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1 Introduction

In this paper we study a deformation of the Courant bracket of generalized geometry that

emerged in α′ deformations of double field theory [1], and relate it to the Green-Schwarz

mechanism of anomaly cancellation [2]. The construction of [1] extends the original two-

derivative effective field theory by including some of the higher-derivative corrections that

describe the classical stringy geometry of the space-time theory. Indeed, while the Green-

Schwarz mechanism uses a novel transformation of the antisymmetric tensor field to cancel

a quantum anomaly of the space-time theory, this transformation is needed to cancel a one-

loop world-sheet anomaly at genus zero [3, 4]. Therefore the modified gauge transformation

is a feature of the classical space-time theory.

The ‘doubled α′ geometry’ of [1] provides an exact deformation of the gauge structure

of double field theory (DFT) [5–10] by terms of O(α′) in the gauge algebra and up to

O(α′2) in the gauge transformations and the invariant action. The action contains up to

six derivatives in terms of a novel ‘double metric’ field and is exactly gauge invariant under

the deformed gauge transformations. The relation to conventional actions written in terms

of the metric gij and the Kalb-Ramond field bij has not yet been established beyond two

derivatives. It was conjectured in [1] that this theory encodes part of the α′ corrections of

bosonic string theory but we explain here that it actually encodes a subsector of heterotic

string theory. Specifically, this deformation encodes the gauge transformations implied by

Green-Schwarz anomaly cancellation in heterotic string theory that modifies the three-form

curvature of the b-field by a gravitational Chern-Simons term [2–4]. We show here that

this leads to a gauge algebra that corresponds to a deformation of the Courant bracket of

generalized geometry [11].
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The two-derivative DFT is defined on a doubled space and governed by the ‘C-bracket’

that in turn is a T-duality covariant extension of the Courant bracket of generalized ge-

ometry [5, 7]. In DFT a generalized vector VM , with O(D,D) indices M,N = 1, . . . , 2D,

decomposes as VM = (Ṽi, V
i), with a vector V and a one-form Ṽ , when restricted to the

‘physical’ D-dimensional subspace of the doubled space. In this case, the pair of vector and

one-form can be viewed as a section V + Ṽ in T ⊕ T ∗, the direct sum of the tangent and

co-tangent bundles. On any D-dimensional physical subspace, the C-bracket reduces to

the Courant bracket. The α′ deformation of the C-bracket yields a non-trivial deformation

of the Courant bracket on the physical subspace [1]. We show that an exact realization

of this bracket is given by the deformed gauge transformations of the b-field according to

the Green-Schwarz mechanism. Conventionally, the gauge transformations of the Green-

Schwarz mechanism are presented as deformed local Lorentz transformations, but we can

also realize them as deformed diffeomorphisms. As a central result of this note we give

the deformed diffeomorphisms on the two-form b = 1
2bijdx

i ∧ dxj and show that they close

according to the deformed Courant bracket. The gauge transformations of the metric are

unchanged and the gauge transformations of b read

δξ+ξ̃ b = dξ̃ + Lξb +
1

2
tr
(
d(∂ξ) ∧ Γ

)
, (1.1)

with ξ̃ the one-form parameter, Lξ the Lie derivative along the vector ξ, and Γ the Christof-

fel one-form connection. The component version of this equation is given in (2.37). The

gauge algebra of these deformed transformations is governed by the deformed Courant

bracket [· , ·]′ defined by[
ξ1 + ξ̃1, ξ2 + ξ̃2

]′
=
[
ξ1 , ξ2

]
+ Lξ1 ξ̃2 − Lξ2 ξ̃1 −

1

2
d
(
iξ1 ξ̃2 − iξ2 ξ̃1

)
− 1

2

(
ϕ̃(ξ1, ξ2)− ϕ̃(ξ2, ξ1)

)
,

(1.2)

where we defined the map ϕ̃ that, given any two vectors V and W , produces a ‘one-form’,

ϕ̃(V,W ) ≡ tr
(
d(∂V )∂W

)
≡ tr

(
∂i∂V ∂W

)
dxi ≡ ∂i∂kV

l∂lW
kdxi . (1.3)

The first line in (1.2) defines the standard Courant bracket. The first term on the right-

hand side is the Lie bracket of two vector fields and defines the vector part of the bracket,

while the remaining terms define the one-form part of the bracket. Here iξ1 ξ̃2 denotes the

natural pairing between vectors and one-forms. The second line in (1.2) is the deformation

of the bracket. Note that ϕ̃ is not a genuine one-form as the partial derivatives of vectors

are not tensors; ϕ̃ has an anomalous transformation under diffeomorphisms. While this

deformation of the Courant bracket is not diffeomorphism covariant, there is a deformed

notion of diffeomorphisms, with respect to which the deformed Courant bracket is covari-

ant. We note that the exact term on the first line of (1.2) is not determined by closure of

the gauge transformations on g and b. It is fixed, instead, by the requirement that transfor-

mations called B-shifts are automorphisms of the bracket [12, 13]. These transformations

change b by the addition of a closed two-form B and act on the one-form gauge parameter

– 2 –



J
H
E
P
0
1
(
2
0
1
5
)
0
1
2

as well. The B-shifts are also automorphisms of the [ , ]′ bracket. Let us finally note that

structures closely related to the construction of [1] have been discussed in [14, 15]. Ref. [14]

obtained Courant structures in the context of a βγ-system and computed world-sheet loop

corrections as in [1]. Worldsheet vertex operator algebras that exhibit α′ corrections have

also been investigated in [15].

This note is organized as follows. In section 2 we analyze the gauge transformations

of [1] applied to the metric and b-field fluctuations to linearized order about a background.

We show that, up to field and parameter redefinitions, they agree with those of the Green-

Schwarz mechanism to linear order. The Green-Schwarz mechanism involves deformed local

Lorentz transformations and Lorentz-Chern-Simons modifications of the field strength. In

order to relate them to the deformed Courant bracket, we recast this formulation in terms of

deformed diffeomorphisms and Chern-Simons modifications based on Christoffel symbols.

These transformations close exactly according to the deformed Courant bracket. Next, in

section 3, we review the relation between the undeformed C-bracket and Courant bracket.

In particular, we use the opportunity to discuss how B-shifts are realized on the C-bracket.

Finally, in section 4 we discuss the α′-corrected C-bracket of [1] from which the deformed

Courant bracket [ , ]′ arises. We give the deformed diffeomorphisms on the one-form and

prove in a self-contained fashion the covariance of the deformed bracket under deformed

diffeomorphisms introducing some useful notation.

We close with an outlook in section 5. In particular we discuss more general α′ cor-

rections, relevant both for bosonic and heterotic string theory. This will be considered in

detail in an upcoming paper [16]. In appendix A we discuss the issues associated with the

finite form of the deformed diffeomorphisms, and in appendix B we present some details of

the proof of covariance of the deformed Courant bracket.

2 Green-Schwarz mechanism and deformed diffeomorphisms

In this section we analyze perturbatively the gauge transformations of the ‘doubled α′

geometry’ in terms of the fluctuations of the metric and b-field. We perform the field

redefinitions needed to show that the metric fluctuation transforms conventionally but that

the b-field fluctuation receives a non-trivial modification in agreement with the Green-

Schwarz mechanism. Then we give a non-linear extension as deformed diffeomorphism

transformations on the b-field and show that they close according to a deformed bracket.

