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1 Introduction and summary

The aim of this paper is to find general relations between the conformal anomaly and chiral

(R-symmetry and gravitational) anomaly coefficients in 6d (1,0) superconformal theories.

Recently, the expression for the conformal anomaly a-coefficient was suggested in [1]. Here

we shall do the same for the conformal anomaly c-coefficients.

In 4d N' = 1 superconformal theories there are linear relations between the a and c

coefficients in the conformal anomaly [2]!

Ay = (4n)T) = —aEy + ¢ C?

(1.1)

"Here and below C' is the Weyl tensor, Ey is the Euler density and we omit total derivative terms in (T').



and the coefficients «, 5 in the U(1) R-symmetry and mixed gravitational anomaly 6-form
polynomial [3, 4] (here R?> = R A R, etc.)

3 1
= =Ba—5), =500 -5p), (1.2)
1

1
I6=§(ac:f+ﬂc1p1), c=trF, p1:—§t1"R2- (1.3)

The conformal anomaly of a classically Weyl invariant theory in 6d has the following general
form [5-7]

a

A65(47T)3<T>:—aE6+W6, Weg=ciIi+colyo+c315. (14)

Here FEg = egeg RRR is the Euler density in six dimensions and Wy is a combination of the
three independent Weyl invariants It = Cunp C"P" Cpapg, 12 = Copmn C""PICpqan, I3 =
Cornpg V2C™P4 4 . (for details see [7]).> Thus, in general, in 6d there are 4 independent
conformal anomaly coefficients.® Let us note that on a Ricci flat background one has the

identities
Es=32121 + 1), Is=41 — I, (1.5)
so that (1.4) takes the form
1
Aﬁ‘RngO = —la— @(Cl + 4C2) Eg + (Cl — 2¢co + 663) 1. (1.6)

In the presence of (1,0) supersymmetry one expects that the three Weyl invariants I;
are bosonic parts of only two possible 6d superinvariants, i.e. the coefficients ¢; should
satisfy one linear relation. As suggested by free-theory examples ((1,0) scalar and tensor
multiplet) [7] and holography based strong-coupling arguments [15], this relation should be*

(1,0) : q1 =c¢1 — 2cy +6c3 =0. (1.7)

Then, (1.6) implies that in this case the conformal anomaly on a Ricci flat background is
simply proportional to the Euler density (and thus the integrated or scale anomaly vanishes
on an asymptotically flat space).

In the case of (2,0) supersymmetry, the invariants I; should be part of a single super-
invariant Ws so that ¢; should be subject to one additional constraint

(2,0) : ga =c1 —4co =0, ie. ¢1 = 4cog = —12¢3 = 96¢. (1.8)

*The sign of Es to be used here (we shall assume Euclidean signature) is opposite to the one in [7, 8]
but the sign of the a-coefficient will be the same, i.e. negative for standard unitary scalar, spinor or tensor
field. We choose not to reverse the sign of a compared to the 4d case (1.1), i.e. not to include an extra
(—=1)%2 factor (as is done, e.g., in [9] in discussion of free energy on a sphere) so that the a-coefficient is
always directly proportional to the coefficient of the logarithmic UV divergence (see, e.g., [10]).

3The Weyl anomaly may be related to the correlation functions of the stress tensor on a flat back-
ground [11]. In 4d the a-coefficient is related to the 3-point function (T'T'T) and c is proportional to the
coefficient in the 2-point function (T'T"). In 6d, the a-coefficient is related to the 4-point function (TTTT).
The coefficient cs is related to (I'T), while ¢1 and co are related to the two free parameters in (I'T'T)
(in 6d this 3-point function has three parameters, but one of them is related to the 2-point function by a
conformal Ward identity [12-14]).

“This relation appeared also in other contexts in [16-18].



In this case there is only one independent c-coefficient, i.e.
(2,0): Ag = —aFg+cWe, We=9611 +241, — 813. (19)

This expectation is supported by the results for the anomaly of a free (2, 0) tensor multiplet
in [7] and for the strong coupling (large N) limit of interacting (2,0) theory [19]. Then on
Ricci flat background one gets from (1.6)

(2,0):  Ae|p o= (c—a)Es, (1.10)

which is the analog of the familiar A4 = (c—a) E4 relation in 4d following from (1.1).

‘Rmn:()

Since like 4d anomalies the 6d anomalies form a supersymmetry multiplet [20-22]
one expects to find linear relations between their coefficients analogous to (1.2). The 6d
chiral (SU(2) R-symmetry and gravitational) anomaly 8-form polynomial has the following

general structure [23-25]

1
Zgzﬁ(ac§+ﬁ02p1+’YP%+5p2), (1.11)
1 1
co = tr F?, Do = —ZtrRA‘ +3 (tr R?)?, (1.12)

where ¢; and p; are defined as in (1.3) and @ = (o, 8,7, ) are numerical coefficients.?

In [1] an expression for the a-coefficient in (1.4) in (1, 0) superconformal theory written
in terms of the chiral anomaly coefficients @ was found by determining the 4 parameters k
in the expected linear relation a = k - @ from several explicit examples:©

1 3
=—(a- ~6). 1.1
a = <a B+v+ S > (1.13)
Equivalently, this may be written as
16 3 7

=—(a- 2 =a(T?) = - — 1.14
a 7<a B+’y+8(5>aT, ar = a( ) 1153 (1.14)

where ar is the value of a for the (2,0) tensor multiplet [7] for which & = (1,1, %, —3).

Here we shall follow the same strategy to find the analogs of (1.13) for the two inde-

pendent conformal anomaly c;-coefficients, e.g., ¢; and cp (with c3 then given by (1.7)).

Using as input some known examples we suggest the following expressions’

4 52 31 1 5 23
R R L L A

C3 = *6(01 — 2C2) .

®The R-symmetry gauge bundle forms c; and cz should not be confused with the conformal anomaly

coefficients c1, ca.

This relation (and similar relations below) between chiral and conformal anomalies applies for (1,0)
supermultiplets; for (0,1) ones one should flip the overall sign as conformal anomaly is not sensitive to
chirality (of fermions and antisymmetric tensors) while chiral anomalies are.

"It remains to see if these relations may be used to interpret (at fixed points) the RG flow C-functions
discussed in [26] in terms of the conformal anomaly coefficients.



Like a in (1.13) all ¢; then depend on a, 3 only through a — 3, suggesting that c3 — capy
combination in the anomaly (1.11) is part of (1,0) superinvariant related to conformal
anomaly. Also, we observe that

8
c1 — 4o = —2—7(47 +9), (1.16)

so that in the special (2,0) supersymmetry case when (1.8) is expected to be satisfied we
should have

(2,0) : 'y:—ié. (1.17)

This is consistent with the fact that py — ip? in (1.11) should form part of associated
superinvariant.® Also, in the (2,0) case the coefficients 4 and + in (1.11) appear to be
related by

(2,0) : 8 =dn. (1.18)
Then it follows that in the (2,0) case (see (1.8), (1.13), (1.15), (1.17))
1 9 1 3

2,0) : =—— = =—— = 1.1
(2,0) a 72<a+85>, c 72<a+25>, (1.19)
c1 = 4cp = —12¢3 = 96¢, (1.20)

1

—c=-—4. 1.21
a-Cc= 10 (1.21)

The relation (1.21) allows one to determine ¢ from the knowledge of a-coefficient and the
gravitational anomaly coefficient §.

Below, we shall be discussing 1-loop conformal anomalies in higher derivative theories.”
In general, the conformal anomaly in the trace of stress tensor on a curved background
is related to a logarithmic UV divergence and thus it is determined by the corresponding
heat kernel (Seeley) coefficient. This relation is “kinematical” and is expected to apply
regardless the order of the differential operator involved or metric signature (and thus
also other issues like unitarity). One important assumption will be the existence of Weyl-
covariant generalisations of flat-space conformal higher derivative operators that have the
correct gauge invariance at least on conformally flat and Ricci-flat backgrounds (cf. [27]).10
As for chiral anomalies, they are essentially the same (modulo ghost counting, etc.) for the
standard and higher-derivative operators (see, e.g., [24, 28-30]).

The structure of the rest of this paper is as follows. In section 2 we shall summarize

1.0) and tensor

the results for conformal and chiral anomalies of the standard (1,0) hyper S¢
710 multiplets and also for the 6d conformal analog V(10 of the Maxwell multiplet
which contains 4-derivative vector, 3-derivative spinor and 2-derivative scalar fields. This

will provide evidence for the relation (1.15).

8This 8-form multiplied by Cs-potential is bosonic part of a 11d e1;Cs RRRR superinvariant.

9In general, the properties of anomalies in higher-derivative theories (and comparison with their deriva-
tion in the standard unitary theories) deserves a thorough investigation that we postpone till future work.

1%We will considering only universal, i.e. regularisation (or scheme) independent terms in 6d conformal
anomaly that cannot be changed by adding local counterterms.



