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ABSTRACT: In this work, we present a few pieces of evidence in support of a possible
connection of the gravitational theory in dS space to the world-volume theory of unstable
D-branes. We show that the action describing the geodesic motion of a massive particle
(or point-like object) in static dS space turns out to be the same as that of the tachyon
field theory for an unstable particle. The motion along the radial direction from the origin,
a locally Minkowski spacetime, to the horizon, a locally Rindler space times a sphere,
represents just the tachyon condensation process, therefore providing a geometric picture
of tachyon condensation. We further study a scalar in global or flat dS and the tachyon
fluctuations in a homogeneous tachyon background, representing either the full or half S-
brane, on unstable D-branes and find that certain dynamics of the dS universe corresponds
to that of the homogeneous full or half S-brane. The thermal temperature of tachyon
radiation is found to agree with that felt by any timelike observer in dS space. In string
theory context, this temperature is just the Hagedorn one, signaling a phase transition to
closed strings. An understanding of this transition in the bulk dS space is also given.
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1 Introduction

Space-like or S-branes exist in various field theories and also in string theory as time
dependent solutions [1, 2]. They are soliton-like configurations localized on a space-like
hypersurface and therefore exist only for a moment in time. In string theory, the space-like
cousins of the usual D-branes, called SD-branes, are the ones with the time-coordinate
obeying a Dirichlet boundary condition. They can arise as time-dependent solutions of
the worldvolume tachyon field theory of an unstable brane, i.e. the non-BPS D-brane or
D-brane/antiD-brane pair, and describe the creation and subsequent decay of this unstable
system [1-3]. The original motivation for studying S-branes was to understand hologra-
phy in the temporal context, following the spatial analog from the usual D-branes. In the
AdS/CFT correspondence, the time-like worldvolume field theory of D-branes holographi-
cally reconstructs a spatial dimension. It is expected that the Euclidean worldvolume field
theory of SD-branes holographically reconstructs a time dimension and this is a necessary
ingredient for the proposed dS/CFT correspondence [4]. Finding supergravity solutions of
these SD-branes served the purpose of obtaining the de Sitter geometry for the dS/CFT
correspondence [5-7].

In spite of many efforts, this still remains unclear. Recently the near-horizon geometries
of SDp-branes were shown to take the form of (p 4+ 1) + 1 dimensional de Sitter spaces up
to a conformal transformation, upon compactification on (8 — p) dimensional hyperbolic
space [8, 9] (denoted as Hg_,). However, this is not quite the analog of Dp branes (p < 5)



for which the corresponding near-horizon geometries are conformal to AdSy42 x S8~P with
a linear dilaton and for this reason, unlike the Dp-brane cases, there does not exist a frame
such as the so-called ‘dual frame’ [10, 11] for which the underlying geometries can be cast
exactly as dSpy2 X Hg_p,. For non-comformal Dp branes, a holographic renormalization
was developed and a so-called generalized holographic conformal structure, giving rise
to precision holography, was proposed in [11]. For non-conformal SDp branes, we may
not expect the same to be true but for low-energy modes, the transverse Hg_, may be
decoupled and in certain frame we can have dS,;2. So there might exist some sort of
temporal holography for these low energy modes. Similar features had also been argued
in [2] from a very different perspective.

Therefore, one might expect a connection of the low energy dynamics of de Sitter space
to that of the worldvolume tachyon field theory of unstable brane, given underlying SD
brane relationship to both of them discussed above. We have also other indirect evidence
in support of this, mostly in terms of thermodynamics properties. The mysterious connec-
tion of S-branes (or the dynamics of unstable branes), in terms of thermal properties at
Hagedorn temperature, to black holes or de Sitter geometries has long been noticed before
(see [2] for example). For non-extremal black holes/branes being far away from the ex-
tremal limit, the corresponding tree-level entropy, while its understanding is still difficult,
can be accounted for by the latent heat of a Hagedorn phase transition, whose underlying
dynamics is a tachyon condensation process [12]. This points to us that some forms of time
evolution or dynamics of either black holes/branes or dS geometries have connections, one
way or the other, to those of tachyon condensation process. The possible connection in
certain dynamical properties to the black hole/brane case has recently been investigated
in [13, 14]. It was found that a probe particle falling in Rindler space, the general near-
horizon geometry of non-extremal black hole/brane, can be described by the tachyon field
theory for an unstable D-particle. Here the matter falling across horizon process can be
equivalently described by that of a tachyon condensation.

The purpose of this paper is to address analogous issues in the case of de Sitter ge-
ometry and to seek the relations between dS space and unstable D-branes in dynamical
sense. We shall show in certain cases that the dS (thermo)dynamics is related to that of
the corresponding worldvolume tachyon field theory of unstable brane. In section 2, we
show that the time evolution of a massive probe particle on static dS space or its Euclidean
version, i.e. a sphere, can be precisely described by that of the tachyon field of an unstable
D-particle, respectively. This provides a geometric understanding of tachyon condensation
process. In section 3, we present and discuss certain connections between the linear scalar
dynamics in expanding dS universe and tachyon fluctuations in a homogeneous tachyon
background, representing either full S-brane or future half S-brane, on unstable D-branes.
In section 4, we move to discuss the thermodynamics in both dS space and the tachyon
field theory and find that the (Gibbons-) Hawking temperature in dS space agrees with
the thermal temperature of tachyon radiation. In string theory context, the temperature
of tachyon thermal radiation becomes the Hagedorn one, signaling a phase transition to
closed strings. We provide an understanding of this transition in the bulk dS space. We
conclude this paper in section 5.



