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1 Introduction

The idea of understanding aspects of quantum gravity in terms of a double-copy of gauge
theories has a long history going back at least to the Kawai-Lewellen-Tye relations of
string theory [1]. There has since been a wealth of developments expanding on this con-
cept, perhaps most notably, but certainly not exclusively, in the context of gravitational
and gauge scattering amplitudes. See for example [2-27]. Indeed, invoking the Bern-
Carrasco-Johansson colour-kinematic duality it has been conjectured [8] that the on-mass-
shell momentum-space scattering amplitudes for gravity are the “double-copy” of gluon
scattering amplitudes in Yang-Mills theory to all orders in perturbation theory.

This remarkable and somewhat surprising proposal motivates the question: to what ex-
tent can one regard quantum gravity as the double copy of Yang-Mills theory? In this con-
text it is natural to ask how the symmetries of each theory are related. In recent work [26]
it was shown that the off-shell local transformation rules of (super)gravity (namely general
covariance, local Lorentz invariance, p-form gauge invariance and local supersymmetry)
may be derived from those of flat space Yang-Mills (namely local gauge invariance and
global super-Poincare) at the linearised level.

Equally important in the context of M-theory are the non-compact global symmetries
of supergravity [28], which are intimately related to the concept of U-duality [29, 30].
For previous work on global symmetries in D = 4 spacetime dimensions via squaring
see [6, 14, 15, 24]. It was shown in [31] that tensoring two D = 3, N = 1,2,4,8 super
Yang-Mills mulitplets results in a “Freudenthal magic square of supergravity theories”, as
summarised in table 1. The corresponding Lie algebras of table 1 are concisely summarised
by the magic square formula [31, 32],

SS(ANL’ ANR) = tti(ANL) S tti(ANR) + S(ANL ® ANR)’ (1.1)



ANL \ANR R C H O

N=2f=4 N=3f=38 N=5/f=16 N=9f=32

R G =SL(2,R) G =SU(2,1) G = USp(4,2) G = Fy(_s)
H=150(2) H =S0(3) x SO(2) H =S0(5) x SO(3) H = S0(9)
N=3f=8 N=4,f=16 N=6,f=32 N =10, f =64

C G =SU(2,1) G =SU(2,1)2 G =SU(4,2) G = Eg(_1)
H =S0(3) x SO(2) H =S0(3)% x SO(2)? H =S0(6) x SO(3) x SO(2) H = SO(10) x SO(2)
N=57f=16 N =6,f=32 N =8 f=64 N =12 f=128

H G =USp(4,2) G =SU(4,2) G =S0(8,4) G = Ey_s)
H =380(5) x SO(3) H =S0(6) x SO(3) x SO(2) H =S0(8) x SO(3) x SO(3) H = SO(12) x SO(3)
N=9 f=32 N=10,f=64 N =12,f =128 N =16, f = 256

0 G = Fy(_0) G = Eg(—14 G = Eqy(_5) G = Eyg)
H =S80(9) H = S0(10) x SO(2) H =S0(12) x SO(3) H =80(16)

Table 1. (N = N + Ng)-extended D = 3 supergravities obtained by left/right super Yang-Mills
multiplets with N7, Nr = 1, 2,4, 8. The algebras of the corresponding U-duality groups G and their
maximal compact subgroups H are given by the magic square of Freudenthal-Rosenfeld-Tits [34—
38]. f denotes the total number of degrees of freedom in the resulting supergravity and matter
multiplets.

which takes as its argument a pair of division algebras Ay, ,An, = R,C,H, O, where
we have adopted the convention that dim Ay = N. The triality algebra of A, denoted
tri(A), is related to the total on-shell global symmetries of the associated super Yang-
Mills theory [33]. This rather surprising connection, relating the magic square of Lie
algebras to the square of super Yang-Mills, can be attributed to the existence of a unified
An =R, C,H, O description of D = 3, N = 1,2,4, 8 super Yang-Mills theories.

This observation was subsequently generalised to D = 3,4, 6 and 10 dimensions [33, 39]
by incorporating the well-known relationship between the existence of minimal super
Yang-Mills theories in D = 3,4,6,10 and the existence of the four division algebras
R,C,H, O [40-44]. From this perspective the D = 3 magic square forms the base of a
“magic pyramid” of supergravities.These constructions build on a long line of work re-
lating division algebras and magic squares to spacetime and supersymmetry. See [41-85]
for a glimpse of the relevant literature. An early example,! closely related to the present
contribution, appears in work the Julia [49] on group disintergrations in supergravity. The
oxidation of N-extended D = 3 dimensional supergravity theories yields a partially sym-
metric “trapezoid” of non-compact global symmetries for D = 3,4,...11 and 0,2°,2%,...27
supercharges.? The subset of algebras in the trapezoid given by D = 3,4, 5 and 25,26, 27
supercharges fits into the 3 x 3 inner C,H, O part of the magic square, excluding the
(C,C) entry. Note, the exact symmetry of this subsquare is broken by the precise set of

! As far as we are aware the first instance in this context.
Tt also includes the affine Kac-Moody algebras, eg = eg', e}", eg',sofo in D = 2 as made more precise
in [86].



real forms obtained, which are not given by any magic square formula in the conventional
sense.> However, this set of theories also matches the D = 3,4, 5 exterior wall of the pyra-
mid in figure 2 obtained by squaring Yang-Mills and the corresponding algebras are indeed
given by the pyramid formula (1.4) described in this work. Note, dispensing with the re-
quirement of supersymmetry the same 3 x 3 square but with maximally non-compact real
forms was derived as a corner of a “magic triangle” of theories in 3 < D < 11 spacetime
dimensions [66]. The entries of triangle are parametrised by the dimension D of the theory
and the rank 0 < n < 8 of its symmetry algebra. The complete magic triangle displays a
remarkable symmetry under D — 11 —n,n — 11 — D. It should be noted that these are
not the only magic triangles of Lie algebras, a particularly elegant and intriguing example
being that of Cvitanovié [88, 89].

Returning to the theme of gravity as the square of Yang-Mills, the magic pyramid of [39]
corresponds to a rather special subset of supergravity theories: those given by tensoring
the D = 3,4,6,10 division algebraic super Yang-Mills theories constructed in [33]. In the
present work we address the natural question of generalisation beyond this select subclass
of theories and give a new formula which makes the double-copy structure manifest.

In section 2 we consider all tensor products of left N -extended and right N g-extended
super Yang-Mills multiplets in D = 3,...,10 dimensions and introduce three formulae de-
scribing the global symmetries of the resulting (N7, +ANg)-extended supergravity multiplets:

1. The algebra va(N7, + Ng, D) of (N1, + Ng)-extended R-symmetry in D dimensions,

ta(Np + Ng, D) = a(N,D) ® a(Ng, D) + DN, Nr]; (1.2)

2. The algebra h(Np + N, D) of H, the maximal compact subgroup of the U-duality
group G,

h(NL + Nk, D) = int(Ny, D) @ int(Ng, D) ® dp au(1) + DINL, Ngl; (1.3)

3. The algebra g(N7 + Ng, D) of the U-duality group G itself,

g(NL +Ng, D) = h(N + Ng, D) + Du[N] ® Dy [NE]
+D[NL,NR]+]RL®RR+Z'(5D74]RL®RR. (1.4)

Here we have used @ and + to distinguish the direct sum between Lie algebras and
vector spaces; only if [m,n] = 0 do we use m @ n. The meaning of these formulae and, in
particular, their relation to the symmetries of the left and right super Yang-Mills factors,
will be described in section 2. For the moment we simply note that they make the left /right
structure manifest and uniform for all N7, Nz and D and, as we shall see, each summand
appearing in the three formulae has a natural left ® right origin. The groups H and
G corresponding to (1.3) and (1.4) are given in the generalised pyramids of figure 1 and
figure 2, respectively. For these groups, the formulae presented above can be regarded as
generalised “matrix models”, in the sense of [32] (not to be confused with (M)atrix models),
for classical and exceptional Lie algebras. As a matrix model, it is perhaps not as elegant

3We thank Benard Julia for bringing this observation, emphasised in [87], to our attention.



as those presented in [32]. For one, we make no use of the octonions. However, it has the
advantage, from our perspective, that it describes systematically all groups obtained by
squaring super Yang-Mills and, moreover, makes the left and right factors manifest.

For N7, + Ny half-maximal or less the super Yang-Mills tensor products yield su-
pergravity multiplets together with additional matter multiplets, as described in table 2.
They may always be obtained as consistent truncations or, in many cases, factorised orb-
ifold truncations of the maximally supersymmetric cases, as in [24]. The type, number and
coupling of these multiplets is fixed with respect to (1.3) and (1.4). However, as we shall
describe in section 3.1, by including a non-supersymmetric factor in the tensor product
these matter couplings may be generalised to include an arbitrary number of vector multi-
plets (thus clearly not truncations). This procedure naturally yields analogous formulae for
h and g, corresponding to specific couplings. The nature of these couplings is in a certain
sense as simple as possible. This follows from the symmetries, which may be regarded as
a consequence of simple interactions, assumed to be present in the non-supersymmetric
factor of the tensor product.

2 Global symmetries of super Yang-Mills squared

2.1 Tensoring super Yang-Mills theories in D > 3

Tensoring Np-extended and Ny-extended super Yang-Mills multiplets, [N]y and [Ng]v,
yields an (N7 4+ Ng)-extended supergravity multiplet, [N, + Ng]grav,

[NL]V X [NR]V — [NL +NR]grav + [NL +NR]mattera (21)

with additional matter multiplets, [N, + Ng]matter, for [Nz, +Ng]grav half-maximal or less.
See table 2 and table 3.
We consider on-shell space-time little group super Yang-Mills multiplets with global
symmetry algebra
s50(D — 2)gr @ int(N, D), (2.2)

where int(A, D) denotes the global internal symmetry algebra of the Lagrangian. For
s0(D — 2)gr the tensor products are so(D — 2)gp-modules, while for int(Nz, D) and
int(Ng, D) they are int(Ng, D) & int(Ng, D)-modules. Very schematically, the general
tensor product is given by,

~ ~ ~.
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where a,i and o,i" are indices of the appropriate int(Ny, D) and int(Ng, D) represen-
tations, respectively. Note, we will always dualise p-forms to their lowest possible rank
consistent with their little group representations, for example, B, — ¢, A, in D = 4,5,



respectively. This ensures U-duality is manifest. The particular set of Ramond-Ramond
p-forms gb%ﬁ% + - .- one obtains is dimension dependent.

The detailed form of these tensor products for D > 3 are summarised in table 2 and
table 3, where for a given little group representation we have collected the int(Nz, D) &
int(NMg, D) representations into the appropriate representations of h(Ny + Ng, D). For
example, consider the square of the D = 5, N' = 2 super Yang-Mills multiplet, which has
global symmetry algebra s0(3)sr @ sp(2),

o A, A b
(3;1) (2;4) (1;5)
A, (3;1) | (5:1,1) 4 (3;1,1) + (1;1,1)  (4;1,4) +(2;1,4) (3;1,5) (2.4)
A (2;4) (4;4,1) 4+ (2;4,1) (3;4,4) + (1;4,4) (2;4,5)
¢ (1;5) (3;5,1) (2;5,4) (1;5,5)

On gathering the spacetime little group representations in (2.4), the int(2,5) @ int(2,5) =
5p(2) @ sp(2) representations they carry may be combined into irreducible h(4,5) = sp(4)
representations, as illustrated by their decomposition under sp(4) D sp(2) & sp(2):

(5;1) = (5;1,1),

(4;8) — (4;4,1) + (4;1,4),
(3;27) — (3;1,1) + (3;5,1) + (3;1,5) + (3;4,4), (2.5)
(2;48) — (2;4,1) +(2;1,4) + (2;4,5) + (2;5,4),
(1;42) — (1;1,1) + (1;4,4) + (1;5,5).