In section 3 we shall consider a family V},(I’O) of higher derivative “massive” (1,0)

conformal multiplets generalizing the “massless” (gauge-invariant) vector multiplet Yy (1.0,
They appear in tensor product of p copies of (9 scalar multiplets. We shall independently
compute their chiral and conformal anomalies and provide an additional check of (1.15).

In section 4 we shall compute the anomalies of a family CSG, of (2,0) 6d multiplets
that generalize the (2,0) conformal supergravity multiplet (corresponding to p = 2 case).
These are associated to 7d multiplets that appear in the KK spectrum of 11d supergravity
compactified on S, i.e. appear in tensor product of p copies of T(39) tensor multiplets. We
verify the relation (1.14) and apply (1.19) to compute the corresponding c-anomaly. We
show, in particular, that the system of (2,0) conformal supergravity coupled to 26 tensor
multiplets is chiral and conformal anomaly free.

In section 5 we shall apply the relations (1.15) to compute ¢;-coefficients of some inter-
acting (1,0) superconformal 6d theories for which the chiral anomaly coefficients are known:
the E-string theory on multiple M5-branes at Eg 9-brane and the theory on Mb5-branes at
an orbifold singularity C2/I. We observe some relations between the c;-coefficients that
indirectly support the consistency of our suggested expressions (1.15).

Finally, in section 6 we shall consider the AdS/CFT based computation of subleading
corrections to the 6d conformal anomaly coefficients coming from R? + R? terms in 7d
effective action discussing, in particular, the supersymmetry constraints (1.7) and (1.8)
and 1/N? corrections to conformal anomaly in (2,0) theory.

In appendix A we shall compute the conformal anomaly coefficients for the higher-
derivative vector multiplet V(19 on a Ricci flat background. Appendix B will be devoted to
the computation of chiral anomaly coefficients for the CSG,, multiplets. We shall also give
a separate discussion of the anomalies of the (2,0) and (1,0) conformal supergravities. In
appendix C we will propose an expression for the S Casimir energy E. for (1,0) multiplets
given like (1.13), (1.15) by a linear combination of the chiral anomaly coefficients.

2 Simplest free (1,0) 6d supermultiplets

The conformal anomalies of free 2-derivative scalar ¢, Majorana-Weyl (MW) spinor 1 and
(anti)selfdual rank 2 tensor T were computed in [7]. Combining these fields into (1,0)
scalar and tensor and (2,0) tensor supermultiplets (we indicate physical fields only and
their chirality)

S0 = 4 + 207, T = o429~ + 77,
70 = g0 L 710 = 50 4 49~ + T, (2.1)

we get the corresponding values of a and c¢; in (1.4). The results are summarized in table 1.
We observe that for S0 and T(19 the relation (1.7) is satisfied, while for 7> we have
also the relation (1.8). It is reasonable to assume that (1.7) follows from the requirement
of (1,0) supersymmetry on the Weyl super-cocycle and should thus be true in all (1,0)
cases, free or interacting. This is also consistent also with what is implied by holographic
computation of conformal anomaly [15, 31].



a C1 C2 C3

_ 1 _ 1 1 1
® 72576 540 3024 2520
T |- 91 2 1 1
1451520 135 630 504

T | 220 143 _ 1189 1
20320 540 15120 56

quo| __1_ 1 1 1
34560 27 540 180

70| _ 19 8 11 1
34560 27 135 45

(2,00 __7_ _1 _ 1 1
T 1152 3 12 36

Table 1. Conformal anomaly coefficients for free fields and supermultiplets.

Let us also consider the standard 6d (1,0) supersymmetric vector multiplet V0

(which includes the 2-derivative Maxwell field V' and thus is not superconformal) and also
the higher-derivative superconformal 6d (1,0) vector multiplet V(19 that includes the
4-derivative vector V* and 3-derivative spinor ¢®) [8, 32]

V) = oyt 4V, V) = 30 4 2Bt @) (2.2)

(1,0)

The supersymmetric vector multiplet Vi may be appearing in low-energy limit of a

spontaneously broken 6d superconformal theory (e.g., from ¢F; 31, + ... with (¢) = const).
(1,0)

While the conformal anomaly coefficients are not defined for non-conformal Vj multiplet,
for V19 one finds
251 19 91 11
yao, o, Bl R L
= 34560 A= 2 gg 9T g Y
Here a can be determined [8] from the value of the conformal anomaly on S® — either

directly in 6d or using the AdS7 based method [33-35]. The values of ¢; can be computed
starting with the curved space kinetic operators given in [8] and are again consistent with
the constraint (1.7) (see appendix A).

Let us now consider the corresponding chiral anomaly coefficients in (1.11). The only
fields that contribute to the chiral anomalies are the Weyl fermions and self-dual tensors
(their values can be found in [24]). Also, the chiral anomaly contribution of 3-derivative
fermion ¢ is the same as of the standard 1-derivative fermion v. This leads to the coef-
ficients summarized in table 2 where we also give the results for the a coefficient verifying
the relation (1.14) of [1]. Few explanations are in order. The values for 79 in (2.1) are
the sums of the values for (9 and 79, The chiral anomalies of Vs(l’o) and V1O are
the same as they come only from the fermions and are not sensitive to extra 9 in the
kinetic term of ¢ in (2.2). The values of a, 3 for S0 are zero since the corresponding
fermions in (2.1) are singlets of SU(2)z. The fermions of (19 form a doublet of SU(2) g as
are the fermions of VS(I’O) and V19 but their a, 3 coefficients differ in sign due to different
chirality assignments in (2.1), (2.2) (the antisymmetric tensor of 71 does not contribute



a| B d |a/ar
(1,0) 7|1} 11
S 0101 5 |50 210
(1,0) 1| 23 |_29| 19
T 115 | i | 60| 210
(2,0) 1 L1
T 13 3 5| 1
(1,0) 1l_ 7] 1
Vs —1|—3| 0| 0 | —
(LO)| |17 | L |_251
4 L—5|~2m0| 50 |~ 210

Table 2. Chiral anomaly coefficients and a coefficient (in units of T(*9) value).

to a, f as it is singlet of R-symmetry). The gravitational anomalies 7,d of S (1.9) and of
Vs(l’o) or V(19 are the same up to sign as they come from fermions of opposite chirality
(for T(H9) there are also additional contributions of antisymmetric tensor).

It was noted in [1] that the relation (1.14) formally applied to the standard (scale
invariant but not conformally invariant vector multiplet Vs(l’o) for which a is not defined)
leads to the value a = —%aT which has the opposite sign to a of S09 and TU9. Ag
was observed in [8], this value corresponds, in fact, to the higher-derivative superconformal
multiplet V9. Tt now appears that the reason for this curious observation is simply of
(10) 4nd V10 are

being higher-derivative (non-unitary) happens to have an opposite sign

technical nature — it follows from the fact that the chiral anomalies of Vj
the same, and V/(10)
of a-coefficient compared to the one of the standard unitary scalar and tensor multiplets.

Turning now to the conformal anomaly c;-coefficients we observe that their values in
table 1 and (2.3) are indeed consistent with the relations (1.15), (1.7) where «, 3,7, 0 are
given by table 2. The values for the three multiplets S0, 710 and V(1.9 are sufficient
to fix 3 out of 4 a priori unknown coefficients in the relations (1.15) between c; and chiral

anomaly coefficients.

3 Higher derivative spin 1 superconformal multiplets

To provide further examples of anomaly computation for (1,0) superconformal multiplets
and to support the relations (1.15) let us now consider a family higher derivative analogs

(1.0) These multiplets, that we will denote as Vél’o), p > 2, will

of the vector multiplet V'
contain scalars, spinors and vectors with higher-derivative kinetic terms. The p = 2 case
will correspond to V(19 discussed above. From the point of view of OSp(2,6/2) represen-
tations [36-38] the hypermultiplet S(10) is a doubleton ultra-short representation [39].!!
Additional (possibly massive) conformal representations are obtained from the tensor prod-
uct of p copies of S(10) The resulting multiplets V;,l’o) are still short but have maximal
spin equal to 1 instead of % as in the S0 case. The structure of these multiplets was

worked out in [41] and is summarized in table 3.

"“1In general, the relevant superconformal algebras are OSp(8™ | N) with compact R-symmetry USp(N).
Our notation OSp(2,6|2) implicitly exploits the isomorphism SO*(8) = SO(2,6) [40].



SO(6) SU(2)g A
¢ (0,0,00 p+1 2p
vt (333 P 20+
Ve (1,0,0) p—1 2p+1
v (3.9:73) P—2 2p+3
¢ (0,0,00) p—3 2p+2

Table 3. Short multiplets V](gl’o) of OSp(2,6]2) that appear in the product of p copies of (1,0)
doubleton (hypermultiplet).

