PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: November 6, 2013
REVISED: December 18, 2013
ACCEPTED: December 18, 2013
PUBLISHED: January 13, 2014

Three-Higgs-doublet models: symmetries, potentials
and Higgs boson masses

Venus Keus,>"¢ Stephen F. King® and Stefano Moretti®°
@School of Physics and Astronomy, University of Southampton,
Southampton, SO17 1BJ, U.K.

b Department of Physics, Royal Holloway, University of London,
Egham Hill, Egham TW20 0EX, U.K.

¢Particle Physics Department, Rutherford Appleton Laboratory,
Chilton, Didcot, Oxon OX11 0QX, U.K.

E-mail: V.Keus@soton.ac.uk, king@soton.ac.uk, S.Moretti@soton.ac.uk

ABSTRACT: We catalogue and study three-Higgs-doublet models in terms of all possible
allowed symmetries (continuous and discrete, Abelian and non-Abelian), where such sym-
metries may be identified as flavour symmetries of quarks and leptons. We analyse the po-
tential in each case, and derive the conditions under which the vacuum alignments (0, 0, v),
(0,v,v) and (v,v,v) are minima of the potential. For the alignment (0,0, v), relevant for
dark matter models, we calculate the corresponding physical Higgs boson mass spectrum.
Motivated by supersymmetry, we extend the analysis to the case of three up-type Higgs
doublets and three down-type Higgs doublets (six doublets in total). Many of the results
are also applicable to flavon models where the three Higgs doublets are replaced by three
electroweak singlets.

KEYwoORDS: Higgs Physics, Spontaneous Symmetry Breaking, Beyond Standard Model,
Discrete and Finite Symmetries

ARX1v EPRINT: 1310.8253

OPEN AcCESs, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP01(2014)052


mailto:V.Keus@soton.ac.uk
mailto:king@soton.ac.uk
mailto:S.Moretti@soton.ac.uk
http://arxiv.org/abs/1310.8253
http://dx.doi.org/10.1007/JHEP01(2014)052

Contents

1

2

Introduction
Symmetries and symmetry breaking in SHDMs

Analysis of Abelian 3HDMs

3.1 U(1)xU(1) symmetric 3SHDM potential
3.2 U(1) symmetric 3HDM potential

3.3 U(1)xZg symmetric 3HDM potential
3.4 Zs symmetric SHDM potential

3.5 Z3 symmetric SHDM potential

3.6 Z4 symmetric SHDM potential

3.7 ZoxZs symmetric SHDM potential

Analysis of non-Abelian finite SHDM

4.1 Dg ~ Z3xZs symmetric SHDM potential

4.2 Dg ~ Zyx7Z9o symmetric SHDM potential

4.3 Ay~ T = (ZoxZo)xZs symmetric 3HDM potential
4.4 Sy~ O = (ZoxZy)xS3 symmetric SHDM potential
4.5 A(b4)/Zs ~ (Z3xZ3)xZy symmetric SHDM potential
4.6 3(36) ~ (Z3xZ3)xZy symmetric SHDM potential

Analysis of 6HDMs

5.1 U(1)xU(1) symmetric 6HDM potential
5.2 U(1) symmetric 6HDM potential

5.3 U(1)xZs symmetric 6HDM potential
5.4 7o symmetric 6HDM potential

5.5 Zs symmetric 6HDM potential

5.6 74 symmetric 6HDM potential

5.7 ZoxZo symmetric 6HDM potential
5.8 Dg symmetric 6HDM potential

5.9 Dg symmetric 6HDM potential

5.10 Ay symmetric 6HDM potential

5.11 S4 symmetric 6HDM potential

5.12 A(54)/Zs symmetric 6HDM potential
5.13 ¥(36) symmetric 6HDM potential

Conclusion

Finding all realisable symmetries
A.1 Abelian symmetries
A.2 Non-Abelian symmetries

(@)

11
13
15
17
18

20
20
22
24
25
27
29

31
31
32
33
34
36
36
36
37
38
38
39
40
41

42

43
43
46



B Orbit space 47

C The geometric minimisation method 48
C.1 Ay-symmetric potential 48
C.2 Ss-symmetric potential 49
C.3 A(54)/Zz-symmetric potential 50
C.4 ¥(36)-symmetric potential 51

1 Introduction

The discovery of a Higgs boson by the Large Hadron Collider (LHC) [1, 2], whose properties
are consistent with those predicted by the Standard Model (SM), indicates that at least one
Higgs doublet must be responsible for electroweak symmetry breaking (EWSB). However,
there is no special reason why there should be only one Higgs doublet in Nature, and it
is entirely possible that there could be additional Higgs doublets, accompanied by further
Higgs bosons which could be discovered in the next run of the LHC.

The simplest example of N-Higgs-doublet models (NHDMs) is the class of two-Higgs-
doublet models (2HDMs),! a special example being that predicted by the minimal super-
symmetric standard model (MSSM).? Of course, the general class of 2HDMs is much richer
than the MSSM example, and indeed all possible types of 2HDMs have been well studied
in the literature.®> However, 2HDMs generally face severe phenomenological problems with
flavour changing neutral currents (FCNCs) and possible charge breaking vacua, and it is
common to consider restricted classes of models controlled by various symmetries.

The introduction of symmetries into 2HDMs provides a welcome restriction to the
rather unwieldy general Higgs potential, as well as solutions to the phenomenological chal-
lenges mentioned above. For example, the remaining symmetry of the potential after
EWSB can have the effect of stabilising the lightest Higgs boson, which can become a pos-
sible Dark Matter (DM) candidate. In 2HDMs, the full list of possible symmetries of the
potential is now known [6-9]: the symmetry group can be Zs, (Z2)?2, (Z2)3, O(2), O(2) x Zo,
or O(3).# In 2HDMs these symmetries can be conserved or spontaneously violated after
the EWSB, depending on the coefficients of the potential.