2.2 R-symmetry algebras

We begin with the simple relationship between the R-symmetry algebras of supergravity
and its generating super Yang-Mills factors. While somewhat trivial this example intro-
duces much of the notation and concepts needed later for the H and G algebras.

R-symmetry is defined here as the automorphism group of the supersymmetry algebra.
Its action on the NV -extended supersymmetry generators @ is given schematically by

T4, Qa) = (Ua)a"Qp,  a,b=1,...,N. (2.6)

The R-symmetry algebra is fixed by the reality properties of the minimal spinor represen-
tation in D mod 8 dimensions. See, for example, [90].

Making use of the super-Jacobi identities, it can be shown that the Uj4’s form a repre-
sentation of the algebra so(N), u(N), sp(N) for Q real, complex, quaternionic (pseudoreal),
respectively. For s —t = 2,3,...10 mod 8, where D = t 4 s, the spinor representations
follow the famous Bott periodic sequence C,H, H®H, H,C,R,R&R, R, C,H, HoH, H, ...
Since R-symmetry commutes with the Lorentz algebra, only the reality properties of the
spinor representation and A are relevant. Consequently, we may associate a (direct sum
of) division algebra(s), denoted D, to every dimension, as given in table 4, which will then



N =4 su(4) N =2 u2) N =1 u(1)
A A A A ¢ A A
D=4,u(l " i "
st @1 Gy S (1:10) (320)) ©12) (150 ()
+c.c. +c.c. : +c.c. +c.c. +c.c. +c.c. +c.c.
N =38 su(8) N=6 u(6) N=5 u(5)
N =4 su(4) g (2;1) +cc. Juw (2;1(0)) + c.c. Juw (2;1(0)) + c.c.
A, (1;1) +ce. Yy (3:8) +cc. Y (3:6(1)) +c.c. Yy (2;5(1)) +c.c.
A (54 +cc A, (1;28) +cc A, (1;1(=6) +15(2)) + c.c. A, (1;10(2)) + c.c.
¢ (0:6) A (3:56) +cc. A (3:6(=5) +20(3)) + c.c. A (3:1(=5) +10(3)) + c.c.
) (0;70) ¢ (0;15(—4)) + c.c. ¢ (0;5(—4)) + c.c.
N =14 u(4) ®u(1)
o (510)0) +cx ,
Uy (3:4(1)(0)) + c.c N=3 ). :<;) ﬁ u(l)‘
N=6 u(6) A, (1:6(2)(0)) + c.c o (3j3(1)(0)) ﬂf
N=2 @) g (210) +cc. A GEB)0) + e N E?E(Z;(O;)) e
A (L10) +ce | (2:6(1)) + c.c. 6 (0:1(4)(0)) + c.c A‘ N 12‘3 Em):“f
A (B2 e | A, (11(=6) + 15(2)) + cc. AN =4y Wy (3:16) «e
6 (0;1(2)) + c.c. A (5:6(=5) +20(3)) + c.c. (1;1(=2)(2)) + c.c -
6 : (0:15(—4)) + c.c. 2x A (11(=2)(-2)) +cc Au ) (1;1(=2)(2)) +cc.
by (RACD@) e X G- + 11 (-2) e,
7 _
(7;4((0—(2[(])—(221))+(:.0. o) (0;3(0)(2)) + c.c.
PO eo)-2)
N =3 u(3) u(l)
o | e e
N=1 u(l) Guv (2;1(0)) + c.c. Yo 2= oo I X oo
5 Ay (1:3(2)(0))+c.c. Py (3:2(1)(0)) + c.c.
Ay (1;0) +cc Y (3;5(1)) +c.c. L
- A (3:1(3)(0)) +c.c A, (1:1(2)(0)) + c.c.
A i) +ee Ay (1;10(2)) + c.c. [ 3 ar
A (551(=5) +TO(3)) + o R
4 - A, (1;1(=2)(2)) + c.c. A (G1(=3)(-1) + 10)(1) + cc.
¢ (0;5(—4)) +c.c.
A (53(-1)(2) + 1(-1)(-2)) + c.c. ¢ (0;2(=2)(=1)) + c.c.
(0:3(0)(2)) + cec.
N =2 sp(2) N =1 sp(1)
D =5,sp(1)sr A, A ) A, A ¢
(3;1) (2;4) (1;5) (3;1) (2;2) (1;1)
N =4 sp(4) N=3 sp@3)
N =2 5p(2) g (5;1) Gy (5;1)
A, (31) Py (4;8) Uy (4;6)
A (24) A, (3:27) A, (3:1+14)
(1;5) A (2:48) A (26+14)
o (L:42) 3 (1:14)
N=2 ()
Guw (5;1)
N=3 @) e (44)
N =1 sp(1) g (5:1) A, (3:1+5)
A, (331) Py (4;6) A (2;4)
A (2:2) A, (31414) 6 (1;1)
¢ (1;1) A (2:6+14) W =2]y
6 (1,14) A,
A 4
Cj

Table 2. Tensor products of left and right super Yang-Mills multiplets in D = 4,5. Dimensions
D =6,7,8,9,10 are given in table 3. In (m;n) m denotes the spacetime little group representation
and n the representation of the internal global symmetry displayed, int for the super Yang-Mills
multiplets and b for the resulting supergravity + matter multiplets. Here V' and h denote vector
and hyper multiplets, respectively.



)
A (:2(-3) +4(1) + (E:2(-3) +4(1))
6 (1:1(4) + 1(~4) + 5(0))

D — 6usp(1) & sp(1)er N =(1,1) sp(1) @ sp(1) N =(1,0) sp(l) & @
A, (2,2;1,1) A(2,1;1,2) + (1,2;2,1) ¢ (1,1;2,2) A, (2,2;1) A (1,2;2)
N=(22) sp(2) ® sp(2) N=(21) sp(2) @ sp(1)
_ - Gpw (3,3;1,1) G (3,3;1,1)
N_A(l 2 sp(lz) j‘c’f(l) Yo (2,34,1) + (3,2:1,4) G (2,34,1)+(3.2:1,2)
" (2,2:1) A, (2,2;4,4) A, (2,2;4,2)
A (2,1;1,2) +(1,2;2,1)
. Aw  (3,1;1,5) +(1,3;5,1) A (3,1;1,1) +(1,3;5,1)
) (1,1;2,2)
A (2,1;4,5) + (1,2;5,4) A (2,1;4,1) + (1,2;5,2)
¢ (1,1;5.5) ¢ (1,1;5.1)
N=(L2)  sp(l)@sp(2) N=(L1)  sp(l)@sp(l)
Guw (3,3;1,1) G (3,3;1,1)
N =(0,1) @ @sp(1) Y (2,3;2,1)+(3,2;1,4) Yo (2,3;2,1)+(3,2;1,2)
A, (2,2;1) A, (2,2;2,4) A, (2,2;2,2)
A (2,1;2) Aw  (3,1;1,5) +(1,3;1,1) Aw  (3,1;1,1) +(1,3;1,1)
A (2,1;2,5) + (1,2;1,4) A (2,1;2,1) + (1,2;1,2)
® (1,1;1,5) ¢ (1,11,1)
B N =1 sp(1)
D=Tw(@)sr A (5:1) A (4:2) 6 (1;3)
N=2 sp(2)
N =1 sp(1) Guv (14:1)
Ay (5:1) Yy (16:4)
A (42) Ay, A (5510) + (10;5)
¢ (1:3) A (4;16)
[ (1;14)
D = 8,su(4)sr N= 17U(1)
A (6;0) A (45-1) + (4:1) ¢ (1;2) + (1;-2)
N=2 u(2)
G (20;1(0))
N=1 u(1) Yy (20';2(—1)) + (20';2(1))
A, (6;0) Ay (6;3(2) +3(-2))
A (-1 + (&) A (15:3(0))
¢ (1;2)+(1;-2) Apwp (10;1(-2)) + (10;1(2)

D =9,s0(7)sr

N=1g2 Au7 A8 @1

N=1g
A, T
A8
¢ 1

N =2 50(2)
Guv (27;0)
U (48; (1) +(-1))
Ay (7:(2) + (0) + (=2))
Ay (21;(2) + (-2))
Apvp (35;0)
A EE@+M+ () +(=3)
¢ (1;(4) +(0) +(-4))

D =10,50(8)sr

N=(01) o
A, 8,
A8

N=(1,1) @
Guv 35,
Yy 56, + 56,
Ay Ay Auwp 8y + 28, + 56,
A 8, + 8.
o) 1

Table 3. Tensor products of left and right super Yang-Mills multiplets in D = 6,7,8,9,10. Di-

mensions D = 4,5 are given in table 2.




D | CLff(D — 3) = Cliffo(D — 2) D D=2 spinor representation | | o etry algebra
= D — 3 pinor representation

10 R[8] ® R[8] RteR™ RS o R® s0(N}) @ so(N2)
9 R[8] R R3 s0(N)

8 C[4] C ct u(N)

7 H[2] H H? sp(N)

6 H[1] & H[1] HteH- HyoH- sp(NL) @ sp(N2)

5 H[1] H H sp(N)

4 C1 C C u(N)

3 R[1] R R so(N)

Table 4. The Clifford (sub)algebras, D, spinor representation and R-symmetry algebra for dimen-
sions D = 3,...,10.

dictate the R-symmetry algebra. The identification of D for each D = 3,...,10 follows
from the close relationship between Clifford and division algebras.

Let us briefly review these ideas here. For a detailed survey see [43, 91] and the
references therein. For a unital algebra A let A[m,n] denote the set of m x n matrices with
entries in A. When m = n we will also write A[n]. For D = 3,..., 10 the Euclidean Clifford
algebra Cliff (D —3) can be mapped to the (direct sum of) matrix algebras A[n|, as given in
table 4. Up to equivalence, the unique non-trivial irreducible representations of A[n| and
Aln]® Aln] are A™ and A™ @ A", respectively. These representations restrict to the pinors
of Pin(D—3), the double cover of O(D—3), as it is generated by the subset of unit vectors in
RP~3. There is a canonical isomorphism from Cliff (D —3) to Cliffo(D —2), where Cliffo(m)
denotes the subalgebra generated by products of an even number of vectors in R™. Since
Spin(D — 2), the double cover of the spacetime little group, sits inside Cliffo(D — 2) as the
set of all elements that are a product of unit vectors, the pinors of Pin(D — 3) are precisely
the spinors of Spin(D — 2), as given in table 4. The supersymmetry algebra generators, @,
transform according as these representations under Spin(D — 2). Hence, we may identify
D as the appropriate algebra for each spacetime dimension D. Note that in dimensions
6 and 10 the direct sum structure of I corresponds to the existence of N' = (N4, N_)
chiral theories.

Let us now briefly recall some of the standard relations between R,C,H and the
classical Lie algebras. Denote by a(n, A) the set of anti-Hermitian elements in A[n],

a(n,A) == {z € An] : 2" = —z}. (2.7)
Using the standard matrix commutator these constitute the classical Lie algebras
so(n), A =R;
a(n,A) = ¢ u(l) ®su(n), A=C; (2.8)
sp(n), A =H.



