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1 Introduction

In the paper [1] we obtained the curvature tensor (previously discovered in [2, 3]) in a
manifestly T-dual way. In the paper [4] we extended the techniques for the case of three
dimensional N' = 2 T-dual extended superspace. There we correctly obtained the pre-
potential (as a part of vielbein), structure of linearised dilaton and field equations. The aim
of this paper was to look at the full ten dimensional N' = 2 T-dually extended superspace in
the flat and also in AdSs x S° background, i.e. IIB string theory expanded around AdSs x
S® background. The AdS was earlier analysed in superspace in papers [5-7] and [8]. In
this paper we discovered the projective (and also the chiral) pre-potential to sit in a certain
combination of Hg z and H, 5. This was first obtained in the flat case and later generalised
for the AdSs x S°. We also performed the near horizon limit and derived the equation
of motion for the pre-potential in that limit. This limit also picks out the projective pre-
potential instead of the chiral pre-potential, even though both pre-potentials are valid bulk
solutions. The projective and harmonic superspaces were earlier analysed in [10] and [11].

2 Motivation

The massive development of the AdS/CFT correspondence (and its generalisations) started
with foundational papers [14] and [15]. It is considered to be one of the best achievements
in string theory. The correspondence promises the way of computing quantum effects
in strongly coupled field theory using the classical (super) gravity theory. The AdS/CFT
correspondence (and its generalisations) is currently used in many different areas, like study
of confinement, condensed matter systems or investigation of non-equilibrium phenomenas
in strongly coupled plasma.

In the AdS/CFT correspondence the strongly coupled quantum field theory (four di-
mensional N/ = 4 super Yang-Mills theory) is related to the supergravity theory living on
AdSs x S° space. The strongly coupled conformal field theory is hard to work with. The
correspondence provides feasible way to calculate effects in such theory by translating it
to weakly coupled supergravity.

It is therefore of high interest to develop suitable framework to handle supergravity
living on AdSs x S° background. This framework could be later used as a base for
perturbative calculations. In this paper our aim was to look at type IIB supergravity
living on AdSs x S° background. We are looking for solutions generated via field called
pre-potential. The pre-potential is a basic field from which all physical fields (in the
massless spectrum) arise. Thus we get the classical solution of supergravity living on the
background AdSs x S°. This solution is interesting because of our later aim to use it in
perturbative calculations. Our novel approach unites the way how this solution is found.
The first interesting observation is universal usage of string based framework of T-dually
extended superspaces, that started with foundational paper [2, 3] and later examined in [1]
and [4]. Another interesting feature is the way how the AdSs x S® pre-potential solution
was obtained in this paper. The approach is actually an analogy of how we derived the flat
ten dimensional pre-potential in this paper. We started with flat supergravity where it was



much easier to identify the pre-potential. Inspired by this solution we turned on the AdS5 x
S5 background, modified the equations and looked for the AdSs x S® deformed solution.
This gave us both technical and also geometrical advantages to look at the pre-potential as
coming from the same field solution. The sanity checked worked here, if we flatten back the
AdS5 x S° (i.e. the R — oo limit) we would get back the flat space pre-potential solution.
Moreover by looking at the near horizon limit (R — 0) it was easy to naturally identify
the equations of motion and find the correspondence between gravity fields and CFT fields.

We believe that the use of the string based T-dually extended superspaces in various
contexts is fruitful and natural way to cast supergravity, as was observed in [1] and [2, 3].
In this particular work we showed how it can be effectively used to naturally find the pre-
potential solution in the fully fledged type IIB supergravity on the AdSs x S° background.
That is a novel result that to our best knowledge has never been derived. In the future we
would like to look how similar approach might shed some light on the supergravity solutions
on different backgrounds, relevant for generalizations of the AdSs x S°. Moreover in this
framework the calculations beyond linearized level are also feasible and are left for future

work.

3 Type II superspace, notation and motivation

3.1 10 dimensional type II superspace

The T-duality is important duality we know to exist in (super)string theory. The low
energy limit of superstring theory is version of ten dimensional supergravity. The T-duality
then forms T-duality symmetry which is the symmetry of such low energy theory. That
symmetry can be manifestly realized by doubled spacetime coordinates. This realization
was first made in the paper [2, 3].

In the next introduction we are closely following paper [28]. To T-dualize ordinary
space we start with space that can be built by the coset construction. In the procedure
of T-dualizing the coset construction one starts with ordinary Lie algebra generated by
G1, where by I we mean some particular set of indices. We require this Lie algebra to
have non-degenerate metric. As for the usual coset construction, one can exponentialize
the Lie algebra and get the Lie group (more precisely the vicinity of the unit element),
i.e. one constructs the Lie group element g( Z'), where Z! are group coordinates. The
covariant derivatives and symmetry generators (Lie derivatives) on that space are obtained
by considering left and right actions of the group. Since left and right action on a group
element commute so do the covariant derivatives and symmetry generators. More explicitly
for ordinary (particle) construction we get:

- 1 o 1
Symmetry generators: V; = L;™M =8y, || Covariant derivatives: V; = R/™M Z 9y (3.1)
i i
where L™ and Ry are matrices defining right and left invariant one forms: (dg)g~' =

idZM Ly Grand g7 (dg) = id ZM Ry! Gy. The L matrix is used in left action genera-
tor and R matrix is used in right action generator in (3.1). It follows from construction that



O ~
the covariant derivatives V; and symmetry generators V ; satisfy the following Lie algebra:
~ ~ . K< O O . K [©] ¢} ~
Vi, Vit =ifrs" Ve || [V, Vst =—ifr;" Vi || [V, Vs =0 (3.2)

where we included graded commutators as an immediate superalgebra generalization. The
graded bracket in (3.2) is anticommuting for two fermions and commuting for others. Hav-
ing the covariant derivatives in hands we can curve given space arbitrarily via vielbeins
Va = E V).

The next step is to generalize the algebra (3.2) to the (super)string case. It is obtained
by string extension of particle one parameter Z! (7) to stringy Z! (7, o). By that we get
string generalization of (3.2), the string affine Lie algebra:

[I;], I;J} :if[JK§K+i7C7)Ijag(5(2—1) (3.3)
(5,5} = —if1/5 Bk —if170,6(2 —1)
[I;I7 IgJ} =0

where the metric 777 is the (graded), constant, non-degenerate (super) Lie group metric
and 0,0 (2 — 1) = 0py0(2 — 1) = ¢ (2 — 1). In analogy with (3.1) the left and right
action generators could be solved explicitly in the string case:

~ 1
Symmetry generators: >; = LM (,8M +(9JZNBNM> — 9, 2M LMJgjj (3.4)
1
1
Covariant derivatives: g[ = RM (,8]\4 +80ZNBNM> + 0, zM RMJ%JI
1

where By n is the B-field. We can get the curved version of the string covariant derivatives
(in paper [28] also called curved current) via vielbeins:

O o
Sai= E Al (Z(7,0))>1 = Exl > (3.5)

Using (3.5) we can introduce geometric objects like torsions. Looking at stringy affine
algebra in the curved background we get:

[, >p)i= —iTap’ >e6(2—1) —inapdsd(2 —1) (3.6)

where T4 g© is the string generalisation of torsion and 74 g is the curved group metric. In
general are both functions of vielbeins. We will impose constraint on n4 p and require 74
to be a constant metric 7% A B- Such constraint does not impose any restrictions on physical
content and makes calculations simpler.

In the next step we will describe particular realization of above construction. For
the usual particle we can start with algebra of translations generated by pn,, where m €
{1, ..., dim}. Next we can include the supersymmetry generator D, where y is fermionic
index and range depends on dimensionality of space. By including D, we get the super-
translations. Finally we can add the Lorentz generator Sy, and thus get a particle algebra
of super-Poincaré transformations. All previous can be described by nice diagram in ta-
ble 1, see also [28]. To build the T-dual analog of 1 for type II string we first need to double



translations — supertranslations — super-Poincaré

Pm D/u Pm Smn, Dy, pm

Table 1. Particle algebra generators.

translations — supertranslations — super-Poincaré
P Dua P, 0+ Smna D,ua Pmy Qua 2mn
Ps Dz, Pg, OF Swns Dz, P, 0F, Y00

Table 2. String affine algebra generators.

Explicit: v = (mns ps ms #5 ™) carried by  Smn, Dy, Pm, 2, X0
7 = (mn o @ fi mmn) carried by  Sgm, Dz, Pa., QF, mn
Symbolic: M = (S, D, P, 2, %)

o= (S, D, P Q2 5%)

Multiindices: M := (S, S, D, D, P, P, 2,2, 2, %) = (u, 57)

Table 3. String affine algebra indices.

Covariant derivatives: éM = (Smn, Dy, Pm, 20, ™)
S = (Sgms Dips P, 2, 570

Coordinates: ZM = (ymn ] gr g™, Py, Vmn)
ZM . (uﬁ‘T‘, or, x™ ©fi» Vain )

Table 4. String covariant derivatives and coordinates.

the translation generators and also have in mind that those generators are forming an affine
Lie algebra as seen in (3.3). We get the set of string translation generators Pp, Pg, they
generate left and right translations. Next we will include the supersymmetry generators
that are for obvious reasons also doubled to D, Dj. Including those generates a small
issue. Because we consider the non-degenerate group metric 7y y and the affine Lie algebra
of supertranslations has to satisfy super-Jacobi identities we need to include another inde-
pendent fermionic generators (dual currents) 2+, QF . The necessity for the dual currents
was discussed in great detail in [9]. Finally, if we include the Lorentz generators Smn, Smn
we also discover yet another set of dual currents ™9, ™2 We summarise the type II
generators in next diagram: We can see that the whole set of generators is doubled for
type II string affine algebra. That introduces space with high dimensionality. In the end
the dimensional reduction, coset constraints and section condition are imposed on fields
(living on such high dimensional space) to remove unphysical degrees of freedom.

To deal with indices and generators in table 2 we introduce notation for various forms
of graded indices, see table 3. Using definition from table 3 we can define stringy super-
Poincaré covariant derivatives (and string coordinates) in the sense of generic string affine
(super) Lie algebra from (3.3). The table 4 covariant derivatives satisfy the following ex-



plicit string type II affine super-Poincaré algebra, for which the non-zero structure constants
and the central charges are:

[Smn (1), Sa@)] = —inmxSyn) (2 1) (3.7)
1

[Smn(l); Dp (2)] = _Z§(an)apD05(2_ 1)

[Smn(1)> Pk(Q)] = Z'77k[mPn]6(2_ 1)

[Smn (), 2] = i ()0 276(2 1)
[Smn (1), Ekl (2)] = iémnkl 5/(2 - 1) - ié[m[knn}sgﬂsé(z - 1)
{D,(1), Ds(2)} = 2(¥")pe Pmd(2 — 1)

(D, (1), Pm (2] = 2(Ym)po $276(2 — 1)

1
(D, 7@} = iogd(2=1) =iy (ymm ), X6 (2 — 1)
[Pm(1)7Pn(2)] - Z.771‘1’1105/(2_1)"i_i77mh77nsévhs(5(2_1)
—_~ left algebra — — right algebra
[left, right } = 0.

As indicated above, the algebra for the right generators is the same up to the overall
sign. We can assign the canonical dimensions to the generators: dim (S, D, P, 2,%) =
(0, 3,1, 3, 2). The S generators generate the SO(9,1) ® SO(9, 1) algebra, i.e. left (and
right) local Lorentz transformations. The D generate left (and right) supersymmetry trans-
formation and P left (and right) translations. The 2 and X are the left (and right) dual
currents (corresponding to D and S), see also [2, 3]. We can see once again that the only
non-vanishing terms (for left handed algebra, similarly for right handed algebra) in the
metric and structure constants in (3.7) are (as can be guessed by dimensional analysis):

nep, Nsx, Npe;  fsep, fsss, fopp, fspo (3.8)

where we have lowered the upper index on f with 7 to take advantage of its total (graded)
antisymmetry. In that notation we explicitly have, for the left-handed algebra:

(n)mn = Tlmn , (n)mnpq = 5mnpq) (n)ap = 55; (39)
fmnpol - _5mnpq’ fmnpqrS = n[m[péfﬂn}rsa fopm - 2(7m )Cfl“ (3'10)
1
fmnap = - (an)g
2

The type ITA and IIB theories are distinguished by the choice of ten dimensional
fermionic coordinates. For ITA theory we pick fermionic coordinates with both ten dimen-
sional chiralities ( Z#, ZF) = (6", 0,,). Note that now the 6 coordinate uses concrete ten
dimensional fermionic index (in chiral representation), in contrast with generic fermionic
index used in description of 6 coordinate in table 4. Moreover those indices are ten dimen-
sional chiral indices with respect to the common (diagonal) local Lorentz group (defined
after the dimensional reduction). The IIB theory uses the indices of the same ten dimen-
sional chirality ( Z*, Z*) = (61#, 62), therefore we denoted them by substript ; and 5.



The above construction is very natural from the point of view of the superstring theory,
where we know the T-duality is a symmetry of low energy theory. Moreover as we have
seen in papers [1] and [4] this description has advantages to naturally introduce objects of
interest. For example in the paper [1] we derived the T-dual version of Riemann curvature
tensor using T-dually extended space (even though there without supersymmetry). That
tensor has been previously discovered in [2, 3] but by indirect methods. In paper [4] we
discovered that the pre-potential for N' = 2 three dimensional supergravity is naturally
part of vielbeins living on the T-dually extended superspace (i.e. the three dimensional
version of above construction). It was known how to find the pre-potential for N' = 2
three dimensional supergravity before, however some further differential constraints were
needed (like the bisection condition) see [21]. In paper [4] all constraints are coming
naturally from the torsion constraints (we will discuss them later in this paper as well).
We will see that ten dimensional generalization of [1] and [4] is a fruitful way how to treat
the pre-potential in ten dimensional flat and even AdSs x S° space.

