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1 Introduction

Since the light-cone gauge superstring field theory [1-6] takes a simple form, this theory
is expected to be very useful in studying superstring theory. In a series of papers [7—
14], using the light-cone gauge closed NSR superstring field theory, we have studied the
contact term divergences [15-19]. We have pointed out that the contact term divergences
can be regularized by shifting the central charge of the light-cone gauge worldsheet theory
to a sufficiently large negative value [7]. We refer to this type of regularization as the
dimensional regularization, since the central charge is directly related to the spacetime
dimensions in string theory. We have considered mainly two ways to shift the central charge
in the regularization: the one is to naively shift the number of the transverse dimensions
d — 2; the other is to add a superconformal field theory with central charge large negative
to the worldsheet theory.



Recently, one of the authors has proposed another prescription [20], in which the string
theory in a linear dilaton background ® = —iQX" is considered so that the central charge
of the system becomes 12—12Q?. In [20], the divergences which appear in the amplitudes of
this theory have been thoroughly studied. It has been shown that the Feynman amplitudes
of light-cone gauge superstring field theory in the linear dilaton background are indeed
finite, when the theory is with the Feynman ic (¢ > 0) and Q2 > 10.

In this paper, we use this theory to dimensionally regularize and calculate the Feynman
amplitudes. In this work, we restrict ourselves to the amplitudes for even spin structure
with external lines in the (NS,NS) sector for simplicity. In this scheme, we define the am-
plitudes as analytic functions of () and perform the analytic continuation (Q — 0. We show
that the limit Q — 0 is smooth except the divergences coming from the boundaries of the
moduli space and the results coincide with those from the first-quantized method.! In order
to show the coincidence between our results and those in the first-quantization, we recast
the amplitudes into a BRST invariant form in terms of the conformal gauge worldsheet
theory. For this purpose, together with the superreparametrization ghosts, we introduce
the longitudinal variables with nonstandard interactions, which is the supersymmetric X*

d—10
CFT constructed in [9] with the identification g = -Q2

The organization of this paper is as follows. In section 2, we recapitulate the light-
cone gauge superstring field theory in the linear dilaton background constructed in [20].
In section 3, we show that the multiloop amplitudes can be expressed in terms of a BRST
invariant worldsheet theory in the conformal gauge. For this purpose, we add the super-
symmetric X* CFT and superreparametrization ghosts to the worldsheet theory. We show
that the supercurrents in the light-cone gauge, inserted at the interaction points, can be
transformed into the picture changing operators (PCQO’s) in the conformal gauge and the
expressions become BRST invariant. In section 4, we carry out the analytic continuation
@ — 0 of the Feynman amplitudes. We show that the results from the first-quantized
formalism are reproduced. Namely, the results obtained here coincide with those obtained
using the Sen-Witten prescription [24-26], up to infrared divergence problems. Section 5
is devoted to conclusions and discussions. In appendix A, the definitions of the Arakelov
metric and Arakelov Green’s functions are presented. In appendix B, some details of the

supersymmetric X* CFT are given. Formulas used in the text are provided in appen-
dices C and D.

2 Superstring field theory in linear dilaton background

In this section, we review the light-cone gauge superstring field theory in linear dilaton
background constructed in [20]. The string field theory is given for Type II superstring
theory formulated in the NSR formalism. The heterotic case can be dealt with in a simi-
lar way.

In [21-23], Sen has constructed covariant string field theories which reproduce the Feynman amplitudes
from the first-quantized approach.



2.1 Linear dilaton background

In order to regularize various divergences, we consider the superstring theory in a linear
dilaton background ® = —iQ X", with a real constant Q. The worldsheet action of X' and
its fermionic partners 1!, 4! on a worldsheet with metric ds? = 2§,dzdZ becomes

S [XI»T/JI,JJI;sz} — % /dz A df\/§ <§ab3aX13bX1 _ QiQRXl)
+% / dz A dzi (61301 + 51001 | (2.1)

and the energy-momentum tensor and the supercurrent, which generate the superconformal
transformations, are given as

TX'(2) = —%(axlf —iQ(0 — 9Ing.-)oX! — %qplcwl
- Q? <—; (0 1ngzz)2 + 0 hlgzz) ,
1 ) 1 .
X' (2) = _%axwl +Q(0 - 50 g.)" (2.2)

In order to construct string field theory and calculate amplitudes we need the correla-
tion functions of the linear dilaton conformal field theory. Since the fermionic part is just
a free theory, we concentrate on the bosonic part. Defining

X=X —iQIn(2g.:), (2.3)

the correlation function of eipTXl(Zr, Z.)(r =1,---,N) can be calculated on a Riemann
surface [20]. Using the Arakelov metric ds? = 2gdzdz [27] defined on the surface, it is
given as

N ~
/ [Xm]gz_ e~ S[X 0] H X! (Zr, Zr)

z

r=1
= 27d <Zpr =+ 2@(1 - g)>
T
xemm oot ZX (A e mm @ @2 T (204) 2779 (24)
r>s r

where ZX [gﬁg] denotes the partition function for a free boson on the worldsheet with the
Arakelov metric (C.22), and

S[X1; ga) = 1 / dz Ndz /g (g“baaxlabxl - 2@'QRX1> ,

8w

0 =Ing.z —lngl,
1

T [o;ga] = I /dz NdZ /g (gabaaaaba + 2Ra> . (2.5)
T



GA(z,w) denotes the Arakelov Green’s function for the Arakelov metric. The definitions

. . . _1-12@? P I
of g% and G*(z,w) are summarized in appendix A. The anomaly factor e~ 21 Plosgzz] jg
exactly what we expect for a theory with the central charge

c=1-12Q* (2.6)

of the linear dilaton conformal field theory.
ePX" thus defined turns out to be a primary field with conformal dimension

%p2+Qp= %(p+Q)2— %2 (2.7)
Notice that X! satisfies
20X =0, (2.8)
if there are no source terms, and thus idX'(z), i0X'(Z) can be expanded as
i0X1(z) = Z alz7n1,
n
i0X'(z) =Y apz ", (2.9)
n

where o} and & satisfy the canonical commutation relations. The states in the CFT are
given as linear combinations of the Fock space states

al e Oél 071 PR dl—ﬁl |p> s (210)

—n1 —np - —n1
where |p) = eirX! (0)|0). The states and the oscillators satisfy

(p1lp2) = 2m0(p1 + p2 +2Q)),
(ah)” = —(al,, +2Qdny) .
(an)" = —(al, +2Qd0). (2.11)

1
n

where (p|, (a}L)*, (d )>k are the BPZ conjugates of |p), a, @l respectively. On the sphere,
the correlation function is given by using the worldsheet metric ds?> = dzdZz on the complex

plane as

N

/ [Xm]gzz e~ S[X"ig=z] H e X (Zy, Zy)

r=1

—1712Q2F[U‘l] 2prp
=215 (> pr+2Q | e 2 ]2 - ZoPrre (2.12)

r>s

Using these, it is straightforward to construct the light-cone gauge superstring field theory
action in the background.