Let sa(n, A) denote their special subalgebras:

sa(n,R) := {x € A[n]: 2t = —2} = so0(n);
sa(n,C) := {x € A[n] : 27 = —z,tr(z) = 0} = su(n); (2.9)
sa(n,H) := {z € A[n] : 2t = -2} = sp(n).

The seemingly undemocratic definition of sa(n, A) follows naturally from the geometry of
projective spaces since
Jsom(AP" 1) = sa(n, A) (2.10)

for A = R,C,H. In the octonionic case only OP' and OP? constitute projective spaces
with Jsom(OP!) = s50(8) and Jsom(OP?) = f4_5y), reflecting their exceptional status.

It then follows that the N-extended R-symmetry algebras in D dimensions, denoted
va(N, D), are given by

ta(N, D) = a(N,D), (2.11)
where for N' = (N7, N 7), as is the case for D = 6,10, we have used the definition
D[N N7 =D N e D [N (2.12)

Since D[m, n] = D™ @ D™ forms a natural (but not necessarily irreducible) representa-
tion of a(m, D)@ a(n,D), it follows quite simply that the (N +Ng)-extended R-symmetry
algebra is given by the N and Nz R-symmetry algebras via

ta(Np + Ng, D) = a(Np + Ng,D) = a(Ng,D) & a(Ng, D) + D[N, Ng]. (2.13)

The commutators for elements X, € a(Np,D), Xi € a(Ng,D) and M, N € DN, Ng| are
given by

[XL,M} :XLM GD[NLaNR]a
[XRr,M] = —MXpg € D[NL,NR], (2.14)
[M,N] = (NM'—-MN") @ (NTM - MIN) € a(Nz,D) @ a(Ng,D).

These commutation relations follow from the standard matrix commutators of

X 0 0 M

X = ( OL XR) + (-MT 0) : (2.15)
where X € a(Np + Ng,D). Note, as a a(Ng,C) & a(Ng, C)-module C[Np, Ng] is not
irreducible. For example, in the maximal D = 4 case it corresponds to the (4,4) +
(4,4) representation of su(4) @ su(4) = sa(4,C) @ sa(4,C). The formula (2.13) and its
commutators (2.14) amount to the well-known statement that the pairs [so(p + q), s0(p) ®
s0(q)], [su(p + q),su(p) ® su(q) @ u(1)] and [sp(p + q),sp(p) ® sp(q)] constitute type I
symmetric spaces.

From the perspective of the left /right tensor product, a(Ny, D)@ a(Ng, D) is generated
directly by the R-symmetries of the left and right factors acting on @, and Qg indepen-
dently. However, together they form an irreducible doublet (Qr,QRr) € DV @ DNR (sup-
pressing the spacetime little group spinor representation space), which must be rotated by



an a(Nz, D)@ a(Ng, D)-module. The most general consistent subset of End(DVE ¢ DVR) is
given by D[N, Ng], which completes (2.13) as is made clear by (2.15). In the sense to be de-
scribed in section 2.3, these additional elements can be generated by Qr @ Qr € DN, Ng]
by formally neglecting its little group representation space.

It follows from [31] that for D = 3 the R-symmetry algebras admit an alternative
Freudenthal magic square description. Recall that the U-duality groups in D = 3 form the
Freudenthal Magic square given by

L3(Ar, Ap) = tri(Apn, ) ® tri(Apny,) + 3(An, @ Any,)

R - (2.16)
= derAy, @ 0erdz(Any,) + ImAy, @ I(An,),

where der denotes the derivation algebra, J3(A) is the Jordan algebra of 3 x 3 Hermitian
matrices over A and JJ(A) is its traceless subspace. See for example [43]. One can
generalise this construction for any rank of the Jordan algebra J,(A),

Cn(Ap,, Ap) = detAp, @ oerdn(An,) +ImAy, @ 30 (An,), (2.17)

where for n > 3 we must exclude the octonionic case [32]. The supergravity R-symmetry
algebras in D = 3 are given by n = 2,

Lo(Ap, , Ap,) = detAy, @ oerda(Any,) +ImAy, @ J9(An,) = so(NL + Ng).  (2.18)

2.3 H algebras

With this construction in mind we turn our attention now to the algebra § of the maximal
compact subgroup H C G and, in particular, how it is built from the global symmetries of
the left and right super Yang-Mills theories.

We will write h(Nz + Ng, D) in terms of int(Ny, D) and int(Ng, D). First, note that
int and b have a similar structure; they are both given by a(N,D), possibly with additional
commuting factors, which we denote by p. From table 5 we observe that almost uniformly,

int(NV, D) = a(N, D) @ p, (2.19)

where p = s0(2),50(3) for D = 3,N = 2,4. The extra factors in D = 3 follow from
dualising the gauge field into a scalar, which also enhances s0(7) — s0(8) in the maximally
supersymmetric case. These symmetries are given by the triality algebra [31],

int(NV,3) = tii(Ay), Ay =R,C, H,O. (2.20)

Here the fields of the NV = 1,2,4,8 super Yang-Mills belong to Ay = R, C,H,O. Then
p =s50(2) = u(1) is generated by ¢ and s0(3) = sp(1) is generated by i, j, k, the imaginary
unit quaternions acting from the right, which commutes with the usual left actions. These
commuting factors of the left and right super Yang-Mills theories are inherited in the tensor
product and, hence, the resulting h also contains a commuting p;, ® pr. The u(1) factors
in D = 4 correspond to having to include CPT conjugates. The exception to (2.19) is the
maximally supersymmetric D = 4 case, which is reduced to sa(N,D) as no CPT conjugate
need be added.
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D Q=16 Q=38 Q=4 Q=2
N int N int N int N int
10 1 1% — — —
9 1 0] - - —
1 u(l) — - —
7 1 sp(1) - - -
6 (1,1) sp(1l)@sp(l) | (1,0 sp(l) o @ - —
(2,0) sp(2) o 1,0 sp(l) e @ - -
2 5p(2) 1 (1) | - -
4 4 su(4) 2 su(2)ou(l) | 1 u(l) —
8 s0(7) 4 s0(4) 2 50(2) 1 o
3* 8 50(8) 4  so(4)Pdso(3)| 2 so(2)®dso(2) | 1 O

Table 5. The internal global symmetry algebras int(N, D) of super Yang-Mills theories in D > 3.
In D = 6 we have included the (2,0) and (1, 0) tensor multiplets. Note, for D = 3* we have dualised
the vector yielding an enhanced symmetry, int(N,3) = tri(Ayr) for Ay = R, C,H, 0. For inter-
acting Lagrangians this symmetry is reduced to the intermediate algebra int(Ayr) := {(4, B,C) €
tri(Anr)|A(1) = 0}, which gives &,50(2),50(4),50(7) for Ay = R, C,H, O, respectively. The en-
hanced tri(A ) symmetry is recovered in the infrared limit. Note, while in general the R-symmetry
algebra ta(A, D) and the internal global symmetry algebra int(A, D) coincide, there are several
exceptions such as su(4) versus u(4) for D = 4, N = 4.

The algebras h(N7, +Ng, D) presented in table 2 and table 3 are consequently given by

h(NL + Nk, D) = int(Ny, D) ® int(Ng, D) @ dp 4u(1) + DN, Ng]

(2.21)
=sa(NL + Ng,D) @ pr @ pr,

where the non-trivial commutators are those given in (2.14). In D = 3 py, /g are given by
2,50(2) or 50(3). In D =4 pyp are given by @ or u(1). In D = 8 there is a single u(1)
factor. Special care needs to be taken for the u(1) factors in D = 4; a linear combination
of their generators is taken such that the D[Ny, Ng] generators have charge +2 under a
single u(1), according as the Kantor-Koecher-Tits 3-grading

su(m+n) = (m,n)_,) + [u(l) ® su(m) & su(n)], + (M, n) ), (2.22)

and are uncharged under the remaining factors. The corresponding pyramid of H groups,
which generalises the magic H pyramid of [39], is presented in figure 1.

Clearly, the term int(Ny, D) @ int(Ng, D) follows directly from the left and right super
Yang-Mills symmetries. It acts on the gravitini ¢, and g independently in the defining
representation, since the left and right gauge potentials Ay p are int(N7, /R, D) singlets.
However, as for the supersymmetry charges, the gravitini are collected into an irreducible
doublet (¢r,%r), which is rotated by D[N, Ng], and hence transform in the defining
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Figure 1. Pyramid of maximal compact subgroups H C G. The amount of supersymmetry is
determined by the horizontal axes. The spacetime dimension is determined by the division algebra
D on the vertical axis as given in table 4.

representation of
sa(Ng + Ng,D) = sa(N,D) & sa(Ng,D) & dp au(l) + DINL, Ng]. (2.23)

While the D[N, Ng] component of h is implied by consistency, one might also more
ambitiously ask whether it can be directly generated by elementary operations acting on the
left and right super Yang-Mills fields in same way int(N7, D) ®int(Ng, D) C b obviously is.
Having already used all left/right bosonic symmetries, only the left/right supersymmetry
generators remain. The conventional infinitesimal supersymmetry variation of the left ®
right states correctly gives the infinitesimal supersymmetry variation on the corresponding
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supergravity states [4, 6, 26]. Seeking, instead, internal bosonic transformations on the
supergavity multiplet that follow from supersymmetry on the left and right Yang-Mills
multiplets suggests starting from the rather unconventional tensor product of the left and
right supercharges, Q@ ® Q. That this might work, at least formally, follows from the
observation

QeDV = Q®QcDVroDVE DN, Nz, (2.24)

where we are explicitly suppressing the spacetime indices.
Adopting the spinor-helicity formalism, a simple concrete example sufficient to illus-
trate the principle is given by the 4 + 4 positive helicity gravitini states of D = 4, N' = 8

supergravity,
P =M @A, ¥ =AL @), (2.25)
where a,a’ = 1,...,4 are the 4 of su(4);, and su(4)p, respectively. Defining Q% = —e*Q%
and Q} = —¢;,Q%, the relevant super Yang-Mills transformations are
Qi A+(p) =0, Qi Ny = (ep)dg A (p), (2.26)
QA4 (p) = [pe]A%(p), QLN = [pe]dl™)(p).
Applying these to (2.25) we obtain
[QF © Q1Y = [QF Y] @ [QUA] = [pel(ep)dtAy @ XY = [pe](ep)hus,
QF ® QU]¥Y = [QF A+] ® [Q¥A] = 0, .
Q% © QWY = [Q N4 @ [QpA] =0,
Q0 © GElt = [QUA] © [GEAY] = pellep)aiAs © Ay = [pel(ep)olius,

which, up to the factors of [pe](ep), is precisely the action of the su(8) generators belonging
to D[Nz, Ng] on the positive helicitly gravitini states valued in DV @DVE, for D = N, /R =
4, or, in a perhaps more familiar language, the action of generators in the (4,4) + (4,4)
component of su(8) acting on the 8 = (4,1) + (1, 4) representation.

Thus, formally suppressing the spacetime components of the supercharges (and param-
eters) provides a definition of the elementary transformations acting on the left and right
states, which correctly reproduces the action of h on their tensor product. More concretely,
we have

3
0L = / (27:33];Ep[p€] [_)‘i(AJr)T + YO+ 20, (lhT —A_ ()|, (2.28)

which ensures the correct action of the supersymmetry operator? with non-trivial equal
time (anti)commutation relations:

[A+(p), Al (q)] = (27)*2E,0%(F — ),
AL, Mo (@)} = (2m)2E,8° (5 — )55 (2.29)
(6 (p), b1 (0)] = (27)*2E,8(5 — D)0[%y

4See [6] for the full set of supersymmetry transformations.
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where ¢l = %E“bc‘ié[cd]. The operators Q1 ® Qr generating D[N, Ng| are then defined
by simply dropping the [pe] factors in this representation of @. For example:
3
Q= [ g [PHAD + 0L + 2@ — )] (230
and similarly for the remaining @’s.

