fj
RR~form:

Fy=—

18 for Ty < T}
2.
> { (23)

8—1 for rh < 19 < x5t

Our primary interest is on the world-volume theory of the probe D4-branes. In the case of
a single probe brane that is not coincident with the O8-plane, the world-volume theory is
a five-dimensional U(1) gauge theory with A" = 1 supersymmetry. The scalar in the vector
multiplet parametrize the fluctuations of the brane along xg. There are Ny hypermultiplets
corresponding to open strings between the D4-brane and the N; D8-branes, with masses
given by the relative positions of the branes — refer to them as Hy. There is also a
hypermultiplet (with four real scalars) that parametrizes the deformations of the D4-brane
along the 5678 directions — refer to it as H;.

In the case where the brane is coincident with the O8-plane, the gauge group enhances
to USp(2) = SU(2). When there are N branes coincident with the O8-plane, the gauge
group enhances to USp(2N). The H; hypermultiplets are in the fundamental representa-
tion of the gauge group while the H; hypermultiplet is in an antisymmetric representation.

The world-volume theory can admit a large global symmetry in addition to super-
symmetry. When the D8-branes are all coincident, there is a SU(Ny) global symmetry
when they are off the O8-plane, and it further enhances to SO(2/N¢) when the D8-branes
are coincident with the O8-plane. The H; hypermultiplets transform in the fundamental
representation while the H; hypermultiplet is neutral. The world-volume theory admits an
SO(4) = SUR(2) x SUA4(2) symmetry corresponding to the rotations of the 5678 directions.
The SUR(2) is the R-symmetry associated to the N’ =1 five-dimensional supersymmetry,
with the two pseudoreal supercharges transforming as a doublet. The SU4(2) part is a
flavor symmetry under which the four real scalars in the H; hypermultiplet transform as a
complex doublet.

Given a five-dimensional gauge symmetry of field strength, F, the U(1) current
j =x5Tr(F A F) is conserved. This implies a U;(1) flavor symmetry which corresponds
to conservation of instanton number for the five-dimensional gauge theory. From the ITA
set-up, this Us(1) corresponds to RR C potential restricted along the world-volume of the
D4-branes. The total global symmetry of the world-volume theory of the probes when all
branes are coincident at xg = 0 is SUg(2) x SU(2) x SO(2Ny) x Ur(1).

The effective gauge coupling of the world-volume theory can be computed by expanding
the DBI action of the D4-branes, and is given as

LZLLHSZL 163”9 Z\%—%’ Z\x9+x9! (2.4)
g%M gs 27l g (2mls) (27l (27l )

— 9sCo
27l

The field theory limit is obtained by taking 5 — 0. Notice that in this limit, g, blows up,

where xg is the location of the D4-branes and gcl is the classical coupling constant.

and the primary question here is Whether there can be a fixed point where gy s is finite.

To this end, it is natural to define ¢ = Gtz 85 the parameter for the Coulomb branch of

(2@



the world-volume gauge theory. This parameter is necessarily positive, thereby identifying
the Coulomb branch with R*. The field theory limit to a point on the Coulomb branch is

g%y =fixed, ¢ =fixed, L5 — 0. (2.5)

This limit necessarily puts the D4-branes on the O8-plane where there is a USp(2NV) gauge
symmetry. The effective gauge coupling is

1 1 Ny Ny
T:?+16¢—Z|¢—mi|—2|¢+mi| (2.6)

9y M

where the mass parameters m; = % of the Hy hypermultiplets parametrize the Higgs
branch of the theory. The Coulomb branch can be studied by going to the origin of the
Higgs branch (m; = 0) where there is a SO(2Ny) flavor symmetry. The gauge coupling in
the Coulomb branch is finite in the decoupling limit only when

ng =8 — Ny >0. (2.7)

Therefore one can expect a strongly-coupled fixed point at the origin of the moduli space
when Ny < 7. In [4] Seiberg argued that there does exist strongly coupled five-dimensional
SCFTs in the decoupling limit. Moreover the SO(2N¢) x Uy(1) flavor symmetry enhances
to an exceptional group, En,+1. There are eight of such SCFTs with a global symmetry
SUR(2> X SUM(Q) X ENf-‘rl-

One can consider the system beyond the probe limit, where the IV D4-branes backreact.
In this case one can look for an AdSg near-horizon geometry dual to the SCFTs. This is
the celebrated result by Brandhuber and Oz in [17]. The holographic dual is given by the

geometry
4 ( dp? 1872 N
ds3y = 202 |ds?(AdSe) + o (00 4+ (1 - d)ds*(5%) )|, Q="1r, (28)
9\1— —
0t

where ds?(AdSg) is the line element of the unit-radius AdSg and ds?(S?) the line element
of the unit-radius three-sphere. The range of yg is (0, 1], implying that the internal four-

manifold is a half four sphere, Sf /2 The dilaton and the four-form flux are

10/3
o _ 9Nng,u0

82’

2.2 Topological twist of 5D SCFTs

80
Fy = 5ngN(l - u%)ué/?’duo A vol(S?). (2.9)

In this section, we consider the compactification of the five-dimensional SCFTs on a two-
dimensional Riemann surface with genus, g, and n punctures, 3, ,. Such compactification
generically breaks supersymmetry; however a number of supercharges can be preserved by
a partial topological twist [6, 7]. This is a prescription for obtaining constant and globally
defined background spinors that can be identified with supercharges. The Killing spinor
equation in the presence of R-symmetry is

1
((9# + 1 + Au) e=0, (2.10)



where w, is the spin connection and A, is a background gauge field valued in the R-
symmetry. A constant spinor is obtained by turning on a background field to cancel the
spin connection. In effect this identifies the holonomy group of the curved geometry, in
which w;, is valued, with a subgroup of the R-symmetry. In the case of interest, the
Riemann surface has a Up(1) holonomy group and its generator, Jp, is identified with the
generator of the Ug(1) subgroup of SUg(2), J3. Under the twist, only the U (1) part of
the R-symmetry is preserved by the compactification. Generically this twist will preserve
four supercharges and therefore A" = 2 in three dimensions.