2.2 Light-cone gauge superstring field theory in linear dilaton background

Let us construct the light-cone gauge superstring field theory based on the worldsheet
theory with the variables

X171/]i71;i (221778)7
where the action for X, ¢!, 1! is taken to be (2.1) and that for other variables is the free
one. The worldsheet theory of the transverse variables turns out to be a superconformal
field theory with central charge
c=12—-12Q%. (2.13)
The string field
@ (¢, a))

is taken to be an element of the Hilbert space of the transverse variables on the worldsheet
and a function of

t=a",
a=2p". (2.14)
|® (¢, ) should be GSO even and satisfy the level-matching condition
(Lo — Lo)[® (t,0)) = 0. (2.15)

where L, Lo are the zero modes of the Virasoro generators of the worldsheet theory.
The action of the string field theory is given by [7, 11]

aa Lo — 2
5= [ Z/ 9 (g (—a)| (10 - LD T 14 ()

+22/_ 9 e (—a)| (10— IO L g

: /l’l < K7‘dOé,n> (E ozr> Vg’iBl a1)> ’(I)BQ(CYQ» |(I)B3(043)>
Bl,Bg,Bg
/ | | < T’aar> (E 117‘> ‘/3 ’IBl a1)> %‘(I)Fg((k2)> |q)F3(Oé3)>
Bth Fs

(2.16)

The first and the second terms are the kinetic terms with the Feynman ie and (®(—a)]
denotes the BPZ conjugate of |®(—«)). The third and the fourth terms are the three
string vertices and g, is the string coupling constant. » 5 and ) denote the sums over
bosonic and fermionic string fields respectively. By the state-operator correspondence of
the worldsheet conformal field theory, there exists a local operator Og (w, w) corresponding
to any state |®). (V3| ®(ay)) |®(az)) |®(a3)) with S°_ o, = 0 is defined to be
(V3| @(c1)) [ (02)) @(043))
<p15120 1o — pol2 TEC (p) TEC () I O(a1)(0,0)h2 © Op(ay)(0,0)h3 © Og(as) (0, 0)> ;
pY
(2.17)
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Figure 1. The three string vertex for superstrings. Here we consider the case a1, a9 > 0, asz < 0.

in terms of a correlation function on ., which is the worldsheet describing the three string
interaction depicted in figure 1. On each cylinder corresponding to an external line, one
can introduce a complex coordinate

p=T+1i0, (2.18)

whose real part 7 coincides with the Wick rotated light-cone time it and imaginary part
o ~ 0+ 27w, parametrizes the closed string at each time. The p’s on the cylinders are
smoothly connected except at the interaction point pg and we get a complex coordinate p
on ¥. The correlation function ( )y, is defined with the metric

ds® = dpdp, (2.19)

on the worldsheet. h,(w,) gives a map from a unit disk |w,| < 1 to the cylinder corre-
sponding to the r-th external line so that

1
wy = ear Prwr)=po) (2.20)
T ﬁc, TJQC are the supercurrents of the transverse worldsheet theory.

2.3 Feynman amplitudes of light-cone gauge superstring field theory in linear
dilaton background

It is straightforward to calculate the amplitudes by the old-fashioned perturbation theory
starting from the action (2.16) and Wick rotate to Euclidean time. The propagator and
the vertex are given by the worldsheets depicted in figure 2. Each term in the expansion
corresponds to a light-cone gauge Feynman diagram for strings. A typical diagram is
depicted in figure 3.

A Wick rotated g-loop N-string diagram is conformally equivalent to an N punctured
genus g Riemann surface 3. A g-loop N-string amplitude is given as an integral over the
moduli space of ¥ as [28, 29]

A = (ig,)29- 2N / (dT[adb][da] FO | (2.21)



propagator vertex

Figure 2. The propagator and the vertex of the string field theory.

Figure 3. A string diagram with 3 incoming, 2 outgoing strings and 3 loops.

where [[dT][adf][da] denotes the integration over the moduli parameters and C' is the
combinatorial factor. In each channel, the integration measure is given as

/ [dT][ad6][da] ZQQE[jN <—z' /0 h dTa> /f[ / Olg:‘sgﬁ]v <|aI| /0 ” ‘fﬁ (2.22)

Here T,’s are heights of the cylinders corresponding to internal lines, a4’s denote the
circumferences of the cylinders corresponding to the + components of the loop momenta
and az’s and 67’s are the string-lengths and the twist angles for the internal propagators.

The integrand F](Vg) is given as a path integral over the transverse variables X7, ¥,
(1=1,...,8) on the light-cone diagram. A light-cone diagram consists of cylinders which
correspond to propagators of the closed string as mentioned above. On each cylinder, one
can introduce a complex coordinate p in the same way as the complex coordinate (2.18) is
introduced on the three string vertex. The p’s on the cylinders are smoothly connected ex-
cept at the interaction points and we get a complex coordinate p on the light-cone diagram
Y. The path integral on the light-cone diagram is defined by using the metric (2.19).

p is not a good coordinate around the interaction points and the punctures, and the
metric (2.19) is not well-defined at these points. F](\? ) can be expressed in terms of corre-
lation functions defined with a metric d§®> = 2§,>dzdZz which is regular everywhere on the
worldsheet, as

N N
F{ = (2r)°5 (Zﬁ) 5 (Zm) e~ 2 (1-@T1o30:3]
r=1 r=1

i 304 974 —SLC[X 7yt 3] = 2 -3 LC SLC (= - LC
x/[dX i), e W, [1_[1 (}a p(en)| 2 THC (21) T (zz))HIVT .

(2.23)



Here SMC [X i,wi,zﬁi] denotes the worldsheet action of the transverse variables and the
path integral measure [dX idwidqﬁi]gzi is defined with the metric d3? = 2§.-dzdz. Since
the integrand should be defined by using the canonical metric ds?> = 0pdpdzdz on the
light-cone diagram, we need the anomaly factor e~3(1-@T [739:2] where

o =Indpdp—1Ing.s,
1 A

[[o; .2 = i /dz A dZ\/§ (g“bﬁaaﬁba + QRU) ) (2.24)
T

VL€ denotes the vertex operator for the r-th external line. When the r-th external line
corresponds to the state

11 @Zl J1

Aty eats el T ) (2.25)

in the (NS,NS) sector, the light-cone vertex V,'C is given as

0 0

" 27m 2m
—s51— % dw 51
J1 S1—3 T ond1 ~"S173
fmw s fmw )i
><e’pr')2 (w, = 0,w, = 0) e Pr % (2.26)

Here
X' = X" —iQ6" In(2g.5),

. (p(z) — P(Zm)))} , (2.27)

T

w, = exp {
Tér) = Rep(z;m) , (2.28)

and 2 is defined to be the coordinate of the interaction point at which the r-th external
line interacts. The on-shell and the level-matching conditions are

o 1
(—QPjpf+Pip?)+Qpi+Nr=5(1—622)’ Nr:;nwr;&:;ﬁk-%z&-

l
(2.29)
It is possible to calculate the right hand side of (2.23). p can be given as a function of

N |

local coordinate z on ¥ as

N Zy N
2= a [lnE(z, Z) — 27rz/ ImQIm/ } ;D =0, (2.30)
r=1 r=1

up to an additive constant independent of z. Here E(z,w) is the prime form of the surface,
w is the canonical basis of the holomorphic abelian differentials and €2 is the period matrix.?
The base point Py is arbitrary. There are 2g — 2 + N zeros of dp and we denote them by
zr(I =1,---,29g — 2+ N). They correspond to the interaction points of the light-cone

