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1 Introduction

The search for lepton flavor violation (LFV) is going to live an unprecedented era with

great experimental efforts in many different fronts. In addition to the well-known searches

for the radiative decay ℓα → ℓβγ, new projects involving other low-energy processes, such

as ℓα → 3 ℓβ or µ− e conversion in nuclei, are going to look for a positive LFV signal.

For many years, the experiment leading to the most stringent constraints has been

MEG [1]. This experiment, which searches for the radiative decay µ → eγ, recently pub-

lished a new limit, Br(µ → eγ) < 5.7 × 10−13, obtained with an updated analysis of the

2009-2010 data sample together with the analysis of the new data collected in 2011 [2]. The

expectation is that MEG can reduce the current bound by another order of magnitude,

with sensitivities of about 6× 10−14 after 3 years of acquisition time [3].

However, the most impressive improvements in the next few years are expected in

µ → 3e and µ−e conversion in nuclei. For the former, the Mu3e experiment is expected to

reach a sensitivity of 10−15 (after upgrades 10−16) [4]. This would imply an improvement

of 3-4 orders of magnitude with respect to the current bound. For µ−e conversion in nuclei

several project will compete in the next few years. These include Mu2e [5, 6], DeeMe [7],

COMET [8] and PRISM/PRIME [9]. The expected sensitivities for the conversion rate

range from a modest 10−14 to an impressive 10−18.
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Finally, the limits for τ observables are less stringent, although significant improve-

ments are expected at B factories [10, 11]. Table 1 summarizes the current experimental

bounds and future sensitivities for the low-energy LFV observables.

Different observables may have very different rates for a given model. For example,

the rates for µ → 3e and µ− e conversion in nuclei are typically suppressed with respect to

µ → eγ in models where the dominant LFV contributions are induced by dipole operators,

like the Minimal Supersymmetric Standard Model. However, there are many frameworks

where this is not the case. For this reason, one needs to fully understand the anatomy

of LFV in each model in order to determine the expected hierarchies among observables,

which then become indirect tests of the model.

In this paper we pursue this goal in the context of a model proposed by Ma in which

neutrinos acquire masses at the 1-loop level [17]. The same symmetry that forbids the tree-

level contribution to Dirac neutrino masses, a Z2 parity, also gives rise to a dark matter

candidate. This simple extension of the Standard Model (SM), usually called Scotogenic

Model, constitutes a very simple framework to address the most important motivations to

go beyond.1 Although some works have been already done regarding LFV in this model [29–

32], they have either focused on µ → eγ or neglected contributions beyond the photonic

dipole. To the best of our knowledge, this is the first time ℓα → 3 ℓβ and µ−e conversion in

nuclei are fully considered. As we will see, these processes might actually have rates larger

than the one for µ → eγ, thus providing better bounds and experimental perspectives.

The rest of the paper is organized as follows: in section 2 we describe the model and

its basic features. In section 3 we present our analytical results, whereas section 4 contains

a numerical discussion addressing some phenomenological issues of interest. Finally, we

summarize our results and conclude in section 5.

2 The model

The model under consideration [17] adds three right-handed neutrinos Ni (i = 1-3) and

one SU(2)L doublet η to the SM particle content. In addition, a Z2 parity is imposed,

under which the new particles are odd and the SM ones are even.2 The interaction of the

right-handed neutrino sector is described by the Lagrangian

LN = Ni∂/Ni −
mNi

2
N c

i PRNi + yiαηNiPLℓα + h.c.. (2.1)

Note that one can always write the right-handed neutrino mass term as a diagonal matrix

without loss of generality. The scalar potential V is given by

V = m2
φφ

†φ+m2
ηη

†η +
λ1

2

(

φ†φ
)2

+
λ2

2

(

η†η
)2

+ λ3

(

φ†φ
)(

η†η
)

+ λ4

(

φ†η
)(

η†φ
)

+
λ5

2

[

(

φ†η
)2

+
(

η†φ
)2
]

. (2.2)

1For other recent works on further extended models with radiative neutrino masses, see for

example [18–28].
2Due to the conservation of the Z2 symmetry, the left-handed neutrinos in the SM lepton doublet do

not form a Dirac pair with the ‘right-handed’ neutrinos Ni. For this reason, strictly speaking, it is not

correct to call the Ni singlets right-handed neutrinos. Nevertheless, this has become common practice in

the literature and we will stick to this denomination.
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LFV Process Present Bound Future Sensitivity

µ → eγ 5.7× 10−13 [2] 6× 10−14 [3]

τ → eγ 3.3× 10−8 [12] ∼ 10−8 − 10−9 [11]

τ → µγ 4.4× 10−8 [12] ∼ 10−8 − 10−9 [11]

µ → 3e 1.0× 10−12 [13] ∼ 10−16 [4]

τ → 3e 2.7× 10−8 [14] ∼ 10−9 − 10−10 [11]

τ → 3µ 2.1× 10−8 [14] ∼ 10−9 − 10−10 [11]

µ−, Au → e−, Au 7.0× 10−13 [15] −−−
µ−, Ti → e−, Ti 4.3× 10−12 [16] ∼ 10−18 [9]

Table 1. Current experimental bounds and future sensitivities for some low-energy LFV

observables.

We assume that the parameters in the scalar potential are such that the doublet η does not

get a vacuum expectation value. This is fundamental in order to keep the Z2 symmetry

unbroken. After electroweak symmetry breaking, the masses of the charged component η+

and neutral component η0 = (ηR + iηI)/
√
2 are split to

m2
η+ = m2

η + λ3〈φ0〉2 (2.3)

m2
R = m2

η + (λ3 + λ4 + λ5) 〈φ0〉2, (2.4)

m2
I = m2

η + (λ3 + λ4 − λ5) 〈φ0〉2, (2.5)

where the mass difference between ηR and ηI is m2
R −m2

I = 2λ5〈φ0〉2.
After symmetry breaking, the light neutrino masses are generated at the 1-loop level.3

The neutrino mass matrix can be expressed as

(mν)αβ =
3
∑

i=1

yiαyiβ
(4π)2

mNi

[

m2
R

m2
R −m2

Ni

log

(

m2
R

m2
Ni

)

− m2
I

m2
I −m2

Ni

log

(

m2
I

m2
Ni

)]

≡
(

yTΛy
)

αβ
, (2.6)

where mR and mI are the masses of ηR and ηI respectively, and the Λ matrix is defined as

Λ =







Λ1 0 0

0 Λ2 0

0 0 Λ3






, Λi =

mNi

(4π)2

[

m2
R

m2
R −m2

Ni

log

(

m2
R

m2
Ni

)

− m2
I

m2
I −m2

Ni

log

(

m2
I

m2
Ni

)]

.