The five-dimensional theory admits a larger global symmetry than the R-symmetry. In
addition to J3, the generator of the holonomy group can be identified with a U(1) subgroup
of the global symmetry. So we can consider the U(1) generators of the flavor symmetry
as Ji, and JJZ} for the Cartan elements of SUx(2) and En, 41 respectively. Under the
compactification, we can generally write

Jp = Jp 4+ 2J3 + 2. (2.11)

The coefficient of J% is fixed by the topological twist. Unlike the coefficients of J%, the
other twist parameters (z, z;) are not constrained by the topological twist. Another way
to understand these more general embeddings of the holonomy group is to consider the
background gauge fields valued in the global symmetry. As already discussing in the cases
of the R-symmetry, the twist reflects the presence of a non-trivial background gauge field
that has legs along the Riemann surface. More precisely, if we consider the five-dimensional
background gauge fields for the Cartan U(1)’s (Ag, A, A{ ), these are related to the three-
dimensional background gauge fields (ag, am, alf ) as

Ar=ar -V, Aum=am—-zV, Al =d -2V (2.12)

(2

The one-form V' is the spin connection of the surface and satisfies

1

— dV =2(1—¢)—n=x. 2.1
%EMV (1-g) —n=x (2.13)

The twist parameters (z, z;) are fluxes over the Riemann surface and are quantized as

1 1

dApm = —zx € Z, dA] = —z;x € Z. (2.14)

21 Zg,n 2T Eg,n

In the special case of the torus, where the Euler characteristic x vanishes, a non-trivial
topological twist is not needed to preserve supersymmetry, and therefore the component of
Agx along the surface vanishes. However, we can still turn on non-trivial twist parameters
for Apq and A{ . In such case, one picks a one-form V on the torus that satisfies

/ av = 1. (2.15)
T2

The quantization of the (z, z;) follows.
If only the R-symmetry is twisted, the resulting three-dimensional theory admits the
full flavor symmetry SUa(2) X En,+1 and a Ug(1) R-symmetry. However if we consider a



more generic twist, then the global symmetry of the low-energy theory is Ug (1) x Upq(1) x
U(1)" where r is the rank of EN;+1. Depending on the choice of twist parameters, a larger
subgroup of SUa(2) X En,+1 can be preserved.

In this paper we will worry primarily about twisting geometric symmetries, i.e. the
U(1) subgroups of the SO(4) symmetry, which has its origin from the isometry of the
directions transverse to the D4-branes. The other symmetries have their origin from the
D8-branes and from the RR C potential. The Ug (1) x Upq(1) corresponds to the Cartan
elements of the SO(4) symmetry, and we can make a democratic choice of the generators as

JT =I5+ T3, T =Jy— T (2.16)

In this picture the holonomy group is embedded as

1+ 2 _ 1—2
9 X, 4= 9

p Jt+ q

= J 2z, p=-—
p+q p+q el

Jh X- (2.17)
If the three-dimensional low energy theory is a superconformal field theory, then its
superconfomal R-symmetry is fixed by F-extremization [21]. The generator of the trial
R-symmetry is given as
R ==X

Jr=arJt +a_J +sizdp, ax = e (2.18)

The parameters (e, s;) are fixed by F-extremization. Only the twisted generators from
EN,+1 can mix with the R-symmetry, and we enforce this by explicitly including 2; in the
trial R-symmetry.

In summary the bosonic symmetries of the five-dimensional quantum field theory from
the bulk space-time are broken as

SO(2,4) x SO(4) => SO(1,2) x Uy (1) x U_(1) (2.19)

where Uy (1) are the symmetries with generators J*. Our interest now is to argue that
the three-dimensional field theories are SCFTs and therefore the SO(1,2) enhances to the
superconformal group, SO(2, 3).

3 Gravity dual

In this section we discuss how to construct the holographic duals to the three-dimensional
SCFTs in the low-energy limit of five-dimensional SCFTs compactified on a Riemann
surface, ¥, ,. First, we discuss the general ansatz for such AdS, solutions in type ITA
supergravity and then describe the general system dual to the SCFTs. In appendix A we
show in detail how to obtain the solutions from the system recently derived in [22].

3.1 Ansatz

Our goal is to study the compactification of the five-dimensional SCFTs from a top-down
perspective. We will construct the AdSy duals to the three-dimensional SCFTs by thinking
about the original D4-branes probing the O8/D8 background. The main expectation is



that the low energy limit of the five-dimensional SCFTs on ¥, describes also the low-

energy limit of the world-volume theory of the D4-branes wrapped on 3, ,, in the O8/D8

background. The discussion will be exactly anologous to the compactification of M5-branes

on a Riemann surface in M-theory as described in section 2 of [10] and section 3 of [12].
First write the O8/D8 background as

ds?y = Hgl/stg (M1®) + HY2ds2. (3.1)

Now we decompose M L8 as
MYE - RY x CYs. (3.2)

The N D4-branes are extended along R%? and along a holomorphic curve Cy,n embedded
in the C'Y3. In the region near the brane, the CY3 is a U(2)-bundle over the C4, whose
determinant line bundle is fixed to the canonical bundle of the Riemann surface. In this
paper, we restrict to the case where the structure group is U(1)? (see section 2 of [10] for
more details). The C'Y3 in this case is a sum of two line bundles £, & £, over the Riemann
surface of degree p and ¢g. The local geometry is given by

C? o L,® L,
! (3.3)
Conm.

The vanishing of the first chern class of the C'Y3 implies the twist condition p + ¢ = —x
as in (2.17). The phases of the line bundles correspond to the symmetries U4 (1) x U_(1)
in (2.19) from the field theory perspective.

The goal is to check whether the low-energy limits of world-volume theory of the D4-
brane configuration in the O8/D8 background are captured by three-dimensional SCFTs.
This problem can be studied in holography by looking for AdSy x,, Mg solutions with the
appropriate symmetries in massive type IIA supergravity; the local metric has the form

ds?y = e** [ds*(AdSy) + ds*(Ms)] (3.4)
for some warp factor e24. The internal manifold Mg is constrained as

M4‘—> MG

! (3.5)
Sy

where ¥, is IR limit of the curve Cy,,. The four-manifold, My, admits at least a U(1)?
isometry group corresponding to the phases of the line bundles, U4 (1) x U-(1). These sym-
metries also correspond to the structure group of My over the ¥, ,. The ten-dimensional
space-time has the form

MY = AdSy X (Bgn x S x S x [tT] x [t7]) (3.6)

where the isometries from the circles, S1, are dual to U (1). The last two directions with
coordinates (t*,¢7) do not, generically, correspond to any isometries. The AdS, radius



and the intervals (¢t7,¢7) are related to the radius of the line bundles and to zg9. The most
general ansatz has many component functions and depends on the Riemann surface coordi-
nates and the ¢ coordinates. However the system is nevertheless tractable in supergravity.

Recently, the authors of [22] presented the conditions for A/ = 2 supersymmetric AdS,
solutions in massive type IIA supergravity, and in particular they provided the explicit
system for the case that Mg is a manifold with SU(2)-structure. We can look for the AdS
solutions of interest within this class. The general form of the metric is

2 A _ g2 y
vy R wa P+ s (Na)| . (3.7)

2 _ 2A 2

The warp factor, e24

, and the metric depend on y and on the coordinates on the four-
manifold, N4. At fixed y the space N4 is Kdhler. The supergravity equations are given
in terms of the Kahler and holomorphic two-forms of N4. The 1 direction parametrizes a
circle fibered over Ny; its connection, p, is completely fixed by the base four-manifold. The
U(1) generated by 0y is dual to the superconformal R-symmetry.

For the problem of interest, we make the ansatz
a5 (Ny) = eV (daf + da3) + €27 |(dr + V)" + 2 (do + VT)]. (3.8)

The x; coordinates parametrize the Riemann surface directions. We fix £ = 0 to restrict
to solutions with D4-branes. In addition to the R-symmetry circle ¢, we also demand a
circle on the base manifold in order to obtain the desired U(1)? isometry. The one forms
VI/BE have “legs” on the Riemann surface. All metric functions depend on z;, 7 and y.
In appendix A we describe the reduction of the supersymmetry equations and obtain the
general form of the desired internal manifold.