2For the mathematical background relevant for string perturbation theory, we refer the reader to [30].



diagram. Substituting (2.30) into (2.24) yields a divergent result for I'[0;g,z]. We can
obtain e T179::] up to a divergent numerical factor by regularizing it as was done in [31].
The divergent factor can be absorbed in a redefinition of g; and the vertex operator.
Taking g,z to be the Arakelov metric [27], e Tloio] for higher genus surfaces is calculated

in [13] to be _
o Tlowot] o oW He—zReNgg H ’32[)(2])‘*3 : (2.31)
r I

up to a numerical constant which can be fixed by imposing the factorization condition. Here

W= 2 Y G (eriz) ~ 230 6N (252 +2 30 G ()

I<J r<s Ir

=Y (290 5 ) +3) I (202 |
T I

r r
p(z7) O 211 / /
= — — — mFE(Z,, Z I . (2.32)
o ;ar n ( i) s) a Ip, ImQ Zas m

The correlation functions of X?, )% 1" which appear in (2.23) can be calculated by using

the formulas given in [32-36] and (2.4). From the explicit form of the integrand F ](Vg ),

@) uffers from divergences due to the collisions of the

one can see that the amplitude Ay
interaction points and the degeneratlons of the surface ¥, if @ = 0. In [20], it was shown
that Agg) becomes finite if one takes Q% > 10 and ¢ > 0. Therefore it is possible to define
Agg) as an analytic function of @) and take the limit @ — 0 as is usually done in dimensional

regularization of field theory.

3 BRST invariant form of the amplitudes

We would like to show that the integrand (2.23) can be rewritten in terms of a correlation
function of the conformal gauge variables X*, ", " (u = +,—,1,...,8),b,¢, b, 3,7, B, 7.
For @ # 0, the worldsheet theory of the longitudinal variables X, ¥ 1% becomes so-
called X* CFT, which is defined and analyzed in [9, 14]. The results of these references
are summarized in appendix B. Using (B.15) and (B.16) there, one can prove

N 9 N
%5 (prf> (Zm) (ZX gzz]Zw[gzz]> [TV

r=1

N — 2
= H (areReN&?) o~ % Tlosg:z] / [dX*dX*]ﬁ ) o= Souper [XF;423]

r=1

N
H[f ;:S@Z);é”ffﬁ( Z,) VPN (2, 2,) (3.1)

r=1

Here X¥ is the superfield given in (B.3). The supersymmetric contour integral is defined as

7€<T 2mi f Qm/ (3.2)



using the Berezinian integral [ df, and the antiholomorphic version is defined similarly.
S (z,w) is defined to be

0xX+ o , (3.3)

+ + 02
S(z,w) = DlIn (8X+ - W) (z) ol (X (@)X ] (w))

and S (z,w) is the antiholomorphic version. V,PP¥(Z, Z,) is the supersymmetric DDF
vertex operator given by

, = , = —ipf X~ —i( py =N ) X+ 4ipi X _
YDDF (7 7y — A0 g0 ph() () TP (p pT+>X Y

—n1 _ﬁl —S81 —351 TJZT) 9

with the DDF operators AL B (ST ) for the r-th string defined as

—-n

Z’r
BO = § St oD (¥ rigiie)e
7, 2mi (iqu)ﬁ

(z), (3.5)

where X7 is the superfield for X, ¢, ¢¢, ® is defined in (B.5) and X " denotes the left

moving part of X'T. Ai(:b), Bi(z) are similarly given for the antiholomorphic sector. The

product SSV,PPF is normal ordered as

S(z,2,)S (2, Z,) VPPV (2,, Z,)
= lim lim S(zw)S(z o)V Y (2, Z,) |w— 2|9 . (3.6)

w—Zy w—Zy

Substituting (3.1) into (2.23), we find that the integrand F](\?) can be expressed as

N N T -3 —2
F o TT (aree ) [ 0% (o) |2 e 37Tt 00] (2X192) 7072
r=1 I
x / [dx*), o~ Scuper [¥F322] = SO [X7 0 1] H [T%C (z1) TEC (z1)]
I
N _
dz dz - - =
X — S (2,2, f{ —S(z,2,) VPP (z.,Z,)| . (3.7
71;[1 [jém i 4 2 2y 2 %) ( |- &P

We will further rewrite (3.7) by introducing the ghost variables. The identities satisfied
by the ghost correlation functions which should be used here are summarized in appendix C.
Taking the metric §.; to be the Arakelov metric g2 and using (3.7), (C.28) and (C.35),

~10 -



the amplitude (2.21) can be rewritten as
A9 / [dT][de][adf]

x / [AX#dy dg* dbdbdededBdBdydy] e 5

69—6+2N " )
X b tex ] ¢TLC (21) d)Tz%C (z1)
11 |, 5o, g TLL |
N dz dz =
X —8 (2, 7, —8(z,2,) cce ??VPPY(z. . Z)|. (3.8
7H1 [f[; (n 2T * )f;m) 2 %) a | )

Here St denotes the worldsheet action for the variables X# 1 1* and the ghosts. It is
shown in [9] that the worldsheet theory becomes a conformal field theory with vanishing
central charge, and we can define the nilpotent BRST operator Qp. The quantities which
appear in this expression would be BRST invariant, if e‘z’TllsC (zr) and e%Tl{;C (zr) were the
PCO’s. Actually (3.8) can be turned into a BRST invariant form as

A9 o / [dT][do][adf]

x / [AX#dy dg* dbdbdededBdBdydd] . e 5

6g—6-+2N

dz dz )
X bzr +¢ bzz:| X (2) X (3
IIII [CKa . Cr Op ]-;[[ (21) X (21)]
. dz -
5 2S5 (z. 7. cee— ¢~ ¢y PDF =
XE [f 27TZS( )im 5 S (2, 2,) cee VPN (Z,, Z,) | (3.9)
where
X = [Cag =T+ gome + 4b (20e% n862¢>] (2) (3.10)

is the PCO and X (2) is its antiholomorphic counterpart. Here T denotes the supercurrent
for X* (u = +,—,1,...,8). Since the PCO’s and the contour integrals of S (z, Z,.) , S (Z, ZT)
do not commute, we need to be a little careful about the definition of the right hand side
of (3.9). To be precise, the right hand side of (3.9) should be defined as

/ [dT[de] [add)]

x / [dX " dy* dbdbdededBddydy] s e~

tot
69g—6+2N

dz
X | | —b,, +ex zz} hrnl | (z1 + 2¢) Zr + 2e
[ cx Op Cr Op | 0 X )

N _
XHV S z) S (0 2) e V2, 20| )

- 11 -



The contour C, | is a circle with radius le| around z = z;(). One can show

dz dz - _ - _
— Z — Z,) cee*0VPPY (7. Z
[QB£|2WS(Z >j{0|27”8(z )Cce V; ( T r)