In next sections we will use the Wick rotation. We feel free to Wick rotate from
Minkowski to Euclidean metric and back because in this paper we do not discuss the
reality conditions, so the rotation is the matter of convenience.

Our first and most significant use of Wick rotation is in the description of space-cone
gauge in the case of AdS5 x S°. The procedure is described more precisely in [17, 18] and so
we are giving just short overview. In order to introduce the space-cone basis in AdS5 x S°
one can first Wick rotate the sphere S° to AdSs. This is done by extension of one S® coor-
dinate to complex numbers and then taking it to be purely imaginary. After that we have
space AdSs x AdSs. At two corresponding Poincaré patches (at the AdSs x AdSs5) we take
two bulk coordinates (two space-like coordinates one from the original AdSs and another
one from the Wick rotated sphere) and introduce the space-cone coordinates + and z~ as
their combinations. The near horizon limit is attained by ™ — 0. This limit turns the su-
perspace into the projective superspace. In the text we will use those 2+ and ™ coordinates
and related space-cone gauge (for vielbeins living on the extended space). The space-cone
gauge destroys the explicit local Lorentz covariance but still preserves the boundary (near
horizon limit) Lorentz covariance SO(3, 1) ® SO(4) the symmetries of boundary CFT.

We will also use the Wick rotation whenever we find it easier to explain or define some
notion. For example, we define ten dimensional I" matrices as matrices for SO( 10 ) Lorentz
group. To get the gamma matrices for SO(9, 1) one can Wick rotate back.

3.2 Gamma matrices

The gamma matrices (ym),» used in the algebra (3.7) are the 16®16 block gamma matrices
from 10 dimensional 32 ® 32 chiral representation:

0 (ym)"”
T = ( (Ym) ) where {Im, I'n} = 27mn d. (3.11)
(’Ym);w 0

Moreover the block gamma matrices satisfy:

(m)pr = mvp | (V)" (rm))vo = 20mn s || (Am) (e (Y™)oya =0 (3.12)



The IIB fermion generators (in algebra (3.7)) are described by 16 @ 16 chiral fermion
generators (for left and right generators) with the same 10 dimensional chirality. For the fu-
ture use we need to look closer at the structure of the matrices (ym ) from equation (3.11).
The gamma matrices from equation (3.11) could be constructed from SO(9) gamma ma-
trices or equivalently from SO( 8) gamma matrices and the chirality matrix. We can go one
step down and construct the SO(8) gamma matrices from SO(6) gamma matrices. For
the SO(6) gamma matrices we use the Majorana representation of those matrices (they
are purely imaginary). Thus we can get the Majorana-Weyl representation of the SO(8)
gamma matrices.

For the future reference we will define the following 16 ® 16 matrix fg,:

4
Is5 == 710 H Ym (3.13)
m=1
where vy, are block gamma matrices from (3.11).

3.3 Space-cone basis and indices

In the following sections we will use the space-cone basis we introduce it for the gamma
matrices we constructed in previous subsection. We first notice that the block gamma
matrices ym in equation (3.11) could have either upper indices (ym)*" or lower indices
(Ym)pv- From the construction it follows that those matrices are equal up to the sign.

In the equation (3.11) let us further divide the (either upper or lower) 16 dimensional
index p to 8 @ 8 pieces (they are the SO(8) chiral indices), thus we introduce p :=
(p, /). In another words we want to look how the block 7y, matrices look in the SO(8)
(Majorana-Weyl) basis. Furthermore we introduce the following space-cone combinations
of the equation (3.11) block gamma matrices:

1 0 0 1 0y 0
(’7—1—)#1/:2(710‘1"79)#1/:(0 5;/:/) I (’7—)#1/:2(710_'79)W/:<g O) (3.14)
1 o (om0 o1 (00
()" =5 (710479 )" :<0 O) I (=)""=35 (120—79)" =<0 (5“”")

For the convenience we also write the remaining gamma matrices using the SO(8) indices:
0 (Fi)uw 0 (Fir
(Vi)ur = < N 1 W) I ()" = ( o (3.15)
( Vi ),u’ v 0 (

where the 7; are the SO(8) gamma matrices.

In the above introduced 8 @ 8 basis the (3.13) looks like o3 ® 1 where 1 is the 8 ® 8
unit matrix and og is the Pauli matrix.



4 The AdS background in the T-dually extended superspace

4.1 Short review of the theory in curved background

In the treatment of the theory (of T-dually extended superspaces) the curved background is
introduced via vielbeins E4M (ZV), see papers [1-4]. Note that the index M was introduced
in table 3:

>a= EsMZN) B (4.1)

o
where > are generators of the flat algebra (3.7). The affine Lie algebra for the curved
covariant derivatives > 4 can be written as:

[Ba>c } = —inacd (2 — 1) —iTac® >e 6(2 — 1) (4.2)
where T4c¢ is the superstring generalisation of the torsion, see [1]:

Tact = E[AM(DMEC)N)EX/er%nSDEDM(DME[A|N)E/_vlf77f|C)+EAM ENERY fun”

(4.3)
where [A]|c) indicates graded anti-symmetrization in only those indices. By Dy in (4.3)
and in the whole next text we mean the group covariant derivatives of the (non-affine) part
of algebra (3.7): [Daq, Dy} = i fma® De.

Note that the super-Jacobi identities imply the total graded antisymmetry of the tor-
sion, just as for the structure constants. We can set the coefficient of the Schwinger term
(the central charge in algebra (4.2)) to be the flat metric 7 (now we rename it to 7, to
simplify notation). After that the vielbein is forced to obey the orthogonality constraints:

EaMun EcN = nac (4.4)

This choice does not affect the physics, and simplifies many of the expressions. For example,
it implies the total graded antisymmetry of the torsion, when the upper index is implicitly
lowered with n:

1
Tupc = §E[A|M(DME|BN)EC)N + EaMEENECT fane (4.5)

where we have used E_Al/[ A= pABpy vE 5V Also note that in the first term the graded
anti-symmetrization can be written as a cyclic sum without the 1/2, since it is already
graded antisymmetric in the last two indices. Because of orthogonality, the vielbein is like
(the exponential of) a super 2-form, while the torsion is a super 3-form. Similarly the
Bianchi identities are a super 4-form.

To solve the theory (in terms of pre-potential, to get physical fields and equation of
motion) orthogonality condition (4.4) has to be solved explicitly (or at least at linearised

level). Moreover there is a huge gauge group invariance that should be fixed:
A Da=[—iA,>a} where/l:—/da)\M(Z)DM (4.6)

At the top of the orthogonality condition and the gauge invariance, we should include the
torsion constraints. The torsion constraints are additional constraints on vielbein. They



are imposed by putting some of the torsions in (4.5) to zero. Of course, not all torsions
in (4.5) are zero. The relevant torsion constraints have been carefully analysed in [28].
All possible constraints on torsions are coming from curved space version of the ABCD
(first class) constraints: A Virasoro, (string world-sheet) diffeomorphism constraints, B
and C and D are the first class fermionic x symmetry constraints, for further details
see [19, 20, 22-25] and [28]. The rule of thumb is that at least the torsions of negative (10
dimensional) engineering dimension should be zero.

We will not try to solve the full nonlinear version of the theory. We linearise the
theory around some background. In previous papers [1, 4] we linearised around the flat
background. In this paper however we linearise the theory around the AdS5 x S® solution
of the classical supergravity (reformulated in the language of the doubled algebra).

After the linearisation we rewrite the orthogonality constraints (4.4) and torsions (4.5)
using the vielbein expansion E;P = 6P + EMWD 4 O(E(Z) ). Let us for simplicity
rename the first fluctuation EMeP = HeP. Then the equation (4.4) is just statement
that: H(CD np|e] = Hicgp) = 0 and the structure of linearised torsion (4.5):

Tase = fase + TW ape + O(T®) (4.7)
1 1
where  TW 50 = 5 Diatlpe) + §H[AMfBC)M

4.2 AdSs x S° background

In the expansion (4.7) we need to have the concrete structure constants f4¢ (i.e. vacuum
values of torsions). We are interested in solving the theory (at least identifying the pre-
potential) around this AdS5; x S° background. The relevant structure constants for the
T-dually extended superspace in the context of the AdSs x S° background were analysed
in the last section of the paper [28]. We are repeating them here for the convenience. In the
next section we will embed this AdSs x S° version of T-dual algebra (see [28]) to a certain
larger algebra that will be actually used in computations. The relevant non-vanishing
AdSs x S° torsions from [28] are:

dim0: Tssy = fssy || Tspo = fspo || Tspp = fspp || Topp = fopP

dim1: Tp5e = Rppe | Tppe = Bppo
dim 2 : TQQP :R_Q_Qp || T_Q_Qp = RQQﬁ || TPISZ = RPISE

dim3: Typ5,. = Ro5s (4.8)

note that the left and right index notation was introduced in table 3.
The fapc in (4.8) are usual flat superspace structure constants for the (flat) T-dually
extended superspace with the (common) local Lorentz group SO(4, 1) ® SO(5). The
posBp Do are defined using the dimension
1 to~rsion Tppo TheTpn, = Tas? = Ya ao FP7, where the R-R field strength Fo5 =
FoP = _L_(I3)*P. Note that the I5 was defined in (3.13) and the new parameter raqs

TAdS
is the AdSs5 space radius (note, raqs = rg, i.e. the radius of S° is the same of AdSs, so

nontrivial curvatures from table (4.8): R

,10,



that Ricci scalar R = 0). More specifically some of the table (4.8) curvatures:

dm1: Ryp5, =R, 5" = T572P),, (4.9)
dim 1 : RPEQERaaﬁ = T.5" zyaaUFﬁg

i 9 - _ = p .o . Bp. cd

dim2: R,5,, = R o« T, RB’YC Y&

dim 3 : RQf)Z = Rag ab x (T& BURaeab + TQEVREVab>,Ye o

where the dim 2 curvature is proportional with the constant 2™ 7+ and the dim 3 curva-
ture is proportional with a constant D (where D is 10 in our case).

All the other curvatures in (4.9) are obtained using the appropriate Bianchi identities
(one can obtain all curvatures from 7', 5 , using Bianchi identities). We note that the tor-
sions (4.8) and curvatures (4.9) are consistent with torsions and curvatures given in the [16].

4.3 Extended AdSs x S° T-dual algebra

To identify the pre-potential in the generalised vielbeins, i.e. solving the spectrum of the
theory (on linearised level) we want to proceed as described in earlier papers [1, 4, 28].
There the vielbeins were introduced as in (4.1) and linearised as above the equation (4.7).
This procedure means the expansion of generally curved superspace around some (in those
papers just a flat) background. Moreover the gauge invariance was completely fixed (in
referenced papers the covariant gauge was considered) and after that the pre-potential was
identified as a part of vielbein (acting on by derivatives, the physical spectrum is produced).

Here we want to proceed in similar way. We want to introduce the vielbeins and lin-
earise the theory around the AdS5 x S® background. We have tried to use solely the algebra
described in the previous sub-section, i.e. to take the algebra (4.8) and introduce the viel-
beins, gauge fix and linearise. Even though we still believe that the pre-potential is sitting
in that theory in some combination of vielbeins, it was not easy to identify it. The reason
was that to identify the pre-potential we need to find a scalar contraction of some linear
combination of vielbeins that is anihilated by the D, and Dy operators. The D, and Dj
are certain combinations of D, and D/ (see the index notation above the (3.14), i.e. they
are a particular chiral part of the SO(8) chiral decomposition of the 16 supersymmetry
translations D, defined at the beginning, see (3.7) and section above (3.14)).

Because the metric is in H, 5 vielbein, we expected the pre-potential to be (at least
a part of it) in Tr H, 5. The problem with Tr H , 5 is that it already has dimension 0. To
show that it is annihilated by D, and Dy operators we would need to use torsion constraints
of dimension % Moreover we also know that the pre-potential has to be annihilated by
the suitably defined P, operator (Py o (Py + Py) where Py = Dp_and Py =
Dp_), in a light cone basis introduced in (3.14) and in the near horizon limit (defined
later)). The high dimensionality of Tr H, 5 then requires to use at least dimension 1
torsion constraints to prove that Py vanishes (in the near horizon limit). That seemed to be
problematic to analyse in the theory based just on the algebra (4.8) and (4.9) because of the
degauging procedure. The degauging appears since the theory coming from algebras (4.8)
and (4.9) is really coming from the full SO(10) ® SO(10) so there are some missing

— 11 —



Lorentz connections. By simple dimensional analysis it is evident that the missing Lorentz
connections are first appearing at dimension 1 (for example the appearance of the full Hp g
in the dim 1 torsion Tppp o< ... + Hipjs fppjx + --.)