We can identify the isometry 0y with the flavor symmetry in the dual theory. From
this we obtain

1
0p=5 (06, —0s.),  Op=-040s, —a 05, JE =0, (39)

These identifications allow us to reduce the supersymmetry system to a more useful de-
scription of the gravity duals. We describe them next.

3.2 General AdS, system

The gravity duals to the three-dimensional N' = 2 SCFTs that describe the low-energy
limit the D4-branes system are given by

1 - o
ds?y = e* |ds?(AdS,) + i (e (daf + da3) + 4hnim; + gijdt'dt?) | (3.10)

where (i,7) take £+ values. The components of the metric are given in terms of a single
potential, Dy, as

7

~ ~ 4 .
gij = —aiajDo, hz'j = —8i8jD0, DO = Do + gt (lnt — 1) N hijh]k = (5k (3.11)



where det(h) and det(g) are the determinants of h;; and g;; respectively. The warp factors
are given as

H-1/2 1 det(h
o24 H e()

- = 2w _ (84+8-)Do
, = , e” = 3tdet(g)e\“* . (3.12)
VyFo 3t det(g)
The one-forms and the y function are given as
1
ne = do+ + 3 *2 d20+ Dy, y*Fy =3t =3(astt +a_t7) (3.13)

where *9 and dg are taken over the Riemann surface directions with coordinates (z1,x2).
Our conventions for the Hodge star is xodx1 = —dxs.
The full system is governed by a single potential, Dy, that satisfies

(02, + 02,) Do = €**. (3.14)

The solutions are supported by Fp, due to the O8/D8 system, a running dilaton and a
four-form flux. The flux is most naturally written in terms of the variables

t=astT +a_t, u=t"—t", e =N+ +n—, Ny = a—nN+ —agxn—. (3.15)
The dilaton and four-form flux then take the form

1 1
e 4 = SFSH, RazﬁhdﬁAw—AMﬂAK—%JmL (3.16)

where J, K, and A, are given by

1, 1 9;0uDo
J 1€ dzy A dzo 5 (du + Aydt) An 2Dy (3.17)
1 1. /3t
K:Qyﬂ—%Hﬁw%—Awd—2d<yH>A@rw%m% (3.18)

The circle one-forms (7;— Ay Ny, 1) are respectively dual to the superconformal R-symmetry
and to the Cartan U(1) of SUx¢(2). When the connection form of circle dual to 7, vanishes,
its associated U(1) isometry can enhance to the full SU(2).

There is another enhancement of the symmetry of the internal metric. When the
connection form of the circle dual to 74 or 7n_ vanishes, the corresponding U(1) isome-
try can enhance to an SU(2) isometry.” In this case, the internal metric admits twice as
many Killing spinors. However this enhanced supersymmetry is broken by the O8/D8-
branes since the overall \/y in the warp factor will depend on coordinates of the internal
two-sphere associated to the enhanced SU(2) isometry. From the probe D4-branes per-
spective, this corresponds to the case when CY3 = CYs x C, where CY5 is the cotangent
bundle of the Riemann surface. This is a configuration where the D4-branes preserve more
supersymmetry which is however broken down by the presence of the O8/D8-system.

5This is also true when the connection form of a circle dual to any linear combination of 7.+ vanishes. This
follows from a symmetry of the metric that simultanously rotates the circle directions and the ¢ coordinates,
See section 3.2 of [12].
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4 Constant curvature ansatz

In this section we restrict the general AdS, system above to cases when the Riemann surface
has constant sectional curvature. This restriction can be made without loss of generality
whenever the Riemann surface is smooth and admits no punctures. From this point of view
the seemingly complicated system exists to support solutions where the Riemann surface
has punctures, as in [2, 12].

The ansatz for the conformal factor of the (x1,x2) plane is

e = f(t+,17)e2Ao(@1a2) (aﬁl + (93%2) Ag = —re2A0 (4.1)

where k is the curvature of the surface; it takes value from {—1,0,1} for Hy, T2 and S?,
respectively. We can replace Hy with Hy /T to obtain a constant curvature Riemann surface
with genus, g; I' is an element of the Fuschian subgroup of the PSL(2,R) isometry group of
Hs. The function f is to be determined. A representative solution for Ay can be written as

2
Ao — ) 4.2
ey g (4.2)

It is convenient to introduce the connection one-forms V defined as

x1dze — Todx L for k=0
_all/:(m%jxgly “:{ jg for K#0 (43)
These can also be written as
Ve tasgdd® Ay = {_ (1 +a3) for 5=0 (4.4)
2 kAo for k#0
The normalizations are such that
(92, +02) Ag= —*h,  aV = %eQAOdml A da, / av = 2r. (4.5)
The separability condition in (4.1) implies that Dy has the form
Dy = —,uggo + Io(tt,t7), ,ug =co—2mytt —2m_t". (4.6)
The parameters must satisfy
my +m_ =K, mi:K;tZ, (4.7)

where z is a free parameter that is related to the twist parameter for the flavor Uq(1).
The one-forms dual to the isometry generators are

2m
N+ = do+ — 7(; V. (4.8)

Plugging the ansatz for Dy into the equation of motion yields a Monge-Ampére equation

for Iy given as
3t7/3 (0% 100% Iy — (940-Ip)?] e+ 000 = 2. (4.9)
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4.1 (p,q) solutions

Now we consider the class of solutions given by the ansatz®
4 Ly 2 L g 2 + 4
Iy = —gt(lnt —-1)— iul(ln,ul -1)— §u2(lnu2 - +2tT +t7 )y, (4.10)
where it is convenient to define new coordinates as
p=2t, pi=1-2%,  pE=1-2", pB+apitapd=1 (4.11)
The equation for Iy reduces to an algebraic condition:
p =2 (3ug + 4(a’pf + a’ p3)) . (4.12)

The solution to the algebraic relation is

oy —k VK24 822 K+ VK2 + 822 l1+e
et = , = a+ = ) (4.13)
4 4z 2
The metric of the full system is given by
2 HV2 T, W ;.2 1 2
dsiy = ik ds”(AdSy) + eds*(X4) + EHdS (My) (4.14)
8
ds® (M) = gy +2 (daf + pind + dps + pudn?) (4.15)
The warp factors are given by
2 4e? 3
H= w— SF2 = 242 4.16
3ud 4+ 4(a? p2 + a’ pd)’ c H’ ¥ Fo =35k (4.16)

The manifold is compact when ay > 0, leading to the restriction |¢| < 1. The positivity
of the metric implies that we must take the + solution in (4.13). The four-form flux is
non-trivial, and can be written from the expression in (3.16).

