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ABSTRACT: We confirm the leading o/ % correction to the 4d, N' = 1 Kéhler potential
of type IIB orientifold compactifications, proportional to the Euler characteristic of the
Calabi-Yau threefold (BBHL correction). We present the explicit solution for the o 5
modified internal background metric in terms of the non-harmonic part of the third Chern
form of the leading order Calabi-Yau manifold. The corrected internal manifold is almost
Calabi-Yau and admits an SU(3) structure with non-vanishing torsion. We also find that
the full ten-dimensional Einstein frame background metric is multiplied by a non-trivial
Weyl factor. Performing a Kaluza-Klein reduction on the modified background we derive
the o/®-corrected kinetic terms for the dilaton and the Kihler deformations of the internal
Calabi-Yau threefold for arbitrary h'!. We analyze these kinetic terms in the 4d, N' = 2
un-orientifolded theory, confirming the expected correction to the Kahler moduli space pre-
potential, as well as in the 4d, N' = 1 orientifolded theory, thus determining the corrections

to the Kéahler potential and Kéhler coordinates.
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1 Introduction

Supersymmetric flux compactifications of type IIB superstring theory constitute a vast and
rich arena for the study of the implications of string dynamics on 4d physics. Comprehen-
sive reviews on the subject include [1-5]. A common feature of several flux compactification
scenarios is the crucial role played by o’ and/or g, corrections to the leading-order effective
action. One of the most prominent perturbative corrections to the 4d low-energy effective
action is the o/ correction to the Kihler potential proportional to the Euler characteristic
of the Calabi-Yau threefold used in the compactification. This correction was first com-
puted in a paper by Becker, Becker, Haack, and Louis (BBHL) [6]. It plays in essential
role in the Large Volume Scenario for type IIB compactifications [7-9].



The 10d origin of the Euler characteristic correction to the 4d Kéahler potential resides
in the leading o/ corrections to the bulk type IIB supergravity action. This is an eight-
derivative coupling built with four Riemann tensors, accompanied by several additional
couplings involving other type IIB fields as a consequence of SL(2,7Z) symmetry. For the
derivation and discussion of these couplings see e.g. [10-19]. The authors of [6] infer the
corresponding correction to the 4d Kahler potential in a somewhat indirect way. Exploiting
mirror symmetry, the starting point of their analysis are the results of [20, 21] about the
corrected metric of the hypermultiplet moduli space of a Calabi-Yau type II compactifica-
tion to four dimensions with A/ = 2 supersymmetry. Making use of the results of [22] these
corrections are then reformulated in terms of 4d field variables whose 10d origin is manifest,
in such a way that the orientifold projection to N = 1 supersymmetry can be performed.

The aim of this paper is to provide a direct derivation of the Euler characteristic
correction to the 4d Kahler potential by means of a completely explicit Kaluza-Klein re-
duction of the relevant o3 couplings in the 10d bulk action. Not only is this approach
more transparent, but it also presents other advantages. Firstly, we do not have to make
any assumption about the superpotential or the scalar potential of the full 4d, N' = 1
low-energy effective action, since our conclusions are entirely drawn from the examination
of the kinetic terms for the dilaton and the Kéhler moduli of the Calabi-Yau threefold for
arbitrary hb!. Secondly, our approach allows us to derive both the correction to the 4d
Kahler potential and the correction to the Kahler coordinates as a function of the Kéhler
moduli. Finally, in the process of the derivation one necessarily has to analyze the back-
ground solution and show how it gets modified by the o/ corrections under examination. In
particular, we are able to provide an explicit solution for the o/-corrected internal metric in
terms of the non-harmonic part of the third Chern form c3 of the leading order Calabi-Yau
threefold background. The corrected metric is Kahler but not Ricci-flat. As a result it
no longer has SU(3) holonomy, but rather an SU(3) structure with non-vanishing torsion.
The corrected geometry fits in the framework of almost Calabi-Yau manifolds [23]. Simi-
lar results were derived in [24] in the case of M-theory compactifications on a Calabi-Yau
fourfold. Additionally, we find that the 10d background metric is corrected by an overall
Weyl factor at order o/, in analogy with the findings of the three-dimensional M-theory
analysis of [24-28]. Throughout this paper, we let higher derivatives act in the internal

3 external

space, working at two-derivative level in the external directions. Recently, «
four-derivative couplings between Kéhler moduli and gravity were derived in [29] for the
same class of type IIB orientifold setups considered in this work, with potential applications
to Kéhler moduli inflation studies.

The main results of our paper are summarized in equations (4.18) to (4.21). We
reproduce the Euler characteristic correction to the Kéahler potential originally found by
BBHL [6]. We also compute the leading o/ corrections to the Kihler coordinates and the
4d axio-dilaton in terms of the Kéahler moduli, and find that they are vanishing. Finally,
we exclude the possibility that the effect of the correction to the Kéhler potential can
be undone by a Kéahler coordinate redefinition, and we reformulate our findings in the
formalism of linear multiplets [30-32] in order to elucidate the physical relevance of the
correction. Let us remark that our analysis does not take into account explicitly localized
sources of the A/ = 1 setup, such as seven-branes and orientifold planes.



This paper is organized as follows. Section 2 is devoted to the computation of the rele-
vant o/ corrections to the 4d kinetic terms of the dilaton and Kéahler moduli. In particular,
in section 2.1 we present the relevant higher-derivative corrections to the 10d action of
type 1IB supergravity, in section 2.2 we discuss the background solutions of interest, while
section 2.3 is devoted to the dimensional reduction to four dimensions. The results of the
computation are then analyzed in section 3 in the context of the 4d, N' = 2 effective theory
obtained in the absence of orientifold planes and D-branes. We show that our findings are
compatible with the expected perturbative correction to the prepotential for the Kéahler
moduli space metric. We then proceed in section 4 to analyze the 4d, N = 1 setup obtained
after implementation of an orientifold projection. We verify that the o/-corrected kinetic
terms of the dilaton and Kéhler moduli can be written in terms of a corrected Kéhler po-
tential. We determine the latter, reproducing the correction of BBHL [6], and we identify
the o/-corrected form of the Kéhler coordinates. Section 5 summarizes our conclusions.
Our conventions, together with useful identities and some technical material, can be found
in the appendices.

2 Four-dimensional o’ Lagrangian

This section discusses the dimensional reduction of IIB supergravity action including a
suitable class of eight-derivative corrections, on a Calabi-Yau threefold to four dimensions.
In particular, we restrict our analysis to purely gravitational terms and dilaton terms. We
fluctuate the background metric by Kéahler deformations and focus on couplings that carry
two external spacetime derivatives and are at most quadratic in the infinitesimal Kahler
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deformations. We first review the relevant eight-derivative o/® corrections to 10d type I1IB

supergravity and the supersymmetric background.

2.1 Type IIB higher-derivative action

The starting point of our analysis consists of the type IIB supergravity action including
the leading order o’ eight-derivative correction built with four Riemann tensors [10-19].
For our purposes this gravitation coupling has to be supplemented with suitable dilaton
couplings discussed below.