Generalising these results to NHDMs is technically difficult, although there has been
some recent progress in this direction [12-15]. For example, with more than two doublets,
there exist symmetries which are always spontaneously violated after EWSB, dubbed “frus-
trated symmetries” in analogy with a similar phenomenon in condensed-matter physics [16].
The idea of stabilising the lightest scalar via a preserved Z, symmetry (where p is an in-
teger) has also been put forward for NHDMs [17].

'For a review and references see e.g. [3].

2For a review and references see e.g. [4].

3For a recent study with an extensive list of references see e.g. [5].

4The maximum number of distinct symmetries in 2HDMSs is 13 if the custodial symmetries are in-
cluded [10, 11]. In this paper we shall not consider custodial symmetries in 3HDM.



The case of three-Higgs-doublet models (3HDMs) is particularly promising for sev-
eral reasons. To begin with, it is the next simplest example beyond 2HDMs, which has
been exhaustively studied in the literature. Furthermore, 3HDMs are more tractable than
NHDMs, and all possible finite symmetries (but not all continuous ones) have been iden-
tified [18]. Finally, and perhaps most intriguingly, 3HDMs may shed light on the flavour
problem, namely the problem of the origin and nature of the three families of quarks and
leptons, including neutrinos, and their pattern of masses, mixings and CP violation. It
is possible that the three families of quarks and leptons could be described by the same
symmetries that describe the three Higgs doublets.® In such models this family symme-
try could be spontaneously broken along with the electroweak symmetry, although some
remnant subgroup could survive, thereby stabilising a possible scalar DM candidate. For
certain symmetries it is possible to find a vacuum expectation value (VEV) alignment
that respects the original symmetry of the potential which will then be responsible for the
stabilization of the DM candidate as in [17].

Despite the motivations above, 3HDMs remain rather poorly understood, at least when
compared to 2HDMs, as can be clearly seen by the list of outstanding problems stated
in [18]. The outstanding problems include [18]: the completion of the classification of pos-
sible symmetries to include continuous symmetry groups; the possible symmetry breaking
patterns of the vacuum state for each choice of symmetry group; additional symmetries of
the potential which are not symmetries of the kinetic terms. We would add to this list: the
possible different vacuum alignments for each choice of symmetry group; the calculation of
the Higgs boson mass spectrum for each such vacuum alignment; the possible DM candi-
dates in the case where there is a preserved symmetry; the application of 3HDMs to quark
and lepton flavour models [19]; the extension of 3HDMs to the case of supersymmetric
(SUSY) models which motivates having three up-type Higgs doublets and three down-type
Higgs doublets (six doublets in total). Finally the possible generalised CP symmetries and
their breaking patterns have not yet been thoroughly studied.

The purpose of the present paper is to consider some of the aforementioned aspects
of 3HDMs. We shall complete the classification of SHDMs in terms of all possible Abelian
symmetries (continuous and discrete) and all possible discrete non-Abelian symmetries.
We analyse the potential in each case, and derive the conditions under which the vacuum
alignments (0,0,v), (0,v,v) and (v,v,v) are minima of the potential. For the alignment
(0,0,v), which is of particular interest because of its relevance for dark matter models and
the absence of FCNCs, we calculate the corresponding physical Higgs boson mass spectrum.
This will lead to phenomenological constraints on the parameters in the potential, and for
certain parameter choices it is possible that there could be additional light Higgs bosons
which may have evaded detection at LEP. It is possible that the 125 GeV Higgs boson could
decay into these lighter Higgs bosons, providing striking new signatures for Higgs decays at
the LHC. Motivated by SUSY, we then extend also the analysis to the case of three up-type
Higgs doublets and three down-type Higgs doublets (six doublets in total) for the case of
low ratio of VEVs tan 3 = v, /vg. The results could be applicable to various SUSY models

®See e.g. [19].



with three up-type and down-type Higgs families including MSSM where both Higgs types
transform as triplets of A4 [20] and a version of the EgSSM [21, 22] where both Higgs types
transform as triplets of A(27) [23]. In both these examples, only the Higgs fields of the
third family are (predominantly) assumed to develop VEVs which motivates the vacuum
alignment (0,0, v). Many of the results are also applicable to flavon models where the three
Higgs doublets are replaced by three electroweak singlets.

The layout of the remainder of the paper is as follows. In section 2 we discuss the
possible symmetries and symmetry breaking patterns in 3HDMs, giving the most general
invariant potential, outlining the method we use for finding the local minima of the poten-
tial, and motivating the relevance of the particular alignment (0,0, v) for DM. In section 3
we systematically discuss the SHDM potentials which respect Abelian symmetries, deriving
the conditions under which the vacuum alignments (0,0, v), (0,v,v) and (v,v,v) are min-
ima of the potential and, for the alignment (0,0, v), calculating the corresponding physical
Higgs boson mass spectrum. In section 4 we perform an analogous analysis for the 3HDM
potentials which respect non-Abelian finite symmetries. In section 5 we discuss our method
for extending the results to the case of six-Higgs-doublet models (6HDMs), relevant for su-
persymmetric models, where the method is exemplified for tan § = 1. Section 6 concludes
the paper. We also include two appendices where we review how highly symmetric po-
tentials can be treated using orbit spaces and geometric minimisation, which are powerful
techniques enabling statements to be made about the global minimum of the potential.

2 Symmetries and symmetry breaking in 3HDMs

When studying the symmetries of the potential, one focuses on the reparametrisation
transformations, which mix the three different Higgs doublets ¢4, where a = 1, - -3. These
transformations keep the kinetic term invariant, and are either unitary (Higgs-family trans-
formation) or anti-unitary (generalised CP-transformation), however we shall only consider
the former here.