One can check this construction gives the correct action on the rest of the N' = 8
multiplet and generalises to any dimension and number of supercharges. Note that in
higher dimensions, where the little group is larger than u(1), the tensor product of two
super Yang-Mills states typically yields a direct sum of supergravity states; to pick a
specific component we need to project out the desired representation. To find the action of
Q1 ® Qr on a state, we first act on the tensor product which contains it, and then project
out the state we want. Returning to our maximal D = 5 example (described in (2.4) and
table 2), we see that the gravitini states live in the (4;1,4) + (4;4,1) representation of
50(3) s @ sp(2) @ sp(2). Focusing on the (4;1,4) states, we see that they are obtained by
a projection of A, ® A= (3:1)®(2;4) = (4;1,4) 4+ (2;1,4). Then action of Q;, and Qr ,
both living in (2;4) of s0(3)sr @ sp(2), gives (4;4,1) + (2;4,1) + (2;4,5). Projecting out
the gravitini, we find that the (4;1,4) states have been rotated into (4;4,1) states.

2.4 G algebras

The non-compact U-duality algebras of the supergravity theories appearing in the pyra-
mid, figure 2, can be built straightforwardly using the tensor product of the left and right
super Yang-Mills multiplets. Recall, the scalars of supergravity coupled to matter gen-
erated by squaring parametrise a G/H coset and T,(G/H) = p = g © b, and so carry
the p-representation of H. Consequently, the non-compact generators p, in a manifest
int(Ng, D) @ int(Ng, D) basis, can be read off from those tensor products which yield
scalars, which are schematically given by:

A, @A, AN, e (2.31)

To recast this observation into the language used for (N, Ng, D), we summarise here the
corresponding division algebraic characterisation of the (D, N') super Yang-Mills multiplet
(A, 2%, ¢%): (i) The gauge potential A, is a sa(N,D) singlet valued in R. (ii) The A
gaugini A% transform in the defining representation of sa(A", D) and are valued in DV, (iii)
The scalars ¢* span a subspace D,[N] € DIN] = DV @ DV since they are quadratic in the
supersymmetry charges valued in DV. Some brief remarks on D, are in order. Recall, the
spectrum of massless states can be constructed using a supercharge annihilation operator
carrying the minimal spinor representation S of s0(2) @ so(D — 4) C so(D — 2) and the
defining representation D of sa(N, D), with s0(2) charge (—1/2). Under s0(2) @ so(D —
4) C so(D — 2) the little group vector state splits as

RP?2 =Ry @Ry @R ™ (2.32)

Acting twice on the vacuum, defined as the positive grade so(D — 4) singlet of the vector,
yields the scalar states and the D — 4 vector states with zero so0(2) charge living in,

[A2(S @ DY) = [A%(S) ® Sym?(DV) + Sym?(S) @ A2(DV)] (2.33)
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Figure 2. The U-duality group G in all dimensions.

where |g denotes projection with respect to the appropriate real structure. The D — 4
vector states are in the IR{O))_ * representation of 50(2) © so(D — 4) and are necessarily
singlets under sa(A, D). Conversely, the remaining states correspond to scalars, which are
necessarily singlets under so(D — 4). Denoting by ¢, the projector onto the orthogonal
compliment of R~ c [A?(S ® ]D)N)]]R we define,

DN = ¢, [AX(S @ DY), - (2.34)

We do not adopt a “really real” basis for the scalars, wishing to keep I structure of
the algebras manifest. Consider D = 7,N = 1 as an example. The supercharge an-
nihilation operator transforms as the (2,2) of so(3) @ sa(1,H) = sp(1) & sp(1). From
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A%(2,2) = (3,1)+ (1,3) we obtain vector states in (3,1) = R3 and scalar states in
(1,3) = ImH = D,[1]. A detailed description of the D,[A] spaces is given in table 8
of section A. Interestingly, the subspace D,[N] (up to an algebra automorhpism) may be
concisely characterised as D[N] matrices satisfying a set of “Clifford-like” conditions:

MN° + NM° = (-=1)P(mn* + nm*), 1 (2.35a)
MM =|m|?1, (2.35b)

with m,n € D and D = dim D being the dimension of the spinor representation in D — 2,
as given in table 4. We have defined an involution ¢ : D — D, which if we regard R =
Spanp{eg} and C = Spanpg{eg,e1} as subalgebras in H = Spanp{ep,e1,e2,e3} can be
defined by conjugation with respect to es,

m’ = eames (2.36)

or equivalently
el = (—1)%q, a=0,...,3. (2.37)

a

Note, the quaternions are isomorphic to the D = 2 + 0 Clifford algebra, H = Cliff(R?),
and o is the canonical automorphism on Cliff(R?) [92].

Each component of p decomposed with respect to int(Ny, D) @ int(Ny, D) then has a
direct left ® right origin (2.31) expressed in terms of the above representation spaces:

1. A, ® Ay: the scalars originating from Ay, ® Ag belong to Ry ® Rp = so(1,1). In
D = 4, there is an extra Ry, ® Rg term originating from the dualisation B, — ¢.
This contributes to p a term given by

R; ®RR+Z'5D74RL ® Rp. (2.38)

2. A% ® A" the scalars originating from A\;, ® Ar contribute a term given by

DNV @ DVE = DN, Na]. (2.39)

3. ¢' ® ¢ the scalars originating from ¢ ® ¢p contribute a term given by

D, [NL] @ Dy [NER]. (2.40)

Bringing these elements together, we conclude that in total g as a vector space is given by:

g(NL+Ng, D) = hH(NL+NRg, D)+ D[N @D, [Ng]+D[NL, Ng|+ R, ®Rr+i0p 4R @RER.

(2.41)
In eq. (6) we present a set of commutators which define a Lie algebra structure on (2.41),
giving precisely the algebras of the generalised U-duality pyramid in figure 2. To describe
the complete set of commutators we use the left/right form of h C g given in (2.21),

f)(NL +NR,D): Sa(NL,D)@50(./\/’}3,]]))@5D74u(1)—|—D[NL,./\/’R]C ©pL yr (2.42)

h(NL+NR,D)
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bNL +Ng, D) x  DINL, Ng]ne = D[NL, Nilne
Xr®Xrp ® P — XpP—-PXpg

BNL +NRr, D) x DJNL] @DuNR] — DyNL] @ DLNE]

Xt Xr ® m®p = (Xpm—mX7)@p+m® (Xgp —pXG)
D[Nz, Ngle x R+idpsR — D[N, Nglne
M ® « —  aM
D[NLV/\/'R]C X D[NL)NR]TLC — D*[NL]@D*[NR] +]R+Z6D’4]R
M ® P = pu(M, P) + tr(MP)

DNz, Ngle x DN @Dy[Ng] — DN, NEg]ne

M ® m®p — %mMp"
D[NL,NR]nC X ]R—‘ri(SDA]R — D[NL,NR]C
P ® « — aP

DINL, NElne % DNL, Nglne —  bWNL +Ng,D)
P @ Q@ —  (PQT— QP & (PQT—QPY)

DINL, NRlne % DuNL] @Dy [Ng] — DN, Ng].
P ® m®p — %mPp"

Dy NL] @ Du[Ng] % Dy NL] @Dy[Nr] — b(WNL +Ng,D)
mep ® neq — (mn! —nm') tr(pg") @ (pg" — gp) tr(mn')

Table 6. Commutators of g(Ny, + Ng, D)-algebra given in (2.41).

where we have distinguished the compact D[N, Ng|. C b and the non-compact
DINL, Nr]ne € p. The non-trivial commutators amongst the compact generators have
been given in (2.14).

The remaining non-trivial commutators are given in eq. (6). Through out matrix
multiplication is used except for

[D[NLvNR]Ca ]D)[NLaNR]nc] C D, [NL] ® D, [NR] + R+ Z.CSDA]R, (243)
where we have introduced the natural extension of the projector ¢,
Oy 1 D™ @ D" @ D™ @ D"] — Dy[m] ® Dy[n]. (2.44)

Note, for the sake of brevity we have reincorporated the D = 4,u(1) factor back into X,
and Xp, which therefore have equal and opposite traces. Moreover, leaving aside D = 3
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for the moment, the only non-vanishing a @ 5 € pr, & pg occur in D = 4, the u(1) factors of
N =2/1. See table 5. Simply regarding X7, /R as tracefull generators belonging to a(Ng /R)
automatically accounts for their action.

In three dimensions the formula can be simplified by “dualising” the A; ® Agr con-
tributions into ¢ ® ¢r terms. We no longer have the Ry ® Rr term from tensoring
the gauge fields, it is combined into a second R[Ny, Ng]ne factor resulting the simplified
D = 3 formula,

9Nz + Ng) = BN, NR) + 2R|NL, Nr]nes (2.45)

together with a simplified set of commutation relations [39].

We conclude this discussion by relating this perspective back to the A = R, C,H, O
framework developed in our previous work [31, 33, 39]. Each super Yang-Mills theory comes
from reducing the fundamental D = 3,4, 6,10, N’ = 1 multiplet, and hence can be thought
of in terms of those theories. This naturally associates R, C,H, O with each super Yang-
Mills theory, according as to whether it came from the D = 3,4,6, 10 theory, respectivily.
Equivalently, if one does not want to talk in terms of dimensional reduction, the associated
division algebra is just A, with n = @/2, where @ is the number of real supercharge
components. The fermions can then be arranged into a single A, element. For example, in
D = 4, N = 4 the four complex spinors become one octonion. The vectors and scalars, on
the other hand, inhabit two orthogonal subspaces of A,,: the vector subspace is of course
isomorphic to R(P~2) while the scalars span the complementary subspace R~ (P~2)).,

Then Spin(D — 2) C Cliffy(D — 2) = Cliff(D — 3) acts on the A,-valued fermions via
left multiplication by the (D — 3)-dimensional imaginary part of the R(”~2) subspace of
A, in D = 4 it would be generated by left-multiplication by the single element e, in
D =5 it would be e, ez, and so on. This is used to generate the spacetime little group
transformations, and defines an isomorphism between A, and (S D_Q)N , where Sp_o is
the spinor representation of Spin(D — 2) C Cliffyp_g) and N is the number of spinor
supercharges (or number of fermions).

Left-multiplication by the complementary scalar subspace R (P=2) of A,, defines a
set of linear maps on (Sp_s)" isomorphic to a subset of A x N D-valued matrices, i.e.
D.[N]. For example, in D = 4 left-multiplication of an octonion by the six basis elements
€2, €3, €4, €5, €6, e7 defines six linear maps isomorphic to a set of 4 x 4 complex matrices
(where the complex structure is given by left-multiplication of e;), which is precisely those
of D,|N]. Hence the result:

D N] = {Ly |z € R"(P=2) c A} (2.46)

where L, : A,, — A, denotes left-multiplication by .