In order to set up our notation, let us first record the gravitational and axio-dilaton
terms in the two-derivative type IIB supergravity in the Einstein frame,

2 _ 1 1 M=
SR,T_%%O/<R_27_22VMTV 7') *101, (21)
where 2x2, = (27)"a’*, M =0, ...,9is a 10d world index, and the axio-dilaton is defined as
r=rn+inm=Chtie?. (2.2)

The action (2.1) is invariant under the SL(2,7Z) symmetry of type IIB superstring theory,
under which the Einstein frame metric is invariant and the axio-dilaton transforms as

, aT+b ab
ct+d’ cd

) € SL(2,Z) . (2.3)



Next, let us consider the o/® correction constructed with four Riemann tensors. It takes

the form

8) 1 (%

13
®) _ 7 ! !
SR4 = W%O . N/fO(T;T) <tgt8 + 8610610) R™ x191, (2.4)

where the explicit tensor contractions are given by

4 RiRoMi..M Ny N N3N, Ns N, N7 N,
€10€108” = € T en Ro Ny Ng T R v BT hpg iy RO s v BT v i

4 My M, Ny N NsN. N:N, N2 N,
tatgR™ =t Bty Ny Ng BB P Mo R vy R ns g BT i i (2.5)

and the tensor tg is defined in terms of the metric in the standard way [12]. We have also
introduced the function fo(7,7), which is the non-holomorphic, SL(2, Z)-invariant function

defined as
3/2

fo(r,m) = Y T (2.6)

3
(mamyz0 ™ T

It is useful to note that in the large 75 limit, which corresponds to the small string coupling
limit, we have

272

S o) (2.7)

fo(r,7) =2¢(3) "~ +

Our analysis requires the consideration of additional higher-derivative terms involving

gradients of the dilaton. Such terms can be obtained following the approach of [14, 17, 18],
by replacing each occurrence of the Riemann tensor in (2.5) according to

Runt? — Rynt? + 519[M[PVN] vaé + Ezg[M[PVN] oV + Cagm [PQN]Q}VKQbVKQBa
(2.8)
where antisymmetrizations are performed with weight one, and ¢1, ¢2, ¢3 are real numerical
coefficients that we leave unfixed for now.! In order to achieve SL(2,Z)-invariance several
other terms have to be added to the action [33, 34|, but they are not relevant for our
discussion.

In summary, the total action utilized in the analysis of the following sections is obtained
by summing the two-derivative terms in (2.1) with the terms generated by the replacement
rule (2.8) in the terms given in (2.5). We only keep terms which can correct the kinetic
terms of the resulting 4d dilaton and discarding higher derivative terms thereof, as well as
terms for the axion Cy. We also retain only the leading term in the large 7 expansion of
fo(r,7), see (2.7). We thus obtain

1 1 C(3)a® _s 1
S=—5 [ |[R—VuoVMo+ 2" 729 (tgts + = R 2.9
2r2, / [ 5 MOV o+ 3. 911 ¢ sts + g €10€10 (2.9)
()" syl om ; ~ 7 P ¢MN |~ M) 7 1
t3ame 2 |\av Vo fi + & Vo Vng 55" +e VY0 Vae f3 )| *101,
'The analysis of the 4-point tree-level dilaton scattering amplitude gives the value & = -1

(see [14, 17, 18] and also [33, 34]), while é2, ¢é3 cannot be fixed in this way. In what follows, however,
we proceed treating all ¢ coefficients on the same footing.



where the quantities f1, fM%, f3 are homogeneous polynomials of degree three in the
components of the Riemann tensor and are given explicitly in appendix B. For notational
convenience let us introduce the dimensionful constant

¢(3)a”

W ) (2.10)

o =
which plays the role of the small expansion parameter relevant for our problem. Note that
we adopt conventions in which the 10d metric components and the dilaton are dimension-
less, while coordinates ™ have dimension of length.

2.2 Supersymmetric background

In this section we study how the supersymmetric Calabi-Yau background solutions of type
I1IB supergravity are modified in the presence of the higher-derivative terms in (2.9) and we
present the relevant dilaton and Kéhler fluctuations around the corrected background. Let
us note that we cannot analyze directly the supersymmetry properties of the background,
since the type IIB supersymmetry variations are not completely known at the required
order in o/, but we can give necessary conditions for the o/ modification of the background
by solving the equations of motion.

2.2.1 Corrections to the background

Our problem fits into the framework of supersymmetric flux compactifications of type
IIB superstring on a Calabi-Yau threefold Y3. Let us first recall some facts about these
setups neglecting higher-derivative corrections to the 10d supergravity action [35]. For
compactifications to flat four-dimensional spacetime the background metric has the form

ds%o =24 N dxt dz” + e 24 gé%)dy“dyb , (2.11)

where p, v = 0,1, 2, 3 are 4d external spacetime world indices, z# are Cartesian coordinates,
N is the Minkowski metric, a,b = 1,...6 are real internal world indices associated to the
coordinates y*, and g;%) denotes the Ricci-flat metric on Y3. The warp factor A only depends
on the internal coordinates and also determines the background F5 flux via

Fy = (14 %10) de* A da® A dzt A da® A da? (2.12)
The F5 flux has to obey the Bianchi identity
dFs = H3 N\ F3 + pg, (213)

where Hy = dBy and F3 = dCy — CydBy are the usual NSNS and RR three-form field
strengths and the six-form pg encodes the D3-brane charge density associated with possible
localized sources. Integrating (2.13) on the internal manifold yields the D3-brane tadpole

cancellation condition .

m Hg/\F3+QD3:O, (214)
10 Y3



where T3 = (27)73(a/) 2 is the D3-brane tension and @Qps is the total D3-brane charge,
proportional to the integral of pg.2 If all local sources are removed, all fluxes have to vanish
and the warp factor is necessarily trivial.

The inclusion of higher-derivative corrections to the type IIB bulk action induces mod-
ifications in the previous picture. In what follows we analyze the 10d equations of motion
in presence of higher-derivative corrections of order a o o/ but without introducing any
local source in the problem. Even though this setup yields an effective 4d, N' = 2 low-
energy effective action, we argue that the following analysis is sufficient for the purpose
of studying the Euler characteristic correction to the Kahler potential in the 4d, NV = 1
theory after performing the orientifold truncation in section 4.

We adopt the following o’-corrected Ansatz for the 10d background metric,

ds3y = e® [eQA Nuwdrtdz” 4+ =24 gabdyadyb] , (2.15)
where

d =ad? +0(a?)),
A=aAD +0(?),
Gab = 9oy + gy +0(?) . (2.16)

The quantity ® is an overall 10d Weyl rescaling of the metric, and it has been introduced
in analogy with the analysis of [24]. This parametrization of the prefactors multiplying
the internal and external metric is general and is useful for the following discussion. The
zeroth-order metric is the Calabi-Yau Ricci-flat metric. Accordingly, & and A have no
O(a) term. All quantities depend exclusively on the internal coordinates in order not to
break Poincaré invariance in the external directions. The corrections to the dilaton profile
are parametrized as

¢ = ¢o+ad® +0(a?), (2.17)

where ¢q is the constant uncorrected dilaton VEV.
The 10d Einstein equation at order o can be written in the form

1
0=Rjy— §(R2>Q 9" gy + T - (2.18)

The first two terms capture the contribution coming from the two-derivative part of the
Einstein equation evaluated on the a-corrected Ansatz (2.15). The symbol RE\I/[)N is used
to denote the O(«a) part of the 10d Ricci tensor computed using the metric (2.15), while
g%}y is used for the O(aP) part of (2.15). The quantity 7asn encodes all the contributions
coming from the higher-derivative part of the Einstein equation, derived from (2.9), upon
evaluation on the O(a®) part of the metric Ansatz (2.15). We find

Tw=0, Tw=0, Top=T68aec 2% J0,J0 70709 (2.19)

2Recall that Qps generically receives contributions not only from D3-branes and O3-planes, but also
from higher-dimensional defects with flux- and/or geometry-induced D3-brane charge, such as D7-branes
and OT7-planes [35].



where V@, J© denote the Levi-Civita connection and complex structure associated to the
zeroth-order metric, respectively, and the quantity @ is the six-dimensional Euler density,

1
0 0 0 0 b 0 b 0 b
Q=— (R( ) azaq p(0) asae R(0) aiaz _ 2R((11)a2b1 2R((12)a3b2 3R513)a1b3 1) ) (2‘20)

12 a1a2 a3aq asag

This object satisfies

Q= (21)% x{ /Q 1= (2m)x, (2.21)

(0)
6

where x is the Euler characteristic of the internal space, %;  is the Hodge star operator

(0)

with respect to the zeroth-order metric, and c3 is the third Chern form built from g/,

defined in appendix A.