In order to make the regularity conditions obvious and more easily study the geometry,
we make the coordinate transformation

arpi = (1—pg) cos®(9), a—p3 = (1—pg)sin*(), q(8) = ay cos’(f)+a_sin’*(6), (4.17)

to obtain the metric

41 dpy 8(1—pf
C 3q(0)H 1 — 1—¢2

ds®(My) )d82(M3) (4.18)

9 B ~sin(260) podpo 21— oy lde .o, o
ds“(Ms) = q(0) <d9 € 20(0) 1— 12 + 5 cos @)y + 5 sin (@)n=. (4.19)

The range of coordinates in My are po € [~1,1] and 6 € [0, §]. At the end-points of
the 0 angle, the ¢_ and ¢ circles shrink. The periodicity of the circles is 2w, however

There is a larger class of ansitze that we can consider. See section 4 of [12].
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the orientation is chosen so that ¢4 takes value in [0, —27]. The quantization of the first
Chern class of the U(1) bundles over the Riemann surface imply

p;_%%*ez, qE—%GZ, 2z = (¢ —p)a, p+qg=2(g—1). (4.20)
The parameter o depends on the g and x as given in equation (4.3). The integers (p,q)
are precisely the degree of the two line bundles of the Calabi-Yau three-fold.

Individual solutions are labeled by the choice of two integers (p, ¢) with the constraint
in (4.20). The metric shows this dependence through the genus g and through e, which is
given in (4.13) as a function of z given a choice of k. The parameter € takes discrete values
since z is quantized. The bound on e due to compactness of M, also implies a bound on
z. For € {0,1} we must have 22 > 1, and therefore p and ¢ must have opposite signs.

O8/D8 region. While M, is smooth, the full ten-dimensional metric is singular at
po = 0. In this region there is a O8/D8 system. This leads to the restriction

po € (0,1]. (4.21)

The region near pg = 0 can be written as

Va(®) 1 V2yF
g2, — V4O [ WaR(D,)) + ——ds (M. dy? 4.22
S10 \/@FO SAdS., +e S ( g) + a+a_q(0) S ( 3) + q(e) v, ( )
with a dilaton 5 6
2
o _ V20 4.23
q(0) (4.23)

This metric does indeed describe the geometry of a coincident O8/D8 system with a warped
(AdSy x Xg) Xy M3 world-volume.

Flux quantization. The flux can be expressed as

1
Fy = Z(Ede.%'l Adxg N Fy + F4J' (4.24)
We need the Fj- term to compute the quantized flux as
1
—— [ Ff=NecZ. 4.25
(2mls)3 / 1 (4.25)

The parameter N counts the number of D4-branes in the field theory construction. The
desired expression can be written as

/3,4 2
Fit = sin(2e)te_ 1= #)H

Sava_yoFo 3+ 2(1 — ) (4aya— —q(0)) H] duo A dO Ay An— (4.26)

3
where yg = . After integrating the expression, we obtain the quantization condi-

3
27
tions of the flux, from which we obtain

2 2/3 4.2 .2 2 2
8/3 _ (2;r) (3) 42 — K* + KVK? 4 82 g 0 (4.27)

27l
(2] 22— wplPN 0 2l

2

in units where Laqs, = 1.
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4.2 Observables

In this section we compute the free energy of the dual three-dimensional SCFTs, the flavor
central charge for various global symmetries and the dimensions of heavy operators dual
to D2-branes localized in AdSy,.

4.2.1 Free energy

The free energy is given as

7TL2AdS 163 _
F = G, 1= (27r£ )8 /eSA 2¢V01(M6). (428)

In the second equality, we have used the choice Lags, = 1. A short computation yields

2(1 — N5/2 2 _ .2[\3/2 2 2 _
T DT Fen), Fulew) = B WDTWE 282 n)
5 kny (1422 — K2 + KV/K? + 822[)3/2

For1 = (4.29)

The free energy when the Riemann surface is a torus (¢ = 1) can be obtained from a
delicate limit where

1—yg 1 z
— — —4m, = (q — =—, 2 € 7. 4.30
K « T z=(g-pe 47 § ( )

Kk — 0,

In this limit, we obtain the free energy for compactifications on the torus as

421 N5/2
- 1/2
) ng

Fy=1 IZ]. (4.31)

We observe the expected scaling of the free energy in terms of N and ng due to the five-
dimensional origin of the dual SCFTs. The dependence on the twist parameter is similar to
central charge results for four-dimensional SCFTs when a-maximization [23] is needed to fix
the superconformal R-symmetry [10]. This dependence reflects the mixing of U, (1) with
Uxr(1) to yield the superconformal R-symmetry for the three-dimensional theory. This is
an indication that F-extremization [21] will be necessary to fix the R-symmetry and scaling
dimensions of protected operators in the dual SCFTs.

In figure 1 we plot the twist dependence of the free energy. When k = —1, we expect
a SCFT for every integer choices of (p,q) since the free energy is finite for all choices of
z. In particular there is a SCFT when z = 0, i.e. when the Ux(1) is not twisted; the
flavor symmetry is enhanced to SUa(2). The theory at (k = —1,2z = 0) was also studied
in holography by using the six-dimensional F'(4) gauged supergravity [24], in [18, 25, 26].
These authors also constructed the holographic RG flow to the z = 0 theory from the
six-dimensional Brandhuber-Oz solution [17]. In [18] the authors also computed the free
energy and their answer indeed matches with (4.29) in the z = 0 and k = —1 limit.

The case with K = —1 contrasts with the torus and sphere cases where the free energy
from the supergravity vanishes in the former and is negative in the latter for z = 0, as
depicted in figure 1. The proper interpretation of this result in the case of the torus is that
if there is a SCFT when z = 0, the coefficient of the N®/2 scaling vanishes. However the
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Figure 1. The z dependence of the free energy, for fixed g, N and ny, is plotted for kK = —1 (red
and dot-dashed curve), for k = 0 (green and dashed curve), and for £ = 1 (blue and solid curve).
Even though F, is plotted as a continuous function of z, only quantized values of z correspond to
SCFTs, as given in (4.20) for fixed genus g.

coefficient of N2 and perhaps N3/2 may be non-zero. Such a theory would preserve eight
supercharges. One may be able to study its holographic dual in a type ITA background
with O-planes after T-duality on the torus. It should be studied as a D2-brane theory.

The leading N2 coefficient is negative in the case of the sphere with z = 0. This is a
strong indication that there is no SCFT when the five-dimensional theory is compactified
on the sphere while preserving the SU¢(2) symmetry. It is interesting to wonder whether
such a three-dimensional fixed point can exist when part of the En, 11 symmetry is twisted.
When |z| = 1 the coefficient of the leading N 5/2 term vanishes. One may still expect a
SCFT with an N2 or N3/2 scaling, but further investigation is also needed here. Three-
dimensional SCFTs are expected for |z| > 2.

4.2.2 Flavor central charge

The three-dimensional theories admit an En, 11 flavor symmetry. The flavor central charge
for the SO(2Ny) C En,+1, which is realized by the gauge fields living on the nine-
dimensional world-volume of the Ny D8-branes located at po = 0, can be computed easily
in the supergravity solution [27] (See [28] for a nice discussion in the case of five-dimensional
SCFTs).