2.1 Perturbative clues

We start from the gauge transformations derived in [1] specialized to the fluctuations

around a constant background, to the order relevant for a cubic action. The detailed

derivation of these transformations will be presented in [16]. Projecting to the symmetric

part hij and the antisymmetric part bij of the fluctuation, respectively, one finds deformed

gauge transformations of the form

δhij = ∂iεj + ∂jεi +
1

2

(
∂khlj ∂i∂[k ε̃l] + ∂kbi

l ∂j∂[k εl] + (i↔ j)
)
,

δbij = ∂iε̃j − ∂j ε̃i −
1

2

(
∂khlj ∂i∂[k εl] − ∂kblj ∂i∂[k ε̃l] − (i↔ j)

)
.

(2.1)
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Here εi and ε̃i are the diffeomorphism and b-field gauge parameter, respectively, for the

linearized gauge transformations. In this section we will consistently omit terms that are

of zeroth order in α′ and linear in fields, as these are irrelevant for our analysis. We

also set α′ = 1 as the O(α′) corrections are readily recognized by their higher derivatives.

In (2.1) we have a higher-derivative deformation that is not present for standard Einstein

variables. We now ask to what extent these deformations of the gauge transformations

can be removed by a field and/or parameter redefinition. For the symmetric part of the

fluctuation this is indeed possible by redefining

h′ij = hij +
1

2

(
∂khli ∂[kbl]j + (i↔ j)

)
. (2.2)

To this order this leads to extra transformations δ1 from the lowest-order, inhomogeneous

variations in (2.1) of the higher-derivative terms. We compute

δ1h′ij = δhij +
1

2

(
∂k
(
∂lεi + ∂iε

l
)
∂[kbl]j + ∂[khl]i ∂k(∂lε̃j − ∂j ε̃l) + (i↔ j)

)
= δhij −

1

2

(
∂khlj ∂i∂[k ε̃l] + ∂kbi

l ∂j∂[k εl] + (i↔ j)
)
.

(2.3)

Comparing with the first equation in (2.1) we infer that the higher-derivative terms are

precisely cancelled. This proves that the deformed gauge transformation for the symmetric

part of the fluctuation is trivial and thus removable by a field redefinition. Let us now

turn to the antisymmetric part of the fluctuation. The second term for δb in (2.1) can

be removed by a combined field and parameter redefinition. In general we may perform a

field-dependent redefinition of ε̃i,

ε̃′i = ε̃i + ∆i(h, b, ε) , (2.4)

to arrive at an equivalent modified gauge transformation

δ̃bij ≡ ∂i∆j − ∂j∆i + δbij . (2.5)

This shows that we can simply ‘integrate by parts’ ∂i and ∂j derivatives in δbij exploiting

possible parameter redefinitions. Therefore, δbij in (2.1) is equivalent to

δbij = ∂iε̃j − ∂j ε̃i + ∂khl[i ∂j]∂[k εl] − ∂[i∂
kblj] ∂[k ε̃l] . (2.6)

Due to the antisymmetry in i, j and k, l, the last term can be rewritten in terms of the

three-form curvature Hijk = 3∂[ibjk],

δbij = ∂iε̃j − ∂j ε̃i + ∂khl[i ∂j]∂[k εl] −
1

2
∂[iHj]kl ∂

[k ε̃l] . (2.7)

Performing next the field redefinition

b′ij = bij +
1

4
∂[iHj]kl b

kl , (2.8)
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it is manifest from the gauge invariance of H that the induced extra variation precisely

cancels the final term in (2.7). Dropping the prime from now on, we have obtained:

δbij = ∂iε̃j − ∂j ε̃i + ∂khl[i ∂j]∂[k εl] . (2.9)

Introducing the linearized spin connection

ω
(1)
j,kl ≡ − ∂[k hl]j , (2.10)

where at the linearized level the background vielbein ei
a = δi

a allows one to identify curved

and flat indices, this can be written as

δbij = ∂iε̃j − ∂j ε̃i + ∂[i∂
kεl ω

(1)
j]kl . (2.11)

An alternative form can be obtained by integrating by parts the ∂i derivative, leading to

δ̃bij = ∂iε̃j − ∂j ε̃i − ∂kεl ∂[i ω
(1)
j]kl ,

= ∂iε̃j − ∂j ε̃i −
1

2
∂kεlR

(1)
ijkl ,

(2.12)

with the linearized Riemann tensor

R
(1)
ijkl ≡ 2 ∂[i ω

(1)
j],kl = −2 ∂[i∂[k hl]j] . (2.13)

The form (2.12) shows that the gauge algebra trivializes at the linearized level. Indeed, as

the linearized Riemann tensor is invariant under linearized gauge transformations, acting

in the commutator with the inhomogeneous lowest-order variation gives zero. However, as

we will show in the next subsection, this is only an artifact of the linearization. Moreover,

to this order in a perturbative expansion, the final form of the gauge transformations,

either (2.11) or (2.12), cannot be reduced to the abelian gauge transformations by further

field and/or parameter redefinitions, as we will now show.

In order to see that this deformation is indeed non-trivial we first observe that a

modified three-form field strength that is invariant under the non-trivial gauge transfor-

mations (2.12), or alternatively (2.11), is given by

Ĥijk

(
b, ω(1)

)
≡ 3

(
∂[i bjk] − ω

(1)pq
[i ∂jω

(1)
k]pq

)
. (2.14)

Gauge invariance under (2.11) can be easily verified using the gauge transformation of the

linearized spin connection, δω
(1)
i,jk = −∂i∂[jεk], and recalling the Bianchi identity ∂[iR

(1)
jk]pq =

0. Crucially, the modified three-form curvature is not closed but rather satisfies

∂[iĤjkl] = −3

4
R

(1)
[ij

pq R
(1)
kl]pq . (2.15)

This proves that the deformation (2.9) of the gauge transformation on b is non-trivial: a

trivial deformation representing a field redefinition of b would lead to a gauge invariant

field strength that is closed. The modification of the three-form field strength in (2.14),

with its non-trivial Bianchi identity (2.15), is of course well-known from the Green-Schwarz

mechanism for anomaly cancellation in heterotic string theory. We will show in the next

subsection that its non-linear version, viewed as a deformation of the diffeomorphisms,

defines a closed algebra with field-independent structure constants that will be related to

the deformed Courant bracket.
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2.2 Non-linear realization and Green-Schwarz mechanism

We start by recalling the standard formulation of the modified three-form curvature. This

is written in terms of the Chern-Simons three-form Ω of the (Lorentz) spin connection ω,

Ĥijk(b, ω) ≡ 3
(
∂[i bjk] + Ω(ω)ijk

)
, (2.16)

where

Ω(ω)ijk = ω[i
a
b ∂jωk]

b
a +

2

3
ω[i

a
b ωj

b
c ωk]

c
a , (2.17)

and the spin connection ωm
ab = −ωmba determined in terms of the vielbein. Using forms,

matrix notation, and traces for the flat indices we have:

Ĥ(b, ω) = db+
1

2
Ω(ω) , Ω(ω) = tr

(
ω ∧ dω +

2

3
ω ∧ ω ∧ ω

)
, (2.18)

where we define

Ĥ ≡ 1

3!
Ĥijk dx

i ∧ dxj ∧ dxk , b ≡ 1

2
bij dx

i ∧ dxj , Ω ≡ Ωijk dx
i ∧ dxj ∧ dxk . (2.19)

Under local Lorentz transformations with parameters Λab = −Λba, a vector V transforms

as δΛV
a = −ΛabV

b, where flat indices are raised and lowered with the Minkowski metric.