The kinetic terms of 3HDMs are invariant under the unitary transformations

U: ¢a—= Uy (21)

with a 3 x 3 unitary matrix U,,, where a,b = 1,---3. These transformations form the
group U(3). However, the overall phase factor multiplication is already taken into account
by the U(1)y from the gauge group. The kinetic terms of 3HDMs are therefore invariant
under the SU(3) group of reparametrisation transformations. The group SU(3) has a non-
trivial center Z(SU(3)) = Zg generated by the diagonal matrix exp(2mi/3) - 13, where 13 is
the identity matrix. Therefore, the group of physically distinct unitary reparametrisation
transformations respected by the kinetic terms G is

Go = PSU(3) ~ SU(3)/Zs. (2.2)

In general, the Higgs potential V' in 3SHDMs will respect a symmetry G which is some
subgroup of Gq. If a symmetry G is imposed on the potential V', it sometimes happens that



it accidentally respects a larger symmetry. When a potential is symmetric under a group
GG and not under any larger group containing (G, then the group G is called a realisable
group [12]. A non-realisable group imposed on a potential, on the other hand, leads to
a larger symmetry group of the potential. Clearly, the true symmetry properties of the
potentials are reflected in realisable groups.

The full list of possible realisable symmetries G of the scalar potential V' of 3HDMs
have been found [12, 18]. For the reader’s convenience, we briefly review the methodology
applied to obtain these symmetries in appendix A. Here we only list all such symmetry
group which consist of the continuous Abelian symmetry groups,

U(1), U®1)xU(1), U(1)x Z, (2.3)
the finite Abelian symmetry groups,
Zo, s, Ly, Zo X Zo, (2.4)
and the finite non-Abelian symmetry groups,

D6> Dg, T ~ A4, O ~ 54, (25)
(Z3 X Zg) X Zg ~ A(54)/Zg, (Zg X Zg) A Z4 ~ 2(36)

A scalar 3HDM potential symmetric under a group G can be written as
V=W+Vg (2.6)

where Vj is invariant under any phase rotation and Vg is a collection of extra terms en-
suring the symmetry group G. The most general invariant part of the potential has the
following form

3 3
Vo= [ldl(lo0) + halolen?] + 30 [N (sle(@le)) + Ns(sle@len] . @7)
7 1]

For this potential to have a stable vacuum (bounded from below) the following conditions
are required:
Aii >0, /\ij + )\;J > —24/ )\ii)\jja ) 75] =1,2,3. (2.8)
The potential V and associated stability conditions above are common to all the cases,
Abelian and non-Abelian, which only differ by V4.
After constructing a potential symmetric under a realisable group, we shall find the
minima of the potential by explicit calculation in each case by:

e Parametrising the VEVs by v;
e Expanding the potential around the minimum point and calculating V' (v;)
e Setting all 9V/0v; to zero and solving these equations for v;

e Constructing the Hessian from 9*V/dv;0v; and requiring it to be positive definite



We shall follow this standard method for minimising potentials symmetric under all groups
listed in (2.3), (2.4) and (2.5).

In this paper we shall present the 3HDM potentials symmetric under each of these
groups, examine the conditions for stability of the three possible minima in each case,

(0,0,v), (0,v,v), (v,v,v). (2.9)

We shall focus on one of these minima, (0,0, v) and study the mass spectrum around this
point. The vacuum (0,0,v) may either respect or breaks the original symmetry of the
potential.

The motivation for considering the vacuum alignment (0,0, v) is that such models can
be interpreted as DM models in which the weakly interacting massive particle (WIMP) is
identified as the lightest neutral scalar boson. If we define the three Higgs doublets as

H Hy H
o1 =\ moria |, P2=| m9tiag | P3=| virHO+iAl (2.10)
V2 V2 V2

then the vacuum (0,0,v) corresponds to having two inert doublets (¢ and ¢2) and one
active doublet (¢3). “Inert” means not only zero VEV but also no couplings to fermions.
To be precise, if the symmetry of the potential after EWSB is G, we assign a quantum
number to each doublet according to the generator of G. To make sure that the entire
Lagrangian and not only the scalar potential is G symmetric, we set the G quantum num-
ber of all SM particles equal to the G quantum number of the only doublet that couples
to them i.e. the active doublet ¢3. With this charge assignment FCNCs are avoided as
the extra doublets are forbidden to couple to fermions by G conservation. In each case,
with the vacuum alignment (0,0,v), the CP-even/odd neutral fields resulting from the
inert doublets (HY, HY, A9, A9) could in principle be dark matter (DM) candidates since
only the active doublet acquires a VEV and couples to the fermions. To stabilize the DM
candidate from decaying into SM particles, we make use of the remnant symmetry of the
potential after EWSB.

For the special cases of the non-Abelian symmetries listed in eq. (2.5), when the sym-
metry of the potential is sufficiently large, a powerful geometric method for minimising the
potential has been introduced [24]. From this list of finite non-Abelian symmetries in (2.5),
the following symmetries are “frustrated”® since they are inevitably broken after EWSB:

Ay, Sy, A(54)/Zs, 2(36). (2.11)

For each of these four cases we rewrite the potential in terms of the bilinears and using the
geometric method introduced in [24] find all minima of the potential. The results of this

5Tn the case of 2HDMs, it is always possible to find a vacuum alignment which respects the symmetry of
the potential. However, in NHDMs with N > 2 when the potential is highly symmetric (having M; = 0 when
written in terms of the bilinears as in eq. (B.3)) any vacuum alignment breaks the symmetry of the potential.
Therefore, these symmetry groups can never be conserved after EWSB. The origin of this phenomena and
some 3HDM examples were discussed in [16]. These symmetries are not specific to doublets. They can
arise when the representation of the electroweak group has lower dimensionality than the horizontal (Higgs
family) space, i.e. more than one singlet, more than two doublets, more than three triplets, etc.



Symmetry Diagonal Generators Potential

U XU | (e7,e,1), (70,0, g9y | Vo

U(1) (e, e, 1) Vo + A1 (6] 63)(0hds) + h.c.
U x 2o | (20,00 (1o |t A@hes)” +he
Vo — Wia(01d2) + Ai(dld2)® + Xa(dhds)® +

Z (-1,-1,1) As(¢161)° + hec.