Here A is the scaling dimension of the conformal group SO(2, 6) related to the canonical

dimension of the corresponding 6d field ® by dim ® = 6 — A. We indicated also the SU(2)
R-symmetry representations.'? ¢* are positive/negative chirality MW spinors while ¢ and
¢ are scalars. The vector V}, is non-gauge (“massive”) one for p > 2 but has the standard
gauge invariance for p = 2.

The p = 2 case of VI(JI’O) is thus V(10 in (2.2). Note also that the formal p = 1 case
of field content in table 3 is the same as the scalar multiplet S0 in (2.1) but with the

1,0 1,0
g ) _ g(0,1) (1,0)

opposite chirality of the fermion, i.e. V Thus the chiral anomalies of V3
(1,0)

. In what follows we shall assume that

)

From the canonical dimensions of the fields one can determine the power of derivatives

will be opposite in sign to the anomalies of S
p > 1, as required by the actual construction of V](Jl’0 as a tensor product.

in kinetic terms in the corresponding 6d Lagrangian
_ 2p—3 T+ gdp—=5 4 2p—2 - gdp—3 | — /2p—1 7 1
L=pOP o+ @7 YT + Vo, OF 2V 9 @7 ™ + ' OP 7 (3.1)

where each field is assumed to transform under SU(2)r according to representations in
table 3.13

Let us first compute the corresponding chiral SU(2)r and gravitational anomalies.
The gravitational anomaly coefficients 7, d in (1.11) here get contributions from the chiral
fermions ¢ and 1~ and do not depend on powers of derivatives in the kinetic terms, i.e.
are the same as for the usual @ fermions. As we have p of 1T fermions and p — 2 of ¥~
fermions the total contribution is as of p — (p — 2) = 2 positive-chirality fermions, i.e. it is
the same as for the standard vector multiplet or for V(10 in (2.2) (see table 2). Thus the

2p stands for a representation of dimension p; fields with negative SU(2)z dimensions should be dropped.
For a field in p-dimensional representation of SU(2)r the d values of the R-charge are f% +k, k=
0,...,p—1.

13From the kinetic terms we can compute the corresponding numbers of dynamical d.o.f. for bosons and
fermions (p >2)  w=(@+1)2p—3)+(p—3)2p—1)+6(p—1)(2p—2) =4(2p—3)(2p - 1),
vy = —2[p(4p —5) + (p — 2)(4p — 3)] = —4(2p — 3)(2p — 1), so that vy + vy = 0. The above expressions are
formally true also for p = 2 when the vector is a gauge-invariant one but there is no second scalar ¢’ and
this has the same effect as subtracting the gauge mode of V;,,.



v, 6 coefficients are p-independent

VéLO) : v = —L (S = i . (32)

The coefficients o and 3 in (1.11) are proportional to the sums of second and fourth powers
of the R-charges.'* Taking again into account that the chiral anomaly receives only the
contributions of the two opposite chirality fermions in table 3, we get

Y2 :]g(p;lﬂf)?f (f’;?’w)Q = 3-12

k=0
LS p—1 Y R p-3 0 N\ 1 o
S :§<2+k> kZ_O<2+k> = -t

Including the normalization constants so that for p = 2 we recover the vector multiplet
values in table 2, we get

p

VL0 . a=—(p-1)"*, p= —%(p —1)%. (3.4)

As expected, for p = 1 the expressions for the chiral anomalies in (3.2) and (3.4) are the
same as for S19 in table 2 up to an opposite overall sign.

Next, let us turn to the conformal anomalies. To compute the conformal anomaly

)

associated to a representation (A;hq,ha, hs) of the conformal group SO(2,6) given in [8,
43):1°

a-coefficient corresponding to VZ(;l’O we may use the general expression for a of a field

(—1)*"d(h)
96 x 37800
—21(A = 3)* [h + h1 (h1 +4) + ha (he +2) + 5]
+35(A = 3)%[ (h1 +2)* (ha + 1)* + (h1 (h1 +4) + ho (ha +2) + 5)h3]

105 (hy + 2)% (hy + 1) hg} . (3.5)

a(A;h) = — (A —3) [15(A —3)8

“Here we consider the Cartan U(1) subgroup of the SU(2)r as the 4th order anomaly 3 is determined
by the sum of fourth powers of the J. eigenvalue, see, e.g., [42].

Here h = (h1,h2,h3), h = hi+ ha + hs and the dimension d(h) of the SO(6) representation h is

d(h) = %(1 +hi —ha)(1+he —h3)(1+ha+ h3)(24+ h1 — h3) (24 h1 + hs3)(2 + h1 + ha).

Note that

da(A;h)  (—1)%"d(h)
oA = 951360 D+ 5)(A+hi —1)(A —ha —4)(A+ha = 2)(A — hy = 3)(A+ hs —3).




Summing up contributions of all fields with their multiplicities in table 3, we get!'6

_1
72

11

V(I’O) : Pe—
P a4 * 34560

(p—1)* (p—1)° (3.6)

144
For p = 2 this gives the value for V(19 in (2.3).17

It is straightforward also to directly compute the conformal anomaly on a Ricci flat
background by assuming that Weyl-covariant kinetic operators appearing in the generaliza-
tion of the Lagrangian (3.1) to curved background factorize into a product of the standard
2-derivative operators (cf. appendix A). We then find

NS Aol o=+ (2p=3)+(@—3)(2p—1)] As(p) + (p — 1) (20 — 2) A6(V)
1

+ [p(4p—5)+ (p—2) (4p — 3)] As(¢)) = — 17590 o (3.7)

Here Ag(p), Ag(V) and Ag(v)) are conformal anomalies for standard Laplacians defined on
scalars, vectors and spinors on a Ricci flat background. This expression was derived for
p > 2 but is also valid for p = 2, i.e. for V(10 when the vector is a gauge-invariant one.

Comparing (3.7) to the general expression in (1.6) and using the expression for a
in (3.6) we conclude that in addition to the expected relation (1.7), i.e. c3 = %(cl — 2¢9),
we get

1 4 2
V(Lo . deg=192a— — =—(p— 1) ——(p-1)*+ =. 3.8
s c1 + 4ey a- =31 =g -1+ (3.8)
Using the results for the chiral anomalies in (3.2), (3.4) we conclude that the value of the
a-coefficient in (3.6) is indeed consistent with the general expression (1.13) of [1]. Our
suggested expressions (1.15) for ¢ and co give

4 2 1 1 1
——p—1)—Z(p—1)+ — — —p—1)r - (p—1)2+ —— 3.9
c1 3(10 ) 3(p )+27, 2 3(29 ) 6(19 )"+ (3.9)

SExplicitly, the separate contributions a(A; ki, he, h3) are

3(2070,0,0) = — s (0 — 1)+ 51 (0= 1 = = (= D+ Tooee (0= 1) = s (0= 1% + o
a(2+ 53 53) =5 @1~ g0 - g - U T - D' g o 1
N % (b= 1"+ 14;?;20’
a2+ 131,0,0) =~ (p— 1+ oo (0= 1 = 5= (= 1),
a(2p+ g%%%) = %(p71)7+2%0(p7 1)° ~ 2*;0(19*1)5 - ﬁ(z)* 1)4+$(p71)3
+ %(p— 1)* — %,
a(2p +2;0,0,0) = — oo (p—1)7—% (p—l)ﬁ—g)}TO (p—1)5+%;60 (p_l)S‘LWlso (p—l)Q—T;)?G-

1" The expression (3.6) was derived assuming p > 1; still, if we formally set p = 1 we get the value opposite
to the value of S(*:*) in table 1 while the conformal anomaly of Vﬁ“’) = s (cf. table 3) should be the
same as of S,
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A7 hla h2a h3) Usp(4> (A’ h17 h’27 h3) USp(4)

(2p+2;0,0,0) [ ]
2p+53:5.4.8) |1 ]
p>4{(2p+3;1,0,0) |[[2,p — 4]
2p+ 44,4 =D ]
(2p+4;0,0,0) |[ ]

2+ 3% 5,-1)

(

(

( [ ]
( [ ]
( [ ]
(2p+3:3:33) | ]
(2p+2;2,0,0) |[0,p—2]
( [ ]
( [ ]
( [ ]
( [ ]

Table 4. SO(2,6) x USp(4) representations of fields of 11d supergravity on AdS; x S* vacuum.
Each level p corresponds to 6d (2,0) superconformal multiplet. The canonical dimension of the
corresponding 6d fields is A_ =6 — A.

These are indeed consistent with (3.8), thus providing an additional test of eq. (1.15). Let

us note also that ¢c; —4co = % is independent of p, i.e. is the same as for V(1.0) 18

4 Higher derivative spin 2 superconformal multiplets

In this section we shall consider the chiral and conformal anomalies of higher derivative 6d
superconformal multiplets generalizing (2,0) conformal supergravity (CSG) multiplet.