It is convenient to use holomorphic and antiholomorphic indices m = 1,2,3, m = 1,2,3
associated to the zeroth-order complex structure, in such a way that J©," = +id,,".
One may then check that all components of the order-a Einstein’s equation are solved by
imposing

OV =—192¢729°Q, RY, =—1536¢ 29 VOVYQ, RY, =0, R =0, A® =0,
(2.22)

where R denotes the linearized Ricci tensor of the metric correction g™, Let us also
point out that we can exhibit an explicit expression for ¢¥. To this end we start recalling
that, as a consequence of the 90-lemma, the (3, 3)-form c3 can be decomposed as

c3 = Heg +i00F (2.23)

where Hcs denotes the harmonic part of ¢ with respect to the zeroth-order metric and F'
is a suitable co-closed (2, 2)-form.> We can express the Euler density @ in terms of F as

1
(27T)_3Q _ *éO)HC;g + 3 A© *g)) <J<0> ANF), (2.24)

where A© = 2g<0>mﬁV§3)V§—f ) denotes the scalar Laplacian of the zeroth-order metric, and
we exploited the co-closure of F'. Let us also stress that the first term in (2.24) is constant
on the threefold as a result of the harmonic projection. Utilizing (2.24) one can observe
that the equations for R™ in (2.22) can be solved by setting

gV =0, g9 =0, g\ =-1536(2m)3 e~ 2% VOO D (JOAF) . (2.25)

3The existence and co-closure of F can be seen by the following argument, similar to an argument in [36].
Let us first apply the Hodge decomposition theorem to the 6-form c3 and write ¢c3 = Hcs + dbs for a suitable
globally defined 5-form bs. Since the form dbs is d-exact, d-closed, and J-closed, the dd-lemma ensures
that it is d0-exact, so that dfs = 0Jf4 for a globally defined 4-form f;. We can now apply the Hodge
decomposition theorem to fi and write f4 = H f4 4+ dgs + 0gs, where § denotes the codifferential and g3, gs
are a globally defined 3- and 5-form, respectively. We now note that H f4 is harmonic on a K&hler manifold
and hence O-closed, and that 0dd = 0. It follows that we can write cz3 = Hes + 095gs. We can thus set
F = —idgs, which is co-closed because it is co-exact.



(0)

mn

+ ag'l is still Kahler and belongs to the same

As we can see, the corrected metric g N

Kihler class as gk
The dilaton also receives a correction sourced by the higher-derivative terms in (2.9).

The relevant terms in the dilaton equation of motion yield the relation
0= gOMmVOTVLHN _ 11527 2% ¢ gOMYOVOQ, (2.26)

and is solved by
oW = 11526, e 2%Q | (2.27)

An integration constant has been set to zero because, up to O(a?) terms, it can always be
reabsorbed in ¢g. Our findings about the modification of the background dilaton profile
and internal metric are in line with previous work [13, 37-40].

In closing this section let us remark that a full determination of Fy, G3, F5 at order
a would require a detailed knowledge of order-a corrections to their equations of mo-
tion, which are related to the SL(2,Z) completion of the higher-derivative terms recorded
in (2.9). This investigation is beyond the scope of the present work. Since we focus on cou-
plings involving the metric and the dilaton, however, we only need the expressions (2.22)
and (2.27) for the order-ae Weyl rescaling factor and dilaton correction.

2.2.2 SU(3) structure on the internal manifold

In this section we show how the SU(3) holonomy of the zeroth-order Calabi-Yau internal
metric is deformed to a specific SU(3) structure of the a/*-modified background. Our
discussion applies to g;%) + a gfllb) and does not involve the overall Weyl rescaling factor of
the 10d metric.

The Kéhler form and the (3,0)-form of the uncorrected Calabi-Yau metric are subject
to o’ corrections but remain nonetheless globally defined on the internal space. As a result,
the structure group of the internal manifold is reduced from SO(6) to SU(3) even after
taking corrections into account. This guarantees the existence of local SU(3) coframes,
consisting of triplets e/, I = 1,2,3, of complex one-forms together with their complex
conjugates el, with the property that {el, el } is a local basis of T*Y3®C and on overlapping
patches the transition functions for e/ take values in SU(3). We may express locally .J and
Q, as well as the metric, in terms of the SU(3) coframe as

_ 1 _
J=id;zel ne’, ngéijel/\eJ/\eK, ds? =25;5¢l &’ (2.28)
where €193 = 1. The coframe can be written as the sum of an uncorrected contribution and

a correction,
el = e 4 qe®! (2.29)

Since the uncorrected geometry is Kéhler, we can adopt complex coordinates and choose
the coframe @7 in such a way that its only non-zero components are e, @1,
The relevant correction to the SU(3) coframe takes the form

eV = —768(2m)3 €290 01, YOVO" 1O (JO A F) dz2™ (2.30)



It is indeed straightforward to check that the associated correction to the metric reproduces
g™ in (2.25). We also have

J=JO +aJP, JO = 1536 (2m)3e 2% 90O ) (JO A F) (2.31)
and therefore
dJ" =0. (2.32)
The correction to the (3,0) form reads
Q=00 4+aQ0, QU =|-384(2r)% 29 AO £ (JO A F)} QO (2.33)
which implies
dQW = —768 (2m)3e 2% dQ A QO . (2.34)

We can summarize our conclusions in the language of SU(3) torsion classes, reviewed for
instance in [41]. The most general SU(3) structure can be described by

3
dJ:—glm(W1Q)+W4/\J+W3,
dQ=W1JAJ+WaANJ+W5AQ, (2.35)

with suitable torsion classes Wi, W, W3, Wy, W5. We can then see that in our case all
torsion classes vanish, with the exception of

Ws=0+aW, WY =768 (2r)3 2% §0Q . (2.36)

The corrected geometry is still Kdahler and the manifold is an almost Calabi-Yau three-
fold [23]. The situation at hand can be compared to considering, for instance, a quintic
in P4 endowed with the metric induced by the ambient space Fubini-Study metric. It is
interesting to point out, however, that if the requirement of simple connectedness is re-
laxed, it is possible to have Ricci-flat Kahler manifolds that are almost Calabi-Yau, but not
Calabi-Yau. An example is furnished by the Enriques surfaces; recently, novel examples
have been constructed in [42] in the context of solvmanifolds.

2.2.3 Fluctuations associated to Kahler moduli

In order to derive the relevant couplings in the four-dimensional effective action of type
IIB compactified on Y3 we need to activate Kahler structure deformations of the internal
metric entering the 10d background solution. We thus imagine to pick a fixed, reference
point in the complex structure and Kéhler structure moduli space of Y3 and to switch on
small deformations in the Kahler structure moduli space directions.