3 Discussion

We have shown that the U-duality algebras g for all supergravity multiplets obtained by
tensoring two super Yang-Mills multiplets in D > 3 can be written in a single formula
with three arguments, g(N7 + Ng,D). The formula relies on the link between the three
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associative normed division algebras, R, C,H, and the representation theory of classical
Lie algebras. The formula is symmetric under the interchange of N7, and Nz and provides
another “matrix model”, in the sense of Barton and Sudbery [32], for the exceptional Lie
algebras. In this language the compact subalgebra h(N + Ng, D) has a simple form which
makes the left ® right structure clear. The non-compact p = g — b generators are obtained
directly by examining the division algebraic representations carried by those left/right
states that produce the scalar fields of the corresponding supergravity multiplets.

Note, we are therefore implicitly assuming that the tensor product always gives super-
gravities with scalars parametrising a symmetric coset space. The only possible exception
to this rule is given by N, = Ng = 1. When there is a possible ambiguity in the coupling
of the scalars it is resolved by the structure of the left and right symmetry algebras. For
example, in D = 4 the N, = N = 1 scalar coset manifold,

U(1,2)

(1) x U(2)’ (3:1)

is the unique possibility consistent with the left and right super Yang-Mills data.

This procedure gives all supergravity algebras with more than half-maximal super-
symmetry. These cannot couple to matter, as reflected by the squaring procedure where
only the fields of the supergravity multiplet are produced. However, for half-maximal and
below, one can couple the theory to matter multiplets (vector or hyper). This does indeed
happen when one squares; the fields obtained arrange themselves in the correct number of
vector or hypermultiplets such that we fill up the entries of the generalised pyramid.

Theories with more general matter content do not naturally live in our pyramid,
mainly because they lack an obvious division algebraic description. For example, the
STU model [93] is given by N = 2 supergravity in four dimensions coupled to three vec-
tor multiplets, while the entry for ' = 2 in our pyramid necessarily comes coupled to
a single hypermultiplet. Can squaring accommodate more general matter couplings? All
factorized orbifold projections (as defined in [24]) of N = 8 supergravity can be obtained
from the tensor product of the corresponding left and right orbifold projections of N' = 4
super Yang-Mills multiplets [24]. This includes a large, but still restricted, class of matter
coupled supergravities with specific U-dualities.

Theories coupled to an arbitrary number of vector multiplets can be obtained by
tensoring a supersymmetric multiplet with a conveniently chosen collection of bosonic fields.
In particular, here we consider an Ng = 0 multiplet with a single gauge potential and ny
scalar fields. The symmetries of the resulting supergravity multiplet are determined by
the global symmetries postulated for the Nz = 0 multiplet. We consider the simplest
case where the ny scalar fields transform in the vector representation of a global SO(ny).
Following the procedure used to construct the generalised pyramid this uniquely fixes the
global symmetries of the resulting supergravity multiplet and therefore, implicitly, the
structure of the matter couplings. This idea is developed in the following section. We
summarise the results® in table 7. Note, more generally these examples of factorisable
N < 4 matter coupled supergravities are also physically interesting. In particular, they

®Note that we have excluded N' = 1 theories in four dimensions. It is not possible to obtain N = 1
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theory squaring formula R, Rpr %
D=3
(N = 8)sucra + 10 (N = 8)ector (N = 8)y x [nyd] Spin(8) SO(ny) T
(N = 4)SuGra + Ny (N = 4>vector (N = 4)‘/ X [nV(P] Spin(4) SO(H\/) %
N = 2)sucra + (N = 2)uector W =2)y x [yl Spin(2) SO(ny) e
WV = Dsucra + 1N = Dvector W =1y x [ve] o SO(nv) s
D=4
(N = D) sucra + 10N = 4)vector W =)y x [A, +nye] SU(4) SO(nv) oy X 5o
W = 2D)sucra + 10N = Dector | (N =2y x [A, + (ny — 1)g] U@) | SO(my —1) | SPExEOEml . S
D=5
(N = 2)sugra + noN = 2)pector N = 2)v x [A, +nv| Sp(2) SO(ny) % x O(1,1)
WV = Dsucira + oW = Dueetor | (N =Dy x [A, + (ny — 1)g] Sp(1) | SO(ny — 1) | SRH=SCEm=D » O(1,1)
D=6
N = (1,1))sucra
+£MW <: ,(1?)1:7));” N = (1L, 1D)y x [A,+nvg] | Sp(1) x Sp(1) | SO(ny) o < o(1,1)
N = (2,0))5ucre _ OG.n
B e I I G

Table 7. Matter coupling in D = 3,4, 5, 6.

can be used to shed light on the UV divergences appearing in N < 4 supergravity theories.
Indeed, this double-copy construction of additional ' = 4 vector multiplets was used in [18]
to isolate the effect of the Marcus anomaly on N = 4 supergravity scattering amplitudes.

Moreover, in [20] the dependence on ny was used to relate this anomaly to the 4-loop

divergences appearing in these theories.’

3.1 [Ni]v X [Nr = 0] tensor products

Note that the general form for the maximally compact subgroups in the cosets given in
table 7 is

H=R,®Rr®6pasSO(2). (3.2)

This is just the form,

H(NL +Ng, D) = int(N, D) @ int(Ng, D) ® dp 4u(l) + DINL, NR], (3.3)

supergravity coupled to only vector multiplets by squaring since one always obtains at least one chiral
multiplet when tensoring A = 1 SYM with a non-supersymmetric multiplet. The same applies to N" = (1,0)
supergravity in 6 dimensions. These theories are interesting in their own right and will be analysed in
forthcoming work [94].

SWe thank one of our referees for bringing these developments to our attention.
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appearing in the generalised pyramid formula (2.21) with DN, Nz = 0] = @. This is
entirely consistent with the logic of the construction; we previously identified D[N, Ng]
with the generators Qr ® Qg, which are clearly absent when Ng = 0.

The non-compact generators are also determined following the logic of the generalised
pyramid presented in section 2.4, but now with only two scalar terms: A, @A, and ¢' @ ",
where ¢% are the ny scalars transforming as a vector of SO(ny).

As an example, take half-maximal supergravity in five dimensions coupled to ny vector
multiplets. We obtain the field content by tensoring the maximal N = 2 super Yang-
Mills multiplet (with R-symmetry Sp(2)) and a non-supersymmetric multiplet consisting
of a gauge field and ny scalars transforming in the vector representations of SO(ny),

denoted ny:
® A ;
(3;1) (1;nv)
A, (3:1) | (5;1,1)+(3;1,1) +(1;1,1)  (3;1,nvy) (3.4)
A (24) (4,4,1) +(2;4,1) (2:4,nv)
¢ (1;5) (3:5,1) (1;5,nv)
We therefore find,
h =sp(2) & so(ny), (3.5)
and, from (3.4),
gobh=(5nv)®(1,1). (3.6)

Using the commutators which follow uniquely from the transformation properties of left
and right states we have

g = [sp(2) @ so(ny) + (5,nv)] & (1,1) = s0(5,ny) G so(l,1). (3.7)

This procedure applied in D = 3,4,5,6 yields table 7. Note, for D =4, N =2 and D =5,
N =1 the SU(2) and Sp(1) factors, respectively, drop out of the G/H coset. We see that
the cosets admit a concise alternative description:

G ~ SO(#¢L7#¢R)
B S0(#,,) x S0(#,,) < MArxan (3.8)

where #4, /1S the number of scalars in the left and right multiplets we are tensoring and

M4, x Ay is the coset parametrised by the scalars obtained from tensoring the gauge fields.
It is given by @ in D = 3, since the gauge fields (in the free theory) have been dualised to
scalars, SL(2)/SO(2) in D = 4 where we have two such scalars, and O(1,1) in D = 5,6,
where we have one.

In some cases we reproduce cosets appearing in the generalised pyramid. For example,
inD=4[N=2yx[N =2yand [N =4y x [N = 0,ny = 2] both yield N' = 4
supergravity coupled to two vector multiplets with coset [SL(2) xSO(6, 2)]/[SO(2)?x SO(6)].
However, despite their common coset the two resulting theories have important structural
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differences when interpreted as truncations of D = 4, N' = 8 supergravity. In particular,

the SL(2) S-duality subgroup in FEr(7) can be directly identified with the SL(2) factor in

SL(2) x SO(6,2) C Er(7) for [N = 4]y x [N = 0,ny = 2] whereas for [N = 2]y x [N =

2]y it must be identified with an SL(2) subgroup of the SO(6,2) factor, as explained

in [39]. In both cases the 8 + 8 gauge potentials and their duals transform as the (2,8)

of SL(2) x SO(6,2). Embedding the [N = 2]y x [N = 2]y theory in N = 8 supergravity

these 8 4+ 8 potentials and dual potentials are evenly split between the NS-NS and RR

sectors, implying that the SL(2) factor mixes NS-NS and RR potentials and therefore

cannot be identified with S-duality. Instead, the S-duality SL(2)g is contained in the
SO(6,2) component:

SL(2) x SO(6,2) D SL(2) x SL(2)s x SL(2) x SU(2),
(2,8) = (2,25,2,1,1) +(2,15,1,2,2). (3.9)
NSNS RR
On the other hand, the N/ = 4 supergravity coupled to two vector multiplets obtained

from [N = 4]y x [N = 0,ny = 2| can be consistently embedded in the NS-NS sector
of N' = 8 supergravity alone: all eight gauge potentials correspond to NS-NS states. In

this scenario, the SL(2) factor in the U-duality group can be identified as the S-duality
SL(Q) S E7(7)I
SL(2) x SO(6,2) = SL(2)s x SO(6,2),

(2,8) = (25, 8). (3.10)
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A Scalars in D[N]

In table 8 we have listed, for each dimension D and number of supersymmetry charges @,
the R-symmetry algebra a(N,D), the a(N,D)-representation n carried by the scalar fields
and the corresponding representation space D,[N] C D[N].

The perhaps less familiar cases over H are summarised here. An element X € u(2n) =
a(2n,C) can be written

X = ( C;T b) , where a,c€a(n,C) beClnl, (A.1)
—b' ¢
where the commutators are the usual matrix commutators. For X in the subalgebra
usp(2n) := {X € u(2n)|XTQ 4+ QX = 0} (A.2)
we have
XTQ+0X=0 = X-= ( (;)T b*) ,  where b€ Sym?(C"). (A.3)
—b' a
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D/Q 16 8 4
" a((1,0),RtoR™) = o - -
@ C RY[1]
9 a(l,R) =@ B B
1=~ RC R[]
. a(1,C) = u(l) B B
(+2) + (=2) = C C C[1]

. a(1,H) = sp(1) B B

3 = ImH C H[1]
] a((1,1),Ht @ H™) Zsp(1) @sp(1) | a((1,0),Ht @ H™) = sp(1) -

(2,2)*HCH 1] H [1] 2 CHT[1)

5 a(2, H) = sp(2) a(1, H) = sp(1) B

52 39(H) C H[2) 12 ReH C H[1]
: a(4,C) = u(4) a(2,C) = u(2) a(1,C) = u(1)

6022 A2C* C C[4] 1o+1 ,2C2AC?CC2 | @2 ACCC]]

Table 8. R-symmetry algebra a(N,D), the a(N,D)-representation n carried by the scalar fields
and the corresponding representation space D.[N] C D[N]. Note, JJ(H) is the space of traceless
2 x 2 Hermitian matrices over H.