The D8-brane action that couples to massive type IIA supergravity reads

8 _
Spg = ——H /dgx — g9 [e ()2 Tr(gh? g8 FruwFo) + - - ] (4.32)
V2510

where 2r3, = (2m)708 and p2 = (2r)7%;10 are the gravitational coupling and D8-brane
charge, respectively. The metric g9 is the induced metric on the wordvolume of the D8-
branes from the ten-dimensional metric near the O8/D8 locus.

Dimensionally reducing the D8-brane action on the internal space yields the following
effective four-dimensional action

1

S
4 2e2

d*a/—gaTe(Fpy F*™) + ... (4.33)

~15 —



where e is the gauge coupling of the gauge theory in AdS4. After the reduction, we obtain

1 ieg”vol(Eg) (4.34)
2 202ml)ing 1—€2 '
The flavor central charge [27, 28] is given as
osoeNy) _ 20 _ 821 —g N3 (|2 — k2))'2(VK? 4827 — k) (4.35)
J = .

e2 31 K n(l)/2 (|422 — K2 + kK2 + 822|)1/2 '

Naively the flavor central charge for Us(1) C En,11 should come from the effective
U(1) gauge symmetry from the Cj potential associated to F» RR-flux. However in the
massive ITA background, the equation of motion of the C; potential involves both the NS-
NS B field and the Fy RR-flux. It is inconsistent to turn on an AdS, gauge field from Cy
without turning on a contribution from the NS-NS B field and from the Cs potential. Such
truncation is more involved and will not be considered here. This point is also discussed
nicely in [28].

This issue about the Uy(1) is also related to why we cannot readily turn on a twist
parameter for the symmetry. Such a twist parameter is realized in supergravity by an Fj
flux along the Riemann surface. However in the analysis of AdS, solutions of [22], it is
clear that one cannot turn on Fy without also turning on the RR six-form flux, Fg, and
the NS-NS three-form flux Hs. It would indeed be interesting to explore such twist, and
we leave it to future work.

4.2.3 D2-brane operators

We can study a class of %—BPS operators of the three-dimensional SCFTs, dual to D2-
branes localized in AdSy4. Such operators can be understood in gravity by considering a
probe D2-brane as a point particle AdS, wrapping a two-cycle in Mg. In particular we will
need to solve the r-symmetry conditions for D2-branes in the background given by (4.15).
The analysis for these D2-branes is analogous to the analysis of M2-brane probes in B3W
solutions [10, 29] (please refer to these papers for more details). We review the k-symmetry
conditions in appendix B.

The primary effect of k-symmetry is to determine the possible locations for a probe
brane that preserves some of the supersymmetry of the background space-time. For the
case of interest, the world-volume time direction is trivially identified with the AdS4 time
direction. The two-cycle in Mg is given by a calibation condition that fixes the volume of
the probe as

vol(D2) g = @y, (4.36)

where the left-hand side is the volume form of the two-cycle wrapped by the D2-brane
probe, and the right-hand side corresponds to the pullback of a globally defined two-form
of the geometry onto the world-volume of the probe. The calibration condition provides a
set of differential equations whose solutions yield a two-dimensional curve in Mg. In the
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case of the D2-brane probe (see appendix B for details), the global form is given as

3 dy 6_4A
P =ye 24 [ Ay + J] (4.37)
2y yF02
dt
= @) [H7 = A = Aun) (438)

where J and (¢,u) are given in (3.17) and (3.15). Furthermore, k-symmetry dictates the
D2-brane to be located at the center of AdSy.

Given the calibration condition, the scaling dimension of the dual operator, Ops, in
the SCFT is given by the effective mass’ of the point particle in the bulk of AdS,. This is
obtained by reducing the DBI action for the D2-brane in the geometry:®

27

A(Opg) = —— / vol(D2) yge ™ (yFoH)

_3/4
(2mls)3 '

(4.39)

The probe must preserve the R-symmetry circle which is dual to the one-form (1 —
Auny). The two-cycle calibrated by ® can either sit at places where the R-symmetry circle
shrinks or it must be extended along it. To study these configurations more carefully, we
write the Mg metric as
11 dut  2H(1 —pd)
d 2 M) = 2Vd 2 3 - 0 0

8( 6') € 8(9)+3q(0)1_'u% 1 — €2
sin(20) poduo \?  sin2(0) cos2(8) 5, (1 — €2)q(6)
ds?(Ms :q9<d9—e ;, +
(W) = a(®) 2(0) 1- 12 a0 T

where A, = —cos(26)/q(0).

ds?(Ms3) (4.40)

D2-brane on X,. It is clear from the metric of Mg that the R-symmetry circle shrinks
only at pg = 1 where the full three-manifold M3 also shrinks. In this case, the brane can
only wrap the Riemann surface. The scaling dimension for the dual operator Opss is

2(1 - g) (22 — K2) (\/m — m)
K 422 — K2 4+ KV K2 + 822

When k = 0 we can take the limit 1_79 — 47 and 2z =

2
E.

Note that this operator does not scale with ng and is not sensitive to the number
of flavors, Ny. This is a strong indication that the operator is neutral under the En,;+1

flavor symmetry. It is also interesting to note that the scaling dimension vanishes for

"More precisely, the scaling dimension is the effective mass in units of the AdS, radius, Laas,. This is
fixed to 1 in our conventions.
8The mass of the point particle from the D2-brane is extracted from the action

S = _HDQ/\;E)/I(DQ)Q_¢

where pp, = (27)72(¢s) ™ is the tension of the D2-brane and \gl(Dg) is the volume form of the brane
obtained from the pullback of the full ten-dimensional metric.
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(z=0,5 =0) and for (z =1,k = 1). As we saw before, the leading N°/? coefficient of the
free energy also vanishes. Unlike the free energy, however, one may expect that if there exist
SCFTs for these twists, the scaling dimension of the operator dual to the D2-brane probe
will be independent of N. This is consistent with the fact that in these limits, the size of
the Riemann surface is going to zero and thus the D2-brane is wrapping a collapsing cycle.

D2-brane on 1y — Ayu1n,. The probe can also wrap the R-symmetry circle with dual
one-form (1 — Ayun,). In this case, the calibration condition reduces to

dio

vol(D2)|pg = — (3tH)Y? el (e — Aum)| J|ps = 0. (4.42)

Ko D2
The calibration condition implies that the D2-brane probe must also be extended along the
o interval. At pg = 1, the R-symmetry circle shrinks and the D2-brane smoothly caps off.
However at g = 0 the D2-brane must end on a D8-brane in order for the configuration to
be consistent. The operator dual to such a configuration must be charged under the En 1
flavor symmetry. These are a class of operators that exist for the three-dimensional SCFT's
which have no analogue in the field theory dual of the B3W solutions [10]. However when
there is a puncture on the Riemann surface, there are additional M5-brane sources; thus
there is a M2-brane probe that is anologous to the D2-brane probe where the M2-brane
ends on the Mb-brane [2, 29]. In those cases, the operators dual to the M2-brane probe
correspond to baryonic operators charged under the flavor group induced by the Mb5-brane
sources. From these considerations, one can expect the operators dual to the D2-brane
probe to be charged under the Ey 11 flavor symmetry.