It is well-known that, at zeroth-order in «, the Kahler structure deformations of the
internal Ricci-flat metric take the form

Gmn = —i 6V" Wi , (2.37)

where i = 1,...,h1!(Y3), 6v’ are real deformation parameters, and w;,; denote a basis of
harmonic (1, 1)-forms whose cohomology classes are Poincaré dual to an integral basis of
the homology Hy(Y3,Z).



At first order in o the structure of the internal metric deformations can be written as
(g% + a gl = —i 60" (Wimm + @ VOV p;) + a VOVOSE + O(a?) | (2.38)

The p; functions parametrize deviations from the harmonic representative within each
cohomology class in H'!(Y3), while §F denotes the variation of the function F' = *(60) (JON
F) appearing in (2.25) induced by the zeroth-order deformation (2.37). Both kinds of
modifications can be combined in a single expression of the form

5(gim + agim) = —i 60" (Wimm + a VOVEIN) + 0(a?), (2.39)
for suitable functions A;. Similar results were found in [25, 26]. Crucially, these functions
drop out from the dimensional reduction discussed in the next section. As a consequence,
we do not need to discuss their specific form, and moreover it seems that they do not have
any physical significance. Let us point out that the deformation (2.37) of the zeroth-order
metric induces also a modification of the quantity ) entering the order « expressions for
the Weyl rescaling function ®* and the dilaton correction ¢*. Since we are working up

to quadratic order in fluctuations, we can consider a truncated Taylor series expansion for
Q@ of the form

1 o
Qg + 69 = Q + Qi6v" + §Q¢j5vzc§vj . (2.40)

In order to compute the 4d effective action we treat the fluctuation parameters dv* as
arbitrary functions of the external coordinates. In a similar way, we promote the O(a®)
dilaton profile ¢g from a constant to an arbitrary function of external spacetime. In sum-
mary, the Ansatz utilized in the dimensional reduction takes the form

ds3y = exp {—192 e3¢ <Q + Qi + ;Qiﬂviévj) } X (2.41)

X [g,wdx“dx” + 2( O 1 g — 50 (wima + aV OV )\Z-))dzmdzﬁ}

9Imn

+0(a?) + 0(60%),

~

Bz, ) = Blz) + 11525 a e~ 3O (Q Qv + iQijév”“) +O(0?) + 0%, (2.42)

Note that we have replaced the external Minkowski metric with an arbitrary metric g, ().
We will drop the explicit dependence of the spacetime coordinates, writing ¢ for ¢(x), for
notational simplicity in the following.

2.3 Reduction results

This section is devoted to the discussion of the results of the dimensional reduction of the
various terms in (2.9) according to the Ansatz (2.41). In section 2.3.1 we present the out-
come of the computation and we address the problem of uplifting it from small fluctuations
dv* to a full, non-linear dependence on the Kihler structure moduli. Section 2.3.2 is then
devoted to the Weyl rescaling that casts the 4d Einstein-Hilbert term into canonical form.

,10,



2.3.1 Results and uplift

To begin with, the reduction of the Einstein-Hilbert term to four dimensions yields
/ R0l — (QR + P V,00'VH 60! + PV, 00'VHp) x4 1, (2.43)
Mlo M4
with

, 1. _
Q :/ [1— 100" wimm+§5v’51ﬂ (Wimaw;™™ — Wim " wjn") —384 - 20 2% Q} *g)) 1, (2.44)
Y3

1 - 1 _
Pij _/ [2wz-mﬁwj”m— Wim " win' — 384 - 2 e 390 Q <2wimﬁwj"m + wimmwjn">] s 1,
Y3
(2.45)

Pi:/ —384-6iae 2%wp,™Q «O 1. (2.46)
Y3

The terms proportional to « originate from the 10d Weyl rescaling factor in the backreacted
metric Ansatz (2.41). Let us point out that terms involving other quantities such as
g and \; drop out of the final result because their contributions can be organized into
total derivatives in the internal space. It is also crucial to make use of the fact that the
fluctuation of c¢3 under a Kéhler deformation is an exact six-form, in accordance with cg
being a characteristic class.®

Next we consider the reduction of the dilaton kinetic terms. Note that V,¢ can be
effectively considered to be a fluctuation of the same order as dv’, and as a result terms
of the schematic form JvV¢pVe or 6vVovVe have to be neglected. To linear order in

fluctuations we have

Vb= Vo [1 _1728aé e*%%g} +11540é e 2 Q V00" . (2.48)
Combining this observation with the effect of the Weyl rescaling factor we obtain
1 A N )
/ —§VM¢VM¢ x10 1 — [U V. oVie + U V#gbV“év’} x4 1, (2.49)
Mao My

with
1 1\3 5(0) 9 -3¢ 3 | ¢ m 3
U:—§(27Toz) VW + 384« 1—}—501 e 22 (2m)°y, U;=-384a-3ic¢iwim™ (27)°x,
(2.50)

where V@ denotes the volume of Y3 in units of v2ma/ computed with the zeroth-order
metric g\ and we used (2.21) and the footnote for the integrals of Q, Q;. We have also
recalled that w;,,” is constant on the threefold.

4This observation allows us to derive useful identities involving the variation of the zero-form Q. Recalling
Q= (27r)3 *ém c3 and taking into account the variation of the metric implicit in the Hodge star, one can
show that

/[Qi—wm”@} *1=0, / [Qij + Wimn ;™™ + wim™ wjn™)Q] ¥ 1 =0, (2.47)
Y3 Y3

where the quantities Q;, Q;; were introduced in (2.40).
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We can now record the results of the reduction of the higher-derivative terms. First

of all,

X By . ,
/ 2 (tsts + 610610> R+l — [_384 ’ 2(27T)3€_%¢XR + B v#(svlvl‘&ﬂ] *al,
Mo 8 M

(2.51)
where

P = 384(2w)3e—3¢/ Wimnw; ™™ c3 (2.52)
Y3

Let us remind the reader that the internal six-form c3 is the third Chern form defined in
appendix A and was related to @ in (2.21). Secondly, the reduction of the higher-derivative
dilaton couplings in (2.9) yields

/M e 2? (51VMVM<5f1 + & Vo Vnd 21N + & VMGV f3) (2.53)

— 384(27)3 /M e 39 [— ;(351 + 269 + 4¢3) X V,udV* ¢ + 30 & wim™ X vmwaqﬁ} w41
4

As mentioned above, in the process of dimensional reduction we have implicitly chosen
a reference point in the complex structure and Kéahler moduli spaces of the threefold Y3 and
we have only activated Kahler fluctuations §v?, retaining terms up to quadratic order. Our
next task is to infer the form taken by the couplings written above when the fluctuations
dv* are promoted to a full dependence on the moduli space of Y3. At two-derivative level
this is a standard procedure that we briefly review in order to set up our notation.

Recall that the (1,1) forms wima, i = 1,..., ! are the harmonic representatives of the
cohomology classes dual to an integral basis D; of the homology Hy(Y3,7Z). The threefold
intersection numbers are denoted

Icijk =D,;- Dj - Dy, = (271'0/)73 / wi Nwj ANwy - (2.54)
Y3

We have inserted the appropriate power of 2w/ in order to make the intersection numbers
ICiji, dimensionless. Indeed, the components w;,,» are dimensionless, so that the (1,1)-forms
Wi = Wimn dz™ A dzZ™ have mass dimension —2.