:j'{ P 9DC (3) e ’ar(Xf(z)Xf(Zr))j'{ 88 (2.2,) coe VP2, 7,)
Cp o 2mi Cr ey 2T

+7€~ S (2.2) 7{; 22 9D (2) e~ 8 (AEO-XE(2)) o0y POF (7, 7,
rlel lel
(3.12)

and with no operators inside C). |, C’T,M, this vanishes. All the other factors are BRST
invariant in the usual way and thus one can prove that (3.9) is a BRST invariant expression.
When there exists no r (r =1,..., N) such that z; = z;¢, we can simply replace the limit

lim [X (21 + 2€) X (21 + 2¢)]
e—0

by X (21) X (z1). If z; = zy( and there are no r’ # r such that z; = Zy(rr), We obtain

el 271 271
2 02 w4
_ [ 7{1 ;‘%3 (2, 2,) X (21) — %p}af’a (weli’r&) (zf)}
> 2 _ 02 ot
« [ 74 0§ (2.2,) X (1) - %p;e% (WeliiXR) (zl)}

x cee *OVPPF (7. 7). (3.13)

iy [X (1 +20 X (1 +20]) f, 25(02) f, 425 (0 5) e PP (2,2

_ dz dz -
lim [ X 2¢) X 2 —8(z, 2, —8(z,Z, ¢=oyPO¥ (7 7.
li [X G20 X G20 f gES ) f SIS @2 e (2..2,)
d dz - _
x% s (z,ZT/)f 23 (2,2,/) cee =V PP¥ (Z,, Z,)
Crr 1 <™ Crr e <M

Py
dz -, - Az -, o
< {7{27” (3.2) § 428 @.2) X ()
R B P U5 N G (.
71)7# € 8 (’lz) e r R (Z]) il o (Z,Zr/)

- 12 —



z o, -\ Q*1 5 (-, -i®x}
— ¢ —S5(2,2,) % —e?d | pte T (%)
f;lm (2.2) 2 pf (
X cée_‘z’_‘z’VrDDF(Zr, Zr)cée_‘b_‘z’VT]?DF(er, Zyr) . (3.14)

In the generic situation in which zj, Z, are all distinct,? it is not possible for a z; to be
equal to z;¢) for more than two r’s, except for the tree-level three point amplitudes. It is
possible to derive the formula as (3.14) in such cases. Thus we can see that the limit e — 0
in (3.11) is not singular and we denote the result by the naive expression (3.9). Eq. (3.9)
is proved in appendix D.

When @ = 0, (3.9) becomes

A o / [dT][do] [ad6]

x / [AXFdy dg*dbdbdededBdBdydd] e 5"

6g—6+2N s -
X 7bzz + __bZZ:| X X _
fDl { e 00N Jo 0p H (X (z1) X (z1)]
N —
X H |:CE€7¢7¢‘/;'DDF(ZT, Z,,,)i| . (315)
r=1

This expression coincides with the one obtained from the first-quantized formalism putting
the PCO’s at the interaction points of the light-cone diagram, although this expression
suffers from the contact term divergences.

4 The amplitudes from the first-quantized formalism

In recent papers [24-26], a way to calculate superstring amplitudes using the PCO’s is
established. We would like to show that the amplitudes calculated from the light-cone
gauge string field theory using the dimensional regularization coincide with those obtained
by the method of these papers.

4.1 The prescription

In this subsection, we will just briefly explain the prescription given in [26].

In the first-quantized approach using PCQO’s, an amplitude is expressed by an integral of
a correlation function with a fixed number K of PCO insertions over the relevant moduli
space M which is assumed to have real dimension n. Each point m € M determines a
Riemann surface ¥(m). Let Y be a fiber bundle over M whose fiber is

Y(m) x X(m) x -+ x X(m),

K times

in order to describe the insertions of K PCQO’s, and X be the subspace of Y which is
obtained by omitting the bad points where the spurious singularities arise. A point in

3The situation in which some of z1, Z» coincide can be considered as a limit of these generic situations.
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ar M

Ml M6

M3
Figure 4. Dual triangulation Y.

X is denoted by (m;a) with m € M, a € 3(m) x 3(m) x --- x X(m) and define a map
¢ : X = M which maps (m;a) to m.
If there existed a global section s of ¢ : X — M, the amplitude would be given by

| ot som)).

where the integrand is schematically expressed as [24]

K n

wn(ms 21, -, 2K) <H(X(zi) — 0¢(zi)dz) [ | (/d2 (gfgw b dm ) Hv>

i=1 s=1
(4.1)
() here denotes the correlation function of the worldsheet theory on X(m), Vi,--- , Vi are
BRST invariant vertex operators, mq,--- ,m, are the coordinates of M and the subscript
n denotes that we should extract the n-form part of this expression.
Unfortunately such a global section does not exist in general. If we divide M into
patches, we may be able to have a local section on each patch. As was demonstrated in
detail in [26], it has been shown that

1. One can pick a dual triangulation T of M such that the map ¢ : X — M has a local
section s* over each of the codimension 0 polyhedron M in T depicted in figure 4.

2. The amplitude can be given as

Z / wn(m; Sa(m)> + Avertical s

where Ayertical 18 the contribution of the “vertical integration”. Ayertical 1S given as
a sum of integrals of correlation functions involving &, X, antighost insertions and
the vertex operators, over O0M“ and their submanifolds which are called the vertical
segments.

3. The amplitude thus defined is independent of the choices of Y, s* and the vertical
segments, as long as the bad points are avoided.

4. The amplitude thus defined is gauge invariant.
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4.2 @Q — 0 limit of the light-cone gauge amplitudes

As has been shown in [20], the Feynman amplitude (2.21) is well-defined for Q% > 10 and
we can define AS\?) as an analytic function of @, i.e. A%)(Q). If the limit Q — 0 can
be taken without encountering any divergences, we will obtain the amplitude without the
dilaton background. We would like to show that the limit Q — 0 is smooth if there are no
divergences coming from the boundaries of the moduli space.

As has been shown in section 3, the amplitude (2.21) can be rewritten into a BRST
invariant form (3.9). Since the worldsheet theory used in (3.9) consists of the matter
superconformal field theory with ¢ = 10 and the superconformal ghosts, the amplitude (3.9)

can be recast into the form described in the previous subsection as

A9 (Q) = /M wn(m; s(m)) (4.2)
where
wr(m; s(m))
=dm* Adm? A - A dmB9—6+2N

X / [dX“d@b“d&“dbd?}dcdédﬂdﬁdydﬂgZAE e~ 5"

dz dz .
7bzz + % —_b55:| X X (z
Cx Op K C Op 1;[ X (o) X (z1)

<11

6g—6-+2N [
K=1

R ]
H[f S @ Z) 558 (@ 2) e V(2,2 (43

) 2T ) 2T

r=1

The section s(m) here corresponds to the prescription where the PCO’s are located at the

interaction points of the light-cone diagram. This expression is well-defined for Q? > 10
but may suffer from the spurious singularities otherwise.