We can consider solutions where the D2-brane sits at a point on the Riemann surface
and has a profile along the (10, @) directions. It is convenient to consider the world-volume
coordinates as (o, ). The embedding of the brane is given by the functions

(0(),10(0)),  (64(9),6-(¢)), i = constant. (4.43)
The embedding functions are determined by the calibration conditions, which reduce to
_ doy deo_ de sin(20) o dug
20) | (1—e)— — (1 — | =0 —_— = — =0. 4.44
sin(26) <( ¢) dp (1+¢) dp > ’ do ¢ 2q(0) 1—pi do (444)

There are three types of solutions to consider. There is a solution, D2T, where the
probe sits at § = 0 and thus must wrap the ¢ circle since the ¢_ circle shrinks. There is
also a similar solution, D2~ where the probe sits at § = § and wraps the ¢_ circle since
the ¢ circle shrinks. In both cases, the probe is simply extended along ug, i.e. we can
take pg = 0. The scaling dimensions for the probes are

- /@+\//€2+822)
4z '

AD2%) =N <1 (4.45)

The last solution, D2°, is less trivial. For this solution we have 1, = 0 and the D2-brane
has a profile along 6 as well as pg. The circle coordinates are

m+_1+e

¢+ = cx — Mz, with (4.46)

m_  1—¢€
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The length of the D2-brane must be finite on the torus spanned by (¢4, ¢_). This implies
that the winding parameters m4 must be rational. We can pick them to be co-prime
integers without loss of generality. These configurations can exist, then, only when %—J_FE is
rational or, equivalently, when the free energy is rational.’

For the D2 solution, there is a nontrivial profile along the (ug,6) directions given by
the curve )

P2 =1— C(cos(8)) < (sin(6)) <. (4.47)

The integration constant C' is fixed by the angle 6y where the D2-probe intersects the
D8-brane. The scaling dimension for this solution is

A(D2%) = N(my +m_) = me A(D2F). (4.48)

When the D2 probe sits at § = 0 it behaves as m. for the D2F probes, and when it

sits at 6 = 7,

the scaling dimensions of the dual operators.

it behaves as m_ for the D2~ probes. This fractionalization is reflected in

5 Discussion and conclusion

In this paper we have discussed the topological twist of five-dimensional Seiberg SCFTs [4]
with SUr(2) x En,41 flavor symmetry on a punctured Riemann surface. The primary
question we hoped to address was whether any such twist can lead to three-dimensional
SCFTs that we can label and describe by the Riemann surface, similar to the class S
program. We explicitly constructed the holographic duals of such SCFTs when the Rie-
mann surface is smooth and has no punctures, and when the U(1) subgroup of SUa(2)
is twisted along with the R-symmetry. The geometric origin of both of these symmetries
allows for a more straightforward study of their twists in holography. The setup and con-
struction of these geometries is exactly analogous to the twisted compactifications of the
six-dimensional (2,0) SCFTs on a Riemann surface, as described in [2, 10, 30].

The general supergravity system we derived is a candidate for encompassing the grav-
itational duals of all possible three-dimensional SCFTs that can appear in the compactifi-
cations of the five-dimensional Seiberg theories on punctured Riemann surfaces, when the
R-symmetry and the U(1) subgroup of SUa(2) are twisted. The computation of the free
energy and its recent matching with [33, 34] provides strong evidence for such a duality. It
will be important to construct the holographic RG flows from the AdSg duals of Seiberg
theories to the solutions in this paper. This is a subject that is of great import to the
authors and will be studied in the future.

It is interesting to study how to describe the SCFTs with punctures within our system.
Indeed, this question has been studied for the holographic duals of twisted compactifications
of six-dimensional (2,0) SCFTs [2, 11, 12]. The system derived is analogous to the AdSs x

9The family of solutions when € is rational are interesting to study. In particular one can show that the
three-manifold Ms at fixed po is a Seifert manifold where the (6, ¢,,) directions make a sphere with orbifold
fixed points at the north and south poles. The 7; circle is fibered over the sphere in such way to smooth
out the orbifold singularities in M3z (see [29] for more details).
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Mg solutions there. The supergravity description of punctures will thus be the same.
However, the nature of the sources that lead to the punctures will be different. This is a
problem we hope to study in the future.

One way to understand the sources that correspond to punctures is to consider the
set of BPS probes that we can turn on in the solutions described above. Such an analysis
was conducted for the AdSs solutions of B3W in [29]. In particular there exist D4-brane
probes that are localized on the Riemann surface. A collection of such defects can allow
for a more extensive exploration of the set of possible punctures. There can also be more
general defect objects from other types of brane sources.

An important aspect of the class S theories is that they are organized by a Topological
Quantum Field Theory (TQFT) on the punctured Riemann surface [30]. Such structure
was understood in the case of A = 1 class S theories at the level of their superconformal
index in [31]. We expect the three-dimensional SCFTs described above to also admit a
TQFT structure. This is a prediction from the holographic system above since it is exactly
analogous to the holographic duals of N' =1 class S. This can be realized by computing
the partition function of the five-dimensional Seiberg SCFTs on S% x 3, ,,. The reduction
of partition function on the Riemann surface should exhibit a TQFT.

Further exploration of the SCFTs above will yield great insight into the space of N' = 2
three-dimensional SCFTs. In particular, it would be interesting to explicitly construct the
dual SCFTs in terms of ingredients from three-dimensional QFTs. Although one might
expect a generic SCFT in this class to be strongly-coupled, one may be able to identify
basic building blocks similar to Ty theories for four-dimensional class S theories [1, 2].

One can also consider the twisted compactifications of the very large class of five-
dimensional SCFTs such as the ones discussed in [5] and from the more complete, re-
cent, classification in [32]. Holographic duals can constructed by also considering the
twisted compactifications of five-dimensional SCFTs when the D4-branes are at orbifold
fixed points such as in [20]. In these cases, one explores a larger class of twists due to the
proliferation of the flavor symmetry. Along the same lines, it would interesting to under-
stand the SCFTs and their holographic duals when the Ey, 1 flavor symmetry is twisted.

Indeed this is the tip of the iceberg for a much more interesting and elaborate story
about three-dimensional SCFTs and five-dimensional SCFTs similar to the story of four-
dimensional SCFTs from six-dimensional (2,0) and (1,0) theories.