The well-known Lie algebra isomorphism usp(2n) 2 sa(n, H) then follows from the standard
algebra bijection

7:50,(2,C) - H where sa,(2,C):= Spang{l,sa(2,C)} (A4)
given by
< do + u,ll a2+ %a3> — ageg + are; + ases + ases € H, (A5)
—ag +1a3 ag — a1
where,
T(XT) =7(X)*, 7(X7) =ear(X)es, T(XT) = eo7(X)"es. (A.6)

We can rewrite this using the notation introduced in (2.37) as:
r(x) =7(X)", (X)) =7(X)7, 7(XT) = (7(X)")". (A7)

To set-up the family of isomorphisms 6,, : usp(2n) — sa(n,H) we introduce two linear
maps, 0, := 1, 0 S,,. First, S, is a special orthogonal similarity transformation,

S, :C[2n] — C[2n]); X —S,XST 8, cS0(2n), (A.8)

organising X into 2 x 2 blocks A;;,4,j = 1,2,...,n such that A; € sa(2,C) and Aj; =
—AZT]- € sa,(2,C). Second, 7, : R[n] ®r sa,(2,C) — H[n] is the natural extension of (A.4)
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acting on 2 x 2 blocks,

A Arg - Agy T(A11) 7(A12) - 7(Ain)
S Bl 1S A PR
Anl An2 ce Ann T(Anl) T(AnQ) te T(Ann>

Since A;; € sa(2,C) and Aj; = —AL- € 5a,(2,C) for S, (X), X € usp(2n), 7, o Sp(X) €
sa(n, H).

The similarity transformation 5, is trivially a bijective matrix algebra homomorphism
and therefore also a Lie algebra isomorphism. Similarly, 7, is trivially an algebra isomor-
phism since 7 itself is an algebra isomorphism. Therefore its restriction to ups(2n) is a Lie

algebra isomorphism as the commutators are given by matrix commutators. Hence,
O, : usp(2n) — sa(n, H) (A.10)
is a Lie algebra isomorphism, such that
0,(XT) = 0,(X)T,  0,(X*) =0,(X)7, 0,(XT) = (0,(X)1)°. (A.11)

As an example, consider the most relevant case of n = 2:

ia b o ia o b
—b* ic B 0 —a* —ia —3* b* T oz
X = — — € sa(2,H).
—a* —f3* —ia b* Sa -b* B dic 0 2 <—z* y) sa( )
—pB* —0* —b —ic —f* —b —6* —ic
(A.12)
In addition to the Lie algebra we need, in particular, the 5 of usp(4) = sa(2,H). The

6 of su(4) is given by the space of complex-self-dual 2-form mg;, € A2C*, (my)* = (%m)?®.

It can be written as a 4 x 4 matrix

0 a a f

e (A.13)
—a —p* 0 aof
-6 af —a* 0

The action of X, € su(4) = sa(4, C) on my, is given by

X, a:Xaa/ alp] + X v alb!
(X, mlap = Xio|* marip) + X" Mgy (A.14)
=Xm-mX"=Xm-mX°.
The Jacobi identity,
[X17 [X27mH + [X27 [mu Xl“ + [mu [X17X2H = 07 (A15)

holds for [X7, X5] the usual matrix commutator, since (X;X5)* = X" Xo* for X, Xs €
sa(n, A) (this is of course trivially true for A = R, C).
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Under su(4) D usp(4) = sp(2),
6—5+1, (A.16)

where the 5 is a symplectic traceless complex-self-dual 2-form mg;, € A3C?,

01
0O%mg = 0, Q= . A17
Mab (—]1 O) (A.17)
In terms of m symplectic tracelessness implies a € R. Applying So we obtain
0 a o P 1000
m—SmsT— | ¢ U ~Fa where §—|°0010 (A.18)
—a B 0 —a 0100
-6 —a* a O 0001
so that
aes ap + arer + Boes + Bres
92(m) =
—ap — azer + Poez — Bres —aes
A.19
:eg<a; b), aceR,beH ( )
b* —a
= €2A

*

where * now denotes the quaternionic conjugate and A € J3(H). Applying 6> to the

commutator (A.14) we find

O2([X, m]) = 02(X)02(m) — O2(m)02(X)”

=e9(02(X)7A — A02(X)7) (A.20)

= 62A/
where A’ € J(H). The Jacobi identity follows trivially since 6, is a matrix algebra
homomorphism.

For D = 6 we can decompose with respect to the subalgebra sa(l,H) & sa(1,H) C
sa(2,H),
10 - (3,1)+(1,3) + (2,2),

( x z) o (w 0) +( 0 z) (A.21)
-2y 0y —z¢0 )

Hence the (2,2) of usp(2) @ usp(2) can be identified with H, where action of x @y €
sa(l,H) @ sa(1,H) on z € H is given by,

[(z,9), 2] = 22 — zy. (A.22)

The D = 7 subalgebra sa(1,H) is obtained by identifying # = y. The 3 of usp(2) is then
given by restricting z to ImH,

[(z,2),2] =22z — 22 = 22 — (zz)* € ImH. (A.23)

— 95—



Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] H. Kawai, D. Lewellen and S. Tye, A relation between tree amplitudes of closed and open
strings, Nucl. Phys. B 269 (1986) 1.

S

W. Siegel, Superstrings give old minimal supergravity, Phys. Lett. B 211 (1988) 55 [INSPIRE].

=S

I. Antoniadis, E. Gava and K.S. Narain, Moduli corrections to gravitational couplings from
string loops, Phys. Lett. B 283 (1992) 209 [hep-th/9203071] [INSPIRE].

[4] W. Siegel, Curved extended superspace from Yang-Mills theory a la strings, Phys. Rev. D 53
(1996) 3324 [hep-th/9510150] [INSPIRE].

[6] A. Sen and C. Vafa, Dual pairs of type-II string compactification, Nucl. Phys. B 455 (1995)
165 [hep-th/9508064] [INSPIRE].

[6] M. Bianchi, H. Elvang and D.Z. Freedman, Generating tree amplitudes in N =4 SYM and
N =8 8G, JHEP 09 (2008) 063 [arXiv:0805.0757] [INSPIRE].

[7] Z. Bern, J.J.M. Carrasco and H. Johansson, New relations for gauge-theory amplitudes, Phys.
Rev. D 78 (2008) 085011 [arXiv:0805.3993] InSPIRE].

[8] Z. Bern, J.J.M. Carrasco and H. Johansson, Perturbative quantum gravity as a double copy
of gauge theory, Phys. Rev. Lett. 105 (2010) 061602 [arXiv:1004.0476] [INSPIRE].

[9] Z. Bern, T. Dennen, Y.-t. Huang and M. Kiermaier, Gravity as the square of gauge theory,
Phys. Rev. D 82 (2010) 065003 [arXiv:1004.0693] [INSPIRE].

[10] Z. Bern, J.J. Carrasco, L.J. Dixon, H. Johansson and R. Roiban, The ultraviolet behavior of
N = 8 supergravity at four loops, Phys. Rev. Lett. 103 (2009) 081301 [arXiv:0905.2326]
[INSPIRE].

[11] P. Katsaroumpas, B. Spence and G. Travaglini, One-loop N = 8 supergravity coefficients
from N =4 super Yang-Mills, JHEP 08 (2009) 096 [arXiv:0906.0521] [INSPIRE].

[12] N.E.J. Bjerrum-Bohr and O.T. Engelund, Gravitino interactions from Yang-Mills theory,
Phys. Rev. D 81 (2010) 105009 [arXiv:1002.2279] [INSPIRE].

[13] A. Hodges, New expressions for gravitational scattering amplitudes, JHEP 07 (2013) 075
[arXiv:1108.2227] [INSPIRE].

[14] P.H. Damgaard, R. Huang, T. Sondergaard and Y. Zhang, The complete KLT-map between
gravity and gauge theories, JHEP 08 (2012) 101 [arXiv:1206.1577| [INSPIRE].

[15] J.J.M. Carrasco, M. Chiodaroli, M. Giinaydin and R. Roiban, One-loop four-point
amplitudes in pure and matter-coupled N = 4 supergravity, JHEP 03 (2013) 056
[arXiv:1212.1146] INSPIRE].

[16] Y.-t. Huang and H. Johansson, Equivalent D = 3 supergravity amplitudes from double copies
of three-algebra and two-algebra gauge theories, Phys. Rev. Lett. 110 (2013) 171601
[arXiv:1210.2255] [INSPIRE].

[17] R.H. Boels, R.S. Isermann, R. Monteiro and D. O’Connell, Colour-kinematics duality for
one-loop rational amplitudes, JHEP 04 (2013) 107 [arXiv:1301.4165] INSPIRE].

— 96 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0550-3213(86)90362-7
http://dx.doi.org/10.1016/0370-2693(88)90806-4
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B211,55"
http://dx.doi.org/10.1016/0370-2693(92)90009-S
http://arxiv.org/abs/hep-th/9203071
http://inspirehep.net/search?p=find+EPRINT+hep-th/9203071
http://dx.doi.org/10.1103/PhysRevD.53.3324
http://dx.doi.org/10.1103/PhysRevD.53.3324
http://arxiv.org/abs/hep-th/9510150
http://inspirehep.net/search?p=find+EPRINT+hep-th/9510150
http://dx.doi.org/10.1016/0550-3213(95)00498-H
http://dx.doi.org/10.1016/0550-3213(95)00498-H
http://arxiv.org/abs/hep-th/9508064
http://inspirehep.net/search?p=find+EPRINT+hep-th/9508064
http://dx.doi.org/10.1088/1126-6708/2008/09/063
http://arxiv.org/abs/0805.0757
http://inspirehep.net/search?p=find+EPRINT+arXiv:0805.0757
http://dx.doi.org/10.1103/PhysRevD.78.085011
http://dx.doi.org/10.1103/PhysRevD.78.085011
http://arxiv.org/abs/0805.3993
http://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3993
http://dx.doi.org/10.1103/PhysRevLett.105.061602
http://arxiv.org/abs/1004.0476
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0476
http://dx.doi.org/10.1103/PhysRevD.82.065003
http://arxiv.org/abs/1004.0693
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.0693
http://dx.doi.org/10.1103/PhysRevLett.103.081301
http://arxiv.org/abs/0905.2326
http://inspirehep.net/search?p=find+EPRINT+arXiv:0905.2326
http://dx.doi.org/10.1088/1126-6708/2009/08/096
http://arxiv.org/abs/0906.0521
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.0521
http://dx.doi.org/10.1103/PhysRevD.81.105009
http://arxiv.org/abs/1002.2279
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2279
http://dx.doi.org/10.1007/JHEP07(2013)075
http://arxiv.org/abs/1108.2227
http://inspirehep.net/search?p=find+EPRINT+arXiv:1108.2227
http://dx.doi.org/10.1007/JHEP08(2012)101
http://arxiv.org/abs/1206.1577
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.1577
http://dx.doi.org/10.1007/JHEP03(2013)056
http://arxiv.org/abs/1212.1146
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.1146
http://dx.doi.org/10.1103/PhysRevLett.110.171601
http://arxiv.org/abs/1210.2255
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.2255
http://dx.doi.org/10.1007/JHEP04(2013)107
http://arxiv.org/abs/1301.4165
http://inspirehep.net/search?p=find+EPRINT+arXiv:1301.4165

[18]

[25]

[26]

[27]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

J.J.M. Carrasco, R. Kallosh, R. Roiban and A.A. Tseytlin, On the U(1) duality anomaly and
the S-matriz of N = 4 supergravity, JHEP 07 (2013) 029 [arXiv:1303.6219] [INSPIRE].

H. Elvang and Y.-t. Huang, Scattering amplitudes, arXiv:1308.1697 [INSPIRE].

Z. Bern et al., Ultraviolet properties of N = 4 supergravity at four loops, Phys. Rev. Lett. 111
(2013) 231302 [arXiv:1309.2498] [INSPIRE].