It is also possible to define amplitudes with the same worldsheet theory and the vertex

operators, avoiding the spurious singularities by the Sen-Witten prescription. Namely we

can define

APV () = / (3 5 (m)) + Avetical (4.4)

with the local sections s'®(m), avoiding the spurious singularities for Q% < 10. For Q% > 10,

AY(@Q) = APV (), (4.5)

because there are no bad points for Q% > 10 and the results do not depend on the choice of
the local sections. Therefore as an analytic function of @), Ag\g,) (Q) coincides with A%)SW(Q)

and we obtain
. SW
lim AR(@Q) = 47 (0), (4.6)

if the right hand side exists. The Sen-Witten prescription deals with the spurious sin-
gularities and if the superstring amplitudes in question does not suffer from the infrared
divergences, AS\?)SW(O) is well-defined. We have shown that the Feynman amplitudes cal-
culated by our method coincide with those obtained by the first-quantized method using

the Sen-Witten prescription, as long as we consider infrared safe quantities.
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5 Conclusions and discussions

In this paper, we have studied the regularization of the contact term divergences of multi-
loop scattering amplitudes in the light-cone gauge superstring field theory. We have used
the theory in a linear dilaton background ® = —iQX"'. The divergences of the amplitudes
of the theory are thoroughly analyzed in [20]. Since the central charge of this theory is
c =12 —12Q?, it is possible to shift the central charge to a large negative value by putting
Q? large. The multiloop amplitudes involving only the even spin structure with the exter-
nal lines in the NS-NS sector are indeed regularized by taking Q2 > 10. We have shown
that the resultant amplitudes coincide with those of the first-quantized theory through the
analytic continuation ) — 0, without encountering the divergences except those originat-
ing from the boundaries of the moduli space. Similarly to the dimensional regularization
previously considered [8-11], the amplitudes can be recast into a BRST invariant form
of the worldsheet theory in the conformal gauge. This can be achieved by adding the
supersymmetric X* CFT for the longitudinal variables and the superreparametrization
ghosts to the worldsheet theory. In the present case, we have constructed BRST invariant
worldsheet theory by setting d _810 = —@Q? in the action of the X* CFT given in (B.1).

In order to make our regularization scheme complete, we need to deal with the ampli-

tudes for odd spin structure and those with external lines in the Ramond sector. Contrary
to the dimensional regularization in which the number of the transverse dimensions d — 2
is naively shifted, it remains 8 in the present case. This implies that the present proce-
dure does not give rise to the problem pointed out in [11] in constructing the space-time
fermions. Furthermore, the light-cone gauge theory in the linear dilaton background used
in this paper is much simpler than the theory proposed in [12]. We will investigate this
extension elsewhere.

With our prescription, we may be able to describe superstring theory by the simple
action with only three string vertices. However there exists subtle points in such a formu-
lation. The action of the light-cone gauge closed superstring field theory possesses only the
cubic interactions. While this fact makes the theory simple, the Hamiltonian is unbounded
below and thus unstable. The light-cone gauge theory does not contain auxiliary fields and
hence the cubic interactions are considered to directly mean the instability of the perturba-
tive vacuum. However, we have to pay attention to the fact that the point where p™ = 0 is
not regular in the light-cone gauge formulation and the nonperturbative properties reside
there. The stability of the vacuum might not be such a simple problem in the light-cone
gauge closed superstring field theory. These facts suggest that it would be desirable to
have a gauge invariant string field theory to which our method here is applicable. The
conformal gauge expression of the amplitudes given in section 3 may give us a hint about
how to construct such a theory. We hope that we will also study these issues elsewhere.
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A Arakelov metric and Arakelov Green’s function

The Arakelov metric g2t and the Arakelov Green’s function G* (z; w) are defined as follows.

Let Hzz be
1 1
22 = 5 w(z) . Al
pss = 5-0(2) o (2) (A1)
We note that
/ dzNdzip,z =1, (A.2)
by
which follows from
/ wy A @y, = —21Imf),, . (A.3)
b
The Arakelov metric on X,
ds? = 2¢2dzdz, (A.4)
is defined so that its scalar curvature R* = —2¢*%2091n g?z satisfies
g2RY = —87(g — ez - (A.5)

This condition determines g% only up to an overall constant, which will be chosen later.
The Arakelov Green’s function GA(z, Z;w,w) with respect to the Arakelov metric is
defined to satisfy?

—0,0:GM(2, 7w, @) = 210% (2 — w) — 2mp.z
/ dz NdzZipGP (2, 2w, @) =0 . (A.6)
b

One can obtain a more explicit form of G*(z, Z;w,w) by solving (A.6) for G2 (z, z; w, ).

Let F(z,z;w,w) be the (—%, —%) X (—%, —%) form on ¥ x ¥ which satisfies

0,0:In F(z, z;w,w) = 2m6%(2 — w) — 2mgps (A.7)

which can be given by

_ L B z 1 z )
F(z,z;w,w) —exp{ 27rIm/ wImQIm/ w] |E(z,w)|” . (A.8)

w w

Putting (A.7) and (A.5) together, we find that G*(z, z;w, ) is given by

—_

G* (2, z;w, @) = —In F(z, Z;w, @) — 3 In (29?2) - %ln (Qgﬁw) , (A.9)

4The delta function 6%(z — w) is normalized by /dz ANdZid%(z —w) = 1.
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up to an additive constant independent of z,z and w,w. This possible additive constant
can be absorbed into the ambiguity in the overall constant of gfg mentioned above. It is
required that (A.9) holds exactly as it is [34, 37, 38]. This implies that

202 = &gnz exp [~G*(z, Z;w, W) — In |z — w|?] , (A.10)

and the overall constant of gﬁg is, in principle, determined by the second relation in (A.6).

B Supersymmetric X* CFT

The conformal gauge worldsheet theory corresponding to the light-cone gauge superstring
theory in noncritical dimensions was studied in [9]. The longitudinal part of it is called the
supersymmetric X* CFT whose action is given by

d—10 .
——Tsuper [X+;gzg] . (B.1)

Siper [XF3822] = —% / d’z (DXTDX™ + DX~ DXT)+
Here the supercoordinate z is given by
z = (2,0), (B.2)
the superfield X* is defined as
XF (2,2) = XT (2) + 00T (2) + 0T (2) + 00F ™, (B.3)

and

]l
If
|
_l_
S

d’z = d (Rez) d (Imz) dfd6 . (B.4)

The interaction term I'gyper is given by

1 _ A
Fsuper [X_'_;gzi} = Tor /d2Z (D(I)D(I) + Qegzqu)) ’

O (z,Z) = In ((D@+)2 (z) (DO%)” (z)) —Ing.:, (B.5)
(g = DX
Ot (a) = oy @,

which is the super Liouville action defined for variable ® with the background metric
ds®> = 2§.zdzdz. The super energy-momentum tensor 7% * (z) becomes

1 1 d—1
T (z) = 58X+DX‘ + 58X_DX+ — TOS(Z, ), (B.6)

where S(z, X 2_ ) denotes the super Schwarzian derivative

0t _ 9DeToet

St %) = e (DOT)?
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In the present context, for transverse sector we use the superstring theory in a linear
dilaton background instead of the theory in noncritical dimensions. We therefore consider

-1
the theory (B.1) with the identification d-10 _ —Q2.