The spin connection then transforms as

δΛωm
ab = DmΛab ≡ ∂mΛab + ωm

a
c Λcb + ωm

b
c Λac , (2.20)

or, in matrix and form notation,

δΛω = dΛ + ωΛ− Λω . (2.21)

The Chern-Simons three-form varies into δΛΩ = tr(dΛ ∧ dω), which is an exact form:

δΛΩ = −d tr(dΛ ∧ ω ) . (2.22)

From this transformation behavior it follows that Ĥ(b, ω) can be made gauge invariant by

assigning to b a non-standard variation under local Lorentz transformations,

δΛb =
1

2
tr (dΛ ∧ ω ) → δΛbij = − ∂ [i Λab ωj]ab . (2.23)

This is the transformation needed for Green-Schwarz anomaly cancellation.

In the above we have deformed the local Lorentz transformations by assigning a non-

trivial transformation to the Lorentz singlet bij , but left the action of the diffeomorphisms

unchanged (the Lorentz Chern-Simons term is a three-form under diffeomorphisms). Con-

sequently, the diffeomorphism algebra is unaffected, but rather the Lorentz gauge algebra

becomes non-trivial. An explicit computation with (2.23) shows that the deformed local

Lorentz transformations close on bij as[
δΛ1 , δΛ2

]
b = δ[Λ1,Λ2] b + dξ̃12 , (2.24)
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with the usual commutator of two Lorentz transformations and an extra one-form ξ12 =

ξ12i dx
i given by

ξ̃12 = −1

2
tr(Λ1 dΛ2 − Λ2 dΛ1) → ξ̃12 i =

1

2

(
Λab1 ∂iΛ2ab − Λab2 ∂iΛ1ab

)
. (2.25)

The gauge algebra is field-independent.1

In order to make contact with the deformed Courant bracket we present now an equiv-

alent form of the gauge transformation on bmn that deforms the diffeomorphisms rather

than the local Lorentz transformations. Thus, here we use a modification of the three-form

curvature by a Chern-Simons form based on the Christoffel symbols rather than the spin

connection, i.e.,

Ĥijk

(
b,Γ
)
≡ 3

(
∂[i bjk] + Ω(Γ)ijk

)
, (2.26)

where

Ω(Γ)ijk = Γ q
[i|p|∂jΓ

p
k]q +

2

3
Γ q

[i|p|Γ
p
j|r|Γ

r
k]q . (2.27)

In the language of forms and matrices we have

Ĥ(b,Γ) = db+
1

2
Ω(Γ) , Ω(Γ) = tr

(
Γ ∧ dΓ +

2

3
Γ ∧ Γ ∧ Γ

)
, (2.28)

where we define the matrix valued one-forms Γ as well as the matrix representation of the

Christoffel symbols

(Γ)kl ≡ (Γi)
k
l dx

i ≡ Γ k
il dx

i . (2.29)

The Christoffel symbols are determined in terms of the metric by

Γ k
mn =

1

2
gkl
(
∂mgnl + ∂ngml − ∂lgmn

)
, (2.30)

and transform under diffeomorphisms as

δξΓ
k
mn = LξΓ k

mn + ∂m∂nξ
k . (2.31)

It is convenient, for general objects A, to write δξA = LξA+ ∆ξA, where ∆ξA denotes the

failure of A to transform as a tensor. In this notation ∆ξΓ
k
mn = ∂m∂nξ

k, which we can

write as

∆ξΓ = d(∂ξ) , (2.32)

where we used the matrix notation (∂ξ)kn ≡ ∂nξk. One may also verify that

∆ξdΓ = −Γ ∧ d(∂ξ)− d(∂ξ) ∧ Γ . (2.33)

With the help of the last two equations it is straightforward to show that the failure of the

Chern-Simons form Ω(Γ) to be a tensor is an exact three-form:

∆ξΩ(Γ) = tr
(
d(∂ξ) ∧ dΓ

)
= d tr

(
(∂ξ)dΓ

)
= d tr

(
−d(∂ξ) ∧ Γ

)
. (2.34)

1Had we chosen the equally valid b field transformation δΛb = − 1
2

tr (Λdω ), the result would have been

an algebra with field-dependent structure constants.
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Again, we can assign a suitable transformation ∆ξb so that the curvature Ĥ(b,Γ) is dif-

feomorphism covariant: ∆ξĤ = 0. The two ways of writing ∆ξΩ as an exact form give us

two options:

∆ξb = −1

2
tr(∂ξ dΓ ) , or ∆ξb =

1

2
tr
(
d(∂ξ) ∧ Γ

)
. (2.35)

At this point we can try to consider which option gives a non-linear completion of (2.12).2

In component notation, the first option gives

δξbij = Lξbij − ∂pξq ∂[i Γ p
j]q . (2.36)

One may verify, using (2.30), that this expression reduces to (2.12) upon expansion about

flat space with gij = ηij + hij . This transformation actually gives a gauge algebra with

field-dependent structure constants. The second option in (2.35) is the analog of (2.23),

and gives

δξ+ξ̃ bij = 2 ∂[i ξ̃j] + Lξbij + ∂[i∂pξ
q Γ p

j]q , (2.37)

or, in form notation,

δξ+ξ̃ b = dξ̃ + Lξb +
1

2
tr
(
d(∂ξ) ∧ Γ

)
. (2.38)

The gauge algebra based on (2.38) is field-independent and can be directly related to the

deformed Courant bracket to be discussed below. Indeed, a direct computation of the

gauge algebra with (2.38) quickly yields[
δξ1+ξ̃1

, δξ2+ξ̃2

]
b = Lξ2dξ̃1 − Lξ1dξ̃2 −

1

2
d tr
(
d(∂ξ2)∂ξ1 − d(∂ξ1)∂ξ2

)
+ L[ξ2,ξ1]b +

1

2
tr
([
Lξ2d(∂ξ1)− Lξ1d(∂ξ2)

]
∧ Γ
)
.

(2.39)

Noting that exterior derivatives and Lie derivatives commute allows to simplify the first

line, and another short calculation allows one to simplify the second term on the second

line. The result is[
δξ1+ξ̃1

, δξ2+ξ̃2

]
b = d

(
Lξ2 ξ̃1 − Lξ1 ξ̃2 −

1

2
d
(
iξ2 ξ̃1 − iξ1 ξ̃2

)
− 1

2
tr
(
d(∂ξ2)∂ξ1 − d(∂ξ1)∂ξ2

))
+ L[ξ2,ξ1]b +

1

2
d
(
∂[ξ2, ξ1]

)
∧ Γ .

We see that the right-hand side takes the form of a gauge transformation of b as in (2.38).

The vector parameter of the resulting transformation is [ξ2, ξ1], which is the vector part

of [ξ2 + ξ̃2, ξ1 + ξ̃2]′. The one-form parameter is that in parenthesis on the first line of the

above equation. It is indeed equal to the one-form part of [ξ2 + ξ̃2, ξ1 + ξ̃2]′ as one can

confirm comparing with (1.2). All in all we have proven that[
δξ1+ξ̃1

, δξ2+ξ̃2

]
b = δ[

ξ2+ξ̃2 , ξ1+ξ̃1
]′ b . (2.40)

2The choice to replace R(1) by the full Riemann tensor does not lead to the correct result.
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This shows that the gauge transformations (2.37) provide an exact realization of the de-

formed Courant bracket as the gauge algebra. Moreover, as the gauge transformations of

the metric gmn are undeformed it is evident from (2.37) that the deformation is exact in α′.