(2.7)

In particular, when m2
R ≈ m2

I ≡ m2
0 (λ5 ≪ 1), the mass matrix gets the simplified form

(mν)αβ ≈
3
∑

i=1

2λ5yiαyiβ〈φ0〉2
(4π)2mNi







m2
Ni

m2
0 −m2

Ni

+
m4

Ni
(

m2
0 −m2

Ni

)2 log

(

m2
Ni

m2
0

)






. (2.8)

3Note that the tree-level contribution is actually forbidden by the Z2 discrete symmetry.
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This neutrino mass matrix is diagonalized as

UT
PMNSmν UPMNS = m̂ν ≡







m1 0 0

0 m2 0

0 0 m3






, (2.9)

where

UPMNS =







c12c13 s12c13 s13e
iδ

−s12c23 − c12s23s13e
−iδ c12c23 − s12s23s13e

−iδ s23c13
s12s23 − c12c23s13e

−iδ −c12s23 − s12c23s13e
−iδ c23c13






×







eiϕ1/2 0 0

0 eiϕ2/2 0

0 0 1







(2.10)

is the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix. Here cij = cos θij , sij = sin θij ,

δ is the Dirac phase and ϕ1, ϕ2 are the Majorana phases.4

The Yukawa matrix yiα can be written using an adapted Casas-Ibarra

parametrization [33] as

y =
√
Λ
−1

R
√

m̂νU
†
PMNS , (2.11)

where R is an complex orthogonal matrix which satisfies RTR = 1.

3 Analytical results

In this section we present our analytical results for the LFV processes ℓα → ℓβγ, ℓα → 3 ℓβ
and µ− e conversion in nuclei. Before we proceed to the analytical discussion a comment

is in order. It is well-known that the rates for LFV processes get greatly enhanced in

models with right-handed neutrinos at the electroweak scale [34–42]. This is due to the

fact that the GIM suppression at work in the SM contribution is spoiled by the mixing

between left- and right-handed neutrinos. One could naively think that this is also the

case in the scotogenic model. However, the unbroken Z2 symmetry forbids this mixing,

(see footnote 2), and thus the enhancement in the W − ν loops is not present. We will

show that the enhancement is still possible, but with η± −N loops instead.

3.1 ℓα → ℓβγ

The most popular searches for LFV have focused on the radiative process ℓα → ℓβγ. This

is described by the effective Lagrangian

Leff =
(µβα

2

)

ℓβσ
µνℓαFµν , (3.1)

where µβα is a transition magnetic moment. It proves convenient to define it in terms of

the dipole form factor AD as µβα = emαAD/2, where terms proportional to mβ have been

neglected and e is the electromagnetic coupling, related to the electromagnetic fine struc-

ture constant as αem = e2/(4π). In the model under consideration, AD gets contributions

4We will neglect Majorana phases in all our computations.
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η+

η+

Ni

ℓα

ℓβ

γ

Ni ℓβ

η+

ℓα

ℓβ

γ

ℓα
Ni

η+ℓα

ℓβ

γ

Figure 1. 1-loop Feynman diagrams leading to ℓα → ℓβγ.

at the 1-loop level from the Feynman diagrams in figure 1. They lead to the following

expression

AD =
3
∑

i=1

y∗iβyiα

2(4π)2
1

m2
η+

F2 (ξi) , (3.2)

where the ξi parameters are defined as ξi ≡ m2
Ni
/m2

η+ and the loop function F2(x) is given

in appendix A. Finally, the branching fraction for ℓα → ℓβγ is calculated as

Br (ℓα → ℓβγ) =
3(4π)3αem

4G2
F

|AD|2Br (ℓα → ℓβνανβ) , (3.3)

where GF is the Fermi constant.

3.2 ℓα → 3 ℓβ

Next we consider the process ℓα → 3 ℓβ (more precisely denoted as ℓα → ℓβ ℓ̄βℓβ). Although

this has attracted less attention, important projects are going to be launched in the near

future, with the Mu3e experiment as the leading one. There are four types of 1-loop

diagrams that contribute to ℓα → 3 ℓβ . These are γ-penguins, Z-penguins, Higgs-penguins

and box diagrams. In our computations we did not consider Higgs-penguins, since we are

mostly interested in processes involving the first two charged lepton generations, whose

small Yukawa couplings suppress Higgs contributions. Notice that this assumption would

not be valid for LFV processes involving τ leptons. However, the experimental limits in this

case are not as stringent as those found for processes involving the first two generations,

and thus their consideration would not change the phenomenological picture.

Let us consider the momentum assignment ℓα(p) → ℓβ(k1)ℓ̄β(k2)ℓβ(k3). Then, the

γ-penguin diagrams shown in figure 2 lead to the amplitude5

iMγ = ie2AND ū(k1)γ
µPLu(p)ū(k3)γµv(k2)

+ ie2
mα

q2
AD ū(k1)σ

µνqνPRu(p)ū(k3)γµv(k2)− (k1 ↔ k3), (3.4)

where q ≡ k1 − p is the photon momentum. Other operators turn out to be suppressed

by charged lepton masses and thus they are neglected in eq. (3.4). The coefficient AD

5In the presentation of our results we will follow a notation inspired by [43], which improved on [44].
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η+

η+

Ni

ℓα

ℓβ

ℓ̄β

ℓβ

Ni

η+

ℓβ
ℓα

ℓβ

ℓ̄β

ℓβ

ℓα
Ni

η+

ℓα

ℓβ

ℓ̄β

ℓβ

Figure 2. Penguin contributions to ℓα → 3 ℓβ . The wavy line represents either a photon or a

Z-boson.

was given in eq. (3.2), whereas the coefficient AND, which corresponds to the photonic

non-dipole contributions, is given by

AND =
3
∑

i=1

y∗iβyiα

6(4π)2
1

m2
η+

G2 (ξi) , (3.5)

where the loop function G2(x) is given in appendix A.

Similarly, we now consider the contributions from Z-penguin diagrams, also shown in

figure 2. Neglecting sub-dominant terms proportional to q2, q being the 4-momentum of

the Z-boson, the resulting amplitude can be written as

iMZ =
iF

m2
Z

ū(k1)γ
µPRu(p)ū(k3)γµ

(

gℓLPL + gℓRPR

)

v(k2)− (k1 ↔ k3) , (3.6)

where

gℓL =
g2

cos θW

(

1

2
− sin2 θW

)

, gℓR = − g2
cos θW

sin2 θW , (3.7)

are the tree-level Z-boson couplings to a pair of charged leptons. Here g2 is the SU(2)L
gauge coupling and θW is the weak mixing angle. The coefficient F is given by

F =
3
∑

i=1

y∗iβyiα

2(4π)2
mαmβ

m2
η+

g2
cos θW

F2 (ξi) . (3.8)

Equation (3.8) shows that Z-penguins are suppressed by the charged lepton masses mα and

mβ . Therefore, although we fully derived and included them in our computation, we found

that they always have negligible contributions to the LFV processes considered in this

paper. For this reason, the total decay width for ℓα → 3 ℓβ will be mainly given by the γ-

penguins and the box contributions, whose relative size will determine the phenomenology.