For that reason we extended the algebra (4.8) to include the original (Wick rotated)
local Lorentz group SO(10) ® SO(10). All the other structure constants and curvatures
in (4.9) and (4.8) stay the same. Except now we have separate left local Lorentz Syp
generator together with the right local Lorentz generator S, where a € {1, ...10}.
The common (Wick rotated) SO(5) ® SO(5) Lorentz group of original AdSs x S° alge-
bra (4.8) is then the subgroup in the diagonal SO(10) subgroup of SO(10) ® SO(10).
The extension procedure can be viewed from the different picture. We could start with
the full 10 dimensional string superspace as introduced in [2, 3] and [26, 27]. Then intro-
duce the curved version of that space via vielbeins and then linearise around some back-
ground as described earlier. The extension of (4.8) and (4.9) to full SO(10) ® SO(10)
is then just a choice of some particular background that is consistent with the original
AdSs x S°. This has an advantage that now we have a natural place where to put the
troubling (part) of the pre-potential Tr H, 5. Because of the additional S,p and S we
can have Tr H+a-FB = Tr Hy g instead of the Tr H, 5. The TrH, 5 = H_ is related to
TrHS§ = Tr H+a+~b by an action of Dp = P_ and Dp. = P~ (they are both invertible
operators). The vielbein Hz is of the dimension —2 and so there is no need to use the
higher dimensional torsion constraints. Moreover in the full SO(10) ® SO(10) theory we
do not have to do the degauging procedure.

This extension comes with the cost. The mixed pieces of the AdS algebra (4.9) are
breaking the explicit SO(10) ® SO(10) invariance (they are not the SO(10) ® SO(10)
invariant tensors). We still have present the full Dg = S generators. Those derivatives
could hit the (non-invariant) curvatures. The solution of this is to keep the explicit mixed
curvature dependence (as generic mixed curvatures) till the S derivatives are not being
explicitly evaluated. We will describe this procedure in detail later.

5 Gauge fixing

We want to fix the space-cone gauge (T-dual super space-cone gauge) for the first fluctua-
tion H 4, i.e. like in the usual light-cone we have Dp = P_ operator invertible, now we

have P_ and P~ invertible (where Dp. = P-).
First we look at the gauge variation (4.6) more closely and at the linearised level:

SaHas = Diadg) + fas®Ac (5.1)

In the light-cone gauge we in general pick a vielbein with an P_ or P~ index, put that
vielbein to zero. In order to maintain that gauge we need to fix the particular gauge

parameter. For simplicity we call P~ = — and P~ = — then:

H 4=0 = 640H_.4=0 = P Xa—Dar_+f_ 4N =0 (5.2)
1
then)\A:P—(DA)\_—Ff_AC)\c)
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Note that there are more possibilities to fix the particular gauge parameters A 4. To fix
A4 we could also put H~ , = 0 and use the invertibility of P~. Of course we can not fix
some gauge parameter twice. We have to decide which vielbeins we are going to fix in this
“double” light-cone gauge.

We picked the approach where we used the mixed vielbeins to vanish by the dou-
ble light-cone gauge fixing, ie. we put H- , = 0 for 4 € {S,D, P, 2, Y} =
left part of algebra. Together with H_4 = 0 for A € {§, 5, ﬁ, (~2, 5} =
right part of algebra. By that choice we fully fix the gauge parameters A4 and A5 in
terms of A\_. That parameter can be fixed by the gauge invariance of the gauge invariance.

The motivation for the previously described mixed left right light-cone gauge fixing
came from the flat space (just the extended AdSs x S° space with raqg — oo, i.e. the flat
SO(10) ® SO(10) T-dual superspace). After picking this type of the light-cone gauge the
mixed torsion constraints of the type T~ , 5 = 0 are as algebraic as possible:

T~ g = P-Hyp+DpgH= ;+DyHg=+H~ ,, UMNfABN+H[A\M77MNfB):N (5.3)
T~ ,g=P-Hag =0 = Hpg =0fora, 8 : T-,5=0

where we used our mixed light-cone gauge and rags — oo of extended algebra in (5.4).

The same as in (5.3) and (5.4) holds if one fully swaps left and right indices. For finite
rads we can have the mixed structure constants nonzero (i.e. f AB= 7 0) and so we would
have a right hand side in (5.4). Note also that there could be the contribution from S
derivatives hitting the mixed structure constants. Even though the right hand side in (5.4)
is not generally vanishing for finite 7545 we found that the mixed left-right light-cone gauge
is still useful in the AdSs x S° case.

6 Torsion constraints

6.1 AdSs x S° curvatures and Dg derivatives

As we noted in the introduction section. Because we have enhanced our superspace, we
have to take special care when the local Lorentz derivatives Dg = S are hitting the
mixed curvatures (4.9). This problem arises because the curvatures in (4.9) are not full
SO(10) ® SO(10) invariant. The solution is to keep the non-invariant torsions (4.9)
generic and explicitly act by the Dg = S derivatives on those torsions. Only after this
explicit S action we can evaluate those torsions (or curvatures) and be fixed as in (4.9).

Let’s take an example, from the equation (5.3) we can see that in the AdS5 x S° case
in the mixed light-cone gauge the H 45 is determined as:

1
Hap = ﬁH[A|M77MNf3)ZN (6.1)

In many instances in this paper we use similar relation as in (6.1) to fix some particular
vielbein in terms of another vielbeins. If all structure constants f would be SO(10) ®
SO(10) invariant tensors then there is not a problem and we can treat the f structure
constants as genuine constants also with respect to the S derivatives. In our case however
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the mixed f structure constants (that we call also the curvatures) in (4.9) explicitly break
the SO(10) ® SO(10) local Lorentz invariance down to the SO(5) ® SO(5) local Lorentz
(as it should be in the AdS5 x S° case). One possibility is to restrict our superspace local
Lorentz invariance (the S derivatives) to SO(5) ® SO(5). Then we would return back to
the PSU (2,2[4) that we wanted to avoid in the first place (in order to have H__ 5 instead
of H_ ). The alternative, that we picked, is to work with the full SO(10) ® SO(10) local
Lorentz group. But then the structure constants that are breaking that invariance are not
invariant tensors and so the action of those S derivatives on the mixed structure constants
has to be accounted for. So we should keep the mixed f structure constants and when
needed explicitly act by the S derivatives on them. We will evaluate them as the very last
step in our calculations. Let’s look at the example in (6.1) and look at the action of Sta
where a € {1 ... 8}:

1 1
SraHas = 54 <P~H[A|M77MN> Ty = x5 Hapa ™™ (S fy=n ) (6:2)

P-
1 1
=5 (PNH[A|M77MN> foy=n + 14— ﬁH[Aw??MNfB)aN

We will evaluate the fzza in the second equation just after all the (possibly future) S
derivatives have already acted. We also should bear in mind that whenever we are acting
by the S derivative on some vielbein (that is determined by another vielbeins) there might
be the above described issue. The second term can (and it will) nontrivially contribute to
our calculations.

6.2 Torsion constraints and Hg g vielbein

The torsion constraints are (mainly) given by the curved version of the ABCD (first
class) constraints, see [19] and [28]. There are further constraints called T4 = 0 coming
from requirement of partial integration in the presence of the dilaton measure, see [2, 3],
and [4]. There is also a strong constraint: on every field in the double field theory one has
to require D D4 = 0. There are also a dimensional reduction constraints, as we see later.

Our aim is to analyse the necessary constraints consistent with the above constraints
by which we can identify the pre-potential. Following the analysis given in [17, 18], we
identify the pre-potential as a scalar super-field (given by some super-trace of possibly a
combination of vielbeins), that is annihilated by certain combination of the D, and Dj.
The precise combination of D, and Dy is also going to be determined from the constraints.

As usual, we start to eliminate the lowest dimensional vielbeins. The vielbeins of the
lowest dimension are Hsgs, Hgg,
dimensional dimension). Using equations (5.3) and (5.4) for indices 4 = S and 8 = S (also

Hgzs. They are of the dimension —2 (we mean the ten

after change left <> right) we immediately get that Hgs = 0 = Hgg. Note, that even in
the extended AdSs x S° superspace the structure constant Jsag =0 — fo=p5 = 0.
We mention an important observation that will help us simplify future calculations. As
we saw in previous sub-section, we should keep the mixed structure constants generic and
evaluate them at the end. Note however, that the mixed structure constants with the S
indices are always zero (like the one we considered here: fg7,). The action of S derivatives
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on them results in the mixed structure constants again with the .S index and such are zero
after the evaluation. So specifically, we can evaluate the mixed structure constants with
the S indices to zero even before acting by S derivatives on them.

The mixed vielbein Hgg is not all zero and the claim is that the part of the pre-
potential is in this particular vielbein. To see which parts are possibly nonzero we rewrite
the Hy g in the double light-cone components:

Hyg = { Hoypo By By W H o Hopoge oo Ho_ gy (63)
H, =, H+75B} @ swap

where we might swap left index with the right index in (6.3). Also note that in all previous
we have a € {1,..., 8}. We remind that P, = 4+ « 10 + 9and P- = — « 10 — 9.
We want to use analog of equations (5.3) and (5.4) for the mixed H gz and 7aqs # oo

0 — MN
T:Sg—o—P:HS§—|—D§H:S+D5H§:—I—H[len fS§]./\/’ (6.4)

In equation (6.4) we have term H~ ¢ zero by gauge choice. The vielbein H g~ is proportional
to fg= - We see that this term is zero after evaluating fq~,- = 0 by (4.9). Using
the (5.3) and (5.4) for 4 = S and B = — and keeping f_~ ¢ nonzero, we get Hs_ =
% Jo= m N Hg nr and similarly for Hz~ and so the third term in (6.4) is also fixed.

The (6.4) is then:
1
T:S§ =0= P:HS§ +D5<P f_:MUMNH§N> + HSMUMNf:g‘:N (6.5)

Using equations (5.3), (5.4), (6.5) and the mixed light-cone gauge together with keeping
the mixed structure constants and evaluating the explicit actions of the S and S derivatives
we get the first important result for the structure of the H oz vielbein (in the AdS case), see
table 5 in appendices. From the table 5 we can see that the possibly nonzero H z in (6.5)
are those for which fz~ . are nonzero (after evaluation of mixed structure constants). By
simple left <> right swap we get that for Hg 5 to be nonzero also fg_ » has to be nonzero.
From the [ S, P] part of SO(10) ® SO(10) extended algebra of (3.7) we can see the only
possibility: H__, - # 0. All the other components of Hyz = 0 by (6.5) and table 5 after
evaluation. This is a first hint that we are on the right track. The H - # 0 is the
only nonzero part (after evaluation of mixed structure constants) of H ¢ g biece, it has a
scalar trace and we can easily relate it to H_ = H, 5, where we expect the part of the
pre-potential to be (the symmetric part corresponds to the metric).

To see how H, 5 is related to Hg gz consider the third relation from table 5 and after
evaluation of mixed structure constants:

1 1 1
( * 2 (TAdS)Q P_ P~ ) +a+b pP_ a+b (6 6)

We want to reduce H_ b further to get H, . One can naively expect to just hit H_ b

with P~ to get rid of the S index (or alternatively hit by P_ the H +aB)' It works but
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one has to be more careful since in the AdSs x S° space one has the mixed structure
constant f_ g, # 0. To see what is this structure constant (after the mixed structure
constants evaluation) we remind that in (4.9) we saw that dimension 2 structure constant
isgiven as Ry 5, = RaECd x Tgaf@ RB7 cd ~ @7, We have to be careful with the indices
in the R_;°d. The X indices °@ in (4.9) were indices for SO(5) ® SO(4, 1) local Lorentz
group (or its Wick rotated version SO(5) @ SO(5)). But the index & in f ¢, # 0
includes the indices for the full SO(10) ® SO(10). We have already made the claim
that the original local Lorentz group SO(5) ® SO(5) is in the diagonal subgroup of the
SO(10) ® SO(10), i.e. we have the following (at the level of algebras) so (10) & so(10) =
$(s0(10) + 50(10)) & 5 (s0(10) — s0(10)) := so(10)p & so(10)og. (The meaning
of previous is to do the operations on basis. The so(10) — so(10) means for example to
combine e.g. Lorentz generators like: S — S = Sog and similarly for another generators).
Now the so(5) @ so(5) < so(10)p. Let us write the last sequence of algebras more pre-
cisely. Using indices, the diagonal subgroup (subalgebra) is so( 10 )p = SP,p, = % (Sap +
S5) = (SDij, SPi1, SPi), wherei € {10,1,2,3,4} and k € {5,6,7,8,9} and the
a=(i,k) = {1,...,10}. The SP;; and SP} are the generators of the SO(5) ® SO(5).
Moreover, the previous definitions give precise embedding of those operators.

Defining SDij and SPyy we can see that the structure constant faB N is either 0 or
given by the appropriate R, 5 o We included a small subindex to the X’ coordinate just
to remind us that the X coordinate is now for the SO(5) ® SO(5) diagonal subgroup of
SO(10)p only.