The correlation functions to be considered in this theory are defined as

+
N X
_intx
| CEARCRA) | ER
= Jzz
%1 ~ —2
Zsuper[gZZ]

x/[dﬁdx]gue Super [ 1022 He X7 (7, 7, He s X (wy W) . (B.8)

Here
Zuperl022) = / [dX],__exp [—;T / dQZDXDX} : (B.9)
and
Z, = (Z,,0,),
ws = (ws,7s) - (B.10)

In order to discuss these correlation functions, it is convenient to introduce supersymmetric
version of p(z) in (2.30) which is defined by

ps(2) = p(2) + 01 (2), (B.11)

where

f2)= =) 06:S5(2,2) , (B.12)

and Ss (2, 2’) is the fermion’s Green’s function corresponding to the spin structure §. When
all the external lines are in the NS-NS sector and ¢ is an even spin structure, Ss (z,w) is
equal to the so-called Szego kernel

L 20 (f,«]9)

S5(Z’w):E(z,w) 916] (0]Q)

(B.13)

where 9[0](¢|Q2) denotes the theta function with characteristics [§] = [g,l,], namely § =
Q' 49" (8',8" € RI), given by
8(Cl) = 3 emilar It ] (B.14)

nez9

for ( € C9/(Z9 + QZ9) . The right hand side of (B.8) can be calculated to be

M X
<H€Zer th )H ZpSX+(WS,V_VS)>
g

s=1

zz

25 <Zps> 5 (ij) He ps Lagps (Ws, W) o L5 Tsuper [ps+Ps302] , (B.15)

S
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where

€xp (_Fsuper [ps + Ps; gzi]) = exp <_F g3 gzz Z AT, — Z AFI) ) (B'16)

with

1 off
20, 82

5 0 3(0%)° 203F Bp
AT, =0 [ 2 _2 o _
o { (12@%)3 1@t ) 3@ et
1 0% o2 fof g

@) fensee. B

Al = (ZI(T)) +c.c.,

and I'[0;§.z] given in (2.31). From (B.15), it is possible to deduce all the correlation
functions of the X* CFT.

The correlation functions of fermions. From (B.15), one can derive a formula of
the correlation functions of fermions ¢, 1)*, which is useful in appendix D. (B.15) can be

rewritten as®

M s
<H e PEX T (0071007 (7, 7o) T et X e (e ) ws>>
s=1 g

%5 (ZPS) J <ij> He*ps_%(ﬁﬁ)(w&ws)e—d;gor

s

X H e_p;%(nsf(ws)‘i‘ﬁsf(ws))e_ d7810

s

(3, AL+3, ATr) (B.18)

The fermionic contribution of this correlation function can be expressed as

H o Ps 3 (naf (we)+i1a f(@s)) o= 4510 (32, AT +32; AT

s

- (Zw[gzzD_Q/ [dy ™ dip~dpTdyp™ ] ok [ d22( Bt OB ) S

N M
« H P (O™ +8:97) (7 7 H eps (" +10%) (4 5) L (B.19)
r=1 s=1

5From the correlation functions, we can see that F+ and F~ can be put equal to zero.
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where

d-10 2 oYtopt
Smt — [— Z OTTTp (Z[(r))

3 \2
+Z{(5 a4p _3(6p)>8¢+w+_883¢+w+

~ L\3@%)° (%) 3 (9%p)°
463p . %83¢+82¢+a¢+¢+
+ (82p)3a ,¢ ¢ + 3 (82[))4 (ZI)

+ c.c. (B.20)

Substituting (B.19) into (B.18) and differentiating with respect to ©,, ©,., 1, s, we obtain
the following identity

N M
<H X2, Z0) [T e (o, ) (un) -+ 0% () 7 (1) 907 (v)
r=1 s=1 -
Xt (i) - (i) 9 (B1) -7 <ﬁm>>

= (2m)26 (Zps_) ) <Zp;"> He—ps_%(p-i-ﬁ)(ws,ws)e_d;éor
X (Zw[gzz])_2/ [dy™dy~dipTdy] ok [ a2 (6 Byt O )~ S

)T (ur) T () YT (1) YT (vm)
X JJJF (111) e 1E+ (an) 1;7 (771) e 1[}7 (ﬁm) : (B'21)

Namely, the fermionic part of the correlation functions of supersymmetric X+ CFT coincide

with those of the theory with interaction Sj,s which is localized at the interaction points z;.

C Ghost systems on higher genus Riemann surfaces

In this appendix, we would like to show some identities which are crucial in deriving the
conformal gauge expression of the light-cone gauge amplitudes in section 3.
Let us consider the conformal field theory with the action
1 .
= /dz Adz /g (bVZec+ bV7Ze) | (C.1)
T
where the fields b, ¢ are with conformal weight (\,0), (1 — X,0) and b, ¢ are their antiholo-
morphic counterparts with conformal weight (0, A), (0,1 — A). Here we consider the case

either A € Zor A € Z + % The fields can be either Grassmann odd or even accordingly.
We define e = £1 to be

. {1 if b, ¢ are Grassmann odd (C.2)

—1 if b, c are Grassmann even
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We would like to discuss the correlation functions of the form

(I

).

on a genus g Riemann surface. ¢; should satisfy

2 a=—

@A —1)(g—1).

(C.5)

When A € Z + 5 1 the correlation function we consider here is the one corresponding to a

spin structure [aa,,] Namely, the fields b(z),

if z is moved around the a, (n=1,---

o(z) = e¥%uc(z),
b(z) — € %b(2),
o(z) — e¥muE(2),
b(z) — e %b(z),

c(2), b(2), €(z) transform as

if z is moved around the b, cycle once. We take o/ = o =0 for A € Z.

(C.6)

(C.7)

Taking the metric on the worldsheet to be the Arakelov metric 9252», the correlation
function (J], e“%? (2;,%;)) is evaluated in [35] to be

<H66(I1‘¢(zi7 Zz)> H(Qﬁgi)d(%)&

i

where

1

det (—gAziaZag) 2
det TmQ [ d2z+/g”

d(q) = eq(g+1—2))

2

and the characteristics [a] is defined so that

Qa—i—b

2],

A
2)\—1)/ w
Po

oo

He CI’LQJ

i>j

+ (Qa,+a/,)y

zz,z]
(C8)

(C.9)

(C.10)

Here A is the Riemann class, which is related to the canonical divisor K of the Riemann

surface by 2A = K.

- 29 —



C.1 A formula for the superghosts

Since the correlation function (C.8) is left-right symmetric, we need some more work to get

a formula which is useful for superghosts. We will present it in a form factorized in chiral

and anti-chiral parts. By doing so, it is possible to get the correlation functions which are

not left-right symmetric with respect to the choice of local operators e?? and spin structure.
Substituting (A.8), (A.9) and

a miaQa+2miab—mia’ Qa’ —2mia (e+a’’ o
ﬁ[b] (0]) = emiaftat2miab-miaQa’=2mia (et mM () (C.11)
with

Zqz/ 2>\1)/Awu, (C.12)

Py

into the right hand side of (C.8), we obtain for g # 1

<H€5%¢(zi72i)>
- det/ (—gAZEGz(?g) 2
B (detlmafd%\/?*) [ ] o
A A

2 —q¢(2)\ 1)
X H < gzzzz eXp [—gﬂ-llm w (ImQ) "' Im | w]) .(C.13)