Finally, the box diagrams contributing to the process ℓα → 3 ℓβ are shown in figure 3.

One finds the following amplitude

iMbox = ie2B [ū(k3)γ
µPLv(k2)] [ū(k1)γµPLu(p)] . (3.9)

The coefficient B is given by6

e2B =
1

(4π)2m2
η+

3
∑

i, j=1

[

1

2
D1(ξi, ξj)y

∗
jβyjβy

∗
iβyiα +

√

ξiξjD2(ξi, ξj)y
∗
jβy

∗
jβyiβyiα

]

, (3.10)

6In [43] this coefficient was denoted as BL
1 . The rest of box contributions are clearly suppressed in the

scotogenic model.
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Ni

η+ Nj

η+

ℓα

ℓβ

ℓ̄β

ℓβ

Ni

η+

η+ Nj

ℓα

ℓβ

ℓ̄β

ℓβ

Figure 3. Box contributions to ℓα → 3 ℓβ .

where the loop functions D1(x, y) and D2(x, y) are given in appendix A. The branching

ratio for ℓα → 3 ℓβ is given by

Br
(

ℓα → ℓβℓβℓβ
)

=
3(4π)2α2

em

8G2
F

[

|AND|2 + |AD|2
(

16

3
log

(

mα

mβ

)

− 22

3

)

+
1

6
|B|2

+
1

3

(

2|FRR|2+|FRL|2
)

+

(

−2ANDA
∗
D +

1

3
ANDB

∗ − 2

3
ADB

∗ + h.c.

)]

× Br (ℓα → ℓβνανβ) , (3.11)

where FRR and FRL are given by

FRR =
F gℓR

g22 sin
2 θWm2

Z

, FRL =
F gℓL

g22 sin
2 θWm2

Z

. (3.12)

In eq. (3.11), the mass of the charged lepton in the final state, mβ , is kept only in the

logarithmic term, where it plays the role of regulating the infrared divergence that would

appear otherwise.

3.3 µ − e conversion in nuclei

The most remarkable experimental projects in the near future will be devoted to searches for

µ−e conversion in nuclei. The great sensitivities announced by the different collaborations

might make this observable the most stringent one in most neutrino mass models. We will

present our results using the notation and conventions of refs. [45, 46]. The conversion

rate, relative to the the muon capture rate, can be expressed as

CR(µ− e,Nucleus) =
peEem

3
µG

2
F α3

em Z4
eff F 2

p

8π2 Z

×
{

∣

∣

∣
(Z +N)

(

g
(0)
LV + g

(0)
LS

)

+ (Z −N)
(

g
(1)
LV + g

(1)
LS

)∣

∣

∣

2
+

∣

∣

∣(Z +N)
(

g
(0)
RV + g

(0)
RS

)

+ (Z −N)
(

g
(1)
RV + g

(1)
RS

)∣

∣

∣

2
}

1

Γcapt
. (3.13)

Here Z and N are the number of protons and neutrons in the nucleus, Zeff is the effective

atomic charge (see [47]), Fp is the nuclear matrix element and Γcapt represents the total

muon capture rate. The values of these parameters for the nuclei used in experiments can

be found in [46] and references therein. Furthermore, pe and Ee (taken to be ≃ mµ in the
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Ni
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µ

q

e
Ni

η+

q

µ

q

e
Ni

η+

q

µ

q

e

Figure 4. Penguin contributions to µ − e conversion in nuclei. The wavy line represents either a

photon or a Z-boson.

numerical evaluation) are the momentum and energy of the electron and mµ is the muon

mass. In the above, g
(0)
XK and g

(1)
XK (with X = L,R and K = S, V ) are given by

g
(0)
XK =

1

2

∑

q=u,d,s

(

gXK(q)G
(q,p)
K + gXK(q)G

(q,n)
K

)

,

g
(1)
XK =

1

2

∑

q=u,d,s

(

gXK(q)G
(q,p)
K − gXK(q)G

(q,n)
K

)

. (3.14)

The numerical values of the GK coefficients can be found in [45, 46, 48].

As for ℓα → 3 ℓβ , the µ − e conversion rate receives contributions from γ-, Z- and

Higgs-penguins. Note, however, the absence of box contributions (besides the tiny SM

contribution). This is due to the unbroken Z2 symmetry, which forbids the coupling be-

tween the η± scalars and the quark sector. Moreover, we neglect again the Higgs-penguin

contributions due to the smallness of the involved Yukawa couplings. Therefore, the cor-

responding couplings are

gLV (q) = gγLV (q) + gZLV (q) ,

gRV (q) = gLV (q)

∣

∣

L↔R
,

gLS(q) ≈ 0 ,

gRS(q) ≈ 0 . (3.15)

The photon and Z-boson couplings can be computed from the Feynman diagrams in

figure 4. One finds that the relevant (non-negligible) couplings are

gγLV (q) =

√
2

GF
e2Qq (AND −AD) ,

gZRV (q) = −
√
2

GF

gqL + gqR
2

F

m2
Z

. (3.16)

The form factors AND, AD and F are given in section 3.2, see equations (3.5), (3.2)

and (3.8). Furthermore, Qq is the electric charge of the corresponding quark and

gqL =
g2

cos θW

(

Qq sin
2 θW − T q

3

)

, gqR =
g2

cos θW
Qq sin

2 θW , (3.17)

are the tree-level Z-boson couplings to a pair of quarks.
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4 Phenomenological discussion

In this section we present and discuss our numerical results. We will explore the param-

eter space and highlight some relevant phenomenological issues which, to the best of our

knowledge, have not been discussed in the existing literature.

In the numerical evaluation of our results we considered both hierarchies for the light

neutrino spectrum,7 normal hierarchy (NH) and inverted hierarchy (IH), and randomly

chose the neutrino oscillation parameters in the 1σ ranges found by the global fit [49] (Free

Fluxes + RSBL results). We note that these ranges are in good agreement with the ones

found by other fits, see refs. [50, 51]. For θ23, the atmospheric angle, we selected the local

minimum in the first octant, in agreement with [51].