. Vo + Ai(¢]e2)(dhd2) + Xa(dhs)(d]es) +
ZS (wvw 71) >‘3(¢;¢1)(¢;¢1) + h.c.
7 (i, —i, 1) Vo + A (6561) (9] 62) + Ao(@162)" + huc.
Zy X Zs (-1,11), (1,-1,1) Vot Aa(6162)" +2a(0ids)” +20(9161)” +hoc

Table 1. All Abelian symmetries realisable in the scalar sector of SHDMs. Vj is the phase invariant
part of the potential presented in eq. (3.2).

method are presented in appendix C using the orbit space formalism briefly reviewed in
appendix B.

3 Analysis of Abelian 3HDMs

In this section we study all Abelian symmetries in 3HDM potentials. Table 1 lists all these
symmetry groups, their generators and their corresponding potentials.

3.1 U(1)xU(1) symmetric 3HDM potential
The U(1) x U(1) € PSU(3) group is generated by

e 0 0 e ¥83 0 0
U(1)=| 0 €0 |, Uy(1)= 0 B3 0 (3.1)
0 01 0 0 €3

where «, 8 € [0, 27).
The most general U(1) x U(1)-symmetric 3HDM potential has the following form:

Vo = 13 (¢11) — 13 (0hn) — 13 (dhbs) (3.2)
FA11(8]61)% + Aoz (dhr2)? + Ass(dhbs)?
+X12(0]61) (6h2) + Aas(3hd2) (0hds) + Aa1 (dhss) (1)
N (0 02) (0401) + Nog (8503) (d52) + Ny (0561) (] d3)

which is symmetric under any phase rotation of doublets.
We find all possible extrema of the potential by requiring

<§V) _o, (82) —0,  i=1,23 (3.3)
Pi i=(i) 09,/ ¢i=(s:)




which results in the following solutions
(0,0,v), (0,v,v), (v,v,v), (3.4)

where in each case permutations are allowed and in general doublets could acquire non-equal
VEVs (v1 # v2 # v3). In the following sections, however, the conditions are derived for the
presented VEV alignment and the results do not apply to permuted VEV alignments.
To find the conditions on the parameters which are required for the above points to
be minima of the potential, we construct the Hessian
0%V o2V 0%V
06100] 06100] 06106}
9’V 9%V 9%V
06200] 06200] 0p208]
o2V o2V 2%V
0¢300] 0p30¢5 dgs300}

>0 (3.5)

and require it to be positive definite (see e.g. [25]).
We find the following results:

1. Point (0, ,\[) breaks the symmetry of the potential to U;(1) and becomes the

minimum at
2
2 _ M3
02 = 53
A33

provided the following conditions are satisfied:

® - /Jl —+ = ()\31 + )\31)'1) > 0 (36)
o — it (>\23 + Ag3)v” > 0
o 43>0

However, all these conditions are already required for the positivity of mass eigen-
states at point (0, 0, f) Therefore, we conclude that this point is always a minimum
of the potential.

2. Point (0, % %) breaks the symmetry of the potential to a Zs generated by
(1,—1,—1). This point becomes the minimum of the potential at
)2 2413 _ 243

N 2A33 + Ao3 + )\/23 N 292 + Ao3 + )\/23

when the following conditions are satisfied:

e My >0 (3.7)
o JM33>0

o —2uF + (A2 + Mg + Azt + Ny )v® > 0

o 4daodsz > (Nag + Mp3)?



3. Point (%, %, %) breaks the symmetry of the potential completely and becomes
the minimum at
2 _ 243
2X33 + Aoz + )\/23 + A31 + )‘él
23
222 + A2 + )\/12 + Aog + /\/23
_ 2ut
CO2M1 + Mg+ Mg + Asp + g

with the following conditions:

o 4A\j1hae > (Mg + Njp)? (3.8)
o 4A11A2A33 + (A2 + No)(As1 + Asp) (Ags + Ao3) >
A1 ( A2z + Noz)? + Aaa(Az1 + M51)? + Asz (A2 + Njp)?

Higgs mass spectrum for (0,0, %)

The VEV alignment (0,0, %) breaks the U(1) x U(1) symmetry of the potential to
U1(1) where the fields from the first and the second doublets are assigned U;(1) quantum
numbers —1 and 1 respectively, and the fields from the third doublet get U;(1) quantum
number zero. We can write the generator as:

U1 (1) = a(—1,1,0). (3.9)

Writing the generator of the group in this form facilitates the task of assigning Uj(1)

charges to the doublets. We require all SM fields to have the same U;(1) charge as the

active doublet i.e. zero so that the whole Lagrangian is U;(1)-symmetric. Having defined

the doublet as in (2.10) the lightest neutral field from the first and the second doublet

which is stabilised by the remaining U;(1) symmetry is a viable DM candidate.
Expanding the potential around the vacuum point (0, 0, %), with

v? = “—%, (3.10)
As3
results in the following Higgs mass spectrum:
Az: m’>=0 (3.11)
Hi: m’=0
H; : m? = 2u§

1
H2i om? = 7/13 + = Aagv?

2
H1i om?= fu% + %)\311;2
Hy: m’>=—u3+ %()\23 + >\/23)v2
Ar: mP=—pu3+ %()\23 + Moz )v”
Hi: m’= —,u? + %()\31 + )\51)1}2
A omP=—pui+ %()\31 + Ngp )v°



where the fields appearing in the doublets in (2.10) are the same as the mass eigenstates
(shown in bold text).

Note that the fields from the third doublet play the role of the SM-Higgs doublet fields,
namely a massless neutral Goldstone boson (Aj3), two massless charged Goldstone bosons
(HZ) and the SM-Higgs boson (Hz).

Positivity of the mass eigenstates enforces the following extra conditions on the pa-
rameters of the potential:

o N33 >0 (3.12)
o 12>0
° 2/1% < A0
o 24} < (a1 + Nai)o?
° 2,1;% < Aogv?
o 243 < (Aa3 + Naz)?
3.2 U(1) symmetric 3HDM potential

A potential symmetric under the U;(1) group in (3.9) contains the following terms:”

Vir 1) = M (6] 63)(dhes) + hec. (3.13)

in addition to Vj in eq. (3.2).
The possible minima of this potential are:

1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum

at )
2 _ M3
A33

provided the following conditions are satisfied:

v

1
o — 2+ *(A31 + M)v? >0 (3.14)
o — 5+ ()\23 +Ag3)v? >0
o 13>0

where the third condition is already required for the positivity of mass eigenstates at

point (0,0, f)
2. Point (0, %, %) only becomes the minimum if \; = 0 which reduces the symmetry

of the potential to U(1) x U(1). We conclude that this point is not a minimum of the
U(1)-symmetric potential.