The Kéhler class of the zeroth-order metric at the reference point in moduli space can
be expanded onto the basis of forms w; as

J© = @iy (2.55)
where v(©? are taken to be dimensionless. We also define the quantities
,CZ(;) — ;Cijkv(0>k7 ICZ<.°) - %Kijkv(‘”jv(o)k, Yo — é’CjikU(O)iU(O)ij)k . (2.56)
The quantity V© is the volume of the threefold in units of v/27a/, so that we can write

/ 01 = (271a/)3 VO | (2.57)
Y3
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Let us record the useful identities

K" g (0) EO) ;’0) (0)
nm
YOk Wimaw;"" *g) 1= wi Awj ANJ =~ xg) 1, (2.58)

V(0)2
and stress that harmonicity of w; guarantees that w;,," is covariantly constant on Y3. Using

wimm =1

these identities we can immediately compute the O(a®) part of P;; defined in (2.45),

1 1 KO
Py = (2ma)? §/C§§)+§7’w0)7 +O(a) . (2.59)

This expression is initially understood to be evaluated at the reference point in Kéhler
moduli space, but given its topological nature it uplifts naturally to the full moduli space
dependence. This is achieved simply by replacing v@* with an arbitrary v*. The quantities
defined in (2.55), (2.56) in terms of v®* are promoted to v-dependent quantities denoted
V, Ki, Kij without the ¥ superscript. In a similar way, the quantity €’ naturally uplifts
to the full v-dependent threefold volume form, which integrates to the full volume.

The uplift of higher-derivative couplings is considerably less under control in general,
due to the fact that corrections are expected to lift some of the naive flat directions of moduli
space, making the identification of the correct massless modes a hard problem. Nonetheless,
we can recast the reduction results of the higher-derivative terms under consideration in

m

a simple form. Exploiting the fact that w;,,"" is covariantly constant we can immediately

perform the uplift of integrals of the form

IC; K
/ Wim' €3 —> i vl, / Wim " win"t €3 — —X ;}2] . (2.60)
Y3 Y3

A similar manipulation for the integral
/ Wimd wjﬁm c3 (2.61)
Y3

is not straightforward, since the non-harmonic part F' of ¢3 introduced in (2.23) poses an
obstruction to the factorization of this expression. In the present context, however, the
overall coefficient of this term in the dimensional reduction is zero and we do not have to
address this complication.

Let us introduce the field-dependent, dimensionless quantity

1 67%¢

0=38102m)° s e i = 103)

(2ma’)3V ‘

X - (2.62)

In what follows it plays the role of the effective expansion parameter for the problem at
hand. Combining all contributions after uplift the 4d effective action takes the form

1 . L N & SRR B\ \Y i, j
S4d—(27r)4a,/M4{V(1+blx)R+{(2+ng)/CZ]+<2+ng> v ]VM’UVU

1 .
+V <—2 + by )Z) Vuﬁbvuﬁb + b5 X Ki Vu‘lsv'uvz} kg 1. (2.63)
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In this expression we have promoted the fluctuations dv* to full 4d fields v*. For notational
convenience we have introduced the numerical coefficients
by = —4, by =0, by =2, (2.64)
by =1— 3¢y — 6¢3, bs =6 . (2.65)

2.3.2 Weyl rescaling

Our next task is performing a Weyl rescaling of the external metric in (2.63) in order to
bring the 4d Einstein-Hilbert term into canonical form. Let us record the identities

g = G, R=e 2[R 6V,AVIA — 6V, VA (2.66)
In our case, we set
1
A= —3 log [V (1+b1x)] . (2.67)
Dropping the tilde on the new metric, the Weyl-rescaled 4d action can be written in
the form
S4d = (271_7)40/ /M |:R + gvivj V'LLU V! + g¢¢ VH¢V“¢ + 2 g(zwz VH(bV“v ] *q 1 s (268)
4
where
1 . 5 1 -
gvivg‘ = —W 1+x ( —b3— ibl /Ci’Cj + ﬁ [1 + X (2b2 — bl)] ICZ']' , (2.69)
1 -
Ggp = —3 [1+ X (=b1 —2b4)] , (2.70)
9 1 Ki
i=| = = = . 2.71
G = (014 300 ) 25 .11)

This form of the reduction result is a convenient starting point for the discussion of the 4d
N =2 and N = 1 theories in the following sections.

3 Correction to the N/ = 2 prepotential

In this section we analyze the result of the dimensional reduction from the point of view
of the 4d, N' = 2 effective theory obtained without including branes or performing any
orientifold projection. We show that our findings are compatible with the known results
about the correction to the geometry of the A/ = 2 hypermultiplet scalar manifold induced
by a perturbative o’ correction to the Kahler moduli space prepotential [21, 40, 43].

3.1 Translation into N = 2 field variables

Let us recall some well-known facts about the 4d, N/ = 2 effective theory arising from
compactification of type IIB superstring on a Calabi-Yau threefold [20, 22, 44, 45]. The
complex structure moduli of the threefold fit into ny = A2 vector multiplets. Their scalar
manifold is special Kahler and its geometry is tree-level exact both in g and /. The Kéhler
structure moduli, the dilaton, the axion, as well as the scalars coming from the expansion
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of By, Cy, Cy onto internal even harmonic forms, all fit into ny = h! 4+ 1 hypermultiplets.
Their scalar manifold Mg is quaternionic of real dimension 4(h%! + 1).

The structure of the metric on Mq is most conveniently analyzed using the string
frame Kihler moduli v! and the 4d dilaton ¢,4. In terms of these variables the quaternionic
metric on Mq can be written schematically as [20, 44]

ds*(Mq) = (dda)* + Gig(ws, Ws) dw' dw? + Guy(ws, Ws, $a, q)dg” dg” . (3.1)

In this expression w! = u’+iv! are the complexified Kihler moduli arising from expansion
of By +iJs onto the basis w; of harmonic (1, 1)-forms. The metric G5 is the special Kéhler
metric on the Kahler moduli space Mgk of the threefold. The fields ¢* denote collectively

7 i
ss Us-

all real scalars in Mq different from ¢4, u The metric components G,, are entirely
determined by the special Kahler metric on My. For this reason, the quaternionic metric
on Mg is sometimes referred to as special quaternionic [20, 44]. Let us stress that the
structure (3.1) of the metric on Mg is expected to hold not only at tree level, but also
including o/ corrections, thanks to mirror symmetry considerations, reviewed for instance
in [46, 47].

In our analysis all the fields ¢* as well as the axions ul are effectively frozen to zero.
Our next task is therefore to connect the string frame Kéhler moduli v and the 4d dilaton
¢4 to the Einstein frame Kihler moduli v* and the 10d dilaton ¢. At two-derivative level
we have the relations

e 2 = 2% vl = LI (3.2)
Let us remind the reader that in our conventions V is the volume of the threefold in units of
V2ma!. In order to take into account the effect of higher-derivative corrections we deform

these relations into

e21 = 30) (1411 7) | vi=eryt (1+7ay), (3.3)

S

where Y1, To are constants that will be fixed momentarily.