Unless explicitly expressed otherwise, all our numerical results were obtained for a

degenerate right-handed neutrino spectrum, assuming a random real R matrix and λ5 =

10−9. This value was found in [52] to be compatible with a correct right-handed neutrino

DM relic density due to the resulting size of the Yukawa couplings. Moreover, note that

it is natural for λ5 to be very small since, in case it was exactly zero, a definition of a

conserved lepton number would be possible [29].

4.1 The ratio Br(ℓα → 3 ℓβ)/Br(ℓα → ℓβγ)

Most LFV phenomenological studies focus on the radiative decay µ → eγ, ignoring other

LFV observables. There are two reasons for this. First, the great performance of the MEG

experiment, that recently set the quite impressive bound Br(µ → eγ) < 5.7× 10−13. And

second, the dipole dominance in many models of interest. When the dipole contributions

originated in photon penguin diagrams dominate, the rate for µ → 3e is correlated with

the rate for µ → eγ. In this case a simple relation can be derived [43]

Br(µ → 3e) ≃ αem

3π

(

log

(

m2
µ

m2
e

)

− 11

4

)

Br(µ → eγ) . (4.1)

Since the proportionality factor is much smaller than one, µ → 3e is suppressed with

respect to µ → eγ and the latter becomes the process leading to the most stringent con-

straints. This assumption has been present in all previous works on lepton flavor violation

in the scotogenic model [29–32]. They have either assumed explicitly that photon penguin

diagrams dominate or simply ignored 4-fermion observables (like µ → 3e) and concentrated

on µ → eγ (an approach consistent with the assumption that the photonic dipole contribu-

tions dominate). Here we want to study under what conditions that is a bad simplification

of the phenomenology. In order to do so, we consider the ratio8

Rµe =
Br(µ → 3e)

Br(µ → eγ)
. (4.2)

7In our conventions, the lightest neutrino mass is m1 for normal hierarchy and m3 for inverted hierarchy,

although we will denote it by mν1 in general.
8We concentrate here on µ decays due to the better experimental bounds and perspectives. Similar

results are obtained for τ decays.
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Figure 5. H(ξ) as a function of ξ = (mN/mη+)2. For the definition see eq. (4.4).

In those regions of parameter space where Rµe > 1, the observable that provides the most

stringent limits is Br(µ → 3e), whereas Br(µ → eγ) would be the most relevant observable

in regions where Rµe < 1.

Since the photonic dipole operators contribute to both observables, the only way to

obtain Rµe > 1 is to have dominant contributions from box and/or photonic non-dipole

diagrams in µ → 3e (Z-penguins are suppressed by charged leptons and thus their contribu-

tion is always negligible). Since the photonic non-dipole diagrams, given by the AND form

factor, never exceed the dipole ones as much as to compensate the large factor that mul-

tiplies |AD|2 in the branching ratio formula (see eq. (3.11)), they are never dominant. We

are therefore left with a competition between photonic dipole operators and box diagrams.

Assuming box dominance in µ → 3e and a degenerate right-handed neutrino spectrum

one can estimate

Rµe ∼
y4

48π2e2
H(ξ), (4.3)

where y is the average size of the Yukawa coupling and the function H(ξ) is defined as

H(ξ) =

(

1
2D1(ξ, ξ) + ξD2(ξ, ξ)

F2(ξ)

)2

. (4.4)

The function H(ξ) is shown in figure 5. Notice the cancellation for ξ = 1. This pole is

caused by an exact cancellation between the contributions from the loop functions D1 and

D2. However, for ξ ≪ 1 and ξ ≫ 1 one always has H(ξ) > 1.

It is clear from eq. (4.3) and figure 5 that in order to increase the value of Rµe one

requires large Yukawa couplings and a large mass difference between the right-handed

neutrinos and the η scalars (in order to be far from ξ = 1). This is illustrated in figure 6,

where we show Br(µ → eγ) (blue) and Br(µ → 3e) (red) as a function of ξ = (mN/mη+)
2.

The horizontal dashed lines represent the current upper bounds on the branching ratios.

Fixed values mη+ = 1TeV and mν1 = 10−3 eV (lightest neutrino mass) are taken. On the

left-hand side we show our results for NH, whereas the right-hand side shows our results
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Figure 6. Br(µ → eγ) and Br(µ → 3e) as a function of ξ = (mN/mη+)2. A degenerate right-

handed neutrino spectrum has been assumed, see text for details. To the left for NH, whereas to

the right for IH. The horizontal dashed lines show the current upper bounds.

for IH. A random Dirac phase δ has been taken. As can be derived from the spread of the

points, this parameter has a much larger influence for NH. As expected from our previous

estimate, one can in principle have Rµe > 1 (or equivalently, Br(µ → 3e) > Br(µ → eγ))

for ξ values far from 1. Although the region with mN ≪ mη+ is already excluded for this

value of λ5, the region with mN ≫ mη+ is compatible with all experimental constraints.

Note that in this figure all points have O(1) Yukawa couplings. Larger values for λ5 would

decrease the size of the Yukawa couplings (see eq. (2.6)), which in turn would imply a

reduction of all LFV rates.

Another parameter that turns out to be very relevant in the determination of the ratio

Rµe ismν1 , the mass of the lightest neutrino. In order to illustrate this fact, we consider two

scenarios: (i) Scenario A: mN = 1TeV and mη+ = 4TeV, and (ii) Scenario B: mN = 4TeV

and mη+ = 1TeV. In both cases we assume a degenerate right-handed neutrino spectrum,

a random Dirac phase and a random real R matrix.

Our numerical results for scenario A are shown in figures 7 and 8. The left-hand side

of these figures were obtained with NH, whereas the right-hand side shows our results for

IH. We see that large values of the lightest neutrino mass may lead to large variations in

the Br(µ → eγ) and Br(µ → 3e) branching ratios, and thus in the ratio Rµe. We conclude

that the LFV rates in the scotogenic model are very sensitive to the absolute scale for

neutrino masses.

Figure 7 demonstrates that in scenario A the neutrino mass hierarchy also has a clear

impact on the LFV rates. While for low mν1 , Br(µ → 3e) is clearly below the upper bound

for NH, it is largely excluded for IH since it exceeds it. Similarly, while for low mν1 the

ratio Rµe is ∼ 10−2 in NH (as expected from dipole domination), the contributions from

box diagrams already lead to a small increase for IH, where Rµe ∼ 0.5.

These figures can be understood by analyzing how the Yukawa couplings depend on

mν1 . In particular, we must study the combinations of Yukawa couplings that contribute to

the LFV processes considered here. Let us suppose that box diagrams dominate ℓα → 3 ℓβ
(otherwise we would be in a dipole dominated scenario where the ratio Rµe would not
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Figure 7. Br(µ → eγ) and Br(µ → 3e) as a function of the lightest neutrino mass. Scenario A is

assumed, see text for details. To the left for NH, whereas to the right for IH. The horizontal dashed

lines show the current upper bounds.
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Figure 8. The ratio Rµe = Br(µ → 3e)/Br(µ → eγ) as a function of the lightest neutrino mass.