Some remarks are in order regarding the equivalence of the Chern-Simons forms based

on ω and Γ, see, e.g., [17]. For this purpose first recall that under transformations of the

spin connection of the form

ω′ = U−1dU + U−1ωU , (2.41)

the Chern-Simons form transforms as follows:

Ω(ω′) = Ω(ω) − d tr
(
dU U−1 ∧ ω

)
− 1

3
tr
[(
U−1dU

)
∧
(
U−1dU

)
∧
(
U−1dU

)]
. (2.42)

When the matrix U is a Lorentz transformation, this is a gauge transformation from ω

to ω′. If the matrix U is more general, ω′ would not be a spin connection, but the above

still holds as an identity relating the Chern-Simons terms constructed from ω and ω′. One

can relate in this way the spin connection to the Christoffel connection. Indeed, by the

‘vielbein postulate’ these connections are related by

Dmen
a ≡ ∂men

a + ωm
a
b en

b − Γ k
mnek

a = 0 . (2.43)

Recalling our matrix notation for these connections and introducing one more for the

vielbein and inverse vielbein,

(ωm)ab ≡ ωm
a
b , (Γm)kn ≡ Γ k

mn , (e) am ≡ em
a ,

(
e−1
)m

a ≡ ea
m , (2.44)

the vielbein postulate implies that the connection one-forms are related by

Γ = e−1d e+ e−1ω e . (2.45)

This relation is of the form (2.41), with U = e, which is not a Lorentz transformation. It

thus follows that

Ω(Γ) = Ω(ω)− d tr
(
de e−1 ∧ ω

)
− 1

3
tr
[(
e−1de

)
∧
(
e−1de

)
∧
(
e−1de

)]
. (2.46)

We see that the two Chern-Simons forms differ by an exact two-form and a closed three-

form whose integral is associated with the winding number of the transformation matrix.

Therefore, at least locally the difference between the two Chern-Simons forms is exact, and

the field strengths Ĥ(b, ω) and Ĥ(b,Γ) can be made to agree after a field redefinition of b.

Thus the two formulations can be treated as equivalent.3

Given the above results, it follows that the construction of [1] gives a manifestly and

exactly T-duality invariant theory that incorporates the α′ corrections of the Green-Schwarz

mechanism. Since we have a gauge invariant field strength Ĥ the action

S =

∫
dDx
√
−ge−2φ

[
R+ 4(∂φ)2 − 1

12
ĤmnkĤmnk

]
, (2.47)

3The same topological subtleties arise in proving the gauge invariance of Ĥ under large gauge transfor-

mations.
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is at least a subsector of the exactly T-duality invariant theory in [1]. Expanding the Ĥ2

term above one obtains structures with up to six derivatives, which is as predicted by the

full theory constructed in [1]. Most likely, when expressed in terms of g and b, the exactly

duality invariant theory will have corrections to all orders in α′. We finally note that the

above action corresponds to the truncation of heterotic string theory that sets the Yang-

Mills gauge fields to zero. These gauge fields can be naturally included in DFT, at least

for the abelian subsector, by enlarging O(D,D) to O(D,D + n), with n the number of

gauge vectors [5, 18–20]. (See also [21–24] for Courant algebroids in ‘generalized geometry’

formulations of heterotic strings.)

3 Courant bracket, C-bracket and their automorphisms

In this section we review the B automorphism of the Courant bracket and find its extension

to the C-bracket. This automorphism is preserved by the deformation discussed in the next

section. The Courant bracket for elements V + Ṽ ∈ T ⊕ T ∗, where V is a vector and Ṽ a

one-form, takes the form[
V + Ṽ ,W + W̃

]
=
[
V,W ] + LV W̃ − LW Ṽ −

1

2
d
(
iV W̃ − iW Ṽ

)
. (3.1)

Here [V,W ] is the Lie bracket of vector fields, L denote Lie derivatives, and iV W̃ = V iW̃i

for a vector V = V i∂i and a one-form W̃ = W̃idx
i. The last term on the right-hand side is

an exact one-form. Its coefficient is fixed by the condition that the bracket have an extra

automorphism parameterized by an arbitrary closed two-form B:

B transformation: V + Ṽ → V + Ṽ + iVB , dB = 0 . (3.2)

Here iVB is the one-form obtained by contraction: (iVB)(W ) = B(V,W ) or, more explic-

itly, iVB = V iBij dx
j when B = 1

2Bij dx
i ∧ dxj (we use dxi ∧ dxj = dxi⊗ dxj − dxj ⊗ dxi).

Under a B transformation the one-form part of an element of the algebra is shifted as

Ṽi → Ṽi + V jBji. The statement that a B transformation is an automorphism of the

bracket means that[
V + Ṽ + iVB , W + W̃ + iWB

]
=
[
V + Ṽ , W + W̃

]
+ i[V,W ]B . (3.3)

This property is readily checked using the identities LV = iV d + d iV , [LV , iW ] = i[V,W ]

and iV iW = −iW iV .

In the doubled geometry we have now generalized vectors VM (X) or ξM (X) on a

suitably generalized doubled manifold with coordinates XM , M = 1, . . . , 2D. These vectors

and partial derivatives are decomposed as

VM =

(
Ṽi
V i

)
, ξM =

(
ξ̃i
ξi

)
, ∂M =

(
∂̃i
∂i

)
, (3.4)

with ∂i = ∂
∂xi

and ∂̃i = ∂
∂x̃i

. Generalized Lie derivatives are defined by

L̂ξVM = ξN∂NV
M +

(
∂MξN − ∂NξM

)
V N , (3.5)
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where indices are raised and lowered with the constant O(D,D) metric ηMN and its inverse

ηMN . They define a generalized notion of diffeomorphisms. For objects with additional

indices the generalized Lie derivative includes extra terms. Objects that transform under

generalized diffeomorphisms with these generalized Lie derivatives are called generalized

tensors. The C-bracket [ , ]C is defined by[
V , W

]M
C

= [V , W ]M − 1

2

(
V P∂MWP −WP∂MVP

)
, (3.6)

where [V,W ]M ≡ V K∂KW
M − WK∂KV

M is the analog of the Lie bracket. When we

choose a section, say ∂̃i = 0, the C-bracket reduces to the Courant bracket.

We now ask: what is the automorphism of the C-bracket that corresponds to the B-

transformation of the Courant bracket? In analogy to the earlier analysis we consider the

transformation induced by an antisymmetric two-index generalized tensor BMN = −BNM :

VM → VM −BMNVN , or V → V −BV . (3.7)

Note that this transformation, infinitesimally, can be viewed as a local O(D,D) transfor-

mation. As such, it is somewhat surprising that it can be an invariance of the theory. The

automorphism would require that[
V −BV , W −BW

]M
C

=
[
V,W

]M
C
−BMN

[
V,W

]
C
N . (3.8)

A short calculation shows that[
V −BV , W −BW

]M
C

=
[
V,W

]M
C
−BMN

[
V,W

]
N

−
(
∂KBMP + ∂PBKM + ∂MBPK

)
VKWP

− (BV )K∂K(W −BW )M +
1

2
(BV )P∂M (BW )P − (V ↔W ) .