We can now invert (3.3) to leading order in o/® to obtain v%, ¢ in terms of v, ¢4, and
plug the resulting expressions into the 4d effective action (2.68). The result is conveniently
expressed in terms of the quantities

1 o 1 .
Vs = élCz]k U; ’Ug Uéc, /C? = ilcijk Ug ’l)g, ]CZ = Kijk 7)éc . (34)

Furthermore, it is convenient to introduce a new field-dependent dimensionless quantity
Xs, which is the string-frame analog of x¥ and is given by

- 1 1
Xs = TGC(?’)VX : (3'5)
S
With this notation, the 4d effective action can be written as
S ! / R+ 1(1+ Xs) ICS 1(1+ ~)’C’slcjfv IVHI
= — — a S — — a — v:VHy
SR CESER 2V, LX) R~ gy 2XS) Ty VsV
B _ KB .
-2 (1 + a3 Xs) Vu¢4vﬂ¢4 + a4 Xs Vl vu¢4vﬂvé} kg 1, (3'6)
S
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where the numerical coefficients a are given in terms of the b coefficients introduced
in (2.63) by

37 5 1 1 1
_op, — S L SO SO M N
ap by — b1, az 16b1+4b2 8b3 254 455+ 2,
11 3 9 1 3 27 1 3 1
43 = TGbl B Zb2 B gbg - §b4 + Zb5’ 4= _§b1 B §b2 B Zbg +ha— §b5 +201 . (3.7)

If we plug in the values of the b coefficients given in (2.64), we find
3 -
a1 =4, a2=7+502—|—303+2'r2,
3
a3 =—1+ 552 + 3cs3, aqg = 13 — 3¢9 — 6¢3 + 271 . (3.8)
We are now in a position to discuss the correction to the N' = 2 prepotential.

3.2 Implications for N/ = 2 prepotential

As noted above, the form (3.1) of the quaternionic metric on Mq should be preserved
by o/ corrections. In particular, cross terms between ¢4 and v¢ are not allowed, and also
vi-dependent corrections to the (d¢4)? terms are forbidden. These considerations lead us
to impose az = 0, ag = 0. As a result we can fix the value of T; and derive a linear
constraint on the dilaton coupling coefficients ¢és, €3,

T, =—4, 3¢y +6c3—2=0. (3.9)

We now aim at demonstrating that the effective action (3.6) can be written as

1 o 3

§= (2n)ia/ /M {R — 2V pa Vs — 2Gijvuu;v#vg} x01, Gi= awiangNﬁ(ws, wg)
4

(3.10)

where we remind the reader that w! = ul + iv! are the complexified Kéhler moduli, and
where the Kahler potential KN=2 (wg, Ws) can be derived from a holomorphic prepotential.
In order to set our notation, it is useful to review the relation between the Kéaher
potential and the prepotential. The geometry of the h'! complex-dimensional Kéhler
moduli space is conveniently described by h'! + 1 complex projective coordinates X =
(X0, X?) related to the complex coordinates w? by
K2
w! = % : (3.11)
The geometry of My is encoded in a holomorphic prepotential F'(X), which is a homoge-
neous function of X! of degree 2. The Kihler potential KN=2(wj, @) for the metric on
My is then extracted from F' via

e KN e -y xXTF, - XY, Fy =0y F(X) . (3.12)

Mirror symmetry considerations [21, 46, 47] ensure that the prepotential F(X) takes

the form
11

FX) = %05

Kip X XIXP i (X024 ..., (3.13)
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where the first term is the classical prepotential, the second is a perturbative o/ effect, and
the ellipsis stands for terms that are exponentially suppressed in the large volume limit
and originate from worldsheet instantons. The N' = 2 Kéhler potential derived from (3.13)
using (3.12) is, up to instanton corrections and an immaterial constant,

KN=2 = _log [VS + ;)\] . (3.14)

We can finally relate this to our dimensional reduction by comparing the metric com-
puted from (3.14) with the metric in (3.6). We find that, in order for the match to be
possible, we have to impose

Ty =0. (3.15)

The constant A is then fixed to be

A=—56@)x, (3.16)

so that the N’ = 2 Kahler potential reads

Vs 1

KN:2 _ _
2na)? 4

— log C(3) x| - (3.17)
In this last expression we have reinstated all factors of o/ and Vs denotes the dimensionful
volume of the threefold. Let us close this section with a comparison between our findings
and the analogous quantities in BBHL [6]. Using equations (3.11), (3.12), (3.13) and the
comment before (3.15) in that paper, we infer that their A/ = 2 Kéhler potential in our

notation coincides exactly with (3.17).

4 N =1 Kahler coordinates and Kihler potential

In this section we analyze the results of the dimensional reduction and identify the Kéhler
coordinates and Kahler potential in the 4d, A/ = 1 effective action. We briefly comment
on our findings.

4.1 Correction to the Kihler potential and coordinates

Upon dimensional reduction on a Calabi-Yau threefold, the two-derivative action of type
IIB supergravity yields a 4d effective action with N' = 2 supersymmetry. If orientifold
planes are included in the setup, the 4d spectrum is suitably projected and one obtains
an effective action with 4d, N’ = 1 supersymmetry [30-32]. For definiteness, we consider
here the projection relevant to the case with O3/O7-planes. The dilaton ¢ and the Kéhler
moduli v fit into 4d, A = 1 chiral multiplets whose scalar components are of the form

70 =Co+ie ?, (4.1)
Ti=pi+iki+G .

Several remarks are in order. We used the symbol 7y to denote the 4d axio-dilaton. Its real
part Cj is the straightforward dimensional reduction of the fluctuations of the 10d axion
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around its zero background. Its imaginary part is built with ¢ which is not directly iden-
tified with the 10d dilaton because of the backreaction term ¢ discussed in section 2.2.1.
This discrepancy has consequences for the transformation property of 4d fields under the
10d SL(2,Z) symmetry, as discussed in [6]. In the expression for T;, the scalars p; come
from the expansion of the RR four-form, and (; denotes a complex quantity built with the
scalars coming from the reduction of the NSNS and RR two-forms. Since we are freezing
all such scalars to zero, the quantity (; vanishes. Let us point out that the orientifold pro-
jection to N' = 1 supersymmetry is implicit in the range of the index 4. Indeed, by an abuse
of notation, the index 7 in (4.1) runs only over the elements of Hi’l(iﬁ), i.e. the (1,1) forms
that are even under the isometric involution of Y3 considered in the implementation of the
orientifold projection. Let us stress that equations (2.56) still hold after restricting the
range of 7, by virtue of the restrictions imposed on intersection numbers by the orientifold
projection, as explained in detail in [30-32].

The kinetic terms of 7y and 7T} are governed by a Kahler potential K. If we write
To = 719 and introduce the collective index I = (0, 1), the effective action contains the terms

1 _
—_ = TVH*T 1 4.
S4d > (27_(_)40/ /M4 [R+ GTITJ v,u Iv J| ¥4 L, ( 3)
where

Gpg, = 201,05 K, K=¢—2logV. (4.4)

The Kihler potential is understood as a function of Ty, Ty determined implicitly via (4.1).
Upon inclusion of higher-derivative terms in the 10d action, the coefficients of the
terms in the two-derivative 4d effective action are modified, but the form of the action is
still expected to obey the constraints deriving from 4d, N = 1 supersymmetry. In this
section we show that our results are consistent with this expectation.
Let us introduce the notation v = ¢, in such a way that v = (¢,v%). The kinetic

terms specified by (2.69) can be written compactly as
Gty V' VR = Gy V0V ) + Grins Vo' VR 4 2G5 V0" VHG (4.5)

Recall that Cp, p; and (; are frozen to zero in our discussion. The problem at hand is the
determination of the O(x) corrections to 77 and K in such a way that the relation

Gyrpr Vo' V07 = =2(05,05 K)V, T1IV'T,; (4.6)

holds including terms up to order Y.
The first outcome of our analysis is the observation that, regarding the b coefficients
in (2.63) as input data, a solution exists only if the following linear constraint is satisfied,

11y — 12by — 18bs — 8by + 12b5 = 0 . (4.7)
Plugging in the values of the b coefficients given in (2.64), we obtain

3¢y 4663 —2=0, (4.8)

,18,



which is the same constraint on ¢, ¢3 found in (3.9) in the analysis of the N = 2 case. If
this requirement is met, the Kéhler coordinates and Kéhler potential are given in terms of
the b coefficients by

3 3
0 = ie”? [1 +X (451 + 553 - bs>] ) (4.9)
‘ (1 1
T, =1iK; |:1 + X (4[?1 + 2by + 2b3>:| , (4.10)
- 3 1
K =¢—2log [V <1—|—X <b1+b2+2b3—2b5>>] . (4.11)

The actual values taken by these quantities upon substituting the numerical values of the
b coefficients are summarized at the end of this section.