Scenario A is assumed, see text for details. To the left for NH, whereas to the right for IH.

deviate significantly from ∼ 10−2). Then we have the relations

Br(ℓα → ℓβγ) ∝
∣

∣

∣

∣

(

y†y
)

βα

∣

∣

∣

∣

2

(4.5)

Br(ℓα → 3 ℓβ) ∝
∣

∣

∣

∣

1

2
D1(ξ, ξ)

(

y†y
)

ββ

(

y†y
)

βα
+ ξD2(ξ, ξ)

(

yT y
)

ββ

(

yT y
)

βα

∣

∣

∣

∣

2

. (4.6)

Assuming degenerate right-handed neutrinos and a real R matrix, we can use the Casas-

Ibarra parametrization in eq. (2.11) to obtain

y†y ∝ UPMNS m̂ν U
†
PMNS (4.7)

yT y ∝ U∗
PMNS m̂ν U

†
PMNS . (4.8)

Analytical results for the relevant elements of the matrix combinations (or flavor structures)

in the previous expressions can be found in appendix B.

Let us first focus on the NH case. Notice that in scenario A we have ξ = (1/4)2 =

0.0625. With such a small value for ξ, we expect the D1 term in the box contribution to

dominate over the D2 term. Therefore, we must inspect the expressions for
(

y†y
)

21
and

– 12 –



J
H
E
P
0
1
(
2
0
1
4
)
1
6
0

10-4 10-3 10-2
10-1

10-16

10-15

10-14

10-13

10-12

m 1 @eVD

B
rH
Μ
®

3
eL

B
rH
Μ
®

e
Γ
L

10-4 10-3 10-2
10-1

10-16

10-15

10-14

10-13

10-12

m 3 @eVD

B
rH
Μ
®

3
eL

B
rH
Μ
®

e
Γ
L

Figure 9. Br(µ → eγ) and Br(µ → 3e) as a function of the lightest neutrino mass. Scenario B is

assumed, see text for details. To the left for NH, whereas to the right for IH. The horizontal dashed

lines show the current upper bounds.

(

y†y
)

22
or, as shown above,

(

UPMNS m̂ν U
†
PMNS

)

21
and

(

UPMNS m̂ν U
†
PMNS

)

22
. On the one

hand, we see that
(

UPMNS m̂ν U
†
PMNS

)

21
depends only on differences of mass eigenvalues.

Therefore, it decreases for higher values of the lightest neutrino mass. This can be easily

understood from the expansion mj−mi = ∆m2
ji/(2mi)+ . . . , where ∆m2

ji = m2
j−m2

i is the

corresponding squared mass difference. This expansion is valid for ∆m2
ji/m

2
i ≪ 1. On the

other hand, eq. (B.2) clearly shows that
(

UPMNS m̂ν U
†
PMNS

)

22
increases for higher values

of the lightest neutrino mass. This explains why Br(µ → eγ) decreases with mν1 while

Br(µ → 3e) increases. The resulting behavior for the ratio Rµe is then trivially deduced

from these considerations. Notice that this quantity can reach values as high as ∼ 50. In

this case it is obvious that one cannot ignore Br(µ → 3e), but in fact this branching ratio

becomes the most relevant LFV observable.

The discussion for IH would be a bit more involved. In this case we find a larger

relevance of the D2 piece. In fact, for mν1 ∼ 10−2 eV this term competes with the D1 term,

leading to the feature observed on the right-hand sides of figures 7 and 8.

Let us now consider our results for scenario B, shown in figures 9 and 10. Again, we

present our results for NH on the left-hand side and our results for IH on the right-hand

side. Regarding NH, it is already clear at first sight that the results are qualitatively very

similar to those found in scenario A. Although the LFV rates are very different (much lower

in this case), the dependence on mν1 is very similar. Notice that all points in these figures

are actually allowed by the current limits. This was expected, since it is well-known that

LFV constraints are more easily satisfied in scenarios with mN > mη+ [29]. On the other

hand, the difference between NH and IH found in scenario A is not present in scenario B,

in which both cases show the same behavior.

Finally, let us briefly discuss a scenario with non-degenerate right-handed neutri-

nos. The spectrum in the right-handed neutrino sector has an impact on the LFV rates,

as we want to illustrate here. In order to do so, we consider a spectrum of the type

mN =
(

m̃N , m̄
(1)
N , m̄

(2)
N

)

, with two fixed mass eigenvalues
(

m̄
(1,2)
N

)

and one varying (m̃N ).

Although one can imagine other scenarios, this simple family of non-degenerate spectra

serves to show the qualitative behavior that we want to emphasize.
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Figure 10. The ratio Rµe = Br(µ → 3e)/Br(µ → eγ) as a function of the lightest neutrino mass.

Scenario B is assumed, see text for details. To the left for NH, whereas to the right for IH.
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Figure 11. Br(µ → eγ) and Br(µ → 3e) (to the left) and the resulting Rµe ratio (to the right)

as a function of ξ̃ = (m̃N/mη+)2. Normal hierarchy for the light neutrinos and a non-degenerate

right-handed neutrino spectrum (with m̄
(1)
N = 2TeV and m̄

(2)
N = 3TeV) have been assumed, see

text for details. The horizontal dashed lines show the current upper bounds.

Figure 11 shows a representative example of how the LFV rates can change in a non-

degenerate right-handed neutrino spectrum. On the left, we show Br(µ → eγ) (blue)

and Br(µ → 3e) (red) as a function of ξ̃ = (m̃N/mη+)
2, where the horizontal dashed

lines represent the current upper bounds on the branching ratios. On the right we show

the resulting Rµe ratio. Fixed values m̄
(1)
N = 2TeV, m̄

(2)
N = 3TeV, mη+ = 1TeV and

mν1 = 10−3 eV were assumed. A NH spectrum for the light neutrinos was chosen for this

figure and we allowed for a random Dirac phase δ.

As naively expected, low m̃N values enhance both branching ratios, with Br(µ → 3e)

being the one that typically gets the larger enhancements. This is caused by the large

box contributions induced by the lightest right-handed neutrino. On the other hand, when

m̃N ≫ m̄
(1,2)
N , the contribution of the heaviest right-handed neutrino (with a mass m̃N )

becomes sub-dominant and the LFV rates remain barely the same as in the degenerate case.