Let us start with the Kaluza-Klein spectrum [44-46] of 11d supergravity compacti-
fied on S* given in table 4 (see also [47]). The massless level p = 2 is represented by
the fields of maximal gauged 7d supergravity with AdS; vacuum. The corresponding
6d “massless” OSp(2,6|4) superconformal multiplet is that of (2,0) conformal supergrav-
ity [8, 48].19 Similarly, the 7d multiplet formed by fields belonging to p > 2 level corresponds
to higher derivative “massive” (2,0) superconformal multiplet in 6d (which we shall denote
as CSGp).20 Equivalently, just like the higher derivative vector multiplets in table 3 appear
in the product of p copies of (1,0) hypermultiplet S, the CSG, multiplets appear in
the product of p copies of (2,0) tensor multiplet 7(>0) [45].

¥ 0nce again, for p =1 the ¢; in (3.9) are opposite to the values corresponding to S0 in table 1 which
is due to the fact that we applied the relations between chiral and conformal anomalies valid for (1,0)
multiplets while the p = 1 example is formally a (0, 1) scalar multiplet (cf. footnote above eq. (1.13)).

19Tn table 4 we have chosen chirality assignments so that for p = 2 they correspond to the canonical
choice in the (2,0) conformal supergravity [48], i.e. the fermions and gravitino have positive chirality and
the antisymmetric tensor is self-dual.

20Fjelds of “massive” conformal group representations do not have gauge invariances that are present in
the “massless” case.
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Below we shall compute the chiral (gravitational and R-symmetry) anomalies and the
conformal anomaly c-coefficient in (1.8) of these (2,0) CSG, multiplets complementing the
result for their conformal anomaly a-coefficient found in [8, 43]. The anomaly coefficients
will all be proportional to the same factor 6p(p — 1) + 1 and will satisfy the expected
relations (1.17), (1.19), (1.21). In particular, we will confirm the conjecture of [8] that
the system of (2,0) conformal supergravity coupled to 26 tensor multiplets is completely
anomaly free.

4.1 Chiral anomaly coefficients

The fields in table 4 contributing to chiral (gravitational and R-symmetry) anomalies
in (1.11) are the MW fermions ¢* ~ (3,3, £1), MW conformal gravitini ¢ ~ (2,1, £3)
and (anti)self-dual rank 3 antisymmetric tensors Afmk ~ (1,1,%1). Contributions of these
fields are to be summed up with multiplicities corresponding to their USp(4) = SO(5)

R-symmetry representations.21

To find USp(4) multiplicity of a particular conformal field at level p one is to add up
dimensions of the corresponding USp(4) representations in table 4. Since the positive-
chirality fields contribute to chiral anomalies with the opposite sign compared to the
negative-chirality ones, we may express the total result in terms of the effective num-
bers of, e.g., the positive-chirality fields. Counting the negative chirality fermions as minus

the positive chirality ones we find for the effective number of the positive chirality MW

111

spinors ¥ ~ (5, 3, 5) at level p:

n(t) = dim(1,p — 1) — dim(3,p — 3) + dim(3,p — 4) — dim(1,p — 4) = 2p(p — 1) + 8.

Similarly, for the effective number of positive chirality MW gravitini we find n(¢;}) =
2p(p — 1), while the effective number of self-dual 3-form fields is n(A} )= 2p(p —1) + 1.

The conformal 6d fields corresponding to representations in table 4 are non-standard
having higher-derivative kinetic terms (with the number of derivatives determined by
canonical dimension 6 — A). In general, the chiral anomalies of higher-derivative fermions
will be same as anomalies of their lowest-derivative counterparts. For the gravitino ¢}, and
the antisymmetric tensor A:mk at levels p > 2 we will have an additional complication:
they will be conformal and “massive” (i.e. will not have usual gauge invariance).

Let us start with the gravitational anomalies and first recall the expressions [24] for
the purely gravitational parts of the 6d anomaly polynomial Zg in (1.11) for the positive
chirality MW fermion, the standard gauge-invariant (real) self-dual rank 3 antisymmetric
tensor (A = H = dT, with potential denoted as T") and the standard (1st-derivative,

*'The dimension of the USp(4) representation [a, ] (a, b are Dynkin labels) is
dim(a,b) = ¢ (a+1)(b+1)(a+ b+ 2)(a+ 2b+ 3).

— 12 —



gauge-invariant) positive chirality MW gravitino??

1+ 1
Is( = | =———=(7p; -4 Ig(TT) = — 2p7 — 224
8(2 ) 16 x 610 P1~4p2). () = T x e 2P P2):
g+ . (4.1)
Is( = | = ————(275p% — 980 pa).
8(2 ) 16 x 61 270P1 P2)
Given a generic rank 3 antisymmetric tensor (with 20 = (g) components) we may represent

it in terms of two independent transverse 2-tensors 1}, T, 'on With 10410 components as??

Ak = O Tk + €mniipg Ot Tpg) (4.2)

Here only the transverse parts of 1" and T contribute, i.e. A is thus expressed in terms
of two standard gauge-invariant 3-form field strengths H = d71' and H = dT. Similarly,
the contribution of a self-dual A to chiral anomalies will be equivalent to the contribu-
tions of self-dual parts of H and H , 1.e. it will be twice the standard antisymmetric tensor
contribution in (4.1) (or, equivalently, the contribution of one complex 7" field).

The gravitino ;- ~ (%, %, j:%) in table 4 is different from the standard gravitino dis-
cussed in [24] in two respects (in addition to having higher-derivative kinetic term): (i)
for any p it is conformal (i.e. its y-trace is zero); (ii) for p > 2 it has no gauge invariance.
Thus compared to the standard negative-chirality gravitino anomaly Ig(%+) in (4.1) the
anomaly of the massive conformal ), should have the negative-chirality fermion (y-trace)
anomaly Zg(3 ) = —Ig(%_'_) subtracted and the positive-chirality fermion (0p,¢ gauge de-
gree of freedom) anomaly Ig(%+) added, or, equivalently, the ghost contribution should
not be subtracted. Thus for p > 2 we should have

To(4,) = T <g+> +Ty (;) . (4.3)

As a result, the total gravitational anomaly polynomial of CSG, multiplet is found to be

1t
Z3(CSGy) = [2p(p — 1) + 8] Zg (2 > +22p(p— 1)+ 1] Zs(T)

+2p(p— 1) [18 (?) + 275 <;+>} (4.4)

1

= —5gl6p(p = 1) + 1] (P} — 4p2) -

The corresponding gravitational anomaly coefficients in (1.11) are thus

1

CSGp: =7

§= —i [6p(p—1)+1]. (4.5)

This is in agreement with the relation (1.17) expected for (2,0) multiplets.

*2Using the field content (2.1), (2.2) of the (1,0) scalar, tensor and vector multiplets one can check that
the values of «, ¢ in table 2 indeed follow from (4.1).

Z3This is analogous to the representation of the antisymmetric rank 2 tensors in 4d conformal supergravity
used in section 2.3 of [49], see also a discussion in [30].
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The expressions (4.4), (4.5) were derived for p > 2 (when gravitino is massive) but are
actually valid also for p = 2: in this case the gauge-invariant conformal gravitino contri-
bution is Zg( %+) + Ig(%Jr) but we formally get also “extra” 4 chiral fermion contributions
from the multiplicity factor (see appendix B.2).

Similar results are found for the R-symmetry and mixed anomaly coefficients o and
in (1.11) (see appendix B):

CSG, : a=28=—-2[6p(p—1)+1]. (4.6)

We thus observe that for any p all 4 chiral anomaly coefficients & = («, 3,7, ) are propor-
tional to the chiral anomaly coefficients of the 720 multiplet in table 2, i.e.

11 1
§(CSQ,) = —2[6p(p — 1) + 1] (T, F(T0) = (1, Ll —2) @
In particular, for p = 2 when CSG, is the multiplet of (2,0) conformal supergravity, we
get
a(csG9) 426 3(T*9) = 0. (4.8)

As a result, the gravitational and R-symmetry anomalies of (2,0) conformal supergravity
can be cancelled by adding 26 tensor multiplets 7(20),

4.2 Conformal anomaly coefficients

The conformal anomaly a-coefficient for CSG,, multiplet was found in [8, 43] by a compu-
tation on S°

a(CSGyp) = —2[6p(p — 1) + 1] a(T30), a(T?0)) = —%52 , (4.9)
where a(T20)) is the (2,0) tensor multiplet value in (1.14). Comparing the expression (4.9)
with the chiral anomaly result (4.7) we conclude that the (1,0) relation (1.13) of [1] or the
relation for a-coefficient in (1.19) is indeed satisfied.

While a direct computation of the ¢; anomaly coefficients in (1.4) for the CSG, mul-
tiplet may be feasible by assuming factorization of all kinetic operators on a Ricci flat
background, here we shall apply the expected relations (1.15) or (1.19) between chiral and
conformal anomalies of superconformal multiplets implying in view of (4.7) that c; in (1.4)
are all proportional to ¢ as in (1.8) where c is given by (1.19), (1.21)

1

1
c=a———0=-2[6p(p— 1)+ 1] c(T*), o(T?0) =

- 4.1
288 (4.10)

As a result, applying this to the p = 2 case we conclude that all chiral and conformal
anomalies of (2,0) system of 6d conformal supergravity plus 26 tensor multiplets vanish.