F. Cachazo, S. He and E.Y. Yuan, Scattering of massless particles: scalars, gluons and
gravitons, JHEP 07 (2014) 033 [arXiv:1309.0885] [INSPIRE].

L. Mason and D. Skinner, Ambitwistor strings and the scattering equations, JHEP 07 (2014)
048 [arXiv:1311.2564] [INSPIRE].

L. Dolan and P. Goddard, Proof of the formula of Cachazo, He and Yuan for Yang-Mills tree
amplitudes in arbitrary dimension, JHEP 05 (2014) 010 [arXiv:1311.5200] INSPIRE].

M. Chiodaroli, M. Giinaydin, H. Johansson and R. Roiban, Scattering amplitudes in N = 2
Mazwell-FEinstein and Yang-Mills/Einstein supergravity, JHEP 01 (2015) 081
[arXiv:1408.0764] [INSPIRE].

Y. Geyer, A.E. Lipstein and L.J. Mason, Ambitwistor strings in four dimensions, Phys. Rev.
Lett. 113 (2014) 081602 [arXiv:1404.6219] [INSPIRE].

A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, Yang-Mills origin of
gravitational symmetries, Phys. Rev. Lett. 113 (2014) 231606 [arXiv:1408.4434] INSPIRE].

R. Monteiro, D. O’Connell and C.D. White, Black holes and the double copy, JHEP 12
(2014) 056 [arXiv:1410.0239] [INSPIRE].

E. Cremmer and B. Julia, The SO(8) supergravity, Nucl. Phys. B 159 (1979) 141 [inSPIRE].

M.J. Duff and J.X. Lu, Duality rotations in membrane theory, Nucl. Phys. B 347 (1990) 394
[INSPIRE].

C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109
[hep-th/9410167] [INSPIRE].

L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, Magic square from Yang-Mills squared,
Phys. Rev. Lett. 112 (2014) 131601 [arXiv:1301.4176] [INSPIRE].

C.J. Fewster and R. Verch, Stability of quantum systems at three scales: Passivity, quantum
weak energy inequalities and the microlocal spectrum condition, Commun. Math. Phys. 240
(2003) 329 [math-ph/0203010] [INSPIRE].

A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, Super Yang-Mills, division
algebras and triality, JHEP 08 (2014) 080 [arXiv:1309.0546] [INSPIRE].

H. Freudenthal, Beziehungen der E7; und Eg zur oktavenebene I-I1I, Nederl. Akad. Wetensch.
Proc. Ser. 57 (1954) 218.

J. Tits, Interprétation géométriques de groupes de Lie simples compacts de la classe E, Mém.
Acad. Roy. Belg. Sci 29 (1955) 3.

H. Freudenthal, Beziehungen der E; und Eg zur oktavenebene IX, Nederl. Akad. Wetensch.
Proc. Ser. A 62 (1959) 466.

B.A. Rosenfeld, Geometrical interpretation of the compact simple Lie groups of the class E
(in Russian), Dokl. Akad. Nauk. SSSR 106 (1956) 600.

— 97 -


http://dx.doi.org/10.1007/JHEP07(2013)029
http://arxiv.org/abs/1303.6219
http://inspirehep.net/search?p=find+EPRINT+ARXIV:1303.6219
http://arxiv.org/abs/1308.1697
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1697
http://dx.doi.org/10.1103/PhysRevLett.111.231302
http://dx.doi.org/10.1103/PhysRevLett.111.231302
http://arxiv.org/abs/1309.2498
http://inspirehep.net/search?p=find+EPRINT+ARXIV:1309.2498
http://dx.doi.org/10.1007/JHEP07(2014)033
http://arxiv.org/abs/1309.0885
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0885
http://dx.doi.org/10.1007/JHEP07(2014)048
http://dx.doi.org/10.1007/JHEP07(2014)048
http://arxiv.org/abs/1311.2564
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.2564
http://dx.doi.org/10.1007/JHEP05(2014)010
http://arxiv.org/abs/1311.5200
http://inspirehep.net/search?p=find+EPRINT+arXiv:1311.5200
http://dx.doi.org/10.1007/JHEP01(2015)081
http://arxiv.org/abs/1408.0764
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.0764
http://dx.doi.org/10.1103/PhysRevLett.113.081602
http://dx.doi.org/10.1103/PhysRevLett.113.081602
http://arxiv.org/abs/1404.6219
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.6219
http://dx.doi.org/10.1103/PhysRevLett.113.231606
http://arxiv.org/abs/1408.4434
http://inspirehep.net/search?p=find+EPRINT+arXiv:1408.4434
http://dx.doi.org/10.1007/JHEP12(2014)056
http://dx.doi.org/10.1007/JHEP12(2014)056
http://arxiv.org/abs/1410.0239
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.0239
http://dx.doi.org/10.1016/0550-3213(79)90331-6
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B159,141"
http://dx.doi.org/10.1016/0550-3213(90)90565-U
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B347,394"
http://dx.doi.org/10.1016/0550-3213(94)00559-W
http://arxiv.org/abs/hep-th/9410167
http://inspirehep.net/search?p=find+EPRINT+hep-th/9410167
http://dx.doi.org/10.1103/PhysRevLett.112.131601
http://arxiv.org/abs/1301.4176
http://inspirehep.net/search?p=find+EPRINT+arXiv:1301.4176
http://dx.doi.org/10.1007/s00220-003-0884-7
http://dx.doi.org/10.1007/s00220-003-0884-7
http://arxiv.org/abs/math-ph/0203010
http://inspirehep.net/search?p=find+EPRINT+math/0203010
http://dx.doi.org/10.1007/JHEP08(2014)080
http://arxiv.org/abs/1309.0546
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0546

[38] J. Tits, Algébres alternatives, algébres de jordan et algébres de lie exceptionnelles, Indag.
Math. 28 (1966) 223.

[39] A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, A magic pyramid of
supergravities, JHEP 04 (2014) 178 [arXiv:1312.6523] [INSPIRE].

[40] A. Hurwitz, Uber die komposition der quadratishen formen von beliebig vielen variabeln,
Nachr. Ges. Wiss. Gottingen (1898) 309.

[41] T. Kugo and P.K. Townsend, Supersymmetry and the division algebras, Nucl. Phys. B 221
(1983) 357 [INSPIRE].

[42] A. Sudbery, Division algebras, (pseudo)orthogonal groups, and spinors, J. Phys. A 17 (1984)
939.

[43] J.C. Baez, The octonions, Bull. Amer. Math. Soc. 39 (2001) 145 [math/0105155].

[44] J.C. Baez and J. Huerta, Division Algebras and Supersymmetry I, in Superstrings, Geometry,
Topology, and C*-Algebras, R. Doran et al. eds., American Mathematical Society, U.S.A.
(2009), arXiv:0909.0551 [INSPIRE].

[45] M. Giinaydin, Ezceptional realizations of Lorentz group: supersymmetries and leptons, Nuovo
Cim. A 29 (1975) 467 [INSPIRE].

[46] M. Giinaydin, Octonionic Hilbert spaces, the Poincaré Group and SU(3), J. Math. Phys. 17
(1976) 1875 [INSPIRE].

[47] F. Gursey, Octonionic structures in particle physics, Lect. Notes Phys. 94 (1979) 508
[INSPIRE].

[48] M. Gunaydin, Quadratic jordan formulation of quantum mechanics and construction of Lie
(super)algebras from Jordan (super)algebras, BONN-HE-79-9 (1979).

[49] B. Julia, Group disintegrations, in Superspace and supergravity, S. Hawking and M. Rocek
eds., Cambridge University Press, Cambridge U.K. (1980).

[50] M. Giinaydin, G. Sierra and P.K. Townsend, Ezceptional supergravity theories and the
MAGIC square, Phys. Lett. B 133 (1983) 72 [INSPIRE].

[61] M. Giinaydin, G. Sierra and P.K. Townsend, The geometry of N = 2 Mazwell-Einstein
supergravity and Jordan algebras, Nucl. Phys. B 242 (1984) 244 [inSPIRE].

[62] M. Giinaydin, G. Sierra and P.K. Townsend, Gauging the D =5 Mazwell-FEinstein
supergravity theories: more on Jordan algebras, Nucl. Phys. B 253 (1985) 573 [INSPIRE].

[63] G. Sierra, An application of the theories of Jordan algebras and Freudenthal triple systems to
particles and strings, Class. Quant. Grav. 4 (1987) 227.

[54] F. Gursey, SuperPoincaré groups and division algebras, Mod. Phys. Lett. A 2 (1987) 967
[INSPIRE].

[65] M.B. Green, J.H. Schwarz and E. Witten, Superstring theory. Volume 1: introduction,
Cambridge University Press, Cambridge U.K. (1987).

[56] J.M. Evans, Supersymmetric Yang-Mills theories and division algebras, Nucl. Phys. B 298
(1988) 92 [INSPIRE].

[57] M.J. Duff, Supermembranes: the first fifteen weeks, Class. Quant. Grav. 5 (1988) 189
[INSPIRE].

~ 98 —


http://dx.doi.org/10.1007/JHEP04(2014)178
http://arxiv.org/abs/1312.6523
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.6523
http://dx.doi.org/10.1016/0550-3213(83)90584-9
http://dx.doi.org/10.1016/0550-3213(83)90584-9
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B221,357"
http://dx.doi.org/10.1088/0305-4470/17/5/018
http://dx.doi.org/10.1088/0305-4470/17/5/018
http://dx.doi.org/10.1090/S0273-0979-01-00934-X
http://arxiv.org/abs/math/0105155
http://arxiv.org/abs/0909.0551
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.0551
http://dx.doi.org/10.1007/BF02734524
http://dx.doi.org/10.1007/BF02734524
http://inspirehep.net/search?p=find+J+"NuovoCim.,A29,467"
http://dx.doi.org/10.1063/1.522811
http://dx.doi.org/10.1063/1.522811
http://inspirehep.net/search?p=find+J+"J.Math.Phys.,17,1875"
http://inspirehep.net/search?p=find+J+"Lect.Notes Phys.,94,508"
http://dx.doi.org/10.1016/0370-2693(83)90108-9
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B133,72"
http://dx.doi.org/10.1016/0550-3213(84)90142-1
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B242,244"
http://dx.doi.org/10.1016/0550-3213(85)90547-4
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B253,573"
http://dx.doi.org/10.1088/0264-9381/4/2/006
http://dx.doi.org/10.1142/S0217732387001221
http://inspirehep.net/search?p=find+J+"Mod.Phys.Lett.,A2,967"
http://dx.doi.org/10.1016/0550-3213(88)90305-7
http://dx.doi.org/10.1016/0550-3213(88)90305-7
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B298,92"
http://dx.doi.org/10.1088/0264-9381/5/1/023
http://inspirehep.net/search?p=find+J+"Class.Quant.Grav.,5,189"

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

M.P. Blencowe and M.J. Duff, Supermembranes and the signature of space-time, Nucl. Phys.
B 310 (1988) 387 nSPIRE].

M. Giinaydin, Generalized conformal and superconformal group actions and Jordan algebras,
Mod. Phys. Lett. A 8 (1993) 1407 [hep-th/9301050] [INSPIRE].

N. Berkovits, A ten-dimensional super Yang-Mills action with off-shell supersymmetry, Phys.
Lett. B 318 (1993) 104 [hep-th/9308128] [iNSPIRE].

C.A. Manogue and J. Schray, Finite Lorentz transformations, automorphisms and division
algebras, J. Math. Phys. 34 (1993) 3746 [hep-th/9302044] [INSPIRE].