2 Unstable (D-)particle as probe on static dS patch
For a static dS, space, the metric is
ds® = —(1 = % %)dn? + (1 — %) Lar? + r2dQ%d_2), (2.1)

associated with a positive cosmological constant A = (d —1)(d — 2)/3%/2. The free constant
B will attain a new meaning in the following discussion when embedded in the string theory
context. The static patch is restricted within the range 0 < r < rg, where rg = 1/ is
the radius of the horizon and the horizons are at 72 = r%{. Here we focus on the southern
causal diamond which is defined as r € [0, 7x], with the south pole located at » = 0. The
Hawking temperature of the dS space is:

o _ B

W= (2.2)
2.1 Geometric tachyon on the causal static patch
With the redefinition,
T = rytanh ™! (T) , (2.3)
TH
r € [0, rg] then corresponds to T' € [0, 00] and in terms of 7' the metric becomes
2 COSth(BT) [—mﬂ +dT? 4% sinhQ(BT)dQ?dﬂ)} . (2.4)

Thus, near the origin r = 0 or T" = 0, it is a d-dimensional Minkowski spacetime while
the near-horizon geometry, i.e r — ry or T — oo, is the Rindler spacetime times a (d
-2)-sphere. Note that the above metric interpolates these two.

We now consider a test particle (or point-like object) with mass 79 moving along the
radial direction in the above background (2.4) . The geodesic motion of this particle can
be described by the following action now

S = —/ng(T)\/l — T2, V(T) = COS}?% (2.5)
where the dot denotes the derivative with respect to 7.

This is exactly the action [15, 16] for a non-BPS D-particle (or homogeneous non-BPS
Dp-brane) with the tachyon field 7" and the correct tachyon potential V(T') [17, 18] as
derived in open string field theory (Now T attains the new meaning of a scalar field in
this action). In other words, the radial geodesic motion of a massive particle in the causal
diamond in static dS patch is nothing but the dynamics of the tachyon field of an unstable
D-particle. This is the first example presented in connecting the gravitational theory in
dS space to the worldvolume theory of unstable branes. In addition, this provides also
a realization of the so-called geometric tachyon [13, 19, 20]. In order to bring the above
connection, we need to have the constant 3 = 1/(2l,) for bosonic strings and 8 = 1/(v/2l)
for superstrings, with the string length I, = v/o/. Either gives the corresponding correct
Hagedorn temperature, respectively. One may question the validity of the geometry (2.4)



at such a high temperature but the obtained Hawking temperature nevertheless agrees with
the one obtained by more sophisticated stringy computations [2, 21]. We have to admit
that an understanding of this agreement is still lacking.

Let us take a close look of the connection between the dynamics in dS space and that
of tachyon field of the unstable brane. From the tachyon potential given in (2.5), one can
see that 7= 0 (r = 0) gives the maximum of the potential, therefore corresponding to
the open string vacuum, while 7" = co (r = rp) gives the minimum, corresponding to the
closed string vacuum. In the former case, the geometry of metric (2.4) is a Minkowski
spacetime and this is consistent with the open string vaccum and in the latter the closed
string vaccum is the Rindler spacetime times a sphere discussed above. So the tachyon
rolling from the top of the potential to the closed string vacuum can be viewed as a geodesic
motion from r = 0 (the south pole) to the horizon at r = ry. So we provide geometric
pictures for the two vacua and the tachyon rolling process in the tachyon field theory of
unstable D-brane, respectively.

The underlying geometric picture may provide, borrowed from the gravity side, certain
understanding of the tachyon condensation, especially towards the end of this process.
From the tachyon action (2.5), we have the energy-momentum tensor

V(T) V2

——==F, Tj;=——190. 2.6
/71_1.12 ’ J J ( )

Too = T
The energy is conserved mainly due to the classical limit g; — 0 taken in the effective
description (So the closed string radiations are ignored).! From the first equation in (2.6),
mathematically the tachyon field will accelerate to the critical value |7 = 1 in the limit of
T — o0, i.e., reaching the speed of light and this appears also consistent with the geometric
picture of geodesic at the horizon. The pressure in this limit tends to zero, giving the so-
called pressureless tachyon matter [23-26].2 However, the classical limit g, — 0 and the end
products among other things were questioned for example in [22]. From the geometric side,
when a geodesic motion is considered, to an observer or detector at the south pole at » = 0,
the horizon location at r = r and the coordinate time 1 = oo are not well-defined and are
usually defined only as a limiting process. Recent study indicated that at least for black
holes, when a probe passes through the horizon, the location of the horizon is actually
not fixed but changes [27] and this will be the key for accounting for the information
conservation as demonstrated in a series of publications [28-33]. Related considerations
in spirit have also been given very recently in [34, 35]. In the present context, we expect
that similar things may also occur and so the limit » — ry and n — oo may not be taken
smoothly as usually done. Here new physics will enter in the process. Transforming this
to the process of tachyon condensation implies that from the open string vacuum at the
top of the potential to the closed string one at the bottom of the potential may not be a

"'We will confine ourselves in this paper to this classical discussion, not touching the subtle gs — 0 as well
as other issues, for example, raised in [22]. However, when we consider thermodynamics, the appearance of
Hagedorn temperature nevertheless signals a transition to closed strings.

*We thank the the anonymous referee for bringing the useful references [25, 26] to our attention.



smooth one and quantum effects should be considered, where the appearance of Hagedorn
temperature is an indication of this when thermodynamics is considered.