5 Some interacting (1,0) superconformal theories

Let us now consider some examples of interacting (1,0) superconformal theories.
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o g ol 5
En | N(AN?+6N +3) — (6N +5) il -y
Twr|[TPN® = 2N|C|(re + 1)|N = F[0|(r0 + 1) + 5| § + 535 -5 - &
+2N +dr

Table 5. Chiral anomaly coefficients for the €y and Ty, (1,0) theories.

First, let us summarize the expressions for the chiral, gravitational [50, 51], and con-
formal [19, 43, 52-54] anomaly coefficients of interacting (2,0) Ay theory describing N
coincident M5 branes:

1
(2,0) : a=N3-1, 5:47:—6:§(N—1), (5.1)
1 5 9 N1 s 3
A= <4N —4N—4> =~ NV 1)[(2N+1) ﬂJ’ (5.2)
— 1 3 _ 1 o 2 _ _ —
¢ = —5eg (ANP=3N—-1)=—oo (N-1)2N+1)*,  er=dey=—12¢3=096c.  (5.3)

These values are perfectly consistent with (1.17)-(1.21). The leading order N? terms
in (5.2), (5.3) follow [19] from 7d supergravity (R + A) terms found upon compactification
of 11d theory on S*, the subleading order N terms originate from R* corrections in 11d
action [52] and order N° terms are reproduced by 1-loop 11d supergravity corrections [43,
55].

There are also two cases of interacting (1, 0) superconformal theories with known chiral
anomalies. The first is the &y theory [56] on the world-volume of N small coincident Eg
instantons in the heterotic string (E-string), or, equivalently, the theory on N Mb5-branes
on Horava-Witten Eg 9-brane. The second is the Ty r theory describing N M5-branes on
the orbifold singularity C?/T" where I is a discrete subgroup of SU(2) (see [54, 57]). The
corresponding coefficients in the anomaly polynomial (1.11) are given in table 5. Here
IT'| is the order of the discrete group I'" and rr and dr are the rank and dimension of the
associated Lie algebra Gr (e.g., Gr = SU(k) for I = Zj,).

It follows from (1.14) that the corresponding a-anomaly coefficients are [1]

16 99
a(En) = = <4N3 +9N? + T N) ar , (5.4)
16 3 5 251
a(TN,F) = 7 (|F|2N3 — 5 |:‘F(Tp + 1) — 8:| N + 480dp> aT . (5.5)

From the expressions (1.15) with the chiral anomaly coefficients from table 5 we find

16 76 4 17
Cl(gN):—?Ng—lzNQ—gN, C2(€N):—§N3—3N2—§N, (56)
4 19
ar(Tnr) = —3 ITEN?+ 20| (rp +1) — 1] N — 57 s
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1 1 91
co(Tar) = =5 [P N? + 2[2[0] (rp + 1) = 1] N = o dr. (5.7)

Here the leading large N terms (~ N?) in ¢; and cy are in ratio 4:1 as for a (2,0) theory
(cf. (1.8)). This is what should be expected from the AdS/CFT as the N3 terms originate
from the universal Einstein term in the dual 7d supergravity action.

Furthermore, a similar relation is true also for the first subleading terms, O(N?) in Ey
case and O(N) in Ty case, i.e.

Cl(gN) —402(51\7) =0~N3+0-N2— SN,

(5.8)

4
CI(TN,F) — 4C2(7—N7F) =0-N3 +0-N— ﬁdl“-

This fact should also have a holographic explanation, cf. [58], which may thus provide an
independent check of the relations (1.15).

Another indirect support for our relations (1.15) comes from consideration of a class
of 6d (1,0) theories named “very Higgsable” in [59]: they admit a completely Higgsed
branch where no tensor multiplets remain. Compactifying these theories on T2 one gets
4d N = 2 superconformal theories with the 4d conformal anomaly coefficients (asq,c4q)
determined in terms of the coefficients in the 6d anomaly polynomial Zg in (1.11) as [59].
In our notations,

1 1
a4d:I(—125—|—24'y—185), C4d:5(—12ﬁ+64'y—85). (5.9)

Using (5.9) together with (1.15) we then find the following remarkable identity

45
C4d — Ayq = —33(01 — 4co) . (5.10)

This relates the combinations of the conformal anomaly coefficients that vanish in the
maximally supersymmetric cases, i.e. N'=14 in 4d and (2,0) in 6d.

6 6d conformal anomaly from 7d gravitational effective action

As already mentioned above, an important source of information about conformal anoma-
lies of interacting 6d superconformal theories is AdS/CFT [19, 52]. One may expect that
strong-coupling limit of a 6d superconformal theory is described by some effective locally
supersymmetric 7d theory with an AdS7 vacuum.

Such 7d action may arise, e.g., from 11d M-theory effective action upon compact-
ification on some 4-space (S* in the case of the standard (2,0) theory). Ignoring for
simplicity all other fields than the metric, the effective 7d Lagrangian will have the form
L =R+ A+ R?>+ R+ R*+ ... where the expansion in powers of curvature should
correspond to the strong-coupling (large N) expansion in the boundary 6d theory. The
combinations of the curvature invariants should be such that they admit supersymmetriza-
tion consistent with the amount of supersymmetry of the boundary theory. That may
provide constraints (1.7), (1.8) on the conformal anomaly c;-coefficients [15] that we shall
discuss below.
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6.1 Quadratic and cubic curvature corrections: linearized approximation

Let us consider the 7d action including the most general quadratic and cubic curvature
invariants2

= /d% V- <R+ +A£) (6.1)
=172 Z U27/L'127i + Lt Z U37113,i . (6.2)
=1 i=1

Here L is a scale (which to leading order is the same as the AdS; radius) introduced to
make the coefficients u,, ; dimensionless and I,.; are curvature contractions

I2:1 = Riu)\p’ 12,2 = wa’ 12,3 = R2> (63)
I3 = RMV)\pRpp/@aRHOé,ul/a 13,2 = RMV}\pRANVaRpa,um 13,3 = Ru/\pﬁRpm/\aRa,ua
I3 4 = RRWAP, I35 = RMPR,, Ry, I36 = RR,\RA,, (6.4)
Is37 = RR2,, I35 = R3.

The first two terms in (6.1) can be embedded into the maximal 7d gauged supergravity so
should describe the (2,0) superconformal theory at the boundary, while the higher order
terms may or may not (partially) break supersymmetry.

Starting with (6.1), one may compute the coefficients of the boundary conformal
anomaly by generalizing the approach of [19], i.e. extracting the IR logarithmic singularity
in the action evaluated on a classical solution with prescribed metric at the boundary.
Keeping only terms linear in coefficients u,j in (6.2)*® one finds for ¢; in (1.4) [15, 31]%¢

5 21 147
—k|— 2 i
C1 |: 96 + 307 (96u21+3 2,2+32 u2.3
1631163216331641651661671638 ok
37 21 147
—k|—24 ) s sl i .
Co _ + 307 (384UQ1+ 198 U2 + 198 u2,3 (6 5)
LT +17 259 63 63 441 3087 .
64 U160 132 6 64 3T pq U3 T gy BT gy UBTT Tgg UBS K
3 7 49
—k 2 g,
“ _8+307 <128 U217 19g 122 7 g 123
41 B0 9, 63 o1 21 A7 1029 .
102 317 102 U325 1B T g UBAT gy YD T g MBSO gy UBTT Ty US|

24We shall ignore terms with derivatives of the curvature as they will not contribute to the relevant
conformal anomaly coefficients.

2> Non-linear corrections in the case of special R? and R® combinations representing Euler densities Fy
and Eg were computed in [31, 60-62], see section 6.2 below.

26We thank M. Kulahizi and A. Parnachev for sending us a corrected version of the list of coefficients
n [15].
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Here dots stand for terms of higher order in u,; and the dimensionless factor k is

315
S (6.6)
48 K7
The leading order (u,; = 0) values [19] are those of the large N limit of the (2,0) theory
for which
L5 N3 N3
2k2 373 e 72’ (6.7)

i.e. ¢; are given by the N3 terms in (5.3) with ¢ = —k = —%3 (which is 4N?3 times the c
anomaly of one free (2,0) tensor multiplet [7]).