This implies that the general conclusions drawn from the numerical results shown in this

section are not restricted to degenerate scenarios. Besides this fact, we do not find any other

remarkable feature in the LFV phenomenology for non-degenerate right-handed neutrinos.
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Figure 12. Br(ℓα → ℓβγ)/Br(ℓα → ℓβγ)δ=0 contours in the mν1
− δ plane. To the left for ℓα = µ

and ℓβ = e, to the right for ℓα = τ and ℓβ = e. Normal hierarchy for the light neutrinos, a degenerate

right-handed neutrino spectrum and specific (but generic) values for the free parameters have been

assumed, see text for more details.

4.2 Sensitivity to low-energy neutrino parameters

We have already shown the relevant role played by the lightest neutrino mass in the re-

sulting LFV branching ratios. Let us now extend the discussion to the other undetermined

low-energy parameter (besides the Majorana phases), the Dirac phase δ.

As starting point, we discuss how a non-zero Dirac phase can change the prediction for

Br(ℓα → ℓβγ). In order to do that, we consider the ratio Br(ℓα → ℓβγ)/Br(ℓα → ℓβγ)δ=0,

where Br(ℓα → ℓβγ)δ=0 is the value of the branching ratio for δ = 0. This is explicitly

shown in figure 12, where contours of these ratios are drawn in the mν1 − δ plane. In

this figure we chose normal hierarchy for the light neutrinos, a degenerate right-handed

neutrino spectrum and a real R matrix. Although these results were obtained for specific

values of the remaining parameters, we emphasize that the Br(ℓα → ℓβγ)/Br(ℓα → ℓβγ)δ=0

does not depend on them when the right-handed neutrinos are degenerate and R is a real

matrix, see eqs. (4.5) and (4.7).

The largest variations are found for Br(µ → eγ) and Br(τ → eγ), most directly affected

by δ. For the former, we find that the branching ratio can be reduced by almost an order

of magnitude, depending on the value of δ. In the latter case, the branching ratio can be

increased by a factor of 4 just by switching on the Dirac phase. Moreover, in both cases

we find that mν1 is also determinant. We do not show our results for the remaining case,

ℓα = τ and ℓβ = µ, since we found very little dependence on the Dirac phase.

These results tell us that the LFV rates are highly sensitive to the low-energy neutrino

parameters. The question then arises as to whether one can get information about them

by measuring LFV observables. In case of Br(ℓα → ℓβγ), we have already seen that, for

the specific scenario of degenerate right-handed neutrinos and a real R matrix, the flavor

dependence of the amplitude will be determined just by low energy parameters: neutrino

masses, mixing angles and CP violating phases. Therefore, by taking ratios of branching
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Figure 13. Br(ℓα → ℓβγ)/Br(ℓα′ → ℓβ′γ) contours in the mν1
− δ plane. To the left for ℓα = µ,

ℓα′ = τ and ℓβ = ℓβ′ = e, to the right for ℓα = ℓα′ = τ , ℓβ = µ and ℓβ′ = e. Normal hierarchy for

the light neutrinos, a degenerate right-handed neutrino spectrum and specific (but generic) values

for the free parameters have been assumed, see text for more details.

ratios (what we call flavor ratios), the dependence on the high-energy parameters cancels

out and we are left with functions of mν1 and δ. More precisely, we can make use of

eqs. (4.5) and (4.7) to write

Br(ℓα → ℓβγ)

Br(ℓα′ → ℓβ′γ)
=

∣

∣

∣

∣

(

UPMNS m̂ν U
†
PMNS

)

βα

∣

∣

∣

∣

2

∣

∣

∣

∣

(

UPMNS m̂ν U
†
PMNS

)

β′α′

∣

∣

∣

∣

2

Br(ℓα → ℓβνανβ)

Br(ℓα′ → ℓβ′να′νβ′)
. (4.9)

Note that there is no sum over α, α′, β and β′ in the previous expression.

Our results for these ratios are presented in figure 13. We show Br(µ → eγ)/Br(τ→ eγ)

(to the left) and Br(τ → µγ)/Br(τ → eγ) (to the right) contours in themν1−δ plane. Under

the assumptions of a degenerate right-handed neutrino spectrum and vanishing phases in

the R matrix, this figure would allow one to set important constraints on mν1 and δ in case

two branching ratios were measured. Furthermore, we see again the important dependence

on these two low-energy parameters, since the ratios can change by more than one order

of magnitude.

The same will be true for Br(ℓα → 3 ℓβ) when one of the two pieces, D1 or D2,

dominates. A particularly interesting scenario arises when the term containing the loop

function D2 ⊂ B gives the dominant contribution. As we have found numerically, this

assumption is typically valid for ξ & 10 or for largemν1 . In this case, the special dependence

on the Yukawa matrices,
(

yT y
)

ββ

(

yT y
)

βα
, implies that the R matrix drops from the flavor

ratios even when it contains complex entries, since RTR = 1.

We have investigated this scenario and obtained the results in figure 14. We concentrate

on Br(µ → 3e)/Br(τ → 3e) (on the left) and Br(τ → 3µ)/Br(τ → 3e) (on the right). In the

derivation of these plots, we neglected the contribution from the D1 term. Moreover, we
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Figure 14. Br(ℓα → 3 ℓβ)/Br(ℓα′ → 3 ℓβ′) contours in the mν1
− δ plane. To the left for ℓα = µ,

ℓα′ = τ and ℓβ = ℓβ′ = e, to the right for ℓα = ℓα′ = τ , ℓβ = µ and ℓβ′ = e. Normal hierarchy for

the light neutrinos and a degenerate right-handed neutrino spectrum haven assumed, see text for

more details.

assumed normal hierarchy for the light neutrinos and a degenerate right-handed neutrino

spectrum. It is clear that, again, the parameters δ and mν1 may have a very strong

impact on the 3-body branching ratios. On the left-hand side of the figure we see that

(for this parameter configuration) Br(µ → 3e) is typically larger than Br(τ → 3e). The

ratio between these two observables is only close to 1 for δ = π, whereas in the rest of the

mν1 − δ plane one has Br(µ → 3e) ≫ Br(τ → 3e). On the other hand, the right-hand side

of the figure shows that the ratio Br(τ → 3µ)/Br(τ → 3e) is mostly determined by mν1 ,

with δ playing a secondary role. As for the previous case, the ratio could be close to 1

(for low mν1) or much larger (for high values of the lightest neutrino mass).

Our study reveals that LFV observables in the scotogenic model are highly sensitive

to low-energy parameters such as the Dirac phase or the lightest neutrino mass. However,

it also reveals a large degeneracy, this is, the LFV rates are not correlated with a single

parameter. Furthermore, our results regarding flavor ratios have been obtained for a special

case: degenerate right-handed neutrinos and real R matrix. In a more general scenario one

expects departures from the values of the flavor ratios obtained here. In conclusion, it

is not possible to determine the value of a single parameter by measuring a flavor ratio.