2.2 Geometric tachyon on a sphere

Now we consider a probe moving along the radial direction on the Euclidean version of
dS geometry.®> This amounts to taking the time in (2.4) to be an Euclidean one, i.e., by
sending 1 — —i7 there and then 7 — ¢ (¢ € [0,27]) and ST — T with 8 = 1/ry. We
have then the relevant geometry

2

,
ds% = —H__(dp? + dT?). 2.7
Ss COSh2T( ¥ ) ( )

If we further extend T from 0 < T < 0o to —oo < T' < 00, the above geometry represents
then a 2-sphere and can be cast as

dsg = 13 (cos® adp® + da®) = ri; (sin® 0dy® + db?) , (2:8)

where we have introduced angles 6 and « related by o« = 7/2 — 0 with cosa = 1/coshT.
Here T'= 0 gives @« = 0, T' = oo corresponds to o = 7/2 and T' = —o0 to a = —7/2. So
we have now « € [—7/2,7/2] and 6 € [0, 7].

The geodesic motion for the probe on the 2-sphere can equivalently be described by
the following Fuclidean tachyon field theory

SE = ryL = rH/dch(T) VI+T?, V(T) = COQ% (2.9)

where T" = 9,T and L describes distance on the sphere. The field equation can be

integrated once to give
v

V1+T"?
Here the constant Vy = V'(a) with a determined by T”|7—, = 0. The solution to the above
equation determines the shortest distance on the sphere.

V. (2.10)

When Vy = 79, the system is on the top of the potential. From the above equa-
tion (2.10), we have the only possible solution 7" = 0 and 7" = 0. In other words, the
tachyon is fixed on the equator §# = 7/2. In general 0 < V) < 79 and keeping in mind the
aforementioned extension, we can have the explicit solution from (2.10) as

2
T(p) = sinh™! (1 / % — 1sin <p> . (2.11)
0

This is the kink-anti-kink tachyon solution [36-38], with kink and anti-kink located at
¢ =0 and ¢ = 7 (which can be extended to ¢ = 2N7 and ¢ = (2N + 1)7 with N € Z),
respectively. Since these positions are periodically identified with a period 2w, there are
actually NV coincident D-banes at the kink position and N coincident anti-D-branes at the
anti-kink position.

#Note that the metric for the (d — 2)-sphere in (2.4) is now irrelevant for this motion.



Using the spherical coordinates (6, ), this solution is

Vo

. (2.12)
\/ Vi cos? ¢ + 72 sin” ¢

sinf =

This describes a family of great circles labelled by the parameter Vj, with each passing
through the two points at ¢ = 0 and ¢ = 7 on the 2-sphere, starting from the equator at
0 = 7/2 and approaching the vertical one when the V decreases from 7y to 0.

The static energy of the system is the mass times the geodesic distance on the sphere

1 1
E = 3 /dch\/l + 7172 = V/dgov2 =7L. (2.13)
0

Note that the geodesic distance of each great circle on the 2-sphere of unit radius is always

and is given as

27, which can be calculated directly from the above by using the solution given in (2.12). So
we have L = 27 /3, independent of V{), and this is consistent with the analysis in [37]. So the
energy for every half period (because there are a kink and an anti-kink within a period) is

E% =719/ p. (2.14)

If we replace 9 with 7, for a homogeneous non-BPS Dp-brane and construct the potential
V(T) = 7p/ cosh(BT'), the energy becomes E o = 77,/3, which gives rise to the tension of
a (anti-)D(p — 1)-brane if § is given by the corresponding string length [ as discussed in
the previous subsection.

3 dS universe and S-brane

If we want to consider anything more than that covered by the southern (or northern)
causal diamond, we enter into a dS universe in other coordinates. In this section, we shall
show that the dynamics in d-dimensional dS universe* in the global or flat coordinates is
relevant to a decaying unstable Dp-brane with d = p + 1.

We consider first the possible homogenous tachyon backgrounds relevant and the
bosonic part of the DBI effective action of a non-BPS Dp-brane in flat Minkowski metric
as [15, 16, 39]

S, = —/de:pV(T)\/— det (i + 9,TOT +---), (3.1)

where - -+ stand for the omitting transverse scalars and gauge fields which are irrelevant
for the present discussion. The tachyon potential can be taken as

Tp

V(T):m7

(3.2)

where 7, is the tension of the non-BPS Dp-brane.

4We limit ourselves to the non-trivial cases of d > 2 from now on.



For the homogenous case, the tachyon background Ty (¢) can be found from the above
action as follows. The non-vanishing components of the energy-momentum tensor from the
action (3.1) are

To(Ty) = = B, T(Ty) = -

\J1—T¢

where E is the conserved energy of the system in the limit g; = 0. Defining | = E/7,, we

V3(Ty)

=0 (3.3)

can have three different types of time-dependent solutions, depending on [ > 1,/ = 1 and
[ < 1. For each of the three cases, we can have more general solutions with different 7j(0)
and T(0) at t = 0 but with the same Ty(200) and Tp(£o0). In other words, these general
solutions have the same characteristic behavior as the simplest solutions discussed below.
For simplicity, we will focus only on these simplest ones in what follows.