TA general Uz(1) symmetric 3HDM potential contains:

Vip) = —pas(#hés) + A1 (d]61)(dhds) + Aa(dhe2) (] s)
+3(d5d3) (dh03) + Aa(h3)” + As(dhd1) (] ¢3) + h.c.



3. Point (% oL f f) breaks the symmetry of the potential completely and becomes

the minimum at
2 _ 243
2A33 + Aoz 4+ Ny + Az1 + Ag + 2
2002 + A2 + Ny + Aoz + Mos + N1
] 2
211 + A2 + /\/12 + A31 + )‘él + A1

with the following conditions:

e 2)\1 >\ (3.15)
o 2Xo9 > )\
o N33 >\

o (A1 —2X11) (A1 —2X22) > (M2 + Npp)?

o 2(A12+ Ajo)(As1 + Ay + 2X1) (Ao + Ao + 2X1)
+(2211 — A1) (2h22 — A1) (2A33 — 201) > (2A33—2A1) (A2 +\]p)?
+(2211 = A1) N2z + Mo +201) %+ (2022 — A1) (As1 + N5, +201)?

Higgs mass spectrum for (0,0, \[)

Defining the doublets similarly to the previous case and expanding the potential around

the vacuum point (0, 0, \[) with

2
2= (3.16)
A33
results in a mass spectrum of the following form:
P g
Az: m’=0 (3.17)
ch : omP=0
Hs: m’= 2,u§
1
HQi om?= fp,g + 5)\230
1
Hli m’ = —,U,%—‘rg)\gﬂ)
0 0
H15M: m2:1(X+\/?)
V14 b2
_ —aAS+ A? . om? = 1
A = i =5 (X - VY)
_ —bAY+ A? . omE= 1
A = W : *(X—‘r f)

where X = —pf —ps + = (/\23 + st + Mg + A0

Y = ()\1112)2 + u ,uz + = (>\23 — 31+ Ay — )\31)112

,10,



1 1 ! ’
=07 [lﬁ — s+ 5()\23 — X314 Az — Agp)v” — \/57}

bf

1
= M%—M§+*()\23—)\31+>\/23—/\'31)v2+vy
Al’U2 2

The lightest neutral eigenstate among the ones from the first and the second doublet,

H,, H, and A, Ay, which is stabilised by the conserved U;(1) symmetry is a viable DM
candidate.

3.3 U(1)xZs symmetric 3HDM potential

In addition to Vp in eq. (3.2) the Us(1) x Zs-symmetric 3HDM potential contains the
following term:

Vo()xz = M(85d3)% + h.c. (3.18)

This term is symmetric under

Us(1) = diag(e28/3 ¢8/3 ¢8/3)  and  Z, = diag(—1,—1,1). (3.19)
The possible minima of this potential are:

1. Point (0,0, 12) breaks the symmetry of the potential to Z5 and becomes the mini-

mum at 9
2 _ M3
A33

provided the following conditions are satisfied:

v

1
o — Mg + 5(/\23 + )\/23)1)2 >0 (3.20)
1
o —ui+ 5()\31 + X5)v? >0
o 43>0
The last two conditions are already required for the positivity of mass eigenstates at
point (0,0, %)

. Point (O,%,%) breaks the symmetry of the potential to a Z; generated by
(1,—1,—1) and becomes the minimum at

)2 203 N 23
2X33 + Aos + )\’23 + A31 + )‘gl + 2\ 220 + A12 + )\/12 + Aog + )\/23 + 2\

when the following conditions are satisfied:

o — 203+ (Mo 4+ Ny + A31 4 Myp)v? >0 (3.21)
e 2) — 2\ — Az — Ny >0

e 233 — 2\ — 31 — Ny >0

o (2M22 — 2A1 — A2 — Nj9)(2X33 — 201 — Az1 — N51) > (4A1 + Aoz + N3)?

— 11 —



3. Point (%, %, %) breaks the symmetry of the potential completely and becomes

the minimum at
2 _ 243
2X33 + Aoz + Nog + A3 + Aoy + 20
_ 23
2X99 + A12 + )\’12 + Aog + )\’23 + 2\
] 2
2011 + A2 + Ny + Az + )‘gl

with the following conditions:

e N\ >0 (3.22)
o N>\
o A3 >\

o AN1(Aa2 — A1) > (A2 + Ajp)?
o (A2 4+ No)(Ag1 + Mgy +8A1)(Aaz + Aoz) + 411 (Aa2 — M) (Ag3 — A1) >
(=M1 4 A33) (M2 + No)? 4 A1 (Aaz + Mg 4 8A1)% 4 (= A1 + Aaa)(Az1 + N5;)?

Higgs mass spectrum for (0,0, %)

Expanding the potential around the vacuum point (0, 0, %), with

2
=18 (3.23)
A33
the mass spectrum appears as follows:
Az: m’=0 (3.24)
ch : omP=0
Hs: m’= 2,u§
1
H2i om?= fug + 5)\23@2
1
Hiﬁ : m2 = —,U,% + 5)\311)2
1 /
Hy: m®=—uj+ 50\23 + Aa3 + 2>\1)U2
1
Asy: m?= —,ug + 5()\23 + Ny — 2)\1)1;2
1
H,: m?= —/ﬁ + 5()\31 + )\él)v2
1
A omP=—pl+ 5()\31 + Mgy )0

The lightest neutral field from the first and the second doublet which is stabilised by
the remaining Z5 symmetry is a viable DM candidate.
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3.4 Zo symmetric 3HDM potential

Constructing the Zs-symmetric part of the potential depends on the generator of the group.
The Z; generator which forbids FCNCs has the following form

a=diag (—1,-1,1). (3.25)

The terms ensuring the Z group generated by a are®

Vz, = Vo — i3 (8162) + M (6] 62)% + Ma(85d3)? + As(051)? + h.c. (3.26)

which need to be added to Vj in eq. (3.2) to result in a uniquely Zs-symmetric SHDM
potential.
The possible minima of this potential are:

1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum

at )
2 _ M3
A33

provided the following conditions are satisfied:

(Y

® - ﬂg + = ()\23 + )\23)17 > 0 (327)

e —ui+= ()\31 + Mgp)v? >0

1
o (=t 5000002 ) (<48 + G0+ X ) > (B2
° IU,§>O

The last condition is already required for the positivity of mass eigenstates at point

(0,0, %).