Finally, taking definitions of Rag‘:d and table 4.9 and our definitions we can see that
fai A 18 coming from the mixed commutator

(ﬁﬁSDab ifa&kbec {10,1,2,3, 4}
[Pa, Pplox ¢ — (-2-)?SP,, ifa&be {56,789}

TAdS

0 otherwise

The proportionality constant is ¢; = —2. With the previous definition and with P_

— =3(10-9)and b € {5,6,7,8,9} we will get the [P_, P;] < SPgp, = & (Sop
Sgp,) We can also use Py = (Py — P-) andso [P, Pg| o< (S4p + S — S-p — S
Knowing the last relation we can proceed and hit the result of (6.6) by P~ and relate

— +

H talh with HaB for the evaluated version. For non-evaluated version we need to do the

same for the non-evaluated version of (6.6), that is the third top equation in table 5. For
vielbein H Tha needed in this procedure we get:

_ — _ MN
0=Tpps =Tz = Pall=p5) + Hajmn 7 [z 30 (6.7)
_ T N ~ MN ¢ MN N
= _PfH—i-ba_PaH:-‘rb_H"ran faf./\/’_HaMn f:—i-b/\/

The term H~ _ vanishes because of mixed light-cone gauge, the term H~ b is fixed by the

torsion 7"~ 5 = 0 and use of mixed light-cone gauge similarly as in equation (A.1). By
that we get:
1
— MN
H:_ﬁ)—_f_:/\/ﬂ] EH—%NWO (6.8)
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The last term in (6.7) is just 17— nanr, the analog term as in (6.6). The extra mixed

term (after evaluation) in (6.7) is Hya A nMNfB_N x (TAIdS )2 H_, 5, Plugging (6.8)
into (6.7) and then the result (that is the fixed vielbein H5 ) into the third top equation

in table 5 we obtain the non-evaluated relation between H tath

1 1
P,HJraﬁ):—f_:M'f]MNSﬁ) <P~H+a/\/> —f_gMUMN?H_J'_a_/\/’ (69)

1 1 1 1
MN MN
—fo=mm sz aEH;BN-Ff:aMU ?Hﬁ)/\/"i_ﬁHaE

after evaluation of the mixed structure constants in (6.9) we get:

1
H; = (P Pot o ) H 5 (6.10)

6.3 Torsion constraints and Hp g vielbein

To identify what combination of vielbeins gives the pre-potential, we first repeat the proper-
ties we are looking for. We are looking for combination of vielbeins (of the low dimension),
that has a scalar contraction and is annihilated by certain combination of D, and Dy
(see indices defined above (3.14)). Moreover the combination has to be annihilated by the
properly defined P, operator in the R — 0 limit (still to be defined).

To start, we have one nontrivial hint. We showed that the vielbein H  _ —~ is nonzero

+a+b

and is related to the H_ . So we can examine what is the action of the D, on H tath

i.e. we look at the torsion constraint:

— N ~ MN ~
TDS§:Ta’+a—E_O_D[a/H+a+b) —+ H[a’\Mn f+a+b)/\/ (611)
= D H—i—a—?f) + S—T—BH"‘,"’a + S‘*‘aH-ﬁoo/ + H;BMT]MNfa/+aN
1
= Dy HJraJ:E,‘f‘SIFI, Hy +a+S+a Hﬁ)a/+§ ('Y-&-a)a’ﬁ eri,g (6'12)

In the (6.12) we can see various terms with the S derivatives. If we could evaluate mixed
structure constants before an action of S derivatives, those S terms in (6.12) would vanish
(because the relevant vielbeins are proportional to vanishing mixed constants as we will
see). Now they will nontrivially contribute. We note again that we still have the fz N =
fﬁm//\/ =0= fqgy = f+aﬁo/\/' The vielbeins H, 15 and Ha'ﬁo are fixed by torsion
constraints 75 g = 1=, = 0 = Tprps = T, 5 and some few other torsion
constraints, as will be shown. We note that as in (5.3) and (5.4) we almost always have
the strategy to use invertibility of P_ and P~ together with our mixed left-right light cone
gauge to eliminate/fix vielbeins. Sometimes its not enough and we need to explore some

further torsion constraints. Let’s look at the already mentioned set of torsion constraints:

TﬁDS = T:O/Jra =0= P[: Ho/+a] =+ H[:‘MWMNfa/+a]_/\[ (613)
=P-Hy1a + Hiam 77MN f:a//\/ (6.14)

1
= Huoia=[fzypm UMNﬁHjLaN ~ 0 (6.15)
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in (6.13) we used just the mixed light cone gauge and f¢ 5, = 0 (in flat case and also in
AdS). To evaluate the last term in (6.14) that is present only in AdS case we have to take
the AdS curvature Tz , 5 = Tso? = fa5.P = 7'A1dS (Ya)av 1577 as discussed above (4.9).
For our specific indices we have TAIdS (V=)o I "8 but the (7=)ar» = 0 as we can see in
the construction of the light cone basis for the gamma matrices in (3.14). The vielbein

H, 5 can be fixed in almost the same set of equations as H, . Fixing the vielbein

H, s (and similarly H, _~b) is also similar but a bit more profound. For that we first
examine torsion analogous to (6.11) but for H , 5 vielbein:
_ _n— ,M MN ‘M
Tops =T i =0=R-Hy ) + Ho ™™ fo iy xr (6.16)
= — — ,V MN
—PfHa,_"_b"‘S_i_bea/"_H_‘_an f*Oé/N
1
= Ha,;‘E = —ESJ”_‘BHfa/ (617)

The (6.16) structure constant f_ . n < (7—)ars but as before that particular piece of
gamma matrix is zero (remember the non-mixed structure constants are not breaking the
SO(10) ® SO(10) so we can evaluate them without any concern). The other term in (6.16)
is H_ . That is fixed by the dim % torsion constraint 7'~ , = 0O:

TPIBD = T—:o/ =0= P[,H:a/) + H[fMT]MNf:a/)N (618)
=P-Hy— + Hop™N f_ = (6.19)

1
= Ha/,:—ﬁf_:MnMNHa/NWO (6.20)

We used in (6.18) the mixed light cone gauge, also the fact that f_ .y o< (7-)arp = 0.
We note that the (6.18) evaluates to zero because the mixed structure constant f_~,- = 0.
Moreover by the light-cone gauge the (6.18) term H_ yq nMN = o A = 0 even in the non-
evaluated regime. The reason is that the structure constant f~ , \ is zero after evaluation
and the action of whatever S on this structure constant produces either zero or the right
D index = D (after the summation with the vielbein) i.e. the vielbein H _ 5 that is again
zero by the light-cone gauge. Combining (6.17) and (6.20) we can get a fixed version of
the H , T By the similar equations as above we can fix H , . That result and more
detailed analysis is shown in the appendix, see table 6.

In the appendix, we also derived the equations (A.13) and (A.35). Those are the
actions of the S and S derivatives that we need in the equation (6.12). Putting the results
from (A.13) and (A.35) into (6.12) we get fixing of the D, H, _~, we note that this is an

+a+b’
important result:

1 1
DyH, ~ = —=—+
¢ THadtb g (raas) P~

1 1 1
(1 -z - B H <
* 29 < f (rags)? P~ P- > (rra)or” Hy 35
1 1

* fg2(raas)? P (P-)

(oo (T5)77 Hy

2 (’Ya)o/ v (f5)u,3 HB—I—b (6.21)

,18,



where f and g are defined as follows:

1
=11- .22
/ < 2(7“Acls)2P~P—> (6:22)
(-~ bt
o f2(raas)? P~ P-
Changing left <> right in (6.21) we get the equation for Dg H +alh There is one

simplification we can make in equations (6.21). Because only half of the block diag-
onal 4 matrix is nonzero and is proportional to the § for the nonzero part. The
('Y-I-a)o/ﬁ = Oa/ v/ (’Ya)l/ﬂ = (’Ya)o/ﬂ'

The observation from (6.21) and its left <> right swap is that the action of the D, and
D on H_ 5 18 producing two new vielbeins H 5Ta and H Fia This hints that we need
some another vielbein, such that the action of D, and Dg on it will effectively subtract
the fields H 57aand H Gia We found such a vielbein, but before giving it we will look at
the flat case superspace first to give a motivation. After that we will generalise it to the

AdS5 x S° background.

7 Flat space solution

7.1 Flat space diagram

To see what could be possibly a missing vielbein that will subtract vielbeins in (6.21) (and
its left <> right change) we first solve the same problem in flat space background. That
is the extended superspace with raqs — o0o. Note that in flat superspace (rags — o0)
the relation (6.21) simplifies significantly, because there are no raqs dependent parts. The
surviving part after raqs — 00 is just the second term on the right hand side of (6.21)
with g = 1, i.e. %(’y+a)a/5 Hﬁ-FE'
Let us therefore further examine an action of D, and Dz on H 5Ta and H 5 1a VeSPEC-

tively:
= — 0 = MN
Tpps =Typsa = 0= D Hgmy + Hom ™ famayw (7.1)

_ MN
= Do Hy o + SaHop — D Hig o + Homa 1™ fgan
+ Heg 0™ foran = Hapa ™™™ Fraon

The mixed terms in the f part of (7.1) are zero (note they are zero also in the AdS
background). The structure constant fo gn = 2(Va)a g 0*n (the same is in the AdS
background). The vielbein H Taa ~ 0 by the table 6. Then the equation (7.1) can be
rewritten as:

OZDa/H/Bjrva—i-SJ;HO//B—FQ(’YC)Q/QH%C (7.2)

To evaluate the only S derivative term in (7.2) i.e. Si7 Ho g we would need to work
a bit, in the AdS superspace. The whole AdS analysis of the actions of D, and Dg on
H 57a and H Fia
we would need only raqs — oo limit of that analysis.

is done in the appendix, see equations (A.39) till (A.63). In this section
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In the appendix we derived the equations (A.57) and (A.63). Those equations are
telling us that in the AdS case (and so also in the flat case) the actions of Dy and D,
result in a combination of H talh and H 5 This is actually a hint that we should add the

trace of Ha 3 to the trace of H talh in order to subtract an action of a linear combination

of Dy and Dz (future DY derivative) on trace H tath In the rest of this paragraph and
next section we will look at how the pre-potential is built up in a flat space limit, i.e. we
consider equations (A.57) and (A.58) and (A.63) and (A.64) in the limit rpq5 — oo. We
find equations that are fixing pre-potential and vanishing D,, derivative.

Thus we repeat the flat space limits of the Dg and D, actions on H 578 and H ia
respectively, i.e. the equations (A.63) and (A.64) in raqs — oo limit:

1 174
0=DaHgm + 5 (Va)o"Hp (7.3)

1
0= Doty , +5(na"H,5

Similarly, we can also look at the equations (6.21) and (A.57) and (A.58) (in the flat space
limit) and together with (7.3) and (7.4) we can observe the following interesting flat space

(7.4)

diagram:

H o~ 2y Py (7.5)

+af BB
lDa/
H—i—aE
The scheme (7.5) is nice and actually tells us what we should do next. Recall that the
nodes H +alh and H_ b and H,z could be identified by the use of invertible operators
P_ and P- see (6.6). Our original aim was find a field that has a scalar trace and could
possibly subtract actions of D, and Dz on H tath We will see that the missing field is

exactly H 85 (in the flat space, the only nonzero part of H, 5). The diagram (7.5) suggests
what to do. We calculate the remaining arrows and fill the square.

To fill the remaining arrows we need to calculate the action of D, and Dg on H 3
together with some another arrows that will be discussed later. We consider the dimension
% torsion constraint T, , 5 = To g = 0. We note again that for now on we are working
in the flat space. Later we will generalise the procedure for the AdS space:

TDDf) = To/,BE =0= D(O/Hﬁg) + H(alanMNfﬁg)N (76)

= DO/HB;, + Q(Wa)alg Hy, (7.7)
where we used that Hy, 3 = Hy 5 = 0 in flat space (see (A.40) and (A.45) and do flat

space limit). We also have a left < right swap of (7.7). The vielbein Hs. in (7.7) is

related to H, 5. For that consider torsion constraint T, ¢ 5 = T- c5 = 0:
Tpsp = Totes = 0= PlHic) + Hi ™™ froz)n (7.8)

= PfH—i—cE + Ny HEc
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where we used left-right light-cone gauge, together with H_ .. = 0 that is shown in the
appendix and holds even in AdS, see (A.20).

To fill the diagram (7.5) we need to calculate two more torsion constraints that are
providing the actions of D, on H, 5 and on H,g. We first consider T, ¢ 5 = To 4ac = O

TDSIS =Tyiac=0= D[a’H+aE) -+ H[al‘MnMNf_j’_a’E)N (710)
1

= Da’H+aE + 5 (7+a)a’UHEJ (711)
1

— Da’H+aE + 5 <7a>a’aHEa (712)

where we used that Hy 1o = 0 (holds even in the AdS, see table 6). We also used that
H, s = 0 (that is enough in a flat space to have S;, Hy g = 0). To see that Hyg = 0
we use the torsion Tssp = Tifca' = 0:

_ MN
TﬁgD :T:_;',_\/Coé/ = OZ'P[:H—F&O/) +H[:|M7] f—’i::a’)/\/ (713)

= P~H~ —+ MN+— Hal’é’ (714)

— " 4ca’
and previously we saw that H- , = 0 (even in the AdS case, see table 6). From (7.14) in
the flat case follows that H, ¢ = 0. Examining the (7.14) in the AdS case one also finds

that H, ¢ = 0 (after evaluation). The (7.12) however could have some additional term in

the AdS case. The structure constant f, gn # 0 and so the term proportional to that
1

TAdS

the AdS case. Moreover, in the (7.10) one finds one more AdS term, coming from evaluated

(Ye)a' o (f5)JVH+a§. That term is nonzero in

structure constant in the AdS case is

action Sya H,g. Those terms are not of a big concern right now (doing the flat space first),
we will see them later in the section where we generalise to AdS case.