(3.9)

It is now natural to demand, in analogy to the condition dB = 0 for the B automorphism

of the Courant bracket, that

∂[MBNK] = 0 . (3.10)

This eliminates the second line in (3.9), but this is not sufficient for the autormorphism to

hold. There remain two problems. First, the bracket on the last term of the first line is

a Lie bracket, not a C-bracket, as required for the automorphism. Second, the terms on

the last line do not cancel. These difficulties are related and one clue is the fact that the

condition (3.10) is not covariant under generalized diffeomorphisms. Denoting by ∆ξ the

failure of an object to be a generalized tensor, one quickly finds that

∆ξ

(
∂[MBNK]

)
≡ ∂[M L̂ξBNK] − L̂ξ

(
∂[MBNK]

)
= 2 ∂P∂

[MξNBK]P . (3.11)

This is zero if we demand that BMN is ‘covariantly constrained’ (a notion introduced

in [25]) in the sense that derivatives along B vanish:

BMN∂N = 0 . (3.12)
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This condition helps in two ways. First we have that

BMN
[
V,W

]
N

= BMN
[
V,W

]
C
N , (3.13)

since the extra term in the C-bracket has a derivative tied to the B field. Moreover, the

first term on the third line of (3.9) vanishes. Therefore, so far we have[
V −BV , W −BW

]M
C

=
[
V,W

]M
C
−BMN

[
V,W

]
C
N

+
1

2
(BV )P∂M (BW )P − (V ↔W ) .

(3.14)

The second line should still vanish. We can understand how this happens by looking in

detail at the constraint BMN∂N = 0:

Bij∂j +Bi
j ∂̃
j = 0 ,

Bi
j∂j +Bij ∂̃

j = 0 .
(3.15)

Solving the strong constraint by declaring ∂̃ = 0 these conditions become

Bij∂j = 0 , Bi
j∂j = 0 . (3.16)

For these conditions to hold in all generality (namely, for brackets of arbitrary elements)

we must set Bij and Bi
j = −Bj

i equal to zero, and the only surviving component of BMN

is Bij :

Bij = 0 , Bi
j = −Bj

i = 0 , Bij nonzero . (3.17)

This is the general solution of BMN∂N = 0. At this point, (3.10) requires that Bij is

a closed two-form. This is consistent with the B automorphism of the Courant bracket,

which should arise upon reduction to the non-doubled space. We now note that if BMN

has only components Bij , then any contraction of indices between two B fields must vanish

OBMNO′BMK = 0 , (3.18)

where O and O′ denote arbitrary factors that may include derivatives. The second line

in (3.14) features such a contraction. Those terms thus vanish, showing that we have the

B automorphism. In summary, the C-bracket has the automorphism

VM → VM −BMNVN , (3.19)

when the B field satisfies

BMN = −BNM , ∂[MBNK] = 0 , BMN∂N = 0 , OBMNO′BMK = 0 . (3.20)

Although, as noted above, (3.18) identically holds if the condition BMN∂N = 0 is solved,

this does not seem derivable in an O(D,D) covariant way, and so here we included the

last condition.
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To understand better the automorphism, we consider the familiar automorphism of the

C-bracket generated by generalized Lie derivatives. Indeed, for infinitesimal parameters λ

we have that V → V + λL̂ξV is an automorphism since we have

L̂ξ
[
V,W

]
C

=
[
L̂ξV , W

]
C

+
[
V , L̂ξW

]
C

. (3.21)

The finite version of this automorphism holds for exponentials of generalized Lie derivatives,

eL̂ξ
[
V,W

]
C

=
[
eL̂ξV , eL̂ξW

]
C

. (3.22)

We now argue that, at least locally, we can view an infinitesimal B transformation as

generated by a Lie derivative. The condition ∂[MBNK] = 0 implies that locally there exists

a ξM such that

BMN = ∂MξN − ∂NξM . (3.23)

Since BMN needs to satisfy BMN∂N = 0, we demand, in addition, that ξK∂K = 0. (This

is clear in the frame ∂̃ = 0, since only Bij exists and thus we can set ξi = 0 resulting

in ξK∂K = 0.) As a result, a generalized Lie derivative along ξ indeed amounts to a B

transformation:

L̂ξVM = ξK∂KVM +
(
∂MξN − ∂NξM

)
V N = BMNV

N . (3.24)

The generalization of the above discussion to the global aspects of a doubled (generalized)

manifold may be of interest.

We conclude this section with a simple observation that explains why the reduction

of generalized Lie derivatives of the doubled theory give automorphisms of the Courant

bracket. Consider the expression (3.5) from the doubled geometry and set ∂̃ = 0. We then

find that the generalized Lie derivative of VM = (Ṽi, V
i) reads

L̂ξV = LξV ,

L̂ξṼi = LξṼi +
(
∂iξ̃j − ∂j ξ̃i

)
V j .

(3.25)

The last term in the second equation can be written as a B-transformation:

L̂ξṼ = LξṼ + iVB , B = −1

2

(
∂iξ̃j − ∂j ξ̃i

)
dxi ∧ dxj . (3.26)

Ordinary Lie derivatives, of course, generate autormorphisms of the Courant bracket. The

generalized Lie derivatives that arise from the doubled theory are automorphisms as well,

because the extra terms beyond ordinary Lie derivatives are B automorphisms.

4 Exact deformation of the Courant bracket

We now turn to the deformation of the C-bracket introduced in [1], which reads[
V,W

]′M
=
[
V,W

]M
C

+
1

2

(
∂KV

L∂M∂LW
K − (V ↔W )

)
. (4.1)
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Let us discuss a few of its properties. First, because of the constraint (3.12), the B

transformation (3.7) is also an automorphism of the deformed C-bracket. Indeed,

[
V −BV,W −BW

]′M
=
[
V −BV,W −BW

]M
C

+
1

2

(
∂KV

L∂M∂LW
K − (V ↔W )

)
, (4.2)

because the vector fields V and W in the extra term are contracted with derivatives and

thus the B shift drops out. Since the C-bracket has the B automorphism (3.8)

[
V −BV,W −BW

]′M
=
[
V,W

]M
C
−BMN

[
V,W

]
C
N +

1

2

(
∂KV

L∂M∂LW
K − (V ↔W )

)
=
[
V,W

]′M −BMN
[
V,W

]
C
N ,

=
[
V,W

]′M −BMN
[
V,W

]′
N
,

(4.3)

where the last substitution is allowed because the vector index in the correction of the

C-bracket is carried by a derivative. The B automorphism is thus unchanged.

The deformed C-bracket can be realized as the gauge algebra for deformed generalized

Lie derivatives. On a vector these transformations read

δ′ξV
M = LξV

M ≡ L̂ξVM − ∂M∂KξL∂LV K , (4.4)

which close according to (4.1). There is also a deformation of the inner product defined by

the O(D,D) invariant metric,

〈V |W 〉′ ≡ 〈V |W 〉 − ∂MV N∂NW
M = VMWNηMN − ∂MV N∂NW

M . (4.5)

Indeed, it is straightforward to verify that this transforms as a scalar under (4.4).

In the remainder of this section we investigate these deformed structures on the physical

D-dimensional subspace and show how they provide a consistent non-trivial deformation of

the Courant bracket of generalized geometry. Setting ∂̃i = 0, one finds for the C′-bracket

that the vector part is not corrected, but the one-form part is,[
V,W

]′i
=
[
V,W

]i
,[

V,W
]′
i

=
[
V,W

]
C i
− 1

2
∂i∂`V

k ∂kW
` +

1

2
∂i∂`W

k ∂kV
` .