To find the a-coefficient in (1.4) for the theory (6.1) one may follow the approach used
in 4d case in [63] and compute the gravitational effective action on the corrected AdSy
solution with the value of the radius that extremises the action evaluated on a test AdS

solution.?” For the AdS; metric with radius r we have

1 6 42
R/uxm\ = _ﬁ(g,un Gux — Gu gun>a R,uu = _ﬁ v, R= 5 (6'8)

The a-anomaly is then proportional to the on-shell value of the action evaluated at the
extremal value r, of the radius

1 - 42 30
a=—kA(r), A(r) = 5" ( -3 + L2> + O(ury) (6.9)
dA
E B e O7 Ty = L —|'— O(uT’,Z) , A(T’*) = 1 + O(U’V‘,Z) 5 (610)

where k is given by (6.6). In (2,0) theory we then find to the leading order a = —%3 [7, 19]
(cf. (5.2)). Starting with the general R? + R? corrected action (6.1), (6.2) we get?®

3 2
a=—k(1-7f+14f3), r*:L<1—5f2+5f3>, (6.11)
Jo =21+ 3(uz2 + Tug3),
f3 = Uzl — U322 — 3(U3,3 — 7U374) + 9(U3,5 + use + 7U377 + 49 U3,8). (6.12)

2"The boundary theory defined on S° and thus its conformal anomaly being determined just by the
coefficient of the Euler density in (1.4). The IR divergent part of the 7d action evaluated on modified
AdS7 solution (with log IR divergence coming from the volume factor) should then determine the UV log
part of the corresponding boundary effective action. AdS solution will always be a solution of the modified
gravitational equations on symmetry grounds.

28Note that if ug,; and us ; are treated on an equal footing then it is possible to choose them so that the ra-

dius is not modified and yet the a-coefficient receives a correction: f3 = %fg , a= —k(1—|—14 fg). Let us note
also that in the case when R” terms in (6.2) correspond to the square of the Weyl tensor (here d = 7) C}.,, =
Riw\p— f; Ri,,—km R? we get f» = 0 as expected: in this case the AdS7 solution is not modified and

the value of the action is unchanged. The same conclusion is found also for a combination of C? 4+ C® terms.
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The coefficients ¢; in (6.5) and a in (6.11) can be written in a more compact form as

D
c1 = —96k |:1 — 21&272 — gﬂg& — 2(9 uz1 + 23 ’LL372) + .. :| ,

37
cy = —24k |:1 — 21@272 — Eﬂzl — 2(9 uz1 + 7U372) + .. :| , (6.13)

c3 = 8k [1 — 21ﬂ2’2 + 96271 — 2(41 uz 1 + 31 U372) + ... ],
a=—k [1 — 21@2’2 — 7ﬂ271 + 14(71,371 — U3’2) + .. ] ,

where we introduced the combinations

U1 = ug, + 6(uss — Tuga), (6.14)
U = ug2 + Tuzz — 6(u3s + use + Tuzy +49usg) . (6.15)

Thus the 4 Weyl anomaly coefficients depend only on 4 non-trivial parameters. This
simplification is due to the fact that several curvature invariants in (6.4) give equivalent
contributions to the on-shell action. Indeed, %g 2 represents the contribution of R? + R3
terms that depend just on Ricci tensor and thus renormalize the value of the cosmological

constant contribution or the overall scale of the leading-order contribution to the anomaly

2
UVE

motion. This ambiguity can be fixed by setting some redundant coefficients to zero. For

only. The coefficient 131 represents the terms that reduce to R} ,, on the equations of
example, we may demand that the radius is not modified, which requires according to (6.11)
that 3fo = 2f3. This may be arranged by fixing a combination of parameters that does
not enter the conformal anomaly coefficients.

Let us now study possible supersymmetry constraints. Computing the combinations
q1 in (1.7) and g2 in (1.8) for the coefficients in (6.13) we find

1
q1 = c1 — 2co + b6cg = 3072k< —us31 + Z ’U,3,2) , (6.16)
1_
qo = c1 —4cy = 3072k( — gum + U372> . (6.17)

We observe that ¢ does not depend on usg;, i.e. all R? corrections obey ¢; = 0. They
should thus preserve the (1,0) supersymmetry of the boundary theory [15]. Indeed, the R?
terms admit supersymmetric extension (such corrections appear, e.g., in compactifications
that break half of maximal supersymmetry). The R3 corrections consistent with (1,0)
supersymmetry should obey

(1,0): uzo =4dug; . (6.18)

Demanding both ¢; and ¢ to vanish that should correspond to the maximal supersymmetry

case, i.e. to the (2,0) 6d boundary theory, gives?

(2, 0) : uz2 = 4U3’1 , U2 = 121,L3’1 . (619)

2The terms Iszo, 23,155,136, I37, 138 in (6.3), (6.4) that on the leading-order equations of motion

(Ruy = Aguw) renormalize only the cosmological constant term should also preserve the (2,0) supersym-
metry — indeed, their coefficients do not appear in g2. The terms that break (2,0) supersymmetry even in
the absence of I3 1, I3 2 and are Iz 1 and also I3z and I3 4 that reduce to I2; on the leading-order equations
of motion.
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6.2 Special (1,0) case: Lovelock action

Let us study in more detail the (1,0) case (6.18). This constraint implies that the two
irreducible curvature invariants I3 and I3; appear in the same combination as in the
Euler density Fg. Indeed, introducing the higher order Euler densities3’

1
__ chnvevap—1V2p - —
Eap = O iz iy B2 0i0g - RSP, = (d—2p)! cacaR--- R,  (6.:20)

one finds using the explicit expressions for Fa, = u,;I,; in the bases (6.3) and (6.4)3! that
choosing AL in (6.2) in the special “E, + Eg” form we get

1 1
ALp = ZL2u2E4+EL4u3E67 (6.21)

3 1
ug; =ug - (1,—4,1), uz,; = ug - <1, 4,12, > 12,8, -6, 2). (6.22)

Here the coefficients in (6.13) are
U211 = U2 + Yus , U220 = 3ug — 1busg, U3 = 4U371 = 4ug. (6.23)

For the particular case of the action (6.1) with AL in the Lovelock form (6.21) treated
as a complete theory (i.e. not expanding in ug and us and not including higher curvature
terms) the corresponding conformal anomaly coefficients were found in [60-62]. They can
be expressed as [62]

104
a = —kf%2 (1 — 40usf + 180usf?), c1 = —96kf /2 (1 — %uﬁ + 68 ug f2>,

1
co = —24kf75/2 (1 — %luf + 100 u3 f2>, cg = 8k /2 (1 — 24uy f 4 36usf?). (6.24)

Here f is a function of uo,u3 given by a root of a cubic equation below. It enters the

expression for the renormalized AdS radius 7,32

re =121, f—12up 2+ 12u3f% =1, (6.25)

which generalizes the linearized expression in (6.11). The expressions (6.2) agree with the
leading order results in (6.13) after one uses (6.21), (6.23) and expands to linear order in
U2, us.

From (6.2) we find that the combinations of coefficients in (6.16), (6.17) are

@ =0, go = —1024k 72 (uyf — 3usf?), (6.26)

39Here Ot = n!éﬁjl ...52’;] and we assume Euclidean signature, i.e. egeq = (d — 2p)!d:.. Note that
Es used in [7] was of the opposite sign.

31For summary of properties of R® invariants see, e.g., [64, 65]. Note, in particular, that if we introduce
Ji =131, Jo = RWMR’J”‘”\RWM, J3 = —I35 then Jo = J3 + iJl. Also, in the notation used in [7] we
have A1 = J1, Ai7 = Jo2, A1 = —13,3, etc.

32The action evaluated on AdS; is proportional to r'[—42/7? 4+ 30 4 70 x 12(u2r? — 3uz)/r®] which is

extremized on the solution of the above equation for f = 1/r? (we set here L = 1).

— 20 —



i.e. (1,0) supersymmetry is preserved but (2,0) is broken in general. Compared to the
general case in (6.11), (6.13) discussed above where the a,c; coefficients depended on 4
parameters and one more parameter controlled the deformation of the AdS radius, the
Lovelock Lagrangian (6.21) depending on just 2 parameters is too constrained. We may
introduce an extra term (for example, scalar R? or R?) to arrange that the AdS radius is
not renormalized, i.e. f = 1, and then the coefficients in (6.2) will be linear in us, us.

6.3 (2,0) case

Let us now go back to the condition (6.19) that should correspond to the (2,0) theory.
Assuming (6.19) we get from (6.13) (dots stand for possible higher order terms)

a = —k(l — 21@272 — 1261@)71) + ..., c= —k(l — 21ﬂ272 — 222U3,1) + ..., (627)
c1 = 96¢, co = 24c, cg = —8c. (6.28)

Assuming as in [52] that we may use the purely-gravitational 7d action (6.1) for the descrip-

tion of the S* reduction of 11d effective action (i.e. assuming that possible flux-dependent

terms may be mimicked by “redundant” curvature invariants) we may apply these expres-

sions to the (2,0) theory where we expect to find that (see (5.2), (5.3))

1 9 7 1 3
— —— |4N3[1— Z = — |4N3(1- 1]. 2
& 288[ < 16N2>+4}’ ¢ 288[ ( 4N2>+ ] (6.29)

As already mentioned in section 5, here the N3 terms come for leading supergravity part

in (6.1) [19], the constant terms (equivalent to the contribution of one tensor multiplet)
come from 1-loop 11d supergravity contribution [43] while the 1/N? terms in brackets
should represent the exact contribution of R* curvature corrections to the 11d M-theory
action. These terms follow from (6.27) with k given by (6.7) if

_ 27 1

1227 1792N2 YT BaNe (6.30)
In addition, we may also arrange that the AdS radius is not renormalized by fixing one of
the “redundant” wu,; coefficients in (6.12) so that 3fo = 2f3. That should be important to
ensure that a and ¢ do not receive further 1/N corrections (depending on higher powers of
Ui ~ w3z ), cf. (6.25).