Case I > 1: the simplest solution with Tp(t)]—ss0e = 1 is®

To(t) = ;sinh_l [,/1 - l%sinh (ﬁt)] , (3.4)

?-1

To(t) = 12 — tanh? (Bt)

(3.5)

Thus, Ty(0) = 0, Tp(0) = /1 —1/I12 at t = 0 and Ty(t) — +o0, Ty(t) — 1 as t — oo,
respectively. This describes brane creation and then decay process, i.e., a full S-brane
process [21].

Case | = 1: we can have the following solutions

To(t) = ;Sinh_l [/\ 6’81 To(t) = ;sinh_1 [)\ e_ﬁt}

or (3.6)
\ebt . —Ae Bt

To(t) = ———ee To(t) = —2°
olt) V1 + A2e2t olt) V1 A2e=28t

where we have chosen the parameter A > 0 (A < 0 gives the other set of solutions with simi-
lar properties). For t — —oo, the above first set of solutions give Tp(—o0) — 0,7(—oc) — 0
but the second set give Ty(—00) — +00,Tp(—00) — —1. For t — oo, the first set give
To(00) — 00, Th(c0) — 1 while the second set give Tp(co) — 0, Tp(o0) — 0. So this says that
the first set of solutions describe the brane decay while the second set describe the brane cre-
ation, which describes future and past half of an S-brane, respectively, according to [2, 21].

®We can also have solutions of Ty(t — f00) = —1 and this describes Th(—00) = 0o to Tp(+00) = —o0
as t = —oo to t = 400, just the reverse of the Tp(t — £o00) = 1 process discussed in the text. So we will
not repeat this case here.



Case 0 <l < 1: we have now the simplest solutions,

To(t) = ;Sinh_1 [\/ %2 -1 coshﬁt] ,

_ V1—I[?tanhft
V1 — 2tanh? Bt

From the above, one can see that as ¢ — £o0, Tp(oo) — +oo while Tp(+oo) — +1,

T (t) (3.7)

respectively. This represents brane creation and then brane decay into the same vacuum,
therefore also a full S-brane. This case differs from the [ > 1 one for which the brane
creation from one vacuum and then decay into the other one. Note here that T(O) =0 but
with a finite 7°(0) > 0 at ¢ = 0, a consistent picture for [ < 1.

3.1 The global dS and the full S-brane

The dS universe in global coordinates is
ds® = —dt? + ri cosh®(Bt)dQY; ), (3.8)

with 7 = 1/5. The metric is invariant under the time reflection t — —t .

We shall compare dynamics in dS universe (3.8) with tachyon fluctuations on a homo-
geneously evolving tachyon T' = Tj(t) background which is a solution of the first equation
in (3.3).

For this, let us first consider the Klein-Gordon (KG) equation for a scalar with mass
mg on the dS geometry as

{af + (d — 1)Btanh(Bt)0; — Vi + m2] o(t,Q) = 0. (3.9)

72, cosh?(3t)

The above equation can be simplified, by setting ¢ = cosh~(@-1)/2 (Bt)d;, to

(d—1)° 1 (d—1)(d—3) 1
{af +m? — w7 + 7 o (31) < n - V%)] ¢ =0. (3.10)

We now turn our attention to the effective action (3.1) for pure tachyon field as

S, = — / PtV (T)\/1+nv0,T0,T. (3.11)
The equation of motion for the tachyon from the above action is
14 1
<8M8“T — V> (1+0T-0T) = 58“T8u(1 + 0T -0T), (3.12)

where the prime stands for the derivative with respect to 7. We now consider tachyon
perturbations to a homogeneous tachyon background: T'(t,¥) = Ty(t) + 7(¢, Z). To leading
order in the perturbation, we have the equation as

BT
cosh?(BTy)
(3.13)

Ty — B tanh(8Tp)(1 — Tg)} + |7 4 28T tanh(BTy)7 — (1 — T2)V2r




If Ty(t) is a tachyon background satisfying the first equation in (3.3), as given previously,
the first square bracket in the above equation vanishes and we have then

B -TE)

7 4+ 28Ty tanh(8Ty) 7 — (1 — T2)V?
7 4 28T tanh(BT)7 — ( 0V cosh?(8Tp)

7=0. (3.14)
We can also simplify the above equation by setting 7(¢) = 7(¢)/ cosh fTp(t) and end up
with the following equation

1 =2

82 p2_ -
0= p 12 cosh? (BTy)

7=0. (3.15)
In obtaining the above, we have made use of the first equation in (3.3) for the tachyon
background Ty (t).

We now try to examine, under what conditions, that the equation (3.15) can be identi-
fied with (3.10). To be so, first the non-BPS Dp-brane has to wrap on a p-sphere with a con-
stant radius ro such that V2 = V% /rd. Secondly, we need to have cosh? BT (t) ~ cosh? ft.
This later condition can only be met for [ > 1 or | < 1 case discussed earlier. Let us
examine each to see which is the proper one needed. For | > 1 case, we have from (3.4)

cosh? BTy (t) = cosh? ft — l%sinhQ Bt ~ cosh? Bt, (3.16)
where the last approximation holds only if [ > 1. However, there exist various issues for
this case. First for [ > 1 or E > 7,, the system energy is much larger than the tachyon
potential height and one expects that the tachyon background Ty () changes dramatically in
the course of time evolution from ¢ — —oo to t — +00. So it is hardly possible to keep the
fluctuations of this background small in the process and therefore this will not be suitable to
the expected case discussed in the Introduction for which the relevant excited modes should
be low energy ones. Secondly, in order to identify (3.15) with (3.10), we need further to have
Irg = rg. This says that rg = rg/l < rg when [ > 1. So the p-brane wrapped p-sphere
has a radius much smaller than the p-sphere radius in dS geometry when [ > 1, therefore
giving a very large curvature. This will cause the DBI effective action (3.1) invalid in our
above discussion.® Let us now move to the I < 1 or E < 7, case for which we have from (3.7)