An important feature of the zeroth-order Kéhler potential is the property of extended
no-scale structure [30-32]. This property is tested by computing the following quantity,

o7, Ui g =4 140X+ 0G)] (@12
where (K1), denotes the inverse of the matrix K7 = o7, 07 K. The zeroth order value
4 signals extended no-scale structure [48], and interestingly the leading correction has a
vanishing coefficient for any value of the b coefficients. This does not mean that the cor-
rection under examination has no physical effect. For instance, in a scenario like KKLT
the axio-dilaton and the complex structure moduli are stabilized first at a supersymmet-
ric value by means of the Gukov-Vafa-Witten superpotential [49]. The relevant quantity
in the computation of the scalar potential for the Kéhler moduli is no longer the quan-
tity in (4.12), but rather the same object with summation restricted to 4, j indices only,
implicitly evaluated at the fixed value of the axio-dilaton. One finds

oK 0K
K_l 17 =
oT; s aT;

=3 [1 + (;bl — 52) X+ O(;z?)] . (4.13)

As we can see, the zeroth-order value 3 associated to no-scale structure receives a non-zero
correction at order x (%bl — by = —2).

In order to elucidate further the physical effects of the correction to the Kéhler potential
an alternative formulation can be used, in which the chiral multiplets T; are dualized into
linear multiplets L; [30-32]. The dynamics of the system is encoded in a kinetic potential
K, which is the Legendre transform of the original Kéahler potential K. Let us adopt the
following conventions for the Legendre transform,

. 0K _ . 0K
L'=— K=K+ L'ImT;, ImT,=—. 4.14
ImT; s b= e (4.14)
A straightforward computation gives, up to terms of order ¥? and higher,
v 5 1
Li=—|14+x|—-b1—= , 4.1
e[ (G- am) )
L'ImT; = 3[1 4 X (=by + 2b2)] . (4.16)
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In this formulation the hallmark of zeroth-order no-scale structure is the value 3, which
again receives corrections at order x. As a further check that the 4d dynamics is really
affected by the corrections under examination we can examine the expression for the kinetic
potential K in terms of the fields L,

- 1 o 1 1 o
K =3 —logImr + log <6KijkL’LJLk) . EC(3) X (—2by + 4b3) (Im7)3/2 /glcijkLzLJLk :
(4.17)
which has manifestly a different functional form as compared to the zeroth-order result.
Note indeed that —2b; + 4by = 8.
Let us now summarize the expressions for the Kahler coordinates and potential after

plugging in the values of the b coefficients given in (2.64). We have

0= ie® 7 (4.18)
T =iK;, (4.19)
_ v 1 ~3¢
K=¢—2log [(27r04’)3 1 ¢(3)e X} ) (4.20)
v [, L e -3 ]
L= [1 b1 T @yeioy] (4.21)

, 1 (27a/)3
LiTmT, =3 |14 -
" [+4 V

¢(3)e 39 X] . (4.22)

Clearly these expressions are valid up to o corrections of higher order than the o3 cor-
rections under examination. We have utilized the explicit expression (2.62) for x and we
have used V for the dimensionful volume of the threefold, thus reinstating explicitly all
factors of o’ for the convenience of the reader. As we can see, the leading correction to 7y,
T; is vanishing. Let us also remark that our finding for the correction to the N’ =1 Kéhler
potential is in perfect agreement with the corresponding result in BBHL [6].

4.2 Some comments

Some comments about the results of the previous section are in order. We consider the
4d, N' = 1 theory arising from a Calabi-Yau orientifold with O7-planes and DT7-branes,
but we do not take into account explicitly the backreaction of these extended objects.
For instance, the Chern-Simons part of the effective action for a D7-brane wrapping a
divisor in the Calabi-Yau threefold contains higher-curvature terms which are essential
in the derivation of the contribution of D7-branes to the D3-brane tadpole cancellation
condition [35]. From the point of view of the uplift to F-theory, D7-branes and O7-branes
are encoded in the Calabi-Yau fourfold geometry, and the metric Ansatz for dimensional
reduction to three dimensions is modified by higher-derivative corrections [24-28]. These
considerations suggest that D7-branes and O7-branes could play an important role in the
context of higher-derivative corrections to the bulk N' = 1 Kahler potential, which is
however beyond the scope of this work and left for future investigation.

It is interesting to observe that our computation shows that the leading correction
to the N/ = 1 Kahler coordinates 1y, T; is vanishing. As far as the 4d axio-dilaton 7
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is concerned, this result is consistent with the expectations from F-theory, since in the
context of F-theory compactification the axio-dilaton is identified with one of the complex
structure moduli of the elliptically fibered Calabi-Yau fourfold, and is therefore expected
not to receive corrections from the Kéahler moduli sector proportional to the Euler number
x of the base threefold.

5 Conclusions

In this paper we revisited the leading o/ perturbative correction to the Kihler potential
of a 4d, N' = 1 orientifold compactification of type IIB superstring theory on a Calabi-Yau
threefold. We reproduced the result of Becker, Becker, Haack, and Louis (BBHL) [6] by
showing that a correction to the Kéhler potential emerges, which is proportional to the
Euler characteristic of the leading order Calabi-Yau threefold background.

Our derivation is based on an explicit Kaluza-Klein reduction of the type IIB bulk
action from ten to four dimensions. The 10d two-derivative action is supplemented by the
well-known gravitational correction of the schematic form (tgts+ %610610)]%4 [10-19], as well
as by related dilaton couplings. Since the latter are not completely known, we parametrized
them in terms of three constants ¢, ¢a, ¢3, see (2.8). Supersymmetry considerations in
four dimensions allowed us to derive the linear relation (4.8) among these parameters in
the 10d action, which could be checked against proposals in the literature for the complete
axio-dilaton o/ sector.

The background geometry used in the dimensional reduction at two-derivative level
must be modified in order to solve the higher-dimensional equations of motion in the
presence of the o/3 corrections under examination. We presented an explicit solution for
this backreacted background in terms of the non-harmonic part of the third Chern form cs3
of the zeroth order Calabi-Yau threefold. The o’-corrected internal metric is still Kahler
but no longer Ricci-flat. As a result, the manifold is no longer a Calabi-Yau threefold with
SU(3) holonomy, but rather an almost Calabi-Yau threefold [23] endowed with an SU(3)
structure for which the only non-zero torsion class is Ws in the notation of [41]. We also
found that the entire 10d background metric is corrected at order a3 by an overall Weyl
factor proportional to the Euler density of the zeroth order Calabi-Yau threefold. This is
in analogy with the results of [24-26] in the context of three-dimensional M-theory vacua
in the presence of higher-derivative corrections.