Note added. After this work appeared on arXiv, the work of [33, 34] appeared, which

reproduced the expression (1.1) for the free energy, by calculating the partition function of
the five-dimensional field theory on a Riemann surface.
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A Derivation of the system

General system. The general form of the metric of a N/ = 2 supersymmetric AdSy
solution in massive type ITA supergravity, with SU(2)-structure on the internal manifold
is [22]

dy2 64A _ y2

2 24 2 2 Y
dsjp=e"" |ds (AdS4)—|-e4A_y2+ 1oiA (dp+p)°+

52 +y2F0€4A

ds’(Ny)|, (A1)

as in equation (3.7). The equations dictated by supersymmetry, governing the structure of
the four-dimensional subspace N4, can be expressed in terms of the real two-form J and
holomorphic two-form 2 as

1
OpJ =0,  9,J = 5(1[«}?;,2 + 02y dyp, dyJ =0, )
2
1
=0, 9,0= — 5(F02y2 +2yHTQ,  dQ = iP AQ,
where
264‘4(52 + F02y4)
=—p+i diA, (A.3)
(64’4 _ y2)(€2 + FO2€4Ay2)
4A,2
T= Oy 7y’) (A.4)

(2 — 2) (2 + F2etAy?)

The purpose of this appendix is to reduce these equations for our problem of interest. We
restrict to solutions with ¢ = 0, setting all but the four-form flux to zero. This is assumed
for the remainder of this appendix.

dsQ) = iP A £ implies that the almost complex structure defined by €2 is independent
of ¢ and y, and is integrable on Ny. Additionally, d4sJ = 0 implies that the metric on Ny
is locally a family of Kéahler metrics parametrized by y.

A series of general conditions follow from the system given in (A.2) which will be useful
in reducing the supersymmetry equations for the specific U(1)? ansatz of interest here. The
condition for 9,2 determines the dependence of the /N4 volume on y:

dylog\/gW = (F3y? + 2y~ HT. (A.5)

The independence of the complex structure from y leads to

0y )t = %Gy log \/g¥ J, (A.6)

where the plus superscript denotes the self-dual part of a 2-form on Ny. Combining with
the second equation of (A.2) we obtain

(dsp)t =-T1J. (A.7)
The system (A.2) also yields:

8y

dap N =0,
(62A _ 6_2Ay2)

SdiA+idyp| AQ=0. (A.8)
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Turning now to the other fields, the dilaton is given by
2A

2= (A9
e = . :
Y2y :
Solutions are supported by a four-form flux which can be written as
P (L Ymrayape) nas— L g A (A.10)
where 1 1
oy = —d(e™ y(dy +p)) + Sy dp. (A11)
Ansatz with U(1)? isometry. We can write the ansatz of equation (3.7)
ds*(Ny) = eV (daf + da3) + ¢ | (dr + V) 4 2 (do + V)| (A.12)
also as
ds3(Ny) = e2Wer& + €22 eqey, (A.13)
where
€1 = dxy + tdxo, €2 =Ny + ieC% (A.14)
Ny =dr +e“VE, Ng = do + Vi (A.15)

and the one forms V' and V! have legs along the z-directions of the Riemann surface. It
is useful to split the exterior derivative as

dy = dy + 1,0, + dpdy,  da=d—eCVEd,, (A.16)

where d is the exterior derivative along the z-directions.
With this ansatz we can write our compatible Kéhler and almost complex structure as

J=eWdR, + 62Z+C?77- A g, dRy = dxq N dao (A.17)
Q= VH2elavtivde) p e, = W HEZ v +ive (QOR + zQé) (A.18)
QF = day Ay — eCday A N (A.19)
Q([) = eYdxy A Ng + dxa A1y, (A.20)

where p and ¢ are the charges of {2 under the ¢ and ¢ U(1)’s. If we define

_ 1
e M = 7 (1 —cos?(Q)), ny = dip + p, (A.21)
the full metric can be rewritten as
ds?y = e** |ds?(AdS,) + 1cosQ(g)n? e dy” + ie*‘mds?(m) . (A22)
4 v cos?(¢)  yFg

Before proceeding to the reduction of the supersymmetry equations for this ansatz, note
that the Hodge star conventions will be

*odr1 = —dxo, *odro = dr1, *9€1 = 1€71, *9€] = 1€1 (A.23)

*ote = =g, xnge =y (A.24)
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Reducing the 9,2 equation. With ¢ = 0, this equation is

QO 4A, 2
0t _ __ Oy’ y]) (A.25)
0O 244 (1A — 42)
which implies that
Y0, log Ve 4 yOyloge; Neg = —4 tan? ¢ — y0y log (cos2 C) . (A.26)
This leads to two conditions. First, that
yOylog el N ex =0, (A.27)
and second, that
yOy log [62W+2Z cosQ(Q] = —4tan®((). (A.28)

Note that the complex two-form equation Jy(e; A €2) = 0 yields two conditions. Together
they imply
9,0 =0, e Ay (VE+ivl)=o0. (A.29)

Thus we can fix C' = 0 in the ansatz without loss of generality. Furthermore, we note that
Oy (VR + VT ) is holomorphic. We can then write

VIi=Vo—xVE 9, =0. (A.30)
Finally, note that (A.28) admits the following solutions:

4 1
cos?(¢) = RS W22 — —Zy5((‘)yeA, (A.31)

where A is a scalar function.

Reducing the d € equation. The next equation to solve is

dyQd =iP A Q. (A.32)
First note that i (uBA
P =—p+idylog(cos() = —p— ;435%35\) (A.33)
and thus
daQ) = [dy(W + Z) + ipdp) A Q2 — PPV T2 e ndy (VI 40V (A.34)
This relation yields two equations
1
Sdah+i(p+pdg)| AQ=0, @1 AD; (VE+iv!) =o0. (A.35)
The second equation is solved by
V=V, — xVE, 9.V =0, (A.36)
and the first by
1 1
p = —pdp — 5 *9 do A + 587A77¢. (A37)
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Reducing the d4J equation. When expanded, dsJ = 0 implies that
e A(0re®W dRy— 22 da V1) + (doe®? —e* 20, VY A Ay +e22daVE AR, =0, (A.38)

Thus we have three equations:

doVE =0 (A.39)
dye?? = *2 9, VE (A.40)
2 dyV! = 0.e*WdR,. (A.41)

Reducing the 9,J equation. The equation for 9,/ is

1
OyJ = 5,f?02y?d4p. (A.42)

Now we can evaluate this last equation using the solutions found above. Expanding p,
using equation (A.37) on the right-hand side and J on the left-hand side, we obtain:

F2 2
9,2 = OTyaZA (A.43)
2,,2
27 vi - L 04y dsd: A (A.44)
ow . Foy’ I
6y€ dRy = [OTAdQV — dg *9 dgA} (A45)
2Zavf—@ O, N VT — 0 A A
€ Y T~y [ TAUT - T(*2d2 )] . ( 46)

Note that the GyVI equation is implied by the relation of V! with V¥ and the GyVR
equation.

A.1 Further reduction

We are left with (A.39)—-(A.41) and (A.43)—(A.46) to solve. Note that equation (A.39)

implies

VE = dyl (A.47)

where I is a scalar function. So let us choose new coordinates t, u to replace y, 7, such that

YR =3, 1=-T =  n =-08,ldu—dTdt (A.48)
and thus 1 1
T — T3 ~Y%u o 9 - _Au wy A4

0 aura VP E? Oy = Oy 0 (A.49)

where A, = 0,I'/0,I". We can then write the solution to equation (A.40) as

G
27
e = A.