2 1 2 12 1 2

cosh” BTy(t) = 2 cosh” Bt — sinh” Bt =~ l—Qcosh Bt, (3.17)
where the last approximation holds if [ < 1. So to have cosh T(t) o cosh St, we need | <
1 or F < 7p. In other words, the system energy is much smaller than the tachyon potential
height and for this, one doesn’t expect the background to change dramatically in the course
of time evolution from ¢ — —oo to t — 4+00. When | < 1, from the above and (3.7), we
have [sinh 8Ty(t) ~ I cosh Ty(t) ~ cosh Bt > 1. So for any time, we should have a large
To(t) > 1. In other words, the system is always nearby its vacuum at 7'(t) = oo for t - —oo
to t — +oo. This lends further support to the above slow-change background claim.

5In our above discussion, we change the original flat Minkowski spacetime to R x S? with the p-sphere a
constant radius ro for the worldvolume. This should be straightforward and no complications should arise.



Moreover, this is also good for the worldvolume geometry since for present we need only

ro = rp, not encountering the issue as discussed above for [ > 1. One also expects that the

relevant modes are low energy for this case. So [ < 1 is the focus of our further discussion.
For this, the equation (3.15) becomes now

1
o — % — mv% =0, (3.18)
where we have set rg = ry (Note also 5 = 1/ry). So we are now ready to make possible
identification of the above equation with (3.10). For d = 3, the two equations can be
identified if mg = 0. For this case, the probe scalar is massless. In general (d # 3), it doesn’t
appear that we can identify the two equations. Fortunately, the spatial spaces for both cases
are p-sphere, s0 we have (£, Q) = fr.rmpi (OY D (Q) and 7(£,Q) = gy 1010 (1Y 2)(Q)
with V2, Y (Q) = —1;(l; +p— 1)YW)(Q) with [; = 0,1,--- for i = 1,2, respectively. Here
Y(l)(Q) are the p-sphere scalar spherical harmonics. Note that we still leave the radius of
p-brane wrapped sphere as 7 for the purpose of more options. With these, equation (3.10)

becomes
d—1)? 1 (d—1)(d—3)

o 2_ | hih+d—-2)+ ——F—F—7— e t)=0
t +m5 4,,4%[ +7‘?{C08h2(ﬂt) <1(1+ )+ 4 f ED vaall() )
(3.19)

while equation (3.18) becomes

la(lo +d —2)

0 =B+ L e t) =0. 3.20
|: t /6 7“3 COSh2(Bt) Iru, O,P7l2( ) ( )

In the above, we have set p = d — 1. Then the above two equations can be identified if the
following equations hold.

,  (d—3)(d+1) i\ 2 1
= L=1-2) Lbi,+d—2)+ -
my 4@{ , 1 - 2(le + )+4

R
-2 e

where 3 = 1/ry has been used. For d = 2, we have m2 < 0 and for d > 3, m? > 0.
There is no issue for the first equation to hold always. However, it is quite non-trivial
for the second one to hold since both [; and s are non-negative integers. Note in general
2 < d < 10. As discussed above, for d = 3, we can have [y = ls for ro = ry, therefore there
is no restriction from the second equation above. For other d, having this equation to hold
is highly non-trivial. If we take rg = rp, there exist possible solutions only for odd d, i.e.,
d =5,7,9 cases. For proper choice of g, we do have solutions for all d allowed but their
existence are rare in general. Let us take d = 2,4,5 as three examples. We will consider

2

the range of Iy as 1 < Iy < 10%. For d = 2 case, m? = —3/47%, a tachyon in the sense of

flat spacetime. We now have

(3.22)
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In the above, I = 0 can never be a solution, neither does [y = 0. If we want [y =1 =11 to
be solution, then we need to take ro = 2ry/v/3. There exist only four pairs’ of solutions
(I1,12), which are (1,1),(13,15),(181,209) and (2521,2911) for the range of Iy mentioned
above. For d = 4 case, we have m? = 5/(4r%) > 0 and

1
b= [5la(l2 +2) + Y2 —1, (3.23)

where we have taken 7 /9 = v/5/2. There exist now only three pairs of solutions (I1,12):
(1,1),(37,33) and (681,609) for the allowed range of lo. For the d = 5 case, we have
m? =3/r% >0 and
3 112 3
l = [2l2(l2 +3)+ 4} — 3 (3.24)
where we have chosen 7y /ro = 1/3/2. There exist now twelve pairs of solutions (l1, ) for
the allowed range of [, which are (1, 1), (5,4), (10, 8), (26, 21), (64, 52), (113,92), (271, 221),
(647,528), (1132,924), (2696, 2201), (6418, 5240) and (11219,9160). For different d # 3 and
for different choice of rg/rg, the number of pairs of solutions (I1,l2) are different but in
general not so many. For now, we don’t understand why the solutions are so rare. One
possible reason for this may be that the probe scalar satisfying its equation (3.10) can be
either future or past causally connected to an observer, for example, in the south pole while
the tachyon perturbation needs to be in the southern causal diamond. The requirement of
the two having the same solutions may put very strong restriction on the solutions or this
provides a selection rule.