(4.6)

Similarly, the deformed generalized Lie derivative on the vector part is not corrected but

on the one-form part it is,

(LξV )i = ξk∂kV
i − V k∂kξ

i ,

(LξṼ )i = ξk∂kṼi + ∂iξ
k Ṽk +

(
∂iξ̃k − ∂kξ̃i

)
V k − ∂i∂kξ

l∂lV
k .

(4.7)

The deformed inner product (4.5) reads

〈V + Ṽ |W + W̃ 〉′ = 〈V + Ṽ |W + W̃ 〉 − ∂iV
j∂jW

i = V iṼi+W iW̃i − ∂iV
j∂jW

i . (4.8)
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The deformed Courant bracket has a non-trivial Jacobiator that is, however, exact. Specif-

ically, the Jacobiator

JC′

(
U + Ũ , V + Ṽ ,W + W̃

)
≡
∑
cycl

[[
U + Ũ , V + Ṽ

]′
,W + W̃

]′
, (4.9)

where the cyclic sum has three terms with coefficient 1, reads

JC′

(
U + Ũ , V + Ṽ ,W + W̃

)
=

1

6
d

∑
cycl

〈 [
U + Ũ , V + Ṽ

]′
,W + W̃

〉′ . (4.10)

The Jacobiator takes a form fully analogous to that of the undeformed Courant bracket, but

with the bracket and inner product replaced by the deformed bracket and inner product.

This result follows immediately from the proof given [1] for the deformed C-bracket. The

deformations above are the full deformations (no higher orders in α′ are needed) and

are mutually compatible in that the deformed bracket transforms covariantly under the

deformed generalized Lie derivatives, etc. In the following we establish this in some detail

in order to elucidate more the novel geometrical structures.

We start by introducing some useful index-free notation. For the partial derivative of

a vector V we use a matrix notation and, moreover, if we want to stress the interpretation

of V as a differential operator we put a vector arrow on top,

∂V ≡
(
∂iV

j
)
, ~V ≡ V i∂i . (4.11)

The partial derivative ∂V is not a tensor of type (1, 1). Rather, it has an anomalous trans-

formation under infinitesimal diffeomorphisms δξV ≡ LξV generated by Lie derivatives.

Indeed, a quick computation in local coordinates gives

δξ
(
∂iV

j
)

= Lξ
(
∂iV

j
)
− V k∂k∂iξ

j . (4.12)

Here, with slight abuse of notation, we mean that Lξ acts on ∂V like on a (1, 1) tensor,

while the second term is the anomalous term reflecting that ∂V is in fact not a tensor. In

index-free notation (4.12) reads

δξ
(
∂V
)

= Lξ
(
∂V
)
− ~V

(
∂ξ
)
. (4.13)

Below we will need the bilinear symmetric operation that acting on two vectors gives a

function:

ϕ(V,W ) ≡ tr(∂V · ∂W ) ≡ ∂iV
j ∂jW

i . (4.14)

We stress that while ϕ(V,W ) has no free indices, it is not a scalar built from V and W .

As the notation suggests, ϕ(V,W ) can be viewed as the trace of the matrix product of the

matrices ∂V and ∂W . In terms of this symmetric function the deformed inner product (4.8)

becomes

〈V + Ṽ |W + W̃ 〉′ = iV W̃ + iW Ṽ − ϕ(V,W ) = 〈V + Ṽ |W + W̃ 〉 − ϕ(V,W ) . (4.15)
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We also need an object ϕ̃(V,W ) that, given two vectors V and W , gives a ‘one-form’

ϕ̃(V,W ) ≡ tr(∂i∂V ∂W ) dxi ≡
(
∂i∂kV

j
)
∂jW

k dxi , (4.16)

where the ∂i does not interfere with the trace operation. In components we write

ϕ̃i(V,W ) = tr(∂i∂V ∂W ) . (4.17)

Note that while still bilinear, ϕ̃(V,W ) is not symmetric under the exchange of V and W ,

as the extra derivative associated with the one form acts on the first vector. We can now

write the deformed Lie derivative on a one-form in (4.7) as

δ′
ξ+ξ̃

Ṽ = Lξ+ξ̃ Ṽ ≡ LξṼ − iV dξ̃ − ϕ̃( ξ, V ) = L̂ξ+ξ̃Ṽ − ϕ̃( ξ, V ) . (4.18)

For the vector and one form parts taken together we have

δ′
ξ+ξ̃

(
V + Ṽ

)
= Lξ+ξ̃

(
V + Ṽ

)
= Lξ

(
V + Ṽ

)
− iV dξ̃ − ϕ̃( ξ, V )

= L̂ξ+ξ̃
(
V + Ṽ

)
− ϕ̃( ξ, V ) .

(4.19)

Recognizing that the undeformed variations are

δξ+ξ̃

(
V + Ṽ

)
= Lξ

(
V + Ṽ

)
− iV dξ̃ , (4.20)

we can write

δ′
ξ+ξ̃

= δξ+ξ̃ + δ̃ξ+ξ̃ , (4.21)

with

δ̃ξ+ξ̃

(
V + Ṽ

)
= − ϕ̃( ξ, V ) . (4.22)

Finally, the deformed Courant bracket (4.6) can also be written neatly using ϕ̃:[
V + Ṽ ,W + W̃

]′
=
[
V ,W

]
+ LV W̃ − LW Ṽ −

1

2
d
(
iV W̃ − iW Ṽ

)
− 1

2

(
ϕ̃(V,W )− ϕ̃(W,V )

)
.

(4.23)

Of course, we also have[
V + Ṽ ,W + W̃

]′
=
[
V + Ṽ ,W + W̃

]
− 1

2

(
ϕ̃(V,W )− ϕ̃(W,V )

)
, (4.24)

where the first term on the right-hand side is the original Courant bracket. The B auto-

morphism also holds:[
V + Ṽ + iVB , W + W̃ + iWB

]′
=
[
V + Ṽ , W + W̃

]′
+ i[V,W ]B , (4.25)

as can be easily verified directly.

Let us now prove that the deformed inner product (4.15) transforms covariantly under

the deformed Lie derivative (4.19), i.e.,

δ′
ξ+ξ̃
〈V + Ṽ |W + W̃ 〉′ = Lξ+ξ̃ 〈V + Ṽ |W + W̃ 〉′ = Lξ〈V + Ṽ |W + W̃ 〉′ , (4.26)
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where the second equality holds because on scalars the deformed Lie derivatives are defined

to act as ordinary ones. Using the expansion (4.21) and noting that the original inner

product is covariant under the standard Lie derivatives, we get the condition:

δξ+ξ̃ (−ϕ(V,W )) + δ̃ξ+ξ̃ 〈V + Ṽ |W + W̃ 〉′ = −Lξϕ(V,W ) . (4.27)

Since δ̃ does not act on vectors, we can delete the prime on the second term of the left-hand

side and get

− ϕ(LξV,W )− ϕ(V,LξW ) + iV (−ϕ̃(ξ,W )) + iW (−ϕ̃(ξ, V )) = −Lξϕ(V,W ) . (4.28)

Reordering the terms we find that this requires

Lξϕ(V,W )− ϕ(LξV,W )− ϕ(V,LξW ) = iV ϕ̃(ξ,W ) + iW ϕ̃(ξ, V ) . (4.29)

This equation encodes the fact that the pairing ϕ is non-tensorial. However, by virtue of

this relation, the full inner product (4.15) is tensorial (in fact, a scalar) in the deformed

sense. The proof of (4.29) is straightforward. Writing ∆ξ ≡ δξ − Lξ, we have by (4.13)

that ∆ξ(∂V ) = −~V (∂ξ). We thus compute

∆ξϕ(V,W ) = tr
(
∆ξ(∂V ) ∂W

)
+ tr

(
∂V∆ξ(∂W )

)
= −tr

(
~V (∂ξ) ∂W

)
− tr

(
∂V ~W (∂ξ)

)
= −V ktr

(
∂k(∂ξ) ∂W

)
−W ktr

(
∂k(∂ξ) ∂V

)
= −iV ϕ̃(ξ,W )− iW ϕ̃(ξ, V ) .