Last torsion constraint to examine in order to fill the (7.5) is the one that determines

the action of D on Hgg. Consider therefore the dimension % torsion T, , 5 = Tyge = O:
TDDﬁ = Ta’,BE =0= D[a’HBE) + H[a/|M’r]MN fBE)N (715)
= Dy HBE + 2 (’ya)alﬁ HEa (716)

where we used the H, 3 = 0 (holds also in AdS after the evaluation) and Hg, = 0 (also
holds in AdS after the evaluation). In the AdS case in the equation (7.16) we have two addi-
tional terms. They come from fgz s # 0 and also fogn 7# 0. Those terms will be further

analysed in future sections, let just write their structure as 7"A1dS (Ve) v (fg,)”l 7" Hs . and

7"A1dS (Ve)as v (fg,)”" Hz 3. The vielbein Hz o, = 0 (in flat case and also in AdS after the

evaluation) as can be calculated from torsion constraints 7_z, = 0 and 7~ _, = 0 and

the use of the double light-cone gauge. The term Hy g is nonzero (Hz g vielbein is a part
of a pre-potential).
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We can add results of (flat space) equations (7.12) and (7.16) together with (7.7) and
their left «» right swaps to the diagram (7.5) and find the following square diagram:

D,/ D,
H+a-itll)*>HB—i-l)*>Hc—&-Nk) (717)

J'Da/ lD&/ lD&/
D_, D,

As we saw before the (7.17) nodes { H, 5. H 15, Hiag, Hee} should be identified
(as one node). We proved that using various torsion constraints, mixed light-cone gauge
and invertibility of P_ and P~. The same way the nodes { H raf H, 5} and independently
nodes { H 57 1 3¢ } should be identified (as two independent nodes). The vielbein H 87
is then just a single node. After the described identifications the diagram (7.17) could be

rewritten in the simpler and more informative form.

(7.18)

Note, the dashed arrows stand for action of Dg and solid arrows stand for action of D,.
From the nice flat space diagram (7.18) it is obvious that in order to have a vanishing
derivative we have to combine D, with Dgs and that combination should act on the

combination of traces of H taih with H Py

7.2 The H matrix

The diagram (7.18) could be rewritten in the matrix form. The observation is that each
action of the derivatives in the (7.18) is given by some matrix. The derivatives are mixing
fields just as in (7.18). Let us introduce the 2 ® 2 block matrix H:

H ~ H, =
B+b BB

The action of D,/ is then given as the left action of some constant (up to P_ operator)
block off diagonal matrix [,:

— - 1 — _
Dy H+a+b H+a6 = < 0 2(%)0"0> H . H+cﬁ (7.20)
HBJ’F‘]:’) HIBE 2P_(’yc)alﬂ 0 HO'-FE HO'B
DyH=T,H (7.21)
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The action of D on H is given as a right action of similar matrix [ 5:

Dz Hiamb Hiag) <H+arc H+a5> (1 0 ) 2P (’Yc)a’@) (7.22)
Hym Hgj Hg Hpz ) \3(W)a 0
Do H = H I (7.23)

Now we will proceed to the main step. We arbitrarily linearly combine D, and Dy, i.e.
we multiply the Dz with some unknown nonsingular matrix M P

Dy = D'w = (Do — Mo D5,) (7.24)
Moreover we impose that in the matrix version of Dy action the matrix M acts as follows:

Mo Ty = AT B (7.25)
for some nonsingular matrices A and B. Combining (7.20) and (7.22) together with (7.24)

and (7.25) we get:

D'yH =T H-HAIB /B! (7.26)
D'wHB' =T, ,HB™! — HATy /Str (7.27)
DV, Str (HB™) = Str ((B—l Iy — AT )H) (7.28)

by the Str we mean the super-trace. We put to zero the Str ( (B~'Iy, — Aly) ]HI) =0
by finding the suitable matrices B and A and the matrix M. By that we get the equation:

DYy Str(HB™!) = 0 (7.29)

thus the equation (7.29) defines the Str (HB™!) as the scalar field on which particular
combination of D, and Dg now called D, vanishes. So, we found a pre-potential V' :=
Str (HB~!). We note that even though the equation (7.28) might seem easy to solve just
by putting B~! = A. It is not that simple since I,y # I'y. Therefore some more involved
solution has to be found.

7.3 Solution via the gamma matrix identity

We solve the equation (7.28) using the following identity:
Aafal Bac CBV (")/c)g/ v = (’Ya)a’ﬂ (7.30)
has two SO(4 ) invariant solutions:

L: Au® =67 || C° = 6.7 || Ba® = 6a° (7.31)
IL: A = T35 || CF = (I5)a" || Ba® = (I5)a? (7.32)

The solution (7.31) is trivial, the solution (7. 32) is based on property of the I's matrix:
[I5,7a] = 0 for a € {10,1,2,3,4} and {Is, 7a} = 0 for a € {5,6,7,8,9}. The
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previous follows directly from the definition of Iy, see (3.13). The new matrix (I)a”
in (7.32) is defined by the (7.30) to fix the signs. Note that the indices a in (7.30) have a
range: a € {1,...,8}.

Next, we look explicitly at the equation:

Str ((B*lra, - Ara,)H) = StrX, = 0 (7.33)
let’s rename the members of the matrix H:
H = H—&—a-ﬁ) H+a§ = <HS§ HSf)) (734)
Hym Hgp Hps Hpp

Let us define the matrices A and B~! to be block diagonal matrices. This is a consistent
choice with the fact that we want to have a pre-potential build out of Hgz and H, 5. The
pre-potential is in (7.29) given as Str (HB~!). We do not want to mix in some off diagonal
H fields by the action of B~!. Thus A and B~! are:

A.= 0 Bl.z 0
A= ( 55 ) | Bl= ( 58 ) ) (7.35)
0 A5 0 B3

With definitions (7.35) we get the equation (7.33) into the following matrix equation:

1 p-1
Str<<2B 51 Hp 3 )_(2P~AS§7HD§ >>:0
— 1
2P B! 5y Hyp 1A, svHgx

(7.36)

Then from (7.36) we get two equations (since fields H , z and H 7 are independent):

D
§B S§_2P:AS§:0:>AS§:ﬁB $3 (737)
P.B ' 5 -A,5=0=A,5=4P_ B 5 (7.38)

Now we are prepared to examine the equation (7.25) using the A and B constructed above.
Then the matrix equation (7.25) can be (schematically) written:

1 -1 _
m( 02 (P s O CEEN (Fss 0 (759)
37 0 0 AaP_-B~' 5/ \37 O 0 Bpp
1 p-1
1 -1 '
v 0 2P_B™', 57Byg 0

We now do the following re-scalings M — %M and Bgg — ABggzand B, 5 — pBp 5.
Rescaled M and Bz and B, 5 belong to one of the two solutions of identity (7.30). Then
we get the version of (7.40):

1A —
M<O 2P:7> _ ( 0 22 b 1557BD5> (7.41)
sy 0 2%P_B—1DmBS§ 0
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Now we want the A and p and A to satisfy:

Ap AA 1 P~ p
LA — 4P~ - = — :l: _— — = :l:4 PNP_
A ~  and p 1P = A 23 and /P~

The (7.41) is just a matrix equation:

M (0 = 7) - ( ! AlsgpﬂADf)) (7.43)

y 0 A_IDE’)/Asg 0

that can be solved by (7.30). Even though we saw the appearance of the nasty square roots
in the (7.42) and so in the definition of D", and in the pre-potential via super-trace of
HB~!. We will see in the AdS case solution that there is a way how to get rid of it.

8 AdS; x S° solution

8.1 AdSs x S® diagram

In the previous sub-sections we saw how to find the pre-potential in the flat case. We are
really interested in the AdS case. Along the way we analysed the flat case in the previous
sub-sections we mentioned also changes one has to make in the AdS case. We repeat them
here again since they are scattered over the previous flat case sub-sections and in the ap-
pendix. First change has already been worked out in the relation between H talh and H_;
in (6.10). We also note that there are AdS contributions in equations (6.21) also in (A.57)
and (A.58). The nontrivial contributions also appeared in equations (A.63) and (A.64).

We could visualise the relations (6.21) and (A.57) and (A.58) and (A.63) and (A.64)
by the similar diagram as used in flat case, see (7.5). The structure is very similar just
with more arrows between nodes. Since the AdS diagram is messier we will not provide
it. The idea is however the same as in the flat case. In order to determine the vanishing
DV, derivative and the pre-potential we need to combine D, and Dg for DV derivative
and H—l—a—i—Nb together with HaB for pre-potential.

The only missing derivative in the set of AdS equations: (6.21) and (A.57) and (A.58)
and (A.63) and (A.64), is an action of D, on Hggz. This action can be calculated from
Ty
from f, 5a structure constant. We have already analysed this structure constant, see
equations (A.46) and (A.47) till (A.50). We can thus directly write the constraint with an

extra AdS term:

pp = Twps = 0 torsion constraint. The AdS contribution in that constraint comes

Thpp =Twps = 0= DiwHpz + H[a’|M77MNf65)N (8.1)
1 ~
= DO/ Hﬂa-' + 2(7&‘)0/5 Hga + @ (’Y[C)ap(FE))py(’Yd])ua’ Hﬂcd

where we again note that the X indices in the last expression of the (8.1) second line are
from the SO(5) ® SO(5) diagonal subgroup. The Hgcq vielbein has nonzero both Hg 1

and also H Fine The second vielbein is the term already in the matrix H from the flat
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section (ultimate goal is to rewrite the AdS case in the terms of matrix H and use the
super-trace trick to get the pre-potential). The field Hgy, is related to the H; . as we
saw in table 7.

There is one last piece in the equation (8.1) that we did not relate to the fields in the
H matrix. The field Hz,. As we saw in the flat case, that field should be related to Hyz .,
via P_. We have seen however (for example in (6.10)) that such relations are a bit changed
in the AdS case. Consider the following torsion constraint (and use mixed light-cone and
H_iq ~ 0):

_ _ 0 — - MN
Tpps =T jya=0= D Hy o + Hoymun™ f5 10y (82)
=P H: _+ HgMnMfoJraN + H+aM77MNf,§N

B+a
(7*)ﬁu(f5)yaH+au (8.3)

= DMyt e By 4

In the table 7 we derived the relation between H.,,, and H,,3. That result together
with (8.3) we get:

1 1
P — — —— VH.as = Hys 8.4
( P- <rAds>2> + 84)

With the equation (8.4) we succeeded to calculate the last missing derivative Do Hpgz
in terms of H vielbeins:

Y Ry [aRVE ;A S - RN N SR
2 (rags)? p:( 5)o” (Y )var (I5)s” Hp 4a 2(7“Ads)( 50 (Y var 57d
1 1
Da Hg, — 2 (PZ - PW) (Va8 Hi (8.6)
I S e - - L Ry vy e o
2(TAdS)2 P,( 5)0 (’Y )Voc’( 5)@ p+d 2(TAdS)( 5)0 (’Y )ya’ B+d

Where the (I3)s” = (7H)yx (I3)*. The AdS equations (6.21) and (A.57) and (A.58)
and (A.63) and (A.64) and (8.5) and (8.6) could be summarised in the following diagram:

D/
e D > ~
< — —_— —
(HJraJ:Bv Hag) — oo — (Hﬁﬁ)a HJraE) (87)
Dy

From the above diagram is obvious that we again have to combine H talh and H_ 3 and

+
derivatives D and D, to get a vanishing derivative on some scalar.

8.2 The H matrix in AdSs x S°

We want to repeat the section on the flat solution via the H matrix. The H matrix was
defined in (7.34). We want to write the action D, and Dg on the H. This was given in
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components in equations: (6.21) and (A.57) and (A.58) and (A.63) and (A.64) and (8.5)
and (8.6) and also graphically in (8.7). We expect that the resulting matrix equations have

pieces given by the flat equations (7.20) and (7.22) plus purely AdS pieces (dependent as
1

TAdS

equations are complicated and unnecessary for our purpose. We instead summarise the

powers of ). We could write those equations in such explicit matrix form, but resulting

right hand side of D, H and Dg H using two new matrices X, and Yg respectively. We
propose matrix from of the AdS equations:

Dy H = X, (8.8)
Dy H = Yx (8.9)
The matrices X, and Yg are fully fixed by (6.21) and (A.57) and (A.58) and (A.63)

and (A.64) and (8.5) and (8.6). In the rags — oo the Xy — Iy H and Yy — HIg,
where the matrices Iy and Iz are given in (7.20) and (7.22).

8.3 Chiral and projective solutions for AdSs x S°

In the next step we repeat the argument we gave in the flat case section but for the AdS
equations (8.8) and (8.9). We define:

Dy = D'y = (Do + My D) (8.10)
now we act by (8.10) on H:
D'y H = (Ko + Mo ¥5,) (8.11)
we multiply by B and apply Str:
D' Str (HB) = Str ((Xor + Mo” Y5, )B) (8.12)

We will further analyse the structure of (8.12) in next discussion but before we note one
change with respect to (7.24). In (7.24) we used B~! here we are using (yet to be deter-
mined) matrix B, the difference is purely conventional. As in the flat case, we want to
put the right hand side of (8.12) to zero and by that obtain vanishing D", on some scalar
field Str (HB ), that will be called pre-potential. In the flat space it was crucial that we
had the identity (7.30). It was used in the relation (7.25). Similarly in the AdS case the
identity (7.30) will also be crucial.