3.2 The flat dS universe and the half S-brane

The flat dS universe metric is
ds® = —dt* + ¥ i, ), (3.25)

where the spatial part of metric is a flat (d — 1)-dimensional Euclidean space. It describes
an expanding universe with time running from 0 to co. The contracting dS universe with
the exponential factor e 2% can be viewed as its inverse process.

The K-G equation of a probe scalar ¢ with mass mg in this spacetime background is

[af +(d—1)89, +m? — e—zﬁtﬁﬂ é(t, 7) = 0. (3.26)

The above can be simplified if we set ¢ = e_(d_l)ﬁt/ngAS(t, Z). We then end up with

1 =5 -
[af - (d- 1262 + m? — e—%tv?] o(t,T) = 0. (3.27)
The relevant corresponding tachyon background should be the first solution of (3.6),
a future half S-brane, for [ = 1 case. In other words, we have sinh 37(c?) = )\eﬁ"o, where

for the following purpose, we denote the worldvolume coordinates as o* with p=0,1,---p

"We thank Xiaojun Tan for help on finding the pairs of solutions for the three cases considered.
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and with ¢° the worldvolume time coordinate. We also consider here time o

running from
0 to oo as the above expanding dS universe. To have the tachyon background Tj(c?) to
be large as before, i.e., nearby the vacuum at Ty = oo, we need to have a large A\ for the

present case. So we have, for large A,
cosh? BTy (c) =1 + A2e200° ny \2e260° (3.28)

We then have from (3.15) for the tachyon fluctuation for the present case as
L opra2| oy =
oF — 3% — 22¢ W2 7(t,8) =0, (3.29)

where we have set 0” = ¢. Then both (3.27) and (3.29) can be identified if we set 2/ = \o?
with i = 1,--- ,p and the scalar mass is given by m?2 = (d—3)(d+1)%/4 for any allowed d.

4 Tachyon description of thermodynamics in dS space

In the previous sections, we have demonstrated that the low energy dynamics of dS space
is closely related to that of tachyon field theory. The detail of this connection depends on
the coordinate system used to describe the dS space, which gives different cover of dS space
as well as different insights into the dS structures. This may in some sense reflect the fact
that a single immortal observer in de Sitter space can see at most half of the space and
therefore a description of the entire space goes beyond what can be physically measured.

As discussed in the Introduction, it has long been noticed that the open string vacua
on S-brane have somewhat mysterious thermal properties reminiscent of dS vacua [21, 40].
This has been demonstrated using the minisuperspace approximation in [2]. Given the
connection of S-brane to the tachyon condensation of unstable D-brane and the tachyon
itself as the open string vacuum, one expects that the tachyon effective theory itself can
spell out the thermal properties such as the Hagedorn temperature. This temperature, as
will be demonstrated, is actually the Hawking or Gibbon-Hawking temperature related to
the (cosmological) event horizon of dS space, therefore this provides also a support to the
thermal connection between dS space and the tachyon effective theory.

4.1 Thermal radiation in tachyon effective field theory

Open-string pair creation of thermal spectrum has been revealed in the tachyon BCFT [2,
21, 40], in which the free worldsheet action is deformed by the boundary term [3, 23]:

Shndy = /(92 drm?(X9(7)). (4.1)

The theory with m? = ()\/2)e=28X" respectively describes the decay/creation process of
an unstable D-brane, i.e., half S-brane. The one with the combination m? = (\/ 2)6i26X0
describes the full S-brane.

By considering only the zero modes (20, %) of (X°, X) in the theory, the authors in [2]

derived that, during the tachyon condensation process, open-string pairs with a thermal
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spectrum can be produced at the Hagedorn temperature

0
i) = % (4.2)
This temperature implies that the rolling tachyon will decay into closed strings.

The tachyon effective action (2.5) or (3.11) for the homogeneously decaying case is
believed to be equivalent to the time-evolving tachyon BCFT [39, 41, 42]. In [14], it has
been shown that the thermal feature of particle creation with the same temperature for
black holes (4.2) can also be derived in the effective theory.

In this subsection, we will use the tachyon effective theory to study the particle creation
during the course of tachyon condensation and to obtain the temperature of the correspond-
ing thermal radiation for the purpose of comparison with the thermal temperature of dS
space first without reference to string theory. This will lend further support of the proposed
connection between the two thermodynamically. We then discuss the implications of this
in the context of string theory, especially on the Hagedorn transition.

We intend to have the Klein-Gordon equation for the tachyon wave function. The
tachyon DBI effective action itself (2.5) or (3.11) cannot serve this purpose because of
its non-linearity. So we seek an alternative for this purpose. We are looking for particle
creation during the course of tachyon condensation. In other words, we are considering the
particle creation for tachyon satisfying the first equation of (2.6) or (3.3), i.e.,

V2

.
=1~ 1.