The dimensional reduction is performed by allowing for small spacetime dependent
fluctuations v’ of the Kihler moduli of the threefold, for arbitrary h'!'. We have showed
that the outcome of the dimensional reduction can be uplifted from infinitesimal variations
to a full non-linear dependence on the moduli space. The latter is captured by simple
topological expressions proportional to the Euler characteristic of the threefold.

The resulting kinetic terms for the dilaton and the Kéhler moduli are consistent with
4d, N' = 2 supersymmetry, once the appropriate N' = 2 field variables are identified.
The prepotential for the special Kahler geometry of the Kahler moduli space is found to be
corrected by the expected term proportional to the Euler characteristic of the threefold [43].
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The kinetic terms in the 4d effective action can also be truncated in accordance with
the standard O3/07 orientifold projection, yielding a theory with A/ = 1 supersymmetry.
We reproduce the expected BBHL correction to the A/ = 1 Kéhler potential proportional to
the Euler characteristic of the classical Calabi-Yau threefold. We also computed the leading
o’ corrections to the Kihler coordinates as a function of the threefold Kahler moduli, and
found that they are vanishing.

Our investigation can be extended in several directions. It would be desirable to switch
on additional type IIB fields, for instance the axion Cj, and examine their kinetic terms to
confirm the structure of the Kahler potential. It would be also interesting to repeat a similar
analysis for the complex structure moduli sector, even though no analogous correction to
the Kahler potential is expected. Finally, it would be interesting to consider explicitly
the effect of both local sources and bulk higher-derivative corrections on the background
solution. To pursue these directions further, however, a preliminary investigation of the
complete a’3-corrected type IIB bulk action would be probably necessary. By a similar
token, the detailed knowledge of the a/-corrected 10d gravitino and dilatino supersymmetry
variations would allow a direct check of supersymmetry of the background in the presence
of higher-derivative corrections.
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A Conventions, definitions, and identities

In this work we denote 10d spacetime indices by capital Latin letters M, N =0,...,9, 4d

spacetime indices by p, v = 0,1, 2,3, and the internal complex indices by m,n,p=1,...,3
and m,n,p =1,...,3. We occasionally also make use of real internal indices a,b=1,...,6.
The metric signature of the ten-dimensional space is (—,+,...,+). Our conventions for

the totally anti-symmetric tensor in Lorentzian signature in an orthonormal frame are
€012..9 = €9123 = +1. The epsilon tensor in d dimensions then satisfies

ERl"'RpNL 5Nl 100 5Nd7pMd7p] ’ (Al)

Na-vep moay.y, = (—1)°(d — p)Ipld™ 5

where s = 0 if the metric has Euclidean signature and s = 1 for a Lorentzian metric.
We adopt the following conventions for the Christoffel symbols and Riemann tensor

1
My = §9RS(8M9NS + ONgMS — OSgMN) Run = R e,
RMyprs = 0pTM oy — 0sTM gy + TM gl T g — TM 57T Ry, R = Ryng™V,
(A.2)
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with equivalent definitions on the internal and external spaces. Differential p-forms are

expanded in a basis of differential one-forms as

1
A= EAML,,Mpdle Ao NdaMe (A.3)

The wedge product between a p-form AP and a g-form A@ is given by

P+ » (@)
(AP AADY = _ AL A (A.4)

Furthermore, the exterior derivative on a p-form A reads

(dN)NMy v, = (P + D)ONAr .y (A.5)

while the Hodge star of p-form A in d real coordinates is given by
Ly
(kaN)Ny Ny, = ]7!/\ e MyNy . Ng_y - (A.6)
Moreover, the identity

AD A %A@ = ;A%.“MPA@)M“MP %1 (A7)

holds for two arbitrary p-forms A and A®.
Let us specify in more detail our conventions regarding complex coordinates in the
internal space. For a complex manifold M with complex dimension n the complex coordi-

1

nates z', ..., 2" and the underlying real coordinates y',...,y>" are related by

1 1
(e = (5l i) P i) ) (A.8)
Using these conventions one finds

(n—1)n

1
Vadyt AN Ay = \Jg(—1) 2 z‘"dzlA.../\dz”/\dzl/\...Adé":aJ”, (A.9)

with ¢ the determinant of the metric g4, in real coordinates and /det g, = det gi. The
Kahler form is given by
J = igmadz™ N dZ" . (A.10)
Let wy 4 be a (p, g)-form, then its Hodge dual is the (n — ¢,n — p) form
n(n—1)
2

i (=1 Ay
o maimy M1...lig
Wm..mphii...fig F1eTn—p

(1)
plg!(n —p)l(n — q)’
X dzt Ao Nd2*r =t NdETUA - NdET

X
51...8n—¢q

*Wp,q =

Finally, let us record our conventions regarding Chern forms. To begin with, we define the
curvature two-form for Hermitian manifolds to be

R™, =R",,sdz" NdZ® | (A.11)
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and we set
TR = R™ s, d2™ A dZ™
TrR? = Ry 60 R s, 2™ A dZS AN d2™ A dZ%2
Tr'R? = Ry 6 R prass RPmpasy A d2™ AdZ™ A d2"™ AdZ2 Nd2"™ AdZ™ . (A12)

The Chern forms can then be expressed in terms of the curvature two-form as

co=1,
cl = %iTrR ,
o= 27102; (TrR? — (TrR)?) , (A.13)
c3 = %6102 + (271r)2 éq ATrR? — (21)3 %TrR3 )
cy = i <c‘f - (271T)26ﬁTrRQ - (271T)3&'clTrR3> + @ é((TrRQ)Q —2TrRY).
The Chern forms of an n-dimensional Calabi-Yau manifold Y,, reduce to
c3(Vosg) = (271)3;%733 and cy(Yyoq) = (Qi)4;((TrR2)22TrR4)_ (A.14)

B Higher-derivative dilaton terms

In this appendix we record the expression of the quantities f1, f27%, fs introduced in (2.9).
We have
fi =192Ry 0" RMNOP Ry gpr — 48 Ryn " RMNOF Roprs (B.1)
+576RMN ) O RN PS5 Roprs + 384RMN O Ry " pF Ro® s
— 12RMN N Roprs RO — 576 RMN 3 O RNF 0 Rp R

+ 288RMN v ROP G RRpS pg — 24RMY 3 v ROP o p RES s

3N = gMN (192Rg%0Y RFOF Rgy pg — 48Rrs®Y R®5OF Ropoy (B.2)
+ 576 R RO Rs"?Y Ropgy + 384R™ r° Rs” p“Ro" ov
— 12R™ psRopov ROT?Y — 576 R RO Rs" 0¥ RpY v
+ 288R™ g ROP 09 RpY gy — 24R™ e ROP op RV v ) + - = g™V fi + ...

where the ellipsis denote terms where the free indices M, N are on the Riemann tensors
and thus will not contribute to our discussion. Furthermore,

f3 = T68Ry 0" RMNOP Ry ppg + 384R0 " 0" RMNOP Ry spr
— 96RO RMNOP R pps + 1536 RMY 3O Ry RS Roprs
. 384RMNRSRMNOPRORPS + 768RMNMORNPRSRORPS
+ 1536 RMN ) ° Rn" pRRo” ps — 240RMY ) Ny Ropprs ROTHS
—1920RMY O RNT 0B Rp® rs + 1152RMYN 3 v ROT 6B RpS ks

— 96RMNMNROPOPRRSRS . (B.3)
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