2. Point (0, ﬁ 7) can only be a minimum of this potential if /3 = 0 which makes
the potential Zy X Zs-symmetric. We therefore conclude that this point is not a
minimum of the Zs-symmetric potential.

3. Point (% v f f) breaks the symmetry of the potential completely and becomes
the minimum at

) 2
2 _ M3
2X33 + Aoz + )\/23 + A31 + )‘{31 42X + 23
203 + 20
2002 + A2 + Ny + Aoz + Aoy + 21 + 2)

8Note that the only symmetry group of this potential is the Z» group generated by a. However, this is
not the only Z, symmetric potential that can be written. A potential with the following terms added to Vy
is also symmetric only under the Z, group generated by a:

Vi, = M(9]62)” + Aa(61a)" + Xa(801)° + Ma(9162) [(0161) + (8h2)| + As(0]6a)(610a) + hc.

,13,



_ 2pF + 20
2M11 4+ A2 + Mg + Az + A5 + 201 + 2X3

with the following conditions:
° M/122 > ()\1 + A3 — )\11)1}2 (3.28)

° /L/122 > (Al + Ao — )\22)7)2

o iy > (A4 Az — Agz)v”

° 4(#’122 — ()\1 —+ )\3 — )\11)2}2) <u/122 — ()\1 + )\2 — )\22)1)2> >
2
<—2//122 + (M1 + A2 + Xm)UZ)

<M'122—()\1+A3—)\11)02> <M'122—(>\1+/\2—)\22)02> <:U’/122_()‘2+/\3_)‘33)U2>
<4/\1+)\12+/\ ) (4)\3+/\31+>\ ) (4)\2+)\23+)\/23>v4 -

+2 < [+ 5

(M'fz (A1 + A3 = Ao ) 1+ 5

2
< 4)\1 + )\12 + Allz )U2>

4\ +)\ + A5,
+<M/122 (A1 + Az — Ag2)v” ( LA >v

4\ —i—)\ + Nog
+<l/122 (A2 + Az — Asz)v >( 2L >v

Higgs mass spectrum for (0,0, \/)

Expanding the potential around the vacuum point (0, 0, \[) with

2
=Lt (3.29)
A33

the mass spectrum appears as follows:

0 0
H, = YT m2:%(x_ﬁ)
0 0
}hEM: mQZ%(X—F\/?)
Where X = —Hl Mg + = ()\23 +)\31 +)\23 +A31 +2A2+2A3)

2
Y = 4#%2 + [Ml ,LL2 + = (/\25 — As1 + Aoz — A3y +2Xp — 2)‘3)’”2}

1
a= 2:“’2 |:/-’L ,u2 + - (>\23 - A31 + )\23 - )\31 + 2)\2 — 2)\3)’1} —V Y:|
a2

1 /
= TLF I:u UQ + - ()\23 — A31 + /\25 Az1 + 2X2 — 2)\3)1}2 + V Y:|
- 12

— 14 —



1
e
VHY + HY 1
HE — 2 1. 2 - VY
N BEARAEE
where X''= —p3 — i+ = ()\31 + Aoz’
1 2
V' =dpis + {/ﬁg -3 + 5 (Aa1 = Azs) ]
o = 1 53— 1(,\ A23)v® — VY
SN s — pi 5 (As1 = Aas
, 1 1
b = 3 13— p3 4+ = (As1 — Aaz)v” + VY7
—2475 2
17 A0 0
Ay = 7‘;‘2;;;2 com?= %(X” —VY")
_ YA+ AY 2 _ 1.y
M= XV
where X" = —,u1 ug + = ()\23 + 31+ Aog + A5 — 200 — 2)\3)1;2

2
Y = dpis + {lh [+ = (>\23 — As1 4 gz — A — 22X + QAS)UQ}

1
o = 2.2, [M —ps+ = ()\23 — X314 a3 — Ay — 2Xe + 2)\3)1)2 - VY
12
1
Y = o {,L — 4= ()\23 — A3t + Abg — N — 202 + 203)0” + \/Y*}
12

The lightest neutral field from the first or the second doublet, stabilised by the con-

served Zs symmetry, is a viable DM candidate.

3.5 Zs symmetric 3HDM potential

The Zs-symmetric SHDM potential contains the following terms:

s = AL(0]62) (5 d2) + Aa(9hd3) (D1 d3) + As(9561) (dhen) + hec. (3.30)

in addition to Vj in eq. (3.2).