(4.3)
where the ‘dot’ over T represents the time derivative of T" (the time is the worldvolume one
which can be identified with the respective dS time if necessary). This equation implements
the conservation of energy and can be viewed as a constraint equation

) V2

2
The equation of motion with this constraint can be obtained from the above by differenti-
ating both sides one more time with respective to time and we have

. vv/
where V! = dV/dT. This equation can be equivalently derived from the following proposed
Lagrangian
1/ V(T)
LT, T)= - (T*+1- 4.
R A ] (1.6

which can serve our purpose to give the Klein-Gordon equation for the tachyon wave
function. For this, let us derive the corresponding Hamiltonian. The conjugate momentum

of T from the above action is
oL

-2 _7 4.7
07 (4.7)

pr
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and as usual the Hamiltonian is

: 1/, V3(T)
H=pT-L=-(T%-1 4.8
pit - 1= (7210 T, (1)
which is nothing but proportional to the left side of the constraint equation (4.4), as
expected. In other words, H = 0 determines the tachyon background. When expressed in
terms of momentum pr, we have

VQ(T)) , (4.9)

L/
H(T)pT):2<pT_1+ E2
whose consistency can be further verified from 7' = H /Opr = pr and pp = —0H/OT. We
then pass H = 0 to the tachyon wave function ¢ (7T) as

2 . 1 _
<aT Tl 6T> &(T) =0, (4.10)

which can be derived from the following Klein-Gordon equation with ¢(t,T) = e*i) (T
(w>0)
1

2 | a2
<_at o - 12 cosh? BT

> o(t,T) =0, (4.11)

where as before [ = E//7,. Note that the tachyon wave function ¢(¢,T) is the one with its
frequency w = 1 in proper units. Our approach adopted here is very muck like the usual
derivation of Hawking radiation for a given black hole background such as the Schwarzschild
one. For large T" — oo, the potential becomes vanishing and our interest is the positive-
frequency outgoing mode ¢(t,7") ~ e~ t=T) S0 we need Y(T) ~ e for large T.

Following [43], we define z = isinh(8T) and ¢ = y/cosh(B8T) w Then the equa-
tion (4.10) becomes the associated Legendre equation,

k? 1\] -
2\ 52 2 _
where k? = — [1/(B?%1%) — 1/4] and m = 1/B. We consider the case of E > 27,/8 so that
k is real. The normalized solution which is smooth across T' = 0 is given by the Legendre
polynomials of the first kind

SO = o msamn) DG + \Iﬁ )| Jeosh(BT) Pt (isinh(T)). (4.13)

We now focus on 7' > 0 since we are interested in tachyon condensation process (brane

decay) and for large T' we need 9(T) ~ e as mentioned earlier. This outgoing mode is

given by the Legendre polynomials of the second kind as,

ez cosh(B8T)
IT(3 — k +4m)| || sinh(7m)

YOU(T) = Q:’; _, (isinh(BT)). (4.14)
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The normalization factor above is determined with the requirement of the asymptotical
form of solutions, i.e., T" — oo, taking the following forms

— k . . .
LOU(T) E/%e“l e~ T (4.15)
where § = arg[['(1 — im)I'(1/2 — k + im)]. The outgoing mode can be related to () (T)
and (O*(T)) given in (4.13) as

wout(T) _ b*¢(0) + a*w(o)*, (416)
where * denotes the complex conjugate and the Bogoliubov coefficients a and b, satisfying
la]? — |b]? = 1, are given as

. tkm mm
a=—ie™Mpr= 227 (4.17)

\/2sinh(mm)

In having (4.13)—(4.17), we have followed [43] closely and used various properties of P/'(z)

and Q1 (z) given in [44]. Hence, from the Bogolubov transformations (4.16) and the uni-
tarity relation |a|?> — |b|?> = 1, the particle density seen by an observer at T — oo in the
T = 0 vacuum at frequency w =1 is

1

m, (4-18)

ny=1 = |b|2 =
where we have used the relation between a and b* given in (4.17). So the temperature of
tachyon thermal radiation from this is

1 B

omm 21’

ﬂachyon - (419)

where we have used in the last equality m = 1/ defined earlier. This temperature is
actually nothing but the (Gibbons-)Hawking one of dS space which will be discussed in
the following subsection.

4.2 (Gibbons-)Hawking and Hagedorn temperatures

The Gibbons-Hawking temperature for dS universe can be read from the period of Eu-
clideanized time in (3.8) or (3.25) as

o) =7 4.20

GH 21t ( )

This temperature and the Hawking temperature (2.2) in static dS space can both be de-

rived also by quantum field theory in the corresponding dS spacetime. In the previous

subsection, we have derived the thermal radiation from the tachyon condensation with a

temperature (4.19). This temperature of tachyon radiation is clear to be the same as the
corresponding Hawking or Gibbons-Hawking temperature of respective dS space,

() _ () () _ ()

Ty =T, Toy =1,

— Ttachyon> tachyon”

(4.21)
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if the corresponding time is identified. This identification of two kinds of temperatures
is consistent with the dynamical connection of dS space to tachyon field theory revealed
previously and naturally implies that the thermal radiation in dS space is related to that
in the tachyon field theory.

As discussed in section 2, in string theory context, S is related to string scale and in
string units, the temperature of tachyon radiation derived in the previous subsection is
nothing but the Hagedorn temperature given in eq. (4.2) if the time ¢ used in the effective
field theory is identified with the zero-mode time coordinate z° in the BCFT. The Hagedorn
temperature in tachyon field theory indicates a phase transition of decaying branes to
closed strings. Then the natural question is how to understand its correspondence and the
underlying picture in dS space, i.e., in static dS and expanding dS. We try to address this
in the following subsection

4.3 The interpretation of Hagedorn transition in dS space

The appearance of Hagedorn temperature in the thermal radiation of tachyon field theory
indicates a transition to closed strings. Closed string emissions from rolling tachyon have
been investigated in previous works. It is found that rolling tachyon can decay into mass-
less [45, 46] and massive [42, 47| closed strings. The calculations in BCFT in [42] suggest
that homogeneously decaying unstable Dp-brane with (p < 2) wrapped on a sphere can
completely decay into closed strings, mainly massive ones, at the end of tachyon conden-
sation.