- (g—1)z; (g—1)z

2
H |E 2 2 qiq;5

>]
€

Using (A.5), we can see

AN 2 2 -1 2
9.0:In | (g25)2 exp | — Im w (ImQ)"" Im wl | =0. (C.14)
g=1 " Jig-: (9-1)2
Therefore there exists a holomorphic § form o (z) such that
g 2 A VAN 3
(gfg) : exp — T Im w (ImQ) ' Im w] = |o (2)|? e7-15 , (C.15)
9=1 " Jig-1: (9-1)z

where S is independent of z. o (z) has no zeros or poles, and it should transform as
VAN .
o (2) = e 2 o ot Ry (C.16)

when z is moved around the b, cycle once, and invariant when z is moved around the a,
cycles. These properties fix o (z) and it should coincide with the o () in [30, 33] up to a
multiplicative factor. Substituting (C.15) into (C.13), we obtain

<]:[65(Ii¢ (Z%ZZ.)>

1 24 €
Azz T2
( det’ (—g"*%0.0;) ) 2 [ ] ) HE I HU —qi(2A—1)
det ImQ [ d?z+/g” =
x e3A-1)%sS (C.17)
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For g = 1, instead of (C.13) we get

e

1
det’ (—gAziazag) ) 2

N (detImed%\/gA

€

2
LTI (i, =)

0[5 o

1>7
1 2 A —qie(2A—1)
X H <(gfz) 2 exp |:47TIH1 w (Im) ' Im w])
: 2 P Py
A A
X exp |:—27T (2A — 1)? elm w (ImQ) " Im w] . (C.18)
Po Po
Since
—200Ing = —8n(g— 1)z =0,
Sgi= —(2A-1)(g—1) =0, (C.19)
putting

g z A
(gfz) ? exp |:47TIIH w (ImQ) "' Im w] = |o(2)]*e?,

PO PO
A A 2
exp {—27r (2A —1)*Im w (ImQ) " Im w] = 32175 (C.20)
Py Po

with S, A independent of z, we get (C.17).

In (C.17), the correlation function factorizes into the left and right parts except for

3(2A-1)%S . The determinant factor can also be recast into a

the determinant factor and e~
factorized form as follows. Let us consider the be-system with A = 1,¢ = 1. For arbitrary

R,z (i=1,...,9), (C.17) implies

B g d I AzZ .05
e (R,R)He_‘b (2i,%i) ) = v (£9770:9:) |det w,z, |
e det ImQ [ d?z+/g
1

o det’ (_gAzfazaz) T2 0 Hi>j FE (zi, Zj) 1—[z o (Zz) 2 i
B (detImedQZ\/giA> 19|:O] (e]€2) HiE(Zi,R) o (R) e’ (C.21)

and we get

12

N[

det’ (—gA"‘Z@z@g) -
det ImQ2 [ d?z+/g”

_ ( i IL E (2, R) 0 (R) detw,, ) o5 (C.22)
19[0] (e[€2) Hi>j E (zi,25) [[; 0 (21)
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Therefore (C.17) can be rewritten as

12€

efqid) 23 — HzE(Z“R)U(R) detwuzi >3
<H = ’)> (19[8] (el s, E (20 2) TT; 0 (1)

(2

2e
/
x |9 [z] (el [ B (21, 2)%% [ [ o (z0) "¢V
i>j i

we—e(=3@A-1)*+1)s (C.23)
€ (—3 2\ — 1)2 + 1) coincides with the central charge of the be-system and e~ (=32A-1*+1)s
can be identified with the holomorphic anomaly. One can construct the vacuum amplitude
of critical string theory, combining these correlation functions. With vanishing central
charge, the vacuum amplitude completely factorizes into the holomorphic and antiholo-
morphic parts.

The holomorphic and antiholomorphic parts of the correlation function can be read off
from (C.17) and we can get the correlation functions which are not left-right symmetric by
combining the holomorphic and antiholomorphic parts. For example, the partition function
of a free Dirac fermion with spin structure [ay] for left and [ag| for right can be given by

=

et/ (—gh=z .0 - i}
(2*12)" = ( di:ﬁiﬁ%é%) Do) (019 Do) (0] (C.21)

The correlation function
[ lasdarar] e s s 6 G T 16 (0 (Z)P
I r

of the superreparametrization ghost with spin structure [« ] for left and [ag] for right can
be evaluated to be

1
1 Azz B 2 I z A
- (1165 S AT 3 ARy
det ImQ [ d?2+/g” Py T Jp Py

HI,TE(ZI7ZT) HTU(Zr)Q

. HI>JE(ZI7ZJ) Hr>sE(ZTsz) H[U(ZI)2

e 125 (C.25)

Since Z, (r=1,...N)and z; (I =1,...,29g — 2+ N) are the zeros and the poles of the
meromorphic one-form dp (z) dz respectively,

> "Z+) =K =2A
T I
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holds in the divisor sense. Therefore we obtain

Car) / dfdr] e Sﬂera )P 16 ¢ (20))

2

I, E(z1,Z) [T, 0 (Z)° e125 (C.26)

N ‘HI>JE(ZI7ZJ) Hr>sE(ZT7Zs) H[U(ZI)2

On the other hand, (A.8), (A.9) and (C.15) imply

2
6_12S

I, E(z1,2) [1,0(%)
HI>J (21,27) Hr>s E(Z,,Zs) H[U (21)2

=exp |y GHerzg) + ) GR (2 Z) =) GR(enZ
I,r

I<J r<s

<11 (204.,) 2 1T (292 ZT) : (C.27)
I

r

N[

and from (2.31) we get

3 —2

N
[T L% ol e ool (2964))
r=1

/ dBd] e Sﬂva CPTTI6 ¢ (2))P (C.28)

This identity is crucial for deriving the BRST invariant expression of the superstring am-
plitudes.

C.2 A formula for the reparametrization ghosts

In [13] it was shown that the following identity holds:

N
H (aTeQReN55> o Tlo2s pt7] (ZX[gZAE])—z
r=1
N 6g—6+2N

= const./ [ddedch] oA oS H c&(Zy, 7)) H

[ / dz A dzi (uxch + i) | .(C.29)
r=1 K=1

Here S® is the action for the reparametrization ghosts, ux (K =1,...,69 — 6 4+ 2N) de-
note the Beltrami differentials for the moduli parameters T, «, 6, and const. indicates a con-
stant independent of the moduli parameters. The antighost insertion [ dzAdz i (u b+ [ KE)
corresponding to the variations of T, o, 8 are given by the following contour integrals:

e The stretch corresponds to the variation T" — T + §T" of the height T of cylinders.
Let us order the interaction points z; (I =1,...,29g — 2+ N) so that

Rep(z1) < Rep(z2) < -+ < Rep(z2g-24n) , (C.30)
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Figure 5. C1,C5, C5 are the contours corresponding to the variation Ty — 17 + 077.

and define the moduli parameters corresponding to the heights as
Tr = Rep(zr4+1) — Rep(zr) (I=1,...,2g—3+N). (C.31)

The antighost insertion corresponding to the deformation 177 — 17 + 617 is given by

dz dz
d (Imp) (b,, + bsp) = —1 < —bs, —7{ bzz> , C.32
213721 (Imp) (bpp + bsp) Z c. Op o, 0p ( )

where C; denotes the contour around a cylinder which includes the region Rep(zr) <
Rep < Rep(zr+1) and the sum should be taken over all such contours. (See figure 5.)
There are 2g — 3 + N insertions of this kind.

e The twist 8 — 0+ 4§60 corresponds to the rotation of one end of a cylinder with respect
to the other. The antighost insertion should be

dz dz
d(Tmp) (byy — byp) = —i (% 2% Z+7{ __b55> : C.33
ﬁtwist ( ) ( 7 pp) thist ap ’ thist ap ( )

where Clyist 18 the contour around the cylinder which is twisted. There are 3g—3+ N
insertions of this kind.

e The shift corresponds to the variation of the loop momenta preserving the momenta
of the external lines. The antighost insertion for such a variation becomes

d dz
—z<7§ sz2+7{ sz2> : (C.34)
Cshift dp Conit op

where Cgpif is taken as in figure 6. There are g insertions of this kind.