J.M. Evans, Auziliary fields for super Yang-Mills from division algebras, Lect. Notes Phys.
447 (1995) 218 [hep-th/9410239] [INSPIRE].

J. Schray and C.A. Manogue, Octonionic representations of Clifford algebras and triality,
Found. Phys. 26 (1996) 17 [hep-th/9407179] [INSPIRE].

F. Giirsey and C.-H. Tze, On the role of division, Jordan and related algebras in particle
physics, World Scientific, Singapore (1996).

C.A. Manogue and T. Dray, Dimensional reduction, Mod. Phys. Lett. A 14 (1999) 99
[hep-th/9807044] [INSPIRE].

E. Cremmer, B. Julia, H. Lu, and C.N. Pope, Higher dimensional origin of D = 3 coset
symmetries, hep~th/9909099 [INSPIRE].

M. Giinaydin, K. Koepsell and H. Nicolai, Conformal and quasiconformal realizations of
exceptional Lie groups, Commun. Math. Phys. 221 (2001) 57 [hep-th/0008063] [INSPIRE].

F. Toppan, On the octonionic M superalgebra, talk given at the Workshop on Integrable
Theories, Solitons and Duality, July 1-6, Sao Paulo, Brazil (2002), hep-th/0301163
[INSPIRE].

M. Giinaydin and O. Pavlyk, Generalized spacetimes defined by cubic forms and the minimal
unitary realizations of their quasiconformal groups, JHEP 08 (2005) 101 [hep-th/0506010]
[INSPIRE].

Z. Kuznetsova and F. Toppan, Superalgebras of (split-)division algebras and the split
octonionic M-theory in (6, 5)-signature, hep-th/0610122 INSPIRE].

S. Bellucci, S. Ferrara, M. Giinaydin and A. Marrani, Charge orbits of symmetric special
geometries and attractors, Int. J. Mod. Phys. A 21 (2006) 5043 [hep-th/0606209] [INSPIRE].

L. Borsten, D. Dahanayake, M.J. Duff, H. Ebrahim and W. Rubens, Black holes, qubits and
octonions, Phys. Rept. 471 (2009) 113 [arXiv:0809.4685] [INSPIRE].

L. Borsten, D. Dahanayake, M.J. Duff and W. Rubens, Black holes admitting a Freudenthal
dual, Phys. Rev. D 80 (2009) 026003 [arXiv:0903.5517| [INSPIRE].

J.C. Baez and J. Huerta, Division algebras and supersymmetry II, Adv. Theor. Math. Phys.
15 (2011) 1373 [arXiv:1003.3436] [INSPIRE].

L. Borsten, D. Dahanayake, M.J. Duff, S. Ferrara, A. Marrani and W. Rubens, Observations
on integral and continuous U-duality orbits in N = 8 supergravity, Class. Quant. Grav. 27
(2010) 185003 [arXiv:1002.4223] INSPIRE].

M. Giinaydin, H. Samtleben and E. Sezgin, On the magical supergravities in six dimensions,
Nucl. Phys. B 848 (2011) 62 [arXiv:1012.1818] [NSPIRE].

~ 99 —


http://dx.doi.org/10.1016/0550-3213(88)90155-1
http://dx.doi.org/10.1016/0550-3213(88)90155-1
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B310,387"
http://dx.doi.org/10.1142/S0217732393001124
http://arxiv.org/abs/hep-th/9301050
http://inspirehep.net/search?p=find+EPRINT+hep-th/9301050
http://dx.doi.org/10.1016/0370-2693(93)91791-K
http://dx.doi.org/10.1016/0370-2693(93)91791-K
http://arxiv.org/abs/hep-th/9308128
http://inspirehep.net/search?p=find+EPRINT+hep-th/9308128
http://dx.doi.org/10.1063/1.530056
http://arxiv.org/abs/hep-th/9302044
http://inspirehep.net/search?p=find+EPRINT+hep-th/9302044
http://dx.doi.org/10.1007/3-540-59163-X_272
http://dx.doi.org/10.1007/3-540-59163-X_272
http://arxiv.org/abs/hep-th/9410239
http://inspirehep.net/search?p=find+EPRINT+hep-th/9410239
http://dx.doi.org/10.1007/BF02058887
http://arxiv.org/abs/hep-th/9407179
http://inspirehep.net/search?p=find+EPRINT+hep-th/9407179
http://dx.doi.org/10.1142/S0217732399000134
http://arxiv.org/abs/hep-th/9807044
http://inspirehep.net/search?p=find+EPRINT+hep-th/9807044
http://arxiv.org/abs/hep-th/9909099
http://inspirehep.net/search?p=find+EPRINT+HEP-TH/9909099
http://dx.doi.org/10.1007/PL00005574
http://arxiv.org/abs/hep-th/0008063
http://inspirehep.net/search?p=find+EPRINT+hep-th/0008063
http://arxiv.org/abs/hep-th/0301163
http://inspirehep.net/search?p=find+EPRINT+hep-th/0301163
http://dx.doi.org/10.1088/1126-6708/2005/08/101
http://arxiv.org/abs/hep-th/0506010
http://inspirehep.net/search?p=find+EPRINT+hep-th/0506010
http://arxiv.org/abs/hep-th/0610122
http://inspirehep.net/search?p=find+EPRINT+hep-th/0610122
http://dx.doi.org/10.1142/S0217751X06034355
http://arxiv.org/abs/hep-th/0606209
http://inspirehep.net/search?p=find+EPRINT+hep-th/0606209
http://dx.doi.org/10.1016/j.physrep.2008.11.002
http://arxiv.org/abs/0809.4685
http://inspirehep.net/search?p=find+EPRINT+arXiv:0809.4685
http://dx.doi.org/10.1103/PhysRevD.80.026003
http://arxiv.org/abs/0903.5517
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.5517
http://dx.doi.org/10.4310/ATMP.2011.v15.n5.a4
http://dx.doi.org/10.4310/ATMP.2011.v15.n5.a4
http://arxiv.org/abs/1003.3436
http://inspirehep.net/search?p=find+EPRINT+arXiv:1003.3436
http://dx.doi.org/10.1088/0264-9381/27/18/185003
http://dx.doi.org/10.1088/0264-9381/27/18/185003
http://arxiv.org/abs/1002.4223
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.4223
http://dx.doi.org/10.1016/j.nuclphysb.2011.02.010
http://arxiv.org/abs/1012.1818
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.1818

[77] M. Rios, Fxtremal black holes as qudits, arXiv:1102.1193 [INSPIRE].
[78] J. Huerta, Division algebras, supersymmetry and higher gauge theory, arXiv:1106.3385.

[79] J. Huerta, Division algebras and supersymmetry III, Adv. Theor. Math. Phys. 16 (2012) 1485
[arXiv:1109.3574] [INSPIRE].

[80] S. Ferrara and A. Marrani, Black holes and groups of type Er, Pramana 78 (2012) 893
[arXiv:1112.2664] [NSPIRE].

[81] S.L. Cacciatori, B.L. Cerchiai and A. Marrani, Magic coset decompositions, Adv. Theor.
Math. Phys. 17 (2013) 1077 [arXiv:1201.6314] [INSPIRE].

[82] S.L. Cacciatori, B.L. Cerchiai and A. Marrani, Squaring the magic, arXiv:1208.6153
[INSPIRE].

[83] A. Anastasiou, L. Borsten, M.J. Duff, L.J. Hughes and S. Nagy, An octonionic formulation
of the M-theory algebra, JHEP 11 (2014) 022 [arXiv:1402.4649] [INSPIRE].

[84] J. Huerta, Division algebras and supersymmetry IV, arXiv:1409.4361 [INSPIRE].

[85] A. Marrani and P. Truini, Fzceptional Lie algebras, SU(3) and Jordan pairs part 2:
Zorn-type representations, J. Phys. A 47 (2014) 265202 [arXiv:1403.5120] [INSPIRE].

[86] B. Julia, Infinite Lie algebras in physics, in the proceedings of Unified Field Theories and
Beyond, May 25-27, Baltimore, U.S.A. (1981).

[87] B. Julia, Kac-Moody symmetry of gravitation and supergravity theories, in American
Mathematical Society summer seminar on Appication of Group Theory in Physics and
Mathematical Physics, July 6-16, Chicago, Illinois (1982), P.S.M. Flato and G. Zuckerman
eds., American Mathematical Society, U.S.A. (1982).

[88] P. Cvitanovic, Classical and exceptional Lie algebras as invariance algebras, Ozford preprint
40 (1977) 7.

[89] P. Cvitanovié, Group theory: birdtracks, Lie’s, and exceptional groups, Princeton University
Press, Princeton U.S.A. (2008).

[90] J.A. Strathdee, Extended Poincaré supersymmetry, Int. J. Mod. Phys. A 2 (1987) 273
[INSPIRE].

[91] F.R. Harvey, Spinors and calibrations, Academic Press, New York U.S.A. (1990).

[92] J. Daboul and R. Delbourgo, Matriz representation of octonions and generalizations, J.
Math. Phys. 40 (1999) 4134 [hep-th/9906065] [INSPIRE].

[93] M.J. Duff, J.T. Liu and J. Rahmfeld, Four-dimensional string-string-string triality, Nucl.
Phys. B 459 (1996) 125 [hep-th/9508094] [INSPIRE].

[94] A. Anastasiou, L. Borsten, M. J. Duff, L. J. Hughes, A. Marrani and S. Nagy, in preparation.

— 30 —


http://arxiv.org/abs/1102.1193
http://inspirehep.net/search?p=find+EPRINT+arXiv:1102.1193
http://arxiv.org/abs/1106.3385
http://dx.doi.org/10.4310/ATMP.2012.v16.n5.a4
http://arxiv.org/abs/1109.3574
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.3574
http://dx.doi.org/10.1007/s12043-012-0315-4
http://arxiv.org/abs/1112.2664
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.2664
http://dx.doi.org/10.4310/ATMP.2013.v17.n5.a4
http://dx.doi.org/10.4310/ATMP.2013.v17.n5.a4
http://arxiv.org/abs/1201.6314
http://inspirehep.net/search?p=find+EPRINT+arXiv:1201.6314
http://arxiv.org/abs/1208.6153
http://inspirehep.net/search?p=find+EPRINT+arXiv:1208.6153
http://dx.doi.org/10.1007/JHEP11(2014)022
http://arxiv.org/abs/1402.4649
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.4649
http://arxiv.org/abs/1409.4361
http://inspirehep.net/search?p=find+EPRINT+arXiv:1409.4361
http://dx.doi.org/10.1088/1751-8113/47/26/265202
http://arxiv.org/abs/1403.5120
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.5120
http://dx.doi.org/10.1142/S0217751X87000120
http://inspirehep.net/search?p=find+J+"Int.J.Mod.Phys.,A2,273"
http://dx.doi.org/10.1063/1.532950
http://dx.doi.org/10.1063/1.532950
http://arxiv.org/abs/hep-th/9906065
http://inspirehep.net/search?p=find+EPRINT+hep-th/9906065
http://dx.doi.org/10.1016/0550-3213(95)00555-2
http://dx.doi.org/10.1016/0550-3213(95)00555-2
http://arxiv.org/abs/hep-th/9508094
http://inspirehep.net/search?p=find+EPRINT+hep-th/9508094

	Introduction
	Global symmetries of super Yang-Mills squared
	Tensoring super Yang-Mills theories in G >=3
	R-symmetry algebras
	H algebras
	G algebras

	Discussion
	[N(L)]V x [N(R)=0] tensor products

	Scalars in D[N]