Only the combination of measurements of the low-energy parameters with the discovery of

one (or several) LFV processes can really put the flavor structure of the scotogenic model

under experimental test.

4.3 µ − e conversion in nuclei

So far we have discussed our results on ℓα → ℓβγ and ℓα → 3 ℓβ . Now we move on to

discuss µ − e conversion in nuclei. In this model, we have found that Z-penguins give a

very little contribution to µ−e conversion in nuclei compared to that of the γ-penguins. In
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Figure 15. The loop functions F2(ξ) and G2(ξ) as a function of ξ = (mN/mη+)2. For the

definitions see appendix A.

this situation one could naively expect dipole operators to dominate the conversion rate.

When this is the case, one expects a simple relation [53]

CR(µ− e,Nucleus)

Br(µ → eγ)
≈ f(Z,N)

428
(4.10)

where f(Z,N) is a function that depends on the nucleus and ranges from 1.1 to 2.2 for the

nuclei of interest. However, in addition to the dipole contribution given by AD, γ-penguins

also have the non-dipole contribution given by AND. In fact, eqs. (3.2) and (3.5) tell us

that, for degenerate right-handed neutrinos, one has AD = 3F2(ξ)/G2(ξ)AND. Therefore,

the relative weight of these two different photon contributions depends on the loop functions

F2(ξ) and G2(ξ). These are shown in figure 15, where one can see that G2(ξ) > F2(ξ). For

ξ ≪ 1 the difference between G2(ξ) and F2(ξ) is small and both contributions have similar

weights. However, for ξ ≫ 1 (mN ≫ mη+) one has G2(ξ) ≫ F2(ξ) and AND becomes the

most relevant contribution.9 This is illustrated in figure 16, where we show our results for

Br(µ → eγ) and CR(µ− e,Ti), as well as their ratio. The same parameter configuration as

in figure 6 has been selected: fixed values mη+ = 1TeV and mν1 = 10−3 eV, random real

R matrix and Dirac phase. These numerical results were obtained for NH, although very

similar results are found for IH. We focused on µ− e conversion in titanium, although the

same behavior is found for other nuclei.

We find that for large values of ξ, the µ−e conversion rate in titanium gets enhanced by

photonic non-dipole contributions. This is a positive result, given the great experimental

perspectives for µ− e conversion in nuclei in the near future.

9Notice that we do not find the same behavior in Br(ℓα → 3 ℓβ) due to the additional (large) logarithmic

factor that multiplies |AD|2 in the branching ratio formula, see eq. (3.11). Moreover, even if the photonic

non-dipole terms can be slightly larger than the dipole ones, box diagrams give even larger contributions

in the same region of parameter space.
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Figure 16. Br(µ → eγ) and CR(µ − e,Ti) (to the left) and the ratio CR(µ − e,Ti)/Br(µ → eγ)

(to the right) as a function of ξ = (mN/mη+)2. Normal hierarchy for the light neutrinos and a

degenerate right-handed neutrino spectrum have been assumed, see text for details. The horizontal

dashed lines show the current upper bounds.

5 Summary and conclusions

The scotogenic model is a popular extension of the standard model that accounts for

neutrino masses and dark matter. As for most neutrino mass models, lepton flavor violation

is one of the most attractive phenomenological issues, as it may reveal the underlying

mechanism that leads to neutrino masses and mixings. In this work we have studied

the predictions obtained in the scotogenic model for the LFV processes with the best

experimental perspectives in the near future: ℓα → ℓβγ, ℓα → 3 ℓβ and µ − e conversion

in nuclei. Full analytical expressions have been derived, going beyond the usual dipole

dominance approximation. Our computation includes, besides the dipole photon penguin

contribution, non-dipole photon contributions, Z-penguins as well as box diagrams.

The full consideration of all contributions to LFV processes leads to a very interest-

ing picture. Given the rich LFV phenomenology in the scotogenic model, we are sure

that more complete studies can be performed. Here we have explored some of the phe-

nomenological consequences of our analytical results. This may serve as a summary of our

main conclusions:

• Box diagrams dominate the LFV amplitudes in some parts of parameter space. This

scenario leads to a deviation from the naive expectations obtained from the dipole

dominance assumption and makes ℓα → 3 ℓβ more constraining than ℓα → ℓβγ.

• The mass hierarchy between the right-handed neutrinos and the inert doublet scalars

is of fundamental relevance for LFV observables. We have found that parameter

points with large Yukawa couplings and mN ≫ mη+ or mN ≪ mη+ typically have

enhanced box diagrams, thus leading to Br(ℓα → 3 ℓβ) > Br(ℓα → ℓβγ). This is

caused by the particular behavior of the loop functions.

• In the scotogenic model, there are two dark matter candidates: the lightest right-

handed neutrino N1 and the lightest neutral η scalar (ηR or ηI) [17]. When ξ > 1,
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the lightest neutral η constitutes the dark matter of the universe. Otherwise, N1 is

the dark matter particle [29–31, 52]. In case of N1 DM (ξ < 1), the only possible

annihilation channel is N1N1 → ℓαℓ̄β , via the Yukawa interaction. For this reason,

Yukawa couplings of O(1) are required in order to obtain the observed dark matter

relic density Ωh2 ≈ 0.12 [54], and this may lead to incompatibility with the LFV

bounds. It is thus clear that the dark matter phenomenology of N1 and LFV are

closely related. We have explicitly constructed parameter points where all the re-

quirements for right-handed neutrino dark matter are met: mN < mη, large Yukawa

couplings and mN in the appropriate range, as found in dedicated studies [52]. Our

investigation reveals that although most of these points lead to violation of the LFV

bounds, a small fraction of them are perfectly compatible. These valid points involve

some small tuning of the parameters and could only be found due to the generality of

our scans (not limited to any fixed structure of the Yukawa couplings). These results

can be seen as a positive indication in favor of the validity of right-handed neutrino

dark matter, although detailed studies are required to get a definitive and robust

conclusion. These are, however, beyond the scope of this paper. On the other hand,

we would like to point out that in case the dark matter is provided by the scalar

η, one can always obtain the correct relic density since, in addition to the Yukawa

interactions, this particle has gauge and scalar interactions [55, 56], not correlated

with LFV.

• The LFV rates are highly sensitive to the low-energy parameters mν1 (the mass of

the lightest neutrino) and δ (the Dirac phase). In particular, large mν1 typically

enhances box diagrams.

• In some specific scenarios (with degenerate right-handed neutrinos), the ratios of

branching ratios depend only on mν1 and δ. Under some assumptions, this may

allow us to test the flavor structure of the model.