In the solution of the vanishing (8.12) right hand side we still want to maintain the
SO(4) ® SO(4) invariance. Therefore the B matrix has a block-diagonal form:

b 0
B:= | tP (8.13)
0 bas

Let us also simplify the notation for the constants appearing in the equations (6.21)
and (8.5) and similarly for their left-right conjugates. In (6.21) we redefine:

1 1 1 1 1
X1 =—-—— Xo=—(1---—- 8.14
! g (raas) P~ Il X2 29 ( f (rAdS)QPP:> (8:.14)
1 1
Xa i = + —
’ fg2(raas)® P- (P~)? I
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where the f and g were defined in (6.22). In (8.5) we define:
1 1 1 1
Y = -2 P — — — Yo = - — || Vo= ———— (815
' < TP (TAds)Q) s 2 (raas)? P- 1'% 2 (raas) (8:15)

With the definitions (8.13), (8.14) and (8.15) let us rewrite the right hand side of (8.12)
explicitly:

0= (X1 - X3) (f5)60 bia+b (Vb)oa’ - Mo/a/ Xobiatb (’Yb)ﬁcr’ (8.16)
+ Yl bﬁa ("Ya)ao/ + Y2 bya (F5)a>\ ('Ya))\a/ (FE))Z/B + Ma/al YE’; b/BU (F5>U)\ (’Ya))\a’
0= Ma’yl (Xl - X?)) (FS)QG biatb (Vb)ou’ — Xobyatp (’Vb)ﬁo/ (8-17)

+ Mo V17 (Ya)owr + Mo” Yo b7 (I5)5” (Ya)aw (I5),° + Y30°7 (I5)0™ (va)rar

where X;, X3 and Y7, Ys are left-right conjugates of the constants defined in (8.14)
and (8.15) and X, and Y3 are the same after left-right swap.

The equations (8.16) and (8.17) are the AdS analogies of the flat space equations (7.43).
To solve them we first multiply the equation (8.17) by matrix Mq?. Thus we get the
equation (8.17) into the form:

0= MZO/I/ (Xl - X3) (fS)ﬂg biatb (Vb)ou’ - Ma’yl Xobiatb ('Yb)ﬁu’ (8-18)
+ MZQ{’V, ?1 bﬁa ('.Ya)cr v/ + Mza’,/ }72 bya (f5)0')\ (’Ya))\ v/ <f5)1/,8
+ Mo Y3077 (T5)6™ (Ya)aw

The equation (8.18) is almost identical to the (8.16) except of the left-right swapped
constants and M? matrix. By suitable choice of the M matrix we can turn (8.18)
into (8.16) and thus reduce number of equations by half. By that we get the condition on
the matrix M:

M2 = ¢?5.," (8.19)
where the constant ¢> = %. By that choice of the matrix M? and constant ¢ we turn
equation (8.18) into (8.16). Furthermore we should solve relation (8.19) for the matrix
M. As in the whole AdS section we ask for the SO(4) ® SO(4) invariance. With that
requirement we get two branches for the M matrix (actually we get four, as we will see,
but the + is not very important to us):

P

M) = =5, = MP =+ P [0 (8.20)
a/ = F Oé/ Oél — ? f ,IB/ .
( 5)04

We first notice few nice properties of (8.20). The solution is actually the same as in the
flat case, see (7.42). We are in the AdS space but the matrix M that combines D, and
Dz does not depend on the ragg. Unfortunately we got the same not very nice square
root factor in (8.20). We would need to find some way to deal with it.

Having solved one half of equations (8.16) and (8.17). We solve the second half, that
is just relation (8.16):

0= (X1 - X3) (f5)50 bia+b (Vb)oa’ - Ma’g/ Xobiatb (’Yb)ﬁa’ (8.21)
+ Yl bﬁg ('Ya)oo/ + Yé b (FS)OA ('Va)/\o/ (F5)l/3 + MO/UI Y:? bﬁa (FE))U)\ (’Va))\o’
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The claim is that given solution M the block matrices bya+p and b, g are fixed (up to the
overall constant). We will again use the same identity (7.30) as in the flat case. We expect
the solutions (we have two branches) will be certain raqs dependent deformation of the
original flat space solutions. We also require to maintain the SO(4) ® SO(4) invariance
of the solution so the most general ansatz for the equation (8.21) is:

biatb = Adab + B(I5)ab || bag = Cdag + D(I5)ap (8.22)

Because of later importance we will first solve the (I5) branch of the M solution (8.20).
Later we will also provide solution for the § branch of the (8.20). We plug M and (8.22)
into (8.21) and solve for A, B, C' and D using the identity (7.30), we remind that ¢ :=
+ \/iij . We get the following solutions:

the (I5)a” branch: (8.23)
det == ((X1 — X3)* — (¢X2)?) ||
A= %((x1 CX3)(Yi 4 Y2) + 2 XaYs) || B = q%(Xz(}ﬁ 1 Ya) 4+ (X1 — X3)Y3)
C=0]
the 0,7 branch: (8.24)
det == (V1 + Y2)? — (q¥3)?) ||
| B=0
A A
C = o (4 Y2)Xe + (X1 = Xp)V3) || D= =22 (V1 +12)(X1 = Xp) + ¢"XoY3)

We can again see that as we do rpqs — oo limit in (8.23) we will get the flat solution (7.42),
keeping the D ( or A in § branch ) raqs independent in that limit.

8.4 Near horizon limit

In the previous section we found the structure of the linearised pre-potential (8.23)
and (8.24) and also the construction of DY, that vanishes on the pre-potential (8.10)
and (8.20). We will now introduce the complementary derivative D", that is constructed
after picking the D, derivative (i.e. picking the matrix M in (8.20)) and changing the
sign in front of the M (the second linearly independent combination). Thus we have:

D'y = Do — Mo Dy, (8.25)
The notation for the upper indices v and w in ((8.10) and (8.25)) comes from equivalent
notation for d, and d,, derivatives used in [17, 18], (and also for d,, and dz, whose analogies
are to be defined later). In analogy with the paper [17, 18] we want to define the P
operator that has DV, and DV, as eigenvectors with nonzero eigenvalues. We can solve
for Py in full generality, i.e. keeping the non-local square root factors in derivatives DY
and DY ,/. This would introduce the non-local square root factors also into the definition
of P4 and would cause further problems. What we will do instead is to restrict the
coordinate dependence of the pre-potential V' to be just the PSU (2, 2|4). This is the
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same algebra we wanted to use at the beginning of this project, but we were forced to
extend it to the full SO(10) ® SO(10) T-dually extended super-algebra. Now, we want to
restrict just the coordinate dependence of the pre-potential. Doing so the P~ = P~ on
pre-potential, not everywhere. That is enough to get rid of the non-local factors in DY
and D", as they act on pre-potential. Then we can redefine (8.10) and (8.25) by saying
that the new square root free DV and DY to be our new definitions. With this it is easy
to see that the good definition of Py is:

1

where the last equality holds on pre-potential.

Following the definitions in [17, 18] of the AdS boundary limit we propose that any
operator K which is an eigenvector of P, operator, i.e. [P;, K] = cK, scales as R® as we
approach the boundary, i.e. R — 0 limit, where R is a radial coordinate on the Poincaré
patch. Another way how to state the limit is that by putting the R — 0 we contract the
isometry groups SO(4, 1) and SO(4, 1) to ISO(3,1) and ISO(3,1) (we Wick rotated
the S° isometry group for the purpose of this limit). For more details on this limit (that
can be stated also through the explicit coordinates on AdSs and S°) see notes [17, 18].

Using the previous definitions of the AdS boundary limit we can analyse the different
branches of the DV solutions (8.20). Let’s first pick the d,” branch (let’s work with
both + sub-branches at once). Note that even on pre-potential the D, # Dg as can be
seen from the explicit construction of those derivatives in [28] in the section 5. Then the
commutator is:

]. ! !
[P+, Do + Dg/] = £ — s (V) g (I5)7 7 (Do + Dzr) + ... (8.27)
The ... part correspond to the current that vanishes in the supergravity limit (i.e. we

do not see string parameter o) and on pre-potential. We also used the commutators
from (3.7) and the mixed AdS commutators from (4.9). We also used the explicit solution
for the PSU (2, 2|4 ) (we are on pre-potential) derivatives in terms of 7 and o currents, see
section 5 in [28]. More specifically we used that Dy = DY = w® + 1 7“A1ds (I5)~' 7 Dz,
where the w® is the current proportional to o derivative and it has to vanish in the

supergravity limit. The equation (8.27) is very interesting. It tells us how the DV scales for
the + 8,7 branch of (8.20). We also notice that the scaling constant is raqs dependent
and vanishes for raqs — oo0. More importantly because of the (f5) for fixed raqg and for
fixed sub-branch of 4 8,7 the scaling constant c is either +( -;) for one half of SO(8)
) for second half. And this is not good because by [17, 18] the DV
derivative should scale like % and D" should scale like R (put rags = 1 for simplicity).

chiral index o or — (TAdS

In (8.27) we can see that just % of derivatives scale properly. This boundary limit then
distinguishes between two branches of (8.20). In the following we will see that the (I)
branch has exactly right scaling properties so it corresponds to the right solution. Without
this boundary limit we did not have a way how to pick a branch in (8.20). In the case of
(I's) branch we have one more (I's) matrix in (8.27) thus we get:

j / 1 j /
[P—I—: Da’ + (F5>a’p Dﬁ’] = :I:T‘Ads (Da’ + (F5)a/p Dﬁ’) + ... (828)
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The equation (8.28) will give us the correct solution. From (8.28) we can see that for
fixed rags and for fixed (f‘ 5) sub-branch we will have proper scaling for full SO(8)
chiral index o'. Because we require DY to scale like % and DY scale like R we have
D’y = (Do — (I5)a” Dy) and D"y = (Do + (I5)a” Dz ). The positive news is that
the blowing-up derivative D" is zero on the pre-potential by our construction, so there is
no possible singularity arising as we approach the boundary.

Its easy to see how the derivatives D, and Dj scale. Because the (v4)os = 0 the
[Py, Do) = [P+, Dg] = 0. So they scale like 1. Those derivatives are building up the
D% and D, analogous derivatives to paper [17, 18] derivatives d, and dz. The explicit
forms of D% and D won’t be needed in this paper so we do not provide them.

8.5 Near horizon limit and field equations

Comparing result with [17, 18] we want to see that the field equations for the pre-potential
in the near horizon limit (i.e. in the R — 0) is just of the form P,V = 0 + O(R). This
will be our final confirmation that we discovered the right pre-potential. We first notice that
the Lorentz generator scales like O( 1), this can be seen from commutator [ Sia, P | =
[S Tar P+ | = 0. To see what is Py on pre-potential we could directly use some appropriate
torsions (remember pre-potential is a linear combination of fields). We found it easier
however to use a different approach. Let’s look at the torsion constraint (6.11) but for the

« index instead of o (the « index is one of the SO(8) chiral indices):

- — 0= N MN
TDS§ = Toc-i-a-i,-\}z) =0= D[a H+a-|—b) + H[Ol|./\/l77 f+a+b)N (829)
= D, H—i—a-ﬁ) + S—Tb Hyya + SJFaH-:Ea (8.30)

First notice that the structure of (8.30) is very different than the structure of (6.11). There
is no f term in (8.30) and there is the full derivative term present. Even in the AdS case
atby = 0in AdS and also in
flat case and also f, Tpa = 0. The only possibly nonzero f term is coming from fo yan.

the f term is missing. This can be seen as follows. The f .

/

The Hfb/\/l nMN fa+an X (Y+a)a” HV,J:B. The vielbein Hy,jrvb is zero (also in the AdS)

as was shown in the analysis under (6.11). Next, we can recognise the term H -~ as a
part of H matrix (7.19). The vielbein H, +a has also been analysed in table 7. It is related
to Hiag , see table 7. We need to be more careful with that relation because in (8.30) we

again discover the S derivative peculiarity, we saw earlier.

In general all fields in H (now better viewed as their irreducible pieces) could be
obtained from the pre-potential V' by an action of appropriate (irreducible) combination of
D™ on the pre-potential. One could analyse in full detail what is the exact structure of those
pieces and reproduce famous field content of AdSs x S® supergravity first discovered in [12]
and later used in [13]. This would lead us away from this paper real aim, so we postpone
this analysis to next paper. The aim of this section is to show that on pre-potential V' the
operator P, vanishes in the near horizon limit.
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For this reason we notice following expansions:

H, 5 =cV + D)V +ca(D)'V + ¢ (D*)°V + g (D*)°V  (8.31)

Hi oz =di DYV + d3(D¥)3V + d5 (DY)’ V + d7 (D¥)'V (8.32)
Ho,=e1D"V + e3(D")’V + e5 (D)’ V + e7 (D*)'V (8.33)

where factors cg, c2 ..., d1,ds ... and ey, eg ... are constant factors with appropriate

index structure. Note that the cg is non-zero. The important observation is that for each
term in (8.31), (8.32) and (8.33) we know how it scales in the R — 0 limit, because we
know that D" scales like R.

Next, we want to combine (8.30) with known scalings of all (8.30) objects to get an
information how D, V scales. On one hand it should scale like O (1) on the other hand
the relation (8.30) relates it to different fields. What we obtain is a nontrivial relation
that Do,V = O(R) as we go to the boundary. It just means that D,V = 0 (and so
also Dz V' = 0) in the near horizon limit. Because of the anti-commutator { Do, Dg} =
2(v=)ap P+. This is enough to see that PV = P,V = 0 in the near horizon limit.
There are two crucial steps. One is to relate the (8.30) term S’~ Hy ya to Hyag. This is
relatively straightforward using table 7 and explicit S derlvatlve Second step is to plug
expansions (8.31), (8.32) and (8.33) and the scalings of partlcular pieces into (8.30). Doing
that we get the following:

0= DO[HJra+b + S p, Hota + S+aHﬁm (8.34)
1
_ - MN N
_DO‘H—I—a+b+S <—f_aM’l’] PH+3N>+S+aH+ba
Y m\vo
= Da H+a+b o @ (’)/_)OW(F{)) S+b P H+aa + S+a Tbha (8-35)
:Da(cov+c2(Dw)2V—i—...> (8.36)
1

o Ni w w\3
FAdS (v-)av (I5) S+bP~ <d1D V + ds (DY) V—i—...)