(4.30)

Recognizing that the left-hand side of (4.29) is by definition −∆ξϕ(V,W ), this completes

the proof of (4.29) and thus of the covariance of the inner product (4.15) in the de-

formed sense.

We now want to establish that the deformed bracket [· , ·]′ transforms covariantly in

the deformed sense (4.19), i.e.,

δ′
ξ+ξ̃

[
V + Ṽ ,W + W̃

]′
= L̂ξ+ξ̃

[
V + Ṽ ,W + W̃

]′
− ϕ̃( ξ, [V,W ]) . (4.31)

The covariance of the Courant bracket gives us

δξ+ξ̃

[
V + Ṽ ,W + W̃

]
= L̂ξ+ξ̃

[
V + Ṽ ,W + W̃

]
, (4.32)

and therefore condition (4.31) requires

−1

2
δξ+ξ̃

(
ϕ̃(V,W )− ϕ̃(W,V )

)
+ δ̃ξ+ξ̃

[
V + Ṽ ,W + W̃

]
= − 1

2
Lξ
(
ϕ̃(V,W )− ϕ̃(W,V )

)
− ϕ̃(ξ, [V,W ]). (4.33)

Writing out the variations this becomes

− 1

2

(
ϕ̃(LξV,W ) + ϕ̃(V,LξW )

)
− LV ϕ(ξ,W ) +

1

2
d
(
iV ϕ(ξ,W )

)
− (V ↔W )

= −1

2
Lξ
(
ϕ̃(V,W ) − ϕ̃(W,V )

)
− ϕ̃( ξ, [V,W ]) .

(4.34)

– 17 –



J
H
E
P
0
1
(
2
0
1
5
)
0
1
2

We now can reorganize it as follows:

ϕ̃(ξ, [V,W ]) =
1

2
∆ξϕ̃(V,W ) + LV ϕ̃(ξ,W )− 1

2
d
(
iV ϕ̃(ξ,W )

)
− (V ↔W ) . (4.35)

This relation can be proved by a direct computation, whose details we present in ap-

pendix B. This completes our proof of the covariance of the deformed Courant bracket.

5 Discussion and outlook

We have shown that the unusual gauge transformations of the b-field required in the Green-

Schwarz mechanism find a geometric description in an extension of generalized geometry.

This extension is defined by a fully consistent α′ deformation of the Courant bracket, found

in the context of a C-bracket deformation in double field theory [1]. It was explained there

that this is the unique field-independent α′ deformation of the C-bracket. It is likely that

the associated field-independent deformation of the Courant bracket is also unique.

In the standard approach, the Green-Schwarz transformations of the b-field are unusual

Lorentz rotations. One must include b-field gauge transformations to close the Lorentz

transformations. As we have shown, working with diffeomorphisms and b-field gauge trans-

formations, the same physics results in a gauge algebra identified with a field-independent

deformation of the Courant bracket. The realization of a deformed diffeomorphism sym-

metry on the b-field is novel. The deformed Courant bracket is covariant under suitable α′

corrected diffeomorphisms. The Jacobiator of the deformed Courant bracket is an exact

one-form, and the B-shift automorphism of the original bracket is preserved. These prop-

erties of the Courant bracket are guaranteed by the work in [1] but were explained here

with suitable notation that does not use doubled coordinates. The utility of the doubled

formalism is that it allows one to construct gauge invariant actions with α′ corrections that

are exactly T-duality invariant.

It is known that natural classical formulations of string theory make use of elements

of the theory that are usually understood as requirements of the quantum theory. For

example, free string field theory, which is clearly consistent in any dimension, uses a

BRST operator that is only nilpotent in the critical dimension. Similarly, in this note

we showed that the modifications of the b-field gauge transformations, originally required

by the cancellation of a quantum anomaly, appears as part of the α′ geometry of the clas-

sical theory. This is in accord with the discussion of [3, 4] that showed that the unusual

b-field transformations are needed to cancel a one-loop anomaly of the world-sheet theory

of heterotic strings.

This work began as an investigation of the gauge transformations of the theory de-

scribed in [1] through a perturbative identification of the metric and b-fields (section 2.1).

It can be seen that the α′ corrections of this theory violate the b→ −b symmetry of bosonic

string theory. Thus [1] does not describe a subsector of bosonic closed strings, as originally

expected, but rather a subsector of heterotic strings. While heterotic strings are oriented

string theories they do not have a b → −b symmetry. The chiral CFT introduced in [5]

and further developed in [1] thus seems to have an anomaly that is not a feature of bosonic
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strings. As it does not include the familiar Riemann-squared corrections but rather terms

required by anomaly considerations, it appears to be a theory of ‘topological’ type.

Given this result, how does one describe the α′ corrections of bosonic strings or het-

erotic strings [27, 28], which include, among others the square of the Riemann tensor?

In this approach, such an extension requires further deformations of the gauge structure

of the two-derivative theory. In [16] we will report on a perturbative analysis of closed

bosonic string field theory, which leads to the cubic action of O(α′). To that order, the

gauge algebra is a deformation of the C-bracket that involves background values of the

generalized metric.

The natural language needed to discuss the action of deformed diffeomorphisms, espe-

cially ‘large’ ones, is yet to be developed. One needs an extension of generalized geometry

that incorporates the α′ deformed symmetry structures for the action on one- and two-

forms, possibly extending the theory of gerbes. In DFT a first step would be to find a

finite form of the α′ corrected generalized diffeomorphisms, extending those given in [29]

and studied in [10, 30–32]. A more complete picture should arise upon inclusion of the

Riemann squared and other α′ corrections into the structure.

Note added. At the completion of this work the paper [33] appeared, which aims to

describe first-order α′ corrections of heterotic string theory in DFT. In this construction

the generalized Lie derivatives are not α′-deformed, but the duality group is extended.
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A Comments on finite gauge transformations

In this appendix we discuss some subtleties of the deformed diffeomorphisms that arise

once we consider finite transformations. The Christoffel symbols transform under arbitrary

general coordinate transformations as

Γ′ kmn(x′) =
∂xp

∂x′m
∂xq

∂x′n
∂x′k

∂xl
Γ l
pq(x) +

∂x′k

∂xl
∂2xl

∂x′m∂x′n
. (A.1)

It is convenient to introduce matrix notation,

Umn =
∂xm

∂x′n
, (U−1)mn =

∂x′m

∂xn
, (A.2)

so that the transformation (A.1) can be written as

Γ′m(x′) = Unm
(
U−1Γn(x)U + U−1∂nU

)
, (A.3)
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and in one-form notation, Γ′ = Γ′mdx
′m and Γ = Γmdx

m,

Γ′(x′) = U−1Γ(x)U + U−1dU . (A.4)

Equation (2.42) can be used to relate the CS forms of Γ′ and Γ:

Ω(Γ′) = Ω(Γ) − d tr
(
dU U−1 ∧ Γ

)
− 1

3
tr
[(
U−1dU

)3]
. (A.5)