This group is generated by a = diag(w,w?, 1), where w = exp(2ir/3).
The possible minima of this potential are:

1. Point (0,0, f) respects the symmetry of the potential and becomes the minimum at

2_ M
A33

provided the following conditions are satisfied:

v

1

o — 3+ 5 (as + My3)v? >0 (3.31)
1

° _N%+§(/\31+)\€31)7}2 >0

o 43>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, ).
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2. Point (0, %, %) breaks the symmetry of the potential completely. This point be-
comes the minimum only when \; = —\y (in the more general case of vy # v3 the
condition vy /v3 = —Xa/A1 is required) which does not lead to an extra symmetry of
the potential. The minimisation requires

)2 213 _ 23
2A33 + Aoz + )\/23 2X92 + Aoz + )\/23

and the following conditions be satisfied:

e )y >0 (3.32)
A3z >0
— 2#% + ()\12 + )\/12 + A31 + /\gl>’u2 >0

M99 <—4u% +2(A2 + N + Azt + /\gl)vz) > /\%02

Ao s (—2;@ T (hiz 4 i+ Mgt + Aéﬂ)v?) A (has + Ng)o? >

1 1
5)\33)\%02 + 2)\22)\31}2 + Z()\% + )\/23)2 <—2M% + 2()\12 + )\/12 + A31 + )\/31)7)2)

3. Point (%, %, %) breaks the symmetry of the potential completely and becomes
the minimum at

2 _ 2413

2X33 + Aos + )\,23 + A31 + )\gl + A+ 2 2+ A3
2413

2002 + A2 + Ny + Aoz + Aog + 201 + Ao + A3
20

211 + A2 + )\/12 4+ A31 + )\gl + A1+ Ao+ 273

with the following conditions:

e 2\1 > A+ A+ 223 (3.33)
o 2\ > 2\ + da+ A3
e 233> A1 +2\+ )3
o (A1 A2+ 203 — 2011)(2M1 + Ao+ A3 — 2X22) > (A1 + 23 + Aig + Njp)?
o (A1 4 A2+ 23 — 2X11) (201 + A2 + A3 — 2X29) (A1 + 2A2 + Az — 2)33)
F2(A1 + 203 4+ A2 + Nig) (2h2 + A3 + Az1 + Agp) (2A1 + A2 + Aoz + Ag3) >
— (A1 +2X9 + A3 — 2233) (A1 + 223 + Ao + Njp)?
— (AL 4+ A2+ 223 — 2X011) (21 + Ao + Aoz + M3)?
—(2A1 + A2 + A3 — 2X292) (202 + A3 + Az1 + A5y)

,16,



Higgs mass spectrum for (0,0, \[)

Expanding the potential around the vacuum point (0,0, \/) with

2
0?2 =15 (3.34)
A33

the mass spectrum is the same as the U(1)-symmetric case with the slight difference in the
definition of a, b and Y (replace A; by A2).

The lightest neutral field from the first or the second doublet, stabilised by the con-
served Z3 symmetry, is a viable DM candidate.

3.6 Z,4 symmetric 3HDM potential

The most general Z,-symmetric potential has two parts, Vj in eq. (3.2) and the following
terms:

Vz, = M(0hé1)(dhd) + Aa(dl2)? + hec. (3.35)

with generator a = diag(i, —i,1).
The possible minima of this potential are:

1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum at
2_ M3
A33

provided the following conditions are satisfied:

1
o — i+ 5 (a3 + My3)v? >0 (3.36)

1
o —pui+ 5(/\31 + Ay )v? >0

o 15>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, %).

2. Point (0, % ok \”[) only becomes the minimum when A\; = 0 Wthh leads to the po-
tential being symmetric under U;(1) and Z generated by (—1,—1,1). We therefore
conclude that this VEV alignment is not realised in the Z4—symrnetric potential.

3. Point (% oL f f) breaks the symmetry of the potential completely and becomes
the minimum at

2 _ 2443
2X33 + Aoz + /\/23 4+ A31 + /\gl + 2\

23
222 + A1z + Ny + Aoz + Aog + A1 + 2X9

,17,



_ 243
CO2M1 + A2+ Mg + Azt Ay + A+ 2)

with the following conditions:

o 2)\1 > A 42X\ (3.37)
e 2X9 > A\ + 2\
o 33>\

o (A1 42X — 2X11) (A1 + 2X0 — 2X90) > (4Xg + Ao + Njp)?

Higgs mass spectrum for (0,0, %)

Expanding the potential around the vacuum point (0,0, %), with

2
2 M3

/I) - )
A33

(3.38)

the mass spectrum is the same as the U(1)-symmetric case.

The lightest neutral field from the first or the second doublet, stabilised by the con-

served Z4 symmetry, is a viable DM candidate.

3.7 ZaxZs symmetric 3HDM potential

The most general Zy X Zs-symmetric potential consists of Vj in eq. (3.2) and

Vayxz, = )‘1(¢1¢2)2 + )\2(¢£¢3)2 + A3(¢g¢1)2 + h.c.

generated by independent sign flips of the three doublets: a; = diag(—1,1,1) and ag =
diag(1,—1,1).

The possible minima of this potential are:

1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum

at )
2_ M3
A33

provided the following conditions are satisfied:

v

1
o — 3+ 5 (a3 + My3)v? >0 (3.39)

o 0 X > 0

° ,ug >0
The last condition is already required for the positivity of mass eigenstates at point
(0,0, %)

. Point (0, %, %) breaks the symmetry of the potential to Zs generated by (—1,1,1)
and becomes the minimum at

2 _ 243
2X33 4+ Aoz + Ny3 + Az1 + A5y + 2X0 + 2X3
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_ 2415
T 29+ Az + Mg+ Aoz + Mg + 20 + 2)

when the following conditions are satisfied:

o — 234+ (M2 4+ Mg+ A31 4+ Myp)v? >0 (3.40)
e 2\ — 2\ — 2\ — A2 — N5 >0
o 233 — 2y —2X\3 — A3; — N5 >0
o (202 — 2\ — 2\ — A2 — M) (2h33 — 2\ — 2X3 — Azp — Ny;) >
(A23 + Nog + 4Xg)%0

This VEV alignment for the softly broken Zs x Zs-symmetric SHDM has been studied
in detail in [26].
3. Point (%, %, %) breaks the symmetry of the potential completely and becomes
the minimum at
2 _ 243
2A33 + Aoz + )\/23 + A31 + )‘{’il +2X9 + 23
213
2X22 + A2 + Ny + Aoz + Aog + 201 + 2X9
207
21+ A2 + )\/12 + A31 + )‘gl 4+ 2A1 + 23

with the following conditions:

O P VI (3.41)
o oo > A+ Ay
e N33 > Ao+ A3
o 4N+ A3 — A1) (M1 F A2 — Aa2) > (2A1 + Az + Mp)?
o 4A(A11 — A1 —A3)(Aa2 — A1 — A2)(A33 — A2 — A3)
+(2A1 + A2 + N9) (223 + As1 + A51) (202 + Aoz + Noy3) >
(A33 — A2 — A3)(2A1 + A2 + Mo)? + (M1 — A1 — A3) (222 + Aoz + Ao3)?
+(A22 — A1 — A2)(2A3 4+ Az1 + M5p)?