+S+a<e1DwV +oes (DYPV + ... )
The equation (8.35) contains all the right expressions to establish the near horizon
limit. By the discussion below (8.28) the D",/ derivative scales like O ( R) (for the projec-

tive branch), we also have the scaling of S}, and S ., that goes like a constant. Applying
that knowledge we get the equation (8.35) in the near hOI‘lZOIl limit:

0=coDaV + O(R) (8.37)

The cp is nonzero constant (tensor) so it follows that D,V = 0 at the AdS boundary.
From { Dy, Dg} = (7-)ap P+ we get the field equation for the pre-potential in the near
horizon limit:

0=PV+O(R) (8.38)
=P,V + O(R) (8.39)
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9 Conclusion

We outline results we have obtained: starting from the 10 dimensional I1IB string theory. We
embedded the AdSs x S° background and expanded the theory around this background
(we also considered a flat background, i.e. AdSs x S° with 7aqs — 0o ). Our aim
was to obtain (linearised) pre-potential with desired properties in the case of AdS5 x S°
(also in the flat case). We succeeded and obtained pre-potential construction for flat and
AdS5 x S° background. We derived only the linearised form, but the vielbein construction
makes non-linearisation straightforward perturbation. The pre-potential (in flat and also in
AdSs x S°, the projective and chiral) sits in the combination (without further derivatives)
of vielbeins Hy g and H |, 5. By construction the D" derivative vanishes in bulk on the pre-
potential and the (projective) pre-potential satisfies the near horizon limit field equation
PV = 0+ O(R) together with vanishing of D* and D% on pre-potential in the near
horizon limit. This near horizon limit picks out the projective pre-potential instead of
chiral pre-potential (both were obtained as valid bulk solutions).

The vanishing of P, at the boundary fixes the difference between the conformal weights
(= A) and U(1) charges (= Ay) of all boundary BPS operators, since Py o« A — Ay-.
The P_ o« A+ Ay and known expansion of H in powers of D% from V, fixes the conformal
weights and the U(1) charges for the boundary BPS operators, the relations important in
the AdS/CFT correspondence, see [14, 15].
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A AdSs x S°® structure of some vielbeins and their derivatives

A.1 The Hgg
Using equations (5.3), (5.4), (6.5) and the mixed light-cone gauge together with keeping the

mixed structure constants and evaluating the explicit actions of the S and S derivatives
we derived the first important result for the structure of the Hgz vielbein (in the AdS
case). Note that by the symbol ~~ in the in the whole text we denoted the evaluation of
the mixed structure constants in the sense described in section 6.2. In the table 5 (and
after the evaluation of mixed structure constants) we have heavily used the structure of
the mixed structure constant f, ¢ \, that is analysed in the main text, see analysis before
equation (6.7). Moreover we used one more torsion constrain to fix Hpg and H pgin the
table 5. Let’s take an example Hp s = Hape. To fix that vielbein we consider T~ . = 0:

T~

prs = T=ape =0 (A1)

= P~ Hape + Soc H=~, + PaHy .~ + Hpenm UMNf:aN
= P~ Hape + f:aMnMNHch

1
= Habc:_f:aMnMNﬁHch
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H ~=—f_:M77MN15 (PHbN)WO

—a b
H 5= —f - 255 (p-Hoan) = fg aN
W_mﬁl{aﬁ)jﬂﬂﬁ):o
H—i—a—i’-vb - f——/vl77 1 S+b<P~ Hian) — f—BMWMNP,lpz Hian + %Hﬁa
i ‘mﬁﬂ+a+b+ P Hﬁoa:> (1+mﬁ)ﬂ+a:b = o H, 5
H o= —f =™V 3-S5 (g Hoan) ~ 0
H+ag;=fa:M77MNp:%H,;;N—f_:Mn N = Sta (3= Higy)
W_mﬁHﬁc+a:>H+aﬁé_0
HabETi:_f——M” I,SQ(%HabN)WO

H = = [ =pmn P:P,HfriN_f—iMn P~ S+ (7 Hi= ) ~ 0

MN _ 1
N

P_
H _~=[f~pyn™ P~1P_Hfaj\f_f—:/\/l77 N Si—(p-Hpy) ~ 0
M/\/

HJFf f—a/\/ln PLSJra(%HJrfN)
=0

1 1 —
mﬁfﬁ :>H+ Ta

1
H+—;1To - f—:M”M P~ HabN f——M”MNP?SJr—(P%HéToN) ~ 0

Table 5. HS§ vielbein.

MN 1
P—:H_

Ha’—a:f:a/Mn an ~ 0

Hy o = f:a/MnMNLH—Q—aNW 0

Ho/:;i:_ff:./\/ln S:;ipi Ho oy~ 0

HQ/J:;:—SQ(J"_:MU = Horr) ~ 0

Table 6. HD§ vielbein.

A.2 The Hsf) and H§D

In the section 6.3 we analysed vielbein H, i1,. By the similar set of equations as in the

section 6.3 we can fix H We summarise the structure of the fixed vielbeins from

the section 6.3 discussion 1nbthe following table: Similarly we can calculate what is the
table 6 with o/ swapped with a. We will use the analogous analysis as in section 6.3 except
sometimes instead of the equation (6.16) we use T 3
Tpps (or some left — right swap of those). Let’s look at two such examples and calculate
what is H, _a and Hg _, respectively (we also use the mixed light-cone gauge):

and also we fix the Hpg using

Tpps =T=q =0 = PzHy a) + H[:‘MTIMNfafa)N (A.2)
= P~Hoa + Hoap?™™ fo= (A.3)
1 ~ 1
= Hy o= - - MN*H— av (I v H_ o
a=mm P~ aN 7 (’Y ) ( 5) (TAdS)P a
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Hoy—a = — a:MnMN%:H—aN
= Hy 4~ 0

Heypa = f:aM??MNp%H+aN ~ ( —)au(fS)y WH-Hﬁ

Hy a2 = f,,MTI 17 Da P~ H an + f- Mn H—aN
= Hz_a ~ 0
Hyro =~ =™ 5= DapHppyr + = qu ™™ 5= H+aN -7 p- Haz
= Hym ~ (- )aw (I5)"7 mff z T p= Haz
Table 7. H, 5 vielbein.
Next, examine:
Tosp =T a5 =0=P_ H a5+ H  m?"W faa)n (A.4)

=P H a5+ DaH__a+ Ham™ fa_n  (AD)

the H_ _,isfixed by T, =T1-__, = 0:
— _ _ MN
TﬁpszT:,,a—O _P[:H,,a)—i—H[qMT] fffa)./\/’ (A.6)
=P~H_ o+ H o™V f~_ (A7)
1
= H__,= f_ZM nMNiH—aN ~ 0 (A.8)

P~

plugging (A.8) into the (A.5) we get:

1 1 1
H_ .5 = —f_=m nMNE aF:H—aN — foam UMNEH—aN (A.9)
~ 1
= H _> —(v)ar ([5)Y7 ——— H_ A.10
aa ™ (7 )a ( 5) (TAdS) P_ aoc ( )

We notice that combining the result (A.10) with (A.3) we get after the evaluation of the
mixed structure constants that H_5, ~» 0 and so also H_,5 ~» 0. Similar analysis can
be made for the rest of the vielbeins (we mean those from table 6, except o switched with
a). Thus we get the table 7. Let us repeat our goal. We wanted to determine the actions
of S: and Si, on Hy 1, and H~

+ha/

the (6.12) gives the action of Do on H 5 (

sits). The action of S T on Hy 14 is easily computed using our table 6. Taking the second

respectively. We wanted to do that because then
where at least the part of the pre-potential

top relation from the table 6 and by explicitly applying the S ., derivative we get:

1
S_T_T:)Ho/—ka = S_T_‘B <f~o//\/l UMNPHJraN’) (A.11)
1 1
= =7 foa m nMNﬁH+aN + [ m UMNS;B <P~H+a/\f> (A.12)
~ 1
= S~ HO/ a — o v I5)7° H T A.13
+b +a ™7 (’Yb) ( 5) (rAdS) P~ +a ( )
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To evaluate S;a H we need to work a bit more. One can directly use the last relation

b
in the table 6. We found an easier way however. For that we need an alternative fixing

of the vielbein H—~ Tha

evaluation of the Sy, action (and S_, action). An alternative way how to fix H,, = i
touse Tp g = T~ instead of one that we used in (6.16) and (6.17). Similarly it w111

This alternative fixing seems to be more suited for an explicit

o +a
be useful to find an alternative fixing for H , — . Again that could be done by considering
torsion T , 5 = T~ , . Let’s look at thls alternatlve fixing more closely:
— MN
T]3D§:T:a':1:0:P[:Ha’:gl)_‘_H[:\Mn foz’:Zi)N (A14)

= P~ Ho/iva + Dy H:é: + H:;EMUMNf:a//\/' (A.15)

The H~, ~ type of vielbein has been fixed in (A.8). Plugging the fixing into (A.15) we get
an alternatlve H,, —, fixing:

1 1 1
_ MN MN
Ha’:a_—f—:MU ﬁ O‘IEH:?iN_f:o/Mn ﬁ TaN (A.lﬁ)
Hy= ~ 0 (A.17)

again we can see the behaviour of the H , ~ in (A.17) as we evaluate the theory, as it
should be comparing with its behaviour from the fixing in the table 6. The alternative
fixing for the vielbein H Thar is calculated similarly:

MN
Tﬁpg—T—a’—&-a OZP[:Ha/_,Té)-f—H[:IMn foz’—‘rNa)N (A18)

=P-H,~ + Dy Hey~ + Heo ™ f= o + Hurz (A.19)

The H = is fixed similarly to (A.8) resulting in:

1
He -~ = f_:MnMNP Hey ~ 0 (A.20)

The H, 3 is fixed by the dim % torsion constraint T, , 5 = T g = 0:

Topp=T wa=0=P_ Hyz)+ H_ 0™ faz)n (A.21)
=P Hyz+ PsH_ o + Hoy ™™ f5_n (A.22)

The last vielbein we need to fix is the H_ s, that is again fixed by the dim % torsion

constraint Tlng =T-__, =0
Tppp =T=_o =0=P=H o)+ Hz ™" fon (A.23)
= P-H_o + Hy ™™ f=_ (A.24)
1
= H_, = fﬁ:MnMN?Ha/N ~ 0 (A.25)
Plugging (A.25) into (A.22) and that into (A.19) we finally get an alternative fixing for
the H ,
1 1 1 1 1
— MN MN
Ha'jrva - _ff:_/\/ln (P~P PEKHO/N + ?DOL/P HJraJ\/’) fa’:_/\/ln ﬁervaN
1
—f-am UMNﬁHa’N (A.26)
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SbHo—a = = (-b)ar” [~ g "™ - Hoan = [~ g g ™ Sob 5= Hoaw
= S pHy_a~0
S+ Ho—a = —f:a/MnMNST)ﬁH_
= S Hy—a ~ 0
S pHy1a = _('be)a’yf:VMnMN%H-i-aN - f:a/MnMNSfb%H—i-aN

= S,bHa/_;_a ~ 0
S:TOHa’—I—a = —f:a/MnMNSAB P~ H+aN

= S"“ Ho/—i—a ~ 0

SwHy~=—f =N S b5 Du g Hoyyr — (ob)a” f=, ™Y 2= He
—f= oM NS bP~ Hfa./\/’
= S_bH —~ WO
_ MN 1 MN
SpHy = —f2un™ S5 p- Do p H v~ N S He

= S:vaa,:;l ~ 0

Table 8. The S action on H [, z vielbein.