In the case of special Lovelock action (6.21) the (2,0) condition g2 = 0 in (6.26) implies
that the coefficients us and ug should be related as us = 3fug and then f solving cubic
equation in (6.25) becomes a non-polynomial function of uz. The same will then apply to
the conformal anomaly coefficients in (6.2). To avoid this complication we may assume
that adding an extra scalar R? or R? invariant to (6.21) one can independently arrange to
have f = 1. In that case we will have ug = 3ug, and then (6.21) will take the form

3
512NZ’

where we fixed the value of uy to match the value of ¢ in (6.29) (see (6.23), (6.30)). Note
that this correction by itself will not reproduce the expected value of a in (6.29) for any us

1 1
ALp = 1L2u2 <E4 + 12L2E6> ; up = 3uz = (6.31)

but the a-coefficient will get a contribution from an extra R? or R? invariant (cf. (6.13)).
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The crucial point is that irreducible R? invariants in (6.4) should form the Fg combina-
tion in order to be consistent with supersymmetry and thus potentially describe subleading
correction to the conformal anomaly of (2,0) theory was originally pointed out in [52]. There
it was suggested that a particular R* super-invariant term in 11d action translates upon
compactification on S* into a combination of Eg and E, corrections to 7d action which
should thus produce subleading contributions to the Weyl anomaly coefficients of (2,0) the-
ory. While the discussion in [52] was admittedly heuristic (other possible 4-form and Ricci
tensor terms were ignored and the contribution to the conformal anomaly coming from the
E4 term in 7d action was not included) the key role of the Eg invariant was noticed.

To recall, the starting point in [52] was the 11d R* invariant that involves the 8d Euler
density Eg factor (see (6.20)). If Mt = M7 x S* then splitting indices in 4 + 7 way and
performing combinatorical count one finds that33

Es(M7 x §%) = 4Es(M7)Ey(S*) + 6 E4(M7)E4(5%)

3 x2° 32 x 27
TR

Ee(MT) + Ey(M7), (6.32)

where [is the radius of S* which in the case of AdS; x S* solution3? is [ = %L where L
is the scale of AdS7. Then the resulting combination in (6.32) becomes

32 x 210 1
Es(M" xS ="""_(E,+ —L°Eg ). .
s(M" x S%) A < 4t 57 6) (6.33)

Note that this combination of Ey and FEj is different from the one in (6.31) that was
apparently required to reproduce the right (2,0) ratio of the c¢;-coefficients. This is not,
however, a contradiction as some extra “reducible” (Ricci-tensor dependent) R? or R? terms
are required to be added to both (6.31) or (6.33) in order to ensure that the leading-order
expression for the AdS7 radius is not corrected (which was an assumption in [52]). As we
have explained above, starting with a general enough combination of R? + R? terms one
can reproduce the values of the conformal anomaly coefficients in (6.29) and also ensure
that the AdS radius is not renormalized, implying that the resulting coefficients do not get
further 1/N? corrections.

One may attempt to repeat similar considerations for less supersymmetric models
corresponding, e.g., to different choices of M* compactification space or adding extra fluxes
(see [66] and refs. there). In addition to changing the coefficient of the N3 in the leading
terms as the AdS volume will be different that will also lead to subleading R? corrections

that may have coefficients N? instead of N as in [58].

33Here we correct the coefficient of the second term which was having an extra factor of 2 in [52]. In this
second term we have to assign a 7d-type index to two out of four Riemann tensors. This may be done in
(3) = 6 ways, or 3 X 4 divided by 2! because of the symmetry of the two R factors.

34M5 brane metric is ds? = hl/s(y)(dxmdxm) + h72/3(y)dykdyk where h = 1 + y%, dyrdyr = dy* +
y?dSy so that in the near-horizon limit we get ds* = ¢(y~'demdrm/y + y~2dy* + dSs). The AdS part is
4272 (dwmdzm + dz*) were y = 2% so that the AdS7 radius is twice the radius of Sy.
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A Conformal anomaly V9 multiplet on Ricci flat background

To provide information about c¢; coefficients for higher derivative superconformal vector
multiplet V(10 here we compute the conformal anomaly (1.4) for its fields in (2.2) on
Ricci flat background using the results of [7]. For a scalar, we have (using (1.5) and
dropping total derivatives)

5 28 5 28 17
A = Eg——1T Ih+21I — L+ —1 Al
6() (72 6~ 3 1+3 2+ 3>‘Rmn=0_> 3 1+ g9 12 (A.1)
For the standard 6d Majorana-Weyl fermion
191 224 70 29
A = | —=—=F ——ISI 10 1. — L+ =1 A2
6(¢) (288 6 181> + 3>‘R o g htgl (A.2)

From the explicit form of the 4-derivative vector field V¥ kinetic operator on a curved
background given in [8] one can show that the corresponding partition function on a Ricci
flat background has the form

det A0)3 1/2
Z(vy = [(detBo) A3
v = [fea] (A3)
where Ag 1 = —V? are Laplacians defined on scalars and vectors respectively. The contri-
bution of A; can be found in [7]:
~ 112 50
T Ag(Aq) = L —— 1 A4
6(A1)| R, = h—35 12 (A4)

Taking into account that the fermion in V9 multiplet in (2.2) has ¥ kinetic term we
find for the total contribution

AV, = (3 A6(0) +2-3- Ap() + [246(A0) — 3 45(0)] )|
— L oen+n--—1 & o
o360 M T T 115200

Comparing to the general expression (1.6) this implies that the expected (1,0) supersym-
metry relation (1.7) is satisfied. Furthermore, using the known [8] value of a-coefficient in

table 2 in we conclude that ¢; 4 4cq = %, in agreement with the values of ¢, ¢y in (2.3).
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B Chiral anomalies of CSG, supermultiplet

Here we shall discuss the computation of the chiral R-symmetry anomaly and the mixed
R-symmetry — gravitational anomaly coefficients o and 3 in (1.11) for the CSG,, multiplet
considered in section 4, demonstrating the relation (4.6).

B.1 General p > 2 case

Let us start with coefficient o of R-symmetry anomaly. We shall consider the anomaly
of SU(2) subgroup of USp(4) R-symmetry of fields in table 4. To fix normalizations, for

a positive-chirality MW fermion 1™ or %+ in a representation d of SU(2)r we have (see,
5. [67))
1+ 1 4 1 (4 2
18<2 ): gt F = =2 0 [ea(sU@)R)]’ (B.1)

where QE;L) is the following sum of 4-th powers of U(1) charges over the representation d
(cf. (3.3))

(4) d—1 d—1 4 1
Q5 —Z<_2+k> = 5 d (@ =1 (3= 7). (B2)
k=0

Thus the corresponding « coefficient in (1.11) is

a (;) = —8QY. (B.3)

The standard (gauge-invariant, non-conformal) MW gravitino contributes to the gauge
anomaly as 5 times the contribution of a MW fermion [24]. To find the anomaly of a
conformal massive (non-gauge) gravitino v, we need to add, as in (4.3), the contribution
of two MW fermions, i.e.

o) = %(?) " m(f) = m(?) , a(h) =—56Q5).  (B4)

For a selfdual non-gauge 3-form in the same representation of SU(2)g the required value
appears to be3?

a(At )= —8a<;+) —64QY. (B.5)

Given a representation [a, b] of USp(4) we can decompose it into representations (dj, dz) of
SU(2)r, x SU(2)g and then identify the right factor with the SU(2) R-symmetry subgroup
the anomalies of which we are to compute. The decomposition is [68]

[aa b] = ZNS;I,)dz (dla d2) 5 (B.G)

350ne should be able express the anomaly of the antisymmetric tensor in terms of a spinor field anomaly
as in 4d case [28].
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where the multiplicites N;l’bdz are determined by3%

SONgh bttt = [(1 —an)(1 —am)(1—b)(1—bnm)| . (B.7)
For a USp(4) representation [a,b] we get
(4) ab (4)
Qlap) = Z Niya,

(a+1)(b+1)(a+b+2)(a+2b+3)(2a* + 8a’b + 16a* + 14ab?

~ 6720
+52a%b + 29a% + 12ab* + 64ab® + T4ab — 12a + 6b* + 366° + 440> — 30b) . (B.8)

Using the above relations, the total contribution to o coefficient from all the fields of CSG,,
multiplet in table 4 is found to be

— (4) (4) (4) (4)
AC8Gp) = —8(Qpujp—1) ~ Qg T Qg ~ Cpipp—g)
(4) (4)
=56 (@1}~ Qip-g) + 64 @1y~ Qg
= —2[6p(p— 1)+ 1], (B-9)
which is the value quoted in (4.7).