What is then the underlying picture of this transition when looked from the bulk dS
space? The inevitable existence of a (cosmological) event horizon in dS space is due to
the fact that no single observer can access the entire dS spacetime. The consequence of
this is that dS space is naturally associated with a temperature, as shown in [48], which is
the same for any observer moving along a time-like geodesic and is determined by the dS
radius rg. In other words, any geodesic observer in dS space will feel that she/he is in a
thermal bath of particles at a temperature

, (4.22)

where the dS radius ry = 1/ with § related to the cosmological constant as given be-
low (2.1). So for concreteness and without loss of generality, we will focus on a specific
observer stationary at the south pole and consider the static dS space as given by the
metric (2.1). For this observer, the region fully accessible cannot go beyond the horizon.
If the underlying theory is indeed string theory, then from section 2, we know that g
is on the order of string length l5. Then the physical radius of the (d — 1)-sphere in the
metric (2.1) is just 7 € [0, 7] < ls, which is also on the order of string length. The physical
distance L from r = 0 to the horizon r = rp can be calculated to be L = 7ry /2 ~ I5, again
also on the order of string length. In other words, when string theory is considered, the
region fully accessible to the observer has a physics size of string length. For such small
physical size, as raised in section 2, whether the dS geometry can still be taken classically is
certainly questionable but nevertheless the above obtained temperature (4.22) still agrees
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with more sophisticated stringy computations [2, 21]. So we may assume that the dS
geometry can still be good or at least on the verge of breakdown. With this, we can
now address the question posed at the end of the previous subsection. First, the thermal
temperature given in (4.22) agrees now with the Hagedorn temperature (4.2). If the dS
geometry originates indeed from string theory, we have then only closed strings in the bulk
dS spacetime. But to the observer at the south pole, the accessible physical size to him/her
is on the order of string length. Therefore, the observer can most likely see part of the
closed strings at such a high temperature and the rest part of them should lie beyond the
horizon and cannot be seen by the observer. In other words, the closed strings appear
to the observer as if they were open strings and this may explain the connection of dS
dynamics to that of worldvolume tachyon field theory at low energy.

We are now ready to provide a dS picture of Hagedorn transition. In tachyon field
theory, the appearance of Hagedorn temperature signals a phase transition of open string
modes to closed strings. In the bulk dS space, there exist only closed strings but they appear
to the observer as if they were open strings since the accessible region to any given observer
is limited to one enclosed by its horizon, whose size is on the order of string scale, due to
the peculiar property of dS space. At such a high temperature, the seemingly open strings
will escape the region accessible to the observer. Once this happens, these open strings
disappear with respect to the observer and they restore what they are as closed strings. This
process may be thought, with respect to the observer, as a transition process of open strings
to closed strings even though the observer doesn’t know this transition. This is consistent
with the world-volume picture of Hagedorn transition for which the world-volume dynamics
itself doesn’t imply this transition in the g; = 0 limit and it is the appearance of Hagedorn
temperature to signal this to happen. An alternative picture of this is to assume that the
classical dS geometry is on the verge of breakdown at the Hagedorn temperature. Before
the breakdown, the observer can only see open strings in the region accessible to him/her.
When the breakdown happens, the dS geometry ceases to exist and the peculiar property of
dS geometry is lost. As such, the immortal observer can access much large region of space
and see the previously seemingly open strings to restore to what they are as closed strings.

5 Conclusion

In this paper, we have provided evidence supporting that the (thermo)dynamics in dS space
can be described by the tachyon field theory of unstable D-branes. Concretely, we have
shown that the radial geodesic motion of a massive probe particle in static dS space can
be described by an action, which turns out to be exactly the same as that of the tachyon
field theory derived from open string field theory. Further we have also shown that certain
low energy linear scalar dynamics in the global or flat dS space can be identified with
the tachyon fluctuations on a homogeneous tachyon background, representing either full
S-brane or half S-brane, respectively. In addition, we have also shown that the thermal
temperature of tachyon radiation agrees with that felt by any time-like observer in dS space.
In particular, in string theory context, this temperature is actually the Hagedorn one, sig-
naling a transition to closed strings. An understanding of this transition in dS space is also
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proposed and it is believed to be due to, in the present context, that the size of the region
fully accessible to any timelike observer in dS space is on the order of string scale or the dS
space ceases to exist, when the thermal temperature reaches the Hagedorn temperature.

The present study also provides an understanding of the tachyon condensation geomet-
rically in terms of dS dynamics. For example, the tachyon rolling from the top of tachyon
potential to the bottom can be represented by the geodesic motion of a massive particle
in a static dS space from, say, the south pole to the event horizon. The open string vac-
uum corresponds to just the near south pole geometry, which is a flat Minkowski, while the
closed string vacuum to the near horizon geometry, which is now a Rindler spacetime times
a sphere. In the present context, the transition from the open string vacuum to the closed
string one can be geometrically represented by the static dS geometry, which interpolates
the flat Minkowski to the Rindler space times a sphere.

For dS; space in global coordinates with d > 1, except for the d = 3 case, we can
identify, only for a very limited modes, a probe scalar in this dS background with the
corresponding tachyon fluctuations in certain homogeneous full-S brane background on
unstable Dp-branes wrapped on a p-sphere. We are presently lack of an understanding of
this limitation except for the speculation mentioned at the end of subsection 3.1. We try
to address this elsewhere in the near future.
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