Now we are ready to calculate an action of S~ and S_, and S e and S;, on table 6
vielbeins (with the exception of Sy, H Tho that we want to calculate in the end of this
paragraph) We summarise those S (and S ) actions in the next tables: Now we calculate
S_v H,, - The reasoning will be similar later for the final calculation of the Sty H,, = so
we ﬁrst do the former in order to see how it works. Calculation of the S_y, action on H , s

is straightforward. It’s done using the relation (A.26) and applying S_p,, thus we get:

1 1
H _ ~ MN H—~
S_b a’+a — _f**./\/[n S_b<P P_P ~ /N+ P D /P +a./\[> (A27)

1 174

_5('7—b)a’ fl,:/\/(n P H, aN+fa' MTIMNS bP H

MN

—J-a S_ H,

J-amn b5 p How

Now, we want to evaluate equation (A.27). The terms proportional to f_=~ ,, and f,,
are vanishing by the AdS algebra. We write what’s left over after evaluation:

1 v T\o€ 1 i ~
o Fa — 5 (’Y—b)o/ (’Y*)I/O' (FS) (TAdS) P: H+a’g (A'QS)

1 1
2 (TAdS)Q P: P

S_pH

+ Sob(Husa + Hy o £ Hy o £ H,

o Za)
Note, the + in last line in (A.28) is explained in the section above (6.7). According to the

table 8 all actions of S_}, in the second line of (A.28) are evaluated to zero except of the
S_p Hy 1o that we want to determine. Then the (A.28) could be rewritten in a way that
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SibHor—a = =3 (vw)a” f= s ™Y 22 Hoaw + = g 0™ Sib 5= Hoaw
= SipHy —a ~ 0
S Ho—a = 127 fyu N 5= Hoanw + [~ ?™V S5, - Hoan
= S bt Ho'—a ~ 0

S+b Ha’+a = - % (’)/er)a’y f_,,M 77 % H+a/\/ + f:o//v( TIMN Ser pfl: H+aN
= SibHo'ya ~ — (Yib)a” (7)o (I5)7* (rAldS) P71~ H+aX
S Hota = 127 fyam UMNP%HjLaN + fr NV S - Hian

= S_FE Ha’Jra M (Vb)a’u(j—%)yam pfle—i—aE

Table 9. The S action on H, 5 vielbein.

determines S_y, H,, = (after evaluation):

1 1 1 ) PV D e
(1 T 2 (raas)? P~ P ) SbHym = 5 0-b)a” (0-)ve (I5) (o) D= T (A.29)

We remind that the H - vielbein is related to the H_  vielbein by the second top line
in the table 7. Similarly to the (A.27) and its evaluated version (A.29) we can calculate
an action of S~ H , The result is:

[e% +a
1 1 1 1
_ MN
S—NbHa’—T-?a = _f_:M77 S+ (P P FHa’N + P:Da’P_H_”’_"aA[> (A.30)
1
MN MN
—far= S—Nb]? TanN — Map Sz m P- P o N
1
—J-am WMNSj,ﬁH (A.31)

and after evaluation, where we again use the results from table 8:

S~ H, = ~ 0 (A.32)

/+a

Finally the action of Syp H,, = is calculated as in (A.27). Now we know that by an
analogy with the (A.27) and its evaluation we would need to know analogy of the table 8
except now for the Syy. Since calculations are very analogous to those that led to the
table 8 we list just the resulting table(s): 9 and 10.

Now, we calculate the the missing piece in the equation (6.12), i.e. Sip H, . In
analogy with (A.27) we get:

1 1 1
SivH oTa = —f_:MnMNS—f—b(P 2 PaP Hyn + e DO‘/PH—T-Va./\/> (A.33)
1 1 1 1
s fo= <Pa o Haw + PDa/P_H:;N>

P~-P_
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SipHy = = =3 (iw)a” f= e ™Y 2o He o + = 0™ Sib 5= Heg

0 Sy = " 5= Do 1<H~N+<L_MnMNSH”)DMP;H$N
= SipH,~ ~ 0

Sy Hoy n_+f_bM77MNLD Hoy + fo NV S - Do - He
=5 Sy N B Ho e + 2 WV S5 oo He
= S:bHa,:a ~ 0
Table 10. The S action on H, 5 vielbein.
1 v I MN
+§(’7—|—b)a’ Jo=mm P He v — fo=mm 5+b?H

—foam ™S4

1 1
PP Hon + 0y fabpa ™™ PP Ho m

and the (partially) evaluate version of (A.33):

11 1 11
Stb H oy 5~ *mﬁDa’ 5 Hiagw = (4b)a” (1-)vo (15) A(
1 1

S
2 (rAdS)2 b P: P

+ (Ha/ v+ Hy o+ Hy o+ H, _~a) (A.34)

We can see why we just partially evaluated the equation (A.33). The reason is that last
term leads to an action of S,p. Fortunately for us we already computed all those actions

in tables 9 and 10 except Sy, H,, 1 that we want to calculate. Therefore the (A.34) leads

to the evaluated version of the Sip H , :

1 1 1 1 1
l— oo |5 Hym~ — 57— 5 Do 5 Hi A35
< 2(raas)? PZP—> hFalta 2(raqs)? P~ % p_ " fathb ( )
1 y N |
— , Wy I=)° O H— -
2 (7+b)0£ (7 ) o ( 5) (rAdS) P- Fax
~ 1 1
_('Y-i-b)o/y(’yf)ua(ﬂ’))g)\ H

2(raqs)® P~P P~ +aX

where we used results of tables 9 and 10. For completeness we provide (just the evaluated
version) the last remaining part of tables 9 and 10, i.e. S

/+a
1 1 1 1 1
L= S Hyma~ — 57— 5 Do Hrg A.36
< 2 (raas)? P~ P_> ta T T 9 (ags)? P~ ¥ P Hath (A.36)
1 ~ 1 1
_ 'y I VA o
2 (b)ars (15) (raas) P~
~ 1 1
— ()ar v (1) H, 5

2 (rAdS)S P: P_ P:
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We repeat the first important relation we derived by the above analysis from (6.11)
where we add results from (A.13) and (A.35):

1

rAads) P~
1 1

* £ 2(raas)? P (P~)2

1 1 1
Doy H wol5)PHs + —(1->— ) ()P H. ~
Ob)ero (13)° 5+a+2g< f<rAds>2P~P_)<”+) ab

(’Ya)oz’l/ (f5) H§+b (A37)

I S
+a+b g (

where f and g are defined as follows:

. <1 -3 (rAds)12 - P_) (A.38)

()
= 7 2(raqs)? P~ P_

A.3 The H, 5

To obtain the AdS equation (7.2), we need to fix H, 5. This term is fixed by the zero

dimensional torsion Tﬁ DD = 1=, = 0:
:P:Ha/[g-i-H(mM?] fa/):/\/
1
= Hup=—F= (™ 5= Hgyn ~ 0 (A.40)

P~

In (A.39) we again used the mixed light-cone gauge. In the flat case the mixed f terms
are zero so is Hyg. In the AdS case (after evaluation), term proportional to f,, =~ ,, is
zero because of (7_), g = 0. But the term proportional to f5 = is nonzero. Luckily

for us the fg~, (v=)go (f5)””n;N. That structure constant just eats up the

TAdS
index and returns v index with some fixed constant dependence. The torsion constraint
Trsp = T-o = 0 relates Hz o back to H, o (after the evaluation). From that and
assuming some wider invertibility (P— and P~ are bigger than some constant lower bound
in AdS) we get also in the AdS space Hy g ~ 0 (after the evaluation).

We apply S on the result of non-evaluated (A.40), thus get:

1 1

MN

SmaHop = —n=7 famn ﬁHﬂ)N_f:(aan 5;3]? BN (A.41)
S~H, —~ nye s Ly, I 1iH A42
Tatla’g ™ (7—)511( 5) T AdS +aP ala+(73)aly( 5) T AdS Bo ( : )

The last term in (A.42) does not bother us too much (it will be a part of the pre-potential),

the first term in (A.42) is actually something we need to evaluate. For that we need to fix
H, 5. That could be done by the torsion constraint T, 5, = T_ o5 = 0:

T,alg =0 :P[,Halg) +H[,|MT]MNfa/5)N (A43)

= P_Hyz — DsH_or + H_ PN foran + Hop?™N fr_pr - (A44)
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moreover the H_ , has been fixed in (A.25), plugging that into (A.44) we get fixing of H, 5:

1 1 1 1
Hysz = f_:MUMNFDaﬁHa'N — fwzm?WN H_n + 5™ o N

P_ P_
(A.45)
We are ready to calculate S, Hy 5 i.e. the term needed in (A.42):
S Hus = n-2f s’ —Ds—H SowWs- tp Ly A.46
Fatla’'c = N=1J—amT p 9 p- a’N“'ffan tap Yo po anN  (A46)
1 / 1 1
+5 (+a)e” farmm Ui 5 H-n = Jwzm N S~ 5 H-w~
1 / 1
—5(’Y+a)al’ for— ™V b Haw + f5- MUMNS_,_N&,K o

Now, we can evaluate (A.46), for clearness we include terms that we already know are
evaluated to zero or are zero by the mixed light-cone gauge:

S Hyy Mlds)zplD;}j:(Ha/+a+H&,;vaj:Ha/_aj:Ha,~a) (A.47)
()3 7 e (0% By - (Hoca + H_ ) (4.45)
() 0N (B S (Hoca + Hogg)  (A9)
s (V=)o v (IT5)” PS;;PL o p (A.50)

Note that in the lines (A.48) and (A.49) we have the 4+ symbol. It comes from the
mixed structure constant f,5ca = faECd, where underline indices are now (and

just now) the SO(10) chiral indices (for the left and right algebra), and X9 is the X
index for the SO(5) ® SO(5) diagonal subgroup of the original SO(10) ® SO(10)
group. The (4) symbol determines to which SO(5) of the diagonal subgroup given
xd belongs This mixed structure constant could be written without the £ symbols as
ngCd = rAds (7®)y (f5)/”’ (v4), or. The =+ then comes from the fact that by the con-

struction Iy commutes with a € {10, 1...4} and anti-commutes with a € {5,...9}.
We used the prior definition in this section for some convenience. In the final expressions
we will always use the definition without the 4+ symbol.

Let’s evaluate expressions (A.47), (A.48), (A.49) and (A.50). The line (A.47) is evalu-
ated to 0 by the table 6. We note very important property in the lines (A.48) and (A.49).
The summation over the cd indices is really just a summation over the SO(5) ® SO(5)
diagonal subgroup of the full SO(10) ® SO(10). The line (A.48) is evaluated to 0 by
the mixed light-cone gauge (second term) and by the following fixing of the H_ .q (coming
from torsion constraint 15 , o = T~ _,, = 0):

1
H—ab:f_:MUMNﬁ abN = H_ap ~ 0 (A.51)
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The line (A.50) has an action S Hu ), that is exactly what we want to determine. The

line (A.49) is fixed as follows. The vielbein H _; = 0 by the mixed light-cone gauge. The
action St H_ ¢q is however nontrivial. We should take fixing (A.51) and apply S44:
1 1
StaH-ca = —ffaMﬁMNﬁ cdN T+ f_:MnMNSJraﬁ caN  (A52)
1 1
S_T_Zinch WK(HCdJFa+Hcd—’&—3:l:HCd*a:|:Hcd:Zi) (A53)
By the table 5 the only nonzero term in (A.53) is H_ 4 thus we get:
1 1
Then finally the equation (A.47) till (A.50) is evaluated to:
S Hyy oo 4 — =Yy (R (A.55)
+aalo L(rags)P P_ D=\ /7 Ve Tadia '
1 ~
——————— (Y )or (I5)"? S~ Hy
(TAdS) P_ (7 ) V( 5) “+a o p

Combining (A.55) and (A.42) we will get the following relation for the evaluated action of
S_’f_‘a Ha/ B+

1 1 ~ , o~ ~
1 - - ~H 15 = — I%5)5, deF /O/F SH ~
( PP:("“AdSP) SJra o B 4(7"AdS)4P—P:2( 5)5 (’7 ) ( S)p ( 5)d +gta
1 ~
+——5 (Va)arv (I5)"7 Hgz A.56
(TAdS) P: (’Y ) ( 5) B ( )

where we simplified (A.55) by using the explicit property of y_ and 74 being the unit
or zero matrix (depending on specific indices), see (3.14). We used this simplification in
another equations as well (for example in equation (6.21)). In the equation (A.56) we also
used new matrix (I'5)q8, that was be introduced in (7.32). We also used the identity (7.30)
to simplify (A.56). Plugging the evaluated expression (A.56) into (7.2) we will get the
action of D, H 5

Ta
0 =Dy H ! ¢ H A.57
T A T g (raqs) i P P2 (o Hye (A.57)
1 A\
FEO et e ¥ gy e eler (B s

left < right (A.58)

where h is defined as: .
h=11— ——— A.59
( P_ P~ (raqs)? ) (4.59)
The equations (A.57) and (A.58) are very interesting since after applying the D,/ (or Dg/)
derivatives we are getting terms like H -, . that is basically our original H, |, see (6.6).
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Moreover we got also term Hgz that is a new term and was important in sections where
we constructed the pre-potential.

Another important derivatives are Dy on H 5Ta and D, on H Fia We will look at
those closer:

— — 0= MN
Tpps = Tapra = 0= Da Hymy + Haym™™ famayn (A.60)
_ MN
=Dy Hy + SiaHarp — Dp Hy o + Harmm fsran
+Hey ™ faron = Hom™™ faan (A.61)

The mixed f terms are zero in the flat superspace. In the AdS case the fz 54 # 0 and
there is also AdS contribution coming from S Hg . This contribution can be calculated
by analogy with the equations (A.47), (A.48), (A.49), (A.50) and (A.56). Thus getting
evaluated action S, Ha g

(_ 1) +d ™
S— Heo =+ (D))o H— A.62
+atalo h4 (rags)® P~ P (VDo (I5)vo Hig (A.62)

1
T (rags)? P~ P_

(V-)ow (I5)"? Hzp (I5)%¢ (a)ear

where h was defined in (A.59). The (A.61) mixed structure constant fsran = 0 and the
far g has been discussed before (see equations (A.46) and (A.47) till (A.50)). Moreover,
the vielbein H 5, is evaluated to 0, see table 6. Evaluating everything in (A.62) we get:

1
0 = Do H,~ —
G a 4 (rpagg)d P~ P

1 ~
+— (1N e [5)7 (7 )op Higa

(o ()7 0 Hig 1 (A.63)

T'AdS
! T o 1
Vg (I5)P Hsy (I} e o — - a/VH 17
+ h (TAdS)Q P-P_ (’7 )5 ( 5) P)\( 5) (7a) 5 (")/+a) 3
left <+ right (A.64
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