Similar analysis can be repeated for the coefficient 5 of the mixed R-symmetry —
gravitational anomaly in (1.11). The analog of (B.1) here is

1 1 9. p2 1 @
L5 ) = —1ttf  l =57 Q4" 2(SUR)r) p1, (B.10)

where Qg) is the sum of squares of U(1) charges over an SU(2) r representation of dimension
d

) d—1 d—1 2 1
N R L -
k=0

Thus for a MW spinor in the representation d (cf. (1.11))
1t

ﬁ(2 ) =-QY. (B.12)

The standard MW gravitino contributes to the mixed anomaly with a factor —19 compared
to the MW spinor [24]. Again, a massive conformal gravitino requires the addition of two
extra MW spinor contributions, so that the total S coefficient for a positive chirality MW
conformal massive gravitino in representation d of SU(2)g is

Bluh) =17QY. (B.13)

36For example, the USp(4) representations of states in the conformal supergravity multiplet (p = 2 level

in table 4) decompose as follows

0,2] = (1,1)+(2,2)+(3,3), [1,1]=(1,2)+(2,1)+(2,3)+(3,2), [0,1] = (1,1)+(2,2),
[2,0] — (1,3)+(2,2)+(3,1), [1,0] — (1,2)+(2,1), [0,0] — (1,1).

— 25 —



(A;hy, ho, hs) USp(4)
(4;0,0,0) 0,2] =14
(3:3:3.3) [1,1] =16
(5; 1,1, 1) [0, 1] =5
(5;1,0,0) 2,0] =10
(350 - (55,4 91,00 =4
(6;2,0,0) [0,0] =1

Table 6. SO(2,6) x USp(4) representations of fields of (2,0) conformal supergravity.

The self-dual non-gauge antisymmetric tensor contribution is

+ 1 @
B(Amnk‘) =16p 9 =-16Q4". (B.14)
Using that
fo,)b] sagl@ T DO+ 1)(a+b+2)(a+2b+3) (a® + 2ab + 4a + 20> + 6b) ,  (B.15)

the total contribution to 3 from the CSG, multiplet in table 4 is found to be

2 2) 2
BICSCy) = = (@11~ Qs + Qs ~ Qi)
(2) (2)
+17(Q1p 2] Q[lp—fﬂ) 6(Q[Op 1] Q[Op 3])
— [6p(p—1) +1], (B.16)

in agreement with (4.7).

As a check on normalizations used above we can re-derive the anomaly polynomial of
VI(,I’O) multiplet discussed in section 3. According to table 3, the fields that contribute to
chiral anomalies there are a MW spinor %+ in the SU(2)g representation p and a MW

spinor %_ in the representation p — 2, so that we find
1
VI()LO) : a=—8 (le) - Q£,422) =—(p— 1)47 f=- (QI(32) o ng?) - 7§(p N 1)2’

in agreement with (3.4).

B.2 (2,0) conformal supergravity

The above discussion applied for p > 2. In the p = 2 case of table 4 corresponding to the
(2,0) conformal supergravity multiplet the gravitino is massless and thus requires a special
treatment. We recall the conformal representations of the corresponding fields in table 6.
Here in the gravitino entry we explicitly indicated the subtraction of the contribution of
the gauge degree of freedom which is the fermion of the same chirality.
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GR ¢+ A:,:mk wﬁz
(2,0)|USp(4)|[1,1] = 16/[0,1] = 5/[1,0] = 4
(1,0)| SU(2) 2 1 2

Table 7. Chiral fields in the multiplets of (2,0) and (1,0) conformal supergravities. Gp is the
R-symmetry group. [a,b] is the representation of USp(4) with Dynkin labels a, b.

The gravitational anomaly count then gives3”

1+ . 3+ 1+ 1/ 13,
16><Ig 5 —|—5X218(T )—|—4>< Ig 5 —l—Ig 5 :I 4 p1—|—13p2 . (817)

This agrees with the general p result (4.4) formally continued to p = 2.
Similarly, we may compute the chiral anomaly « and § coefficients (the middle term
coefficients here are the conformal gauge-invariant gravitino ones)

a=—8 Q[(f” 48 Q(l o + 64 Qfg”l — 26,

(B.18)

These are again in agreement with the formal p = 2 continuation of (B.9) and (B.16).

B.3 (1,0) conformal supergravity

Let us now consider the chiral anomaly coefficients corresponding to (1,0) conformal su-
pergravity. For comparison, the chiral fields in the multiplets of (2,0) and (1,0) conformal
supergravities are listed in table 7 below. It is then straightforward to find the analogs of
the (2,0) CSG expressions (B.17) and (B.18) in the (1,0) CSG case:

1+ 3+ 1+ 1/ 107 , 101
2><Ig<2 >+2IS(T+)+2X|:1.8<2 >+Ig<2 )}:4!<—80p%+20p2>,
L, (B19)
=808 4808 + 640" = 7, =0 +180QF ~16Q = 7.

Thus the set of 4 chiral anomaly coefficients here is

17 107 101
H(CsGU0y = (7 17 107 1013 B2
(st = (7. - ) (B.20)
Applying the relation (1.13) of [1] to compute the a-coefficient we get
797
(1,0)
a(CSG'\HY) = 3810 (B.21)

3"Here in the conformal gravitino contribution we subtract the y-trace degree of freedom (which is the
opposite chirality fermion) from the contribution of the standard non-conformal grav1t1n0 c ", cf. (4.3). The
antisymmetric tensor is non-gauge one so its contribution is twice that of the gauge- 1nvar1ant one in (4.1).
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which agrees with the value found in [8] by an independent method. This provides a
non-trivial check of consistency of the chiral anomaly values (B.20) and also of the rela-
tion (1.13).
Using the relations (1.15) we may now compute the corresponding c;-coefficients:
157 781 263
(1,0) . = = — = ——. B.22
CSG =35 2= 155" c3 130 (B.22)
One may ask if there are any combinations of (1,0) multiplets CSGIO) )y SO0) 4y T10) 4
k3 V10 that are free of all chiral (and thus also of conformal) anomalies. The answer
turns out to be negative. The chiral gravitational anomalies cancel (y = ¢ = 0) for
ko =10, k3 =k —13.

C Casimir energy of 6d supermultiplets

One may wonder if the expression for the Casimir energy E. on S° for (1,0) supercon-
formal 6d theories can also be expressed, like the conformal anomaly coefficients (a,c;)
in (1.14), (1.15) in terms of the chiral anomaly coefficients @ = («, 8,7, d) in (1.11).38

Indeed, E. is determined by the Ty, component of stress tensor and should thus be
related [71-73] to the a-coefficient and also to a combination of total derivative term co-
efficients in conformal anomaly. The latter may be expected to be more constrained in
the supersymmetric case and may again be related to the chiral anomaly coefficients. One
should note, however, that, in general, E. (and the derivative terms in the trace anomaly)
are scheme-dependent so that a relation to scheme-independent chiral anomaly coefficients
may hold only in a particular “supersymmetric” scheme.

The Casimir energies for individual 6d conformal fields can be computed as in [43].
Assuming that E. (being related to the trace of stress tensor) may be given by a linear
combination of the chiral anomaly coefficients and using particular examples of (1,0) su-
permultiplets as data points we have found the following expression for E. in terms of the
coefficients in in the anomaly polynomial (1.11)

1 31 5 29
Ec—4(a—245+3’y+48>. (Cl)
Note that in contrast to the conformal anomaly coefficients in (1.13), (1.15) E. depends
not only on a — 8 but also on a + . This relation is in agreement with the values for E,

for particular (1,0) multiplets in (2.1), (2.2), (3.1) which can be found directly

37 71 16471
E.(8L0)) = — E(TWO) = — E. (LO)y — 2
(S7) 3840’ ( ) 1280’ (CSGT) 3840 ’ (C.2)
1 31 37
L0y — (1) 2y 1)2 . 28
Ec(Vy ) =30 =1)" = 1550 =17+ o005 (C.3)
2
E.(CSG,) = —2[6p(p — 1) + 1] E(T29), B(TCY) = -0 (C4)

38 Here we are consider the standard Casimir energy, not the “supersymmetric” one in [69, 70] and refs.
there.
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In the (2,0) case where we expect to have § = 4y = —§ (see (1.17), (1.18)) so that a-
coefficient is given by (1.19) we get for E. in (C.1)

1 71

In contrast to what happens in the maximally supersymmetric case in 4 dimensions this .
is not directly proportional to the corresponding expression for a = —%(a + %6) in (1.19).
This suggests that in 6d case the derivative term contribution to the relation between FE.
and a-anomaly does not vanish even in the (2,0) case (cf. [72]).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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