• Interestingly, the rate for µ− e conversion in nuclei can also be enhanced beyond the

dipole contribution in some regions of the parameter space. Our study reveals that

non-dipole photon contributions become very relevant for mN ≫ mη+ . This may

lead to µ − e conversion rates in nuclei as large as the branching ratio for µ → eγ.

These are good news given the promising experimental projects in µ − e conversion

in nuclei.

We would like to stress that our (qualitative) conclusions are not restricted to Ma’s

scotogenic model, but should apply to a much wider class of radiative neutrino mass models.

In particular, extended versions of the scotogenic model (like the model proposed in [57])

should have, at least in some corners of parameter space, a similar phenomenology.

The presence of TeV scale particles with sizable couplings to the SM states also leads

to interesting prospects at the LHC. Although the direct production of the right-handed

neutrinos is typically suppressed due to their singlet nature, they will be produced in the

decays of the η scalars when this is kinematically allowed. In turn, the η scalars may
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have non-negligible production cross-sections provided they are light. This possibility, not

related to the lepton sector, has been studied in some detail. In this case one expects

multilepton final states with a significant amount of missing energy [58]. Furthermore, the

scotogenic states may also modify the usual Higgs boson decays, with observable implica-

tions at the LHC [59, 60].

To conclude, the anatomy of lepton flavor violation in the scotogenic model has been

fully determined and some interesting phenomenological aspects have been explored. Some

definite predictions have been made, and these may be used to put the model under ex-

perimental test. The connection between neutrino masses and lepton flavor violation is a

powerful test for this purpose. Hopefully, a positive signal in one (or several) experiments

in the next few years will provide valuable hints on the mechanism behind neutrino masses.

Acknowledgments

We would like to thank Thomas Schwetz for many fruitful discussions. AV also thanks

Nuria Rius and Juan Racker for their comments on the manuscript and acknowledges par-

tial support from the ANR project CPV-LFV-LHC NT09-508531. TT acknowledges sup-

port from the European ITN project (FP7-PEOPLE-2011-ITN, PITN-GA-2011-289442-

INVISIBLES).

A Loop functions

We present in this appendix the loop functions that appear in the paper,

F2(x) =
1− 6x+ 3x2 + 2x3 − 6x2 log x

6(1− x)4
, (A.1)

G2(x) =
2− 9x+ 18x2 − 11x3 + 6x3 log x

6(1− x)4
, (A.2)

D1(x, y) = − 1

(1− x)(1− y)
− x2 log x

(1− x)2(x− y)
− y2 log y

(1− y)2(y − x)
, (A.3)

D2(x, y) = − 1

(1− x)(1− y)
− x log x

(1− x)2(x− y)
− y log y

(1− y)2(y − x)
. (A.4)

These loop functions do not have any poles. In the limit x, y → 1 and y → x, the functions

become

F2(1) =
1

12
, G2(1) =

1

4
, D1(1, 1) = −1

3
, D2(1, 1) =

1

6
, (A.5)

D1(x, x) =
−1 + x2 − 2x log x

(1− x)3
, (A.6)

D1(x, 1) = D1(1, x) =
−1 + 4x− 3x2 + 2x2 log x

2(1− x)3
, (A.7)

D2(x, x) =
−2 + 2x− (1 + x) log x

(1− x)3
, (A.8)

D2(x, 1) = D2(1, x) =
1− x2 + 2x log x

2(1− x)3
. (A.9)
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B Flavor structures

Using the conventions in eq. (2.10) and neglecting the Majorana phases one finds

• UPMNS m̂ν U
†
PMNS

(

UPMNS m̂ν U
†
PMNS

)

11
= c213

(

c212m1 +m2s
2
12

)

+m3s
2
13, (B.1)

(

UPMNS m̂ν U
†
PMNS

)

22
= s223

[

s213
(

c212m1 +m2s
2
12

)

+ c213m3

]

+ c223
(

c212m2 +m1s
2
12

)

(B.2)

+ 2 c12c23s12s13s23 cos δ (m1 −m2),
(

UPMNS m̂ν U
†
PMNS

)

33
= c223

[

s213
(

c212m1 +m2s
2
12

)

+ c213m3

]

+ s223
(

c212m2 +m1s
2
12

)

(B.3)

+ 2 c12c23s12s13s23 cos δ (m2 −m1),
(

UPMNS m̂ν U
†
PMNS

)

21
= c12c13s12c23(m2−m1)+c13s13s23e

−iδ
[

m3−m2+c212(m2−m1)
]

,

(B.4)
(

UPMNS m̂ν U
†
PMNS

)

31
= c12c13s12s23(m1−m2)+c13s13c23e

−iδ
[

m3−m2+c212(m2−m1)
]

,

(B.5)
(

UPMNS m̂ν U
†
PMNS

)

32
= c23s23

[(

s212 − c212s
2
13

)

(m2 −m1) + c213(m3 −m2)
]

(B.6)

− c12s12s13
(

c223e
iδ − s223e

−iδ
)

(m2 −m1).

• U∗
PMNS m̂ν U

†
PMNS

(

U∗
PMNS m̂ν U

†
PMNS

)

11
= c213

(

c212m1 +m2s
2
12

)

+ e−2iδm3s
2
13, (B.7)

(

U∗
PMNS m̂ν U

†
PMNS

)

22
= s223

[

e2iδs213
(

c212m1 +m2s
2
12

)

+ c213m3

]

+ c223
(

c212m2 +m1s
2
12

)

(B.8)

+ 2 c12c23s12s13s23e
iδ (m1 −m2),

(

U∗
PMNS m̂ν U

†
PMNS

)

33
= c223

[

e2iδs213
(

c212m1 +m2s
2
12

)

+ c213m3

]

+ s223
(

c212m2 +m1s
2
12

)

(B.9)

+ 2 c12c23s12s13s23e
iδ (m2 −m1),

(

U∗
PMNS m̂ν U

†
PMNS

)

21
= c12c13s12c23(m2−m1)+c13s13s23e

iδ
[

e−2iδm3−m2+c212(m2−m1)
]

,

(B.10)
(

U∗
PMNS m̂ν U

†
PMNS

)

31
= c12c13s12s23(m1−m2)+c13s13c23e

iδ
[

e−2iδm3−m2+c212(m2−m1)
]

,

(B.11)
(

U∗
PMNS m̂ν U

†
PMNS

)

32
=c23s23

[(

s212−e2iδc212s
2
13

)

(m2−m1)+c213
(

m3−e2iδm2

)

+
(

e2iδ−1
)

m2

]

,

− c12s12s13e
iδ
(

c223 − s223
)

(m2 −m1). (B.12)
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