The gauge invariance of Ĥ requires that b transforms in such a way that

db′ +
1

2
Ω(Γ′) = db+

1

2
Ω(Γ) , (A.6)

which gives

db′ = d
(
b+

1

2
tr
(
dU U−1 ∧ Γ

))
+

1

6
tr
[(
U−1dU

)3]
. (A.7)

The last term is a closed three-form, invisible for infinitesimal transformations x′m =

xm − ξm(x), for which U = 1 + ∂ξ +O(ξ2). Integrated over a three-manifold it yields the

winding number of U . Locally we write it as the exterior derivative of a two-form j:

w(U) ≡ −1

3
tr
[(
U−1dU

)3]
= dj , j ≡ 1

2
jij dx

i ∧ dxj . (A.8)

With this we can conclude that the b field transformation is given by

b′ = b +
1

2
tr
(
dU U−1 ∧ Γ

)
− 1

2
j . (A.9)

To linearized order in infinitesimal diffeomorphisms, for which we can ignore the last term,

this indeed reduces to (2.38). In component notation the above equation gives

b′mn(x′) = UpmU
q
n

(
bpq(x) + tr

(
∂[pU U

−1 Γq]
)
− jpq

)
. (A.10)

Writing out the explicit derivatives yields

b′mn(x′) =
∂xp

∂x′m
∂xq

∂x′n

(
bpq(x) +

∂x′r

∂xk
∂2xl

∂x′r∂x′s
∂x′s

∂x[p
Γ k
q]l − jpq

)
. (A.11)

This way of achieving gauge covariance under finite or large transformations is completely

analogous to the Yang-Mills modification that is present already for the two-derivative

N = 1, D = 10 supergravity [26]. For general finite or large diffeomorphisms it would be

useful to have a closed form expression for the two-form jmn.

B Technical details for proof of covariance

In this appendix we explicitly prove equation (4.35), needed to establish the covariance

of the deformed Courant bracket under deformed diffeomorphisms. First we need a few

relations. An explicit computation in local coordinates shows

∆ξ

(
∂i∂lV

k
)

= ∂i∂lξ
p∂pV

k − ∂i∂pξk∂lV p − ∂i∂l∂pξkV p − ∂l∂pξk∂iV p . (B.1)
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In matrix notation this can be written as

∆ξ

(
∂i(∂V )

)
= ∂i(∂ξ) · ∂V − ∂V ∂i(∂ξ)− ~V

(
∂i(∂ξ)

)
−
(
∂i~V

)
(∂ξ) . (B.2)

We then compute for the first term on the r.h.s. of (4.35), using (4.17),

∆ξϕ̃i(V,W ) = ∆ξtr
(
∂i∂V ∂W

)
= tr

(
∆ξ(∂i∂V )∂W

)
+ tr

(
∂i∂V∆ξ(∂W )

)
= tr

(
∂i(∂ξ)∂V ∂W − ∂V ∂i(∂ξ)∂W − ~V

(
∂i(∂ξ)

)
∂W

−
(
∂i~V

)
(∂ξ)∂W − ∂i∂V ~W (∂ξ)

)
.

(B.3)

For the remaining terms on the r.h.s. of (4.35) we first note, recalling that LV = diV + iV d

on forms,

LV ϕ̃(ξ,W )− 1

2
diV ϕ̃(ξ,W ) =

1

2
diV ϕ̃(ξ,W ) + iV dϕ̃(ξ,W ) . (B.4)

Next we compute the two terms on the right-hand side of this equation. For the first one,

1

2
diV ϕ̃(ξ,W ) =

1

2
∂i tr

(
~V (∂ξ)∂W

)
dxi

=
1

2
tr
((
∂i~V

)
(∂ξ)∂W + ~V (∂i(∂ξ))∂W + ~V (∂ξ)∂i(∂W )

)
dxi .

(B.5)

For the second one we have

iV dϕ̃(ξ,W ) = iV d
(
tr((∂j∂ξ)∂W )dxj

)
= iV

[
∂i
{

tr((∂j∂ξ)∂W )
}
dxi ∧ dxj

]
= iV

[
tr((∂j∂ξ)∂i∂W )dxi ∧ dxj

]
= tr((∂j∂ξ)∂i∂W )

(
V idxj − dxiV j

)
= tr

(
(∂i∂ξ)~V ∂W −

(
~V ∂ξ

)
∂i∂W

)
dxi .

(B.6)

Back in (B.4)

LV ϕ̃(ξ,W )− 1

2
diV ϕ̃(ξ,W ) = tr

(1

2

(
∂i~V

)
(∂ξ)∂W +

1

2
~V (∂i(∂ξ))∂W

− 1

2
~V (∂ξ)∂i(∂W ) + ∂i(∂ξ)~V (∂W )

)
dxi .

(B.7)

Inserting now (B.3) and (B.7) into the right-hand side of (4.35) we find after a quick

computation

r.h.s. (4.35) = tr

(
1

2
(∂V ∂W − ∂W∂V )∂i(∂ξ) + ∂i(∂ξ)~V (∂W )

)
− (V ↔W ) , (B.8)

where we used repeatedly the antisymmetry in (V ↔ W ) and the cyclic property of the

trace. On the other hand, we compute for the left-hand side of (4.35)

ϕ̃i
(
ξ, [V,W ]

)
= tr

(
∂i(∂ξ)∂[V,W ]

)
= ∂i

(
∂kξ

l
)
∂l

(
V p∂pW

k − (V ↔W )
)

= tr
(
∂i(∂ξ)∂V ∂W + ∂i(∂ξ)~V (∂W )

)
− (V ↔W ) .

(B.9)

Due to the antisymmetrization in (V ↔ W ) this equals (B.8). This completes the proof

of (4.35) and thus establishes the covariance of the deformed Courant bracket.

– 21 –



J
H
E
P
0
1
(
2
0
1
5
)
0
1
2

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] O. Hohm, W. Siegel and B. Zwiebach, Doubled α′-geometry, JHEP 02 (2014) 065

[arXiv:1306.2970] [INSPIRE].

[2] M.B. Green and J.H. Schwarz, Anomaly Cancellation in Supersymmetric D = 10 Gauge

Theory and Superstring Theory, Phys. Lett. B 149 (1984) 117 [INSPIRE].

[3] C.M. Hull and E. Witten, Supersymmetric σ-models and the Heterotic String, Phys. Lett. B

160 (1985) 398 [INSPIRE].

[4] A. Sen, Local Gauge and Lorentz Invariance of the Heterotic String Theory, Phys. Lett. B

166 (1986) 300 [INSPIRE].

[5] W. Siegel, Superspace duality in low-energy superstrings, Phys. Rev. D 48 (1993) 2826

[hep-th/9305073] [INSPIRE].

[6] C.M. Hull and B. Zwiebach, Double Field Theory, JHEP 09 (2009) 099 [arXiv:0904.4664]

[INSPIRE].

[7] C.M. Hull and B. Zwiebach, The Gauge algebra of double field theory and Courant brackets,

JHEP 09 (2009) 090 [arXiv:0908.1792] [INSPIRE].

[8] O. Hohm, C.M. Hull and B. Zwiebach, Background independent action for double field

theory, JHEP 07 (2010) 016 [arXiv:1003.5027] [INSPIRE].

[9] O. Hohm, C.M. Hull and B. Zwiebach, Generalized metric formulation of double field theory,

JHEP 08 (2010) 008 [arXiv:1006.4823] [INSPIRE].
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