Therefore (C.29) can be expressed in terms of the contour integrals as

N
H (ar62ReN55> e—F[ngg,p—l—ﬁ] (ZX[gg])_z

r=1
N 69—6+2N " £z
= const./ dbdbdede| e 5" T|ce( 2., Z,) [ bzz+a;<j§ __b——} . (C.35
Here e = —1 for the stretches and ex = 1 for the twists and shifts.
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Figure 6. Cy,ip, corresponds to the variation of the momenta p™ flowing along it.

D A proof of (3.9)

We would like to prove (3.9) by showing that the right hand side of (3.9) is equal to that
of (3.8). We consider the generic situation in which z7, Z, are all distinct.

What we do first is to rewrite the PCO’s X (z1), X (Z) using the existence of nilpotent
fermionic charge

= § 500 |e (07 = 300) () + 707 ()]
dz _
+ § 500 e (07 = 309) () + 439" )] (D)
One can show that X (z7) can be expressed as

dw 1

2 2T W — 21

X (21) = —e¢T};C (z1) + {Q, O (w) e® (zl)}

1 dw 1

1 L1 20 L5026

+4  miw— Zlﬁpw (w) €® (z1) + 4b <8776 + 27]86 (z1), (D.2)
where
0= —3X B—l—li -
dp 20p
2X+ 3 v+
202 5(2X1)" 1 93Xt \ 28
4 (0X+)®  2(0Xx+)*) dp

92X+ B (26p> %ﬁa¢+32¢+
_4(6X+)2 <ap>+ OX+ - 2(0X+)3

, (D.3)

and Q satisfies the following identities:
0, cee= =PV PDF (7, ZT,)} —0,

0,47 (a1)] = [@.¢TH (20)] =o0.

) dw 1 —~ ¢ A do 1 5 -5 ]
_Q’ 2 2mw_218p¢ w)e? = )] - [Q’ 2mw—z1a v (w)e (ZI)] -
_Q’ ib (a’7€2¢ + % 773@2¢) (21)} = {Q, 25 <5ﬁez¢ + ;77562¢) (21)} =0,



. Q7 i x+ A7 - _QTQ%XE
{Q,e¢0 <¢+e 2ot L) (Z[)} ={0,¢e%0 <w+e Py ) (ZI)} =0. (D.4)

6g—6+2N d dz
The antighost insertions H [ 8—()22 + ek j{ bzz] is a product of the contour
o Lok 9p Cx Op

integrals of the types (C.32), (C.33) and (C.34). The anticommutator of Q with the contour
integral of the type (C.32) becomes

A dz dz
{@ﬂ¥<@w%iﬂ%%»
= —z’Z (%C dz <z'aX+ - ;3p> - fc dz (z'aX+ — ;8p)> : (D.5)
s . + o — e +
zzi: (72 dz10X fcz dzi0X )

1 1=
—i dz=0p —% d28p>
zi: (i 2 ¢ 2

are both equal to the total momentum in the + direction through the channel which is

Since

and

fixed by the external momenta, the right hand side of (D.5) should vanish. In the case of
the contour integrals (C.33), (C.34), we obtain

A dz dz
{o-i(f g+ .5}
1 _ 1-

which vanishes because X Tand p + p should be singlevalued. Hence @ commutes or anti-
commutes with all the quantities in (3.11). Therefore the second term on the right hand
side of (D.2) does not contribute to the correlation functions, because it is Q exact. We
can replace all the X (z7) in the correlation functions by

1 dw 1
— bTLC - ==
T3P omiw—a

oy~ (w) €® (z1) + ib (87]€2¢ + ;77862(]5) (zr), (D.7)

and similarly for X (z7). Then the third term in (D.7) can be omitted because of the ghost
number conservation and similarly for the antiholomorphic sector.

Replacing X (z7) by
1 dw 1

— PTLC -
©LF (ZI)+4 2 2miw — 21

Opyp~ (w) e? (2r) , (D.8)
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and similarly for X (z), the right hand side of (3.9) becomes a sum of the right hand side
of (3.8) and the terms which involve

dw 1

2 2Miw — zg

Q% i y+ o @y
0 <w+e : WXL> (z1) , e?d (1/1+e ey R) (z1) , (D.10)

which appear in (3.13) and (3.14), in place of e?TEC (2) ,quf’]{#c (z1). The X* CFT part
of such terms are of the form

W1 Gog()ef (zr), (DY)

7 2w — Zg

Opy~ (w) e? (2r) ,

or

<@f (21,) - O (21,) OF (21,,) - OF (21,,,) O - OF .

- X+
X (contributions from S, S, VTDDF)> ) (D.11)
where
dw 1
o~ = — opy~
_Q% i x+
Ot (z)) =0 |yTe > o ") (2), (D.12)
and the antiholomorphic versions are defined in a similar way. Here zp,,..., 2y, are all

distinct. We would like to show that the correlation functions of the form (D.11) vanish.
(B.21) implies that in calculating correlation functions of the form (D.11), all the ¢)*’s in
O1’s should be contracted with ¢~’s, which come from O~ (z7). Therefore (D.11) with
m # 0 should involve a factor of the form

dw 1

Opyp~ (w) Oyt (2y) (D.13)

2 2T W — 21

for some integer k > 0, with z; # z;. (D.13) vanishes because the contraction does not have
any poles at w = z;r and dp (z7) = 0. Therefore the correlation function (D.11) vanishes
if it involves OF or OF. What remains to be done is to prove the correlation functions of
the form

_ _ +
(O™ (21,) -+~ O~ (21,) O~ -+ x (contributions from S,S, VTDDF)>X (D.14)

vanish using (B.21). The contractions of 1/ ~’s in O~ with ¢/*’s from V,°P¥ do not contribute
because
dw 1
2 2mi w — 2;

1
opy~ (w) okt (Z,) = 0.
The contractions of 1™ ’s in O~ and ¢*’s from & inevitably induce a factor of the form

dw 1
2 2Miw — 21

dpy~ (w) Y+ (2) =0,
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with 2z ~ 25 # 21, because S’s involves even number of 1)™’s. The contractions of 1 ~’s in
O~ and ¥™’s from Sp; necessarily induce a factor of the form

dw 1

Optp~ (w) Oyt (25) =0,

27 % w—Zzy
with z; # z;, because Siy is localized at the interaction points and involves even number
of Yt’s.

Thus we have shown that the terms of the form (D.11) all vanish and the right hand
side of (3.9) is equal to that of (3.8).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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