BT doG = 0, (A.50)

for some function GG. To proceed, define

- ~ - 4
9=0A0,0 —0T0,A,  h=0A0,0 —9T9,A, A=A+ lnt—lnc (A5
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and H = h/(3tg), where ¢ is a parameter which we will later fix for convenience. As will
be evident later, h and g are determinants in the internal manifold, and H an overall warp
factor of the full metric. Now using the solution for e2"*+2Z in (A.31) and %4 found above,

we have /3
37/3F* C —
2W 0 0 A
= —  "{g. A .52
€ 4G 9-¢ (A-52)
Also note
e 4 = yF2H. (A.53)

Next, since Vj is independent of both 7 and y, we can set it to zero without loss of generality,
so VI = — %o VI, This reduces equation (A.41) as:

Oue® dRy = —Gdy %2 doT, = 0,®" =G (92, +02))T. (A.54)
Defining a new function G = % equations (A.43) and (A.44) become
2,G =8,G,  dyG=0. (A.55)

Finally, the last equation (A.45) becomes

(G@t — @8u> eWdR,y = —%Cb xg doA, = (Gat - éau) eV = % (631 + ao%z) A.

(A.56)
Before we write the metric, we write the one-forms for the U(1)’s as
1 1 Ou\
— 5N = Nu = d¢u — *2 dQF Ny = d¢t =+ = %9 dgA, —My =Mt — 7 =T (A57)
2 2 9T
The metric becomes
o _H'? 2w
dsiy = ds*(AdS,) + He da? + da; + Hds ] A58
fo = T |2 (AdS0) + HEY (dsf + o) + ] (459
ar \* 16G duA \?
ds? = —L_dr* — 4Go,T d — ~ ) . (A
1T TH,T Go ( 3,7 9,0 h ", (A.59)

From the equations of G and G, we can remove them by making the coordinate transfor-
mation

dt' =dt, du' = Gdu+ Gdt, GOy = 8y, GOy = Gdy — GO,. (A.60)
A convenient choice is then
G=-, G =0, - Ou\ = O;T. (A.61)

We then have
A = 0Dy, I'=0,Dqg (A.62)

for some potential Dy.
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A.2 Summary of system

We now summarize the system. The metric is

H—1/2 1
dsly = N ds*(AdSy) + He*™ (daf + da3) + ZHdsz (A.63)
dsi = gijdidj + 4h"n;m; (A.64)

where (i, j) take value in (¢,u). The metric components are given by
_ g L 4
9ij = —&f)jDo, hij = —8i8jD0, hzjhjk = (5]2, Do = Do + gt(lnt - 1) (A65)

We now see that ((A.51)) defines determinants in the internal manifold, ¢ = det(g) and
h = det(h). When expanded, the metric on the internal manifold Ny is

det(g) 9 4 402Dy 2
ds? = — dt?> — 82Dg (du + A,dt)* — 2_ — Ayt A.
S4 35170 au 0( U+ ) agDonu det(h) (77t n ) ( 66)
where
010y Do 1
Ay, = 92Dy n; = do; + B %9 d20; Dy. (A.67)

We can change to the +/- coordinates used throughout much of the body of this paper via
t=a,tt +a_t", u=t"—t", e =Nt +1n—, Ny = a_n+ —agn—. (A.68)

The metric takes the same basic form, shown in equation (3.10).

For the volume-forms and fluxes, the (¢,u) coordinates remain more useful. The
volume-form for the internal manifold is

1
vol(Mg) = ——=H2e®Wday A daxy A du Ay A dt A A.69
(Ms) 131 1 2 n Up ( )
egA*wVOl(MG) = 1y F? He®Wdzy Adza Adu Ay Adt A, (A.70)
0
and the four-form flux is given as
1 1
where
1
J=eWday Adxy — 5 (du + Ayudt) Ay (A.72)
1 1. /3t
K = @ (1 - 3tH) d [nt - Aunu] - id EH A (7715 - Aunu) . (A'73)
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B Kappa-symmetry and BPS bounds

The requirement for x-symmetry for a probe Dp-brane amounts to the projection [35]:

e =TI'ppe, (B.1)

€= <€1> , (B.2)
€2

of the supersymmetry parameters €1, €2, which are Majorana-Weyl spinors of positive and

where € is defined as a doublet

negative chirality respectively. Furthermore,

0 I'p
Ipp = |+ i B.3
Dp (F]Szl, 0 ) ) ( )
with fgi = —(—1)pF0prFO. For zero world-volume fluxes, which is the case of interest in
this paper,
. 1
FDp = EMl"'MpF()PMl”_MP‘Dp, (B4)

v/ —det g|pp

where |p, denotes the pull-back on the world-volume of the Dp-brane. It follows that
[py = —(=1)PEHI 2Ty, (B.5)

For N' = 2 supersymmetric AdS; x Mg backgrounds the supersymmetry parameters
are decomposed as [22]

2 2
a=y xion +> xleon, (B.6a)
I=1 J=1
2 2
=Y xien +> x o, (B.6b)
I=1 J=1

where y. are AdS, Killing spinors. A + subscript denotes the chirality of the spinors
and the I,J = 1,2 indices are R-symmetry indices. The negative chirality spinors are
complex conjugates of the positive chirality ones. The ten-dimensional gamma matrices
are decomposed as

ry,= eA'YM ® 1L, Crts = 75 @ Ym, (B.7)

where v5 = —iy0y1y243.

The spinor bilinears are expressed in terms of the SU(2)-structure data via the pure

. ++ _ + F 4+ +  F + .
spinors ¢ =ny My, 9= =My, Where n;,, i = 1,2 are defined via

i

iy \/i(mi +n5) M= \/5(?751 — ) (B.8)

The pure spinors can be read from equations (2.26) of [22], with the restriction b = 0,
a = —1, z3 = —1 which applies to the class of solutions we are studying in this paper.
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From the projection (B.1) we can derive the BPS bound €'e > €T'p,e which can be
rewritten as

(611-61 + 6362) X;Z)/lp > U(p), (B.g)

where
Up) = (EJ{FOF@)GQ _ (_1)P(P+1)/2€;F0F(p)61> ‘Dp’ (B.10)
F(p) = Z%I‘mlmmndxml A Adx™, and X;E)/lp is the volume form on the spatial part of

the world-volume of the Dp-brane. The BPS bound is saturated if and only the probe
Dp-brane is supersymmetric.

For the case of a D2-brane that moves along a geodesic in AdS4 and wraps an internal
two-cycle we find:

1 e—44
Up) = 8¢ Re [(XL)T’YOXQ_} <2dy A(d +p) — FQJ> ; (B.11)
0 D2
and
(611-61 + 6562) voly = 4e# Z ‘Xi|2V012. (B.12)
I
We thus conclude that the BPS bound is saturated when
—~ 1 e—14
voly = <dy A (dp+p) — —=5 J) (B.13)
2 Fy D2
and
> I = 2Re | () Tox? | (B.14)

1
The latter condition implies that the D2-brane is at the center of AdSy [36].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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