Higgs mass spectrum for (0,0, %)

Expanding the potential around the vacuum point (0, 0, %), with

2
2 =18 (3.42)
A33

the mass spectrum appears as follows:

Az: m>=0 (3.43)

Hi : m’=0
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Symmetry | Generators Potential

Vi o+ (ke (@len) - (dlea)sle)]  +

Dg dia‘g(waw27 1)3 ¢1 A _¢2 >\2(¢11—¢3)(¢;¢3) + h.c.

Ds diag(i, —i,1), 1 > —h2 VE+ 2 (@561)(6362) +Xo(6162)" + hc.

N diag(1, —1, 1), Ve 4 Ar [(6162)? + (8l69)? + (891)*| + hec.
P1 — P2 — ¢p3 — 1

Sa O1 <> —P2, 1 — P2 — O3 — d1 Vo +h [(¢I¢2)2 + (¢;¢3)2 T (¢;¢1)2] +he

% T T T T
tinglo, D). 42> —bo. o+ n[eleole) + @leele) +

Ab4)/Z
R e e I (¢;¢1>(¢§¢2)]+h.c.

Vo

3(36) diag(1,w,w?), d (see eq. (4.30))

Table 2. All non-Abelian finite symmetries realisable in the scalar sector of 3HDMs. Note that
in each case there are different constraints on the parameters of the phase invariant part of the
potential, Vjj, which are presented in the main text. The generators of the 3(36) symmetric potential
are defined in detail in eq. (4.30).

Hs : m? = 2#3
1
m® = —Mg + §>\23U2

1
Hit com?= —;ﬁ + 5)\311)2

HQi:

1
Hy: m’= —ué + 5()\23 + Aps + 2)\2)112
) o9 1 / 2
As: m”=—pus+ 5()\23 + Aoz — 2X2)v
1
Hi: m>=—p2+ 5 Qa1+ A1+ 2)3)0°

1
A1 : m2 = —,u? + 5()\31 + )\gl — 2)\3)1}2

The lightest neutral field from the first or the second doublet which is stabilised by
the conserved Zy x Zy symmetry is a viable DM candidate.

4 Analysis of non-Abelian finite 3SHDM

In this section we study all non-Abelian finite symmetries in 3HDM potentials. Table 2
lists all these symmetry groups, their generators and their corresponding potentials.

4.1 Dg ~ Z3xZo symmetric 3HDM potential

The generic Dg-symmetric potential has the following form:

Vb, = —1ta(6]61 + 60n) — 1 (65es) (4.1)
o [(@[61)? + (6562)%] + as [(8f00)?]
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iz (916100462 | + A |(8hes)(6]0n) + (8os) (00|
g [(0162)(0d01)| + X [(6has)(8hen) + (@on) (0l 0s)]

+Mkémx%m»—wwﬁw%g}+Mkﬂ@x£@ﬂ+ha

with real A; and complex \o.This group is generated by

w00 0 —-10
a=[0w?0 |, w=exp(2in/3), b=1-100
001 0 01

with a® = 1 and % = 1 [27].

The possible minima of this potential are:

1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum

at
2 _ M3
A33

provided the following conditions are satisfied:

v

1
° — /"6%2 + 5()\23 + )\/23)'1)2 >0 (42)

° ,u,%>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, %)

. Point (0, %, %) breaks the symmetry of the potential completely and becomes
the minimum only when A\; = A2 (in the more general case of vy # v3 the condition
va/vg = A/ A1 is required) which does not lead to an extra symmetry of the potential.

The minimisation requires

2 _ 213 _ 217,
233 + A\13 + )\/13 2211 + A3 + )\’13

v

and the following conditions be satisfied:

e N\71>0 (4.3)
o N33>0
[ ] — 2/1,%2 + ()\12 + Allz + )\13 + A/13)'U2 > 0

e J\ii1)33 <—2u%2 + ()\12 + /\/12 + M3+ /\,13)112) — )\1)\2(/\13 + )\/13)1)2 >

1 1
5)\33)\%’02 + 2)\11)\%1)2 + Z()\lg + )\/13)2 (—2,&%2 + 2()\12 + )\/12 + A3 + )\/13)1)2)
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3. Point (7, %, %) becomes the minimum at
02 = 243
2X33 + 2A13 + 2X|3 + 2)2
207,

2M11 + A2 + )\/12 + A3 + )\/13 + A+ A

which means that A\; = 0, however this condition leads to an extra Zs (the exchange
of ¢1 and ¢2) symmetry of the potential. Therefore, we conclude that the point

(%, %, %) cannot be a minimum of this potential.

Higgs mass spectrum for (0,0, %)

Expanding the potential around this vacuum point, with

2
2 M3
v =T,

A33
the mass spectrum appears as follows:

Az: m’>=0 (4.5)
H3i : mP=0
Hs: m’= 2,u§
1
Hg[ :om?= —,Ufz + 5)\13?12

1
Hli . m2 = —[,IEQ + 5)\13’02

HY — HY 1

H; = 2\/5 Lo om? =iy + 5()\13 + s — >\2)U2
HY + HY 1

H = 2\2 Lo o m?=—pfy + 5()\13 + Mg + A2)v”
A — A9 1

A2 = Qﬂ L : m2 = 7}14%2 + 5()\13 + )\llg — )\2)1}2
A+ A9 1

A= 2\/5 L. om® = *#%2 + §(A13 + A3+ )\2)U2

The lightest neutral field from the first or the second doublet, stabilised by the con-
served Dg symmetry, is a viable DM candidate.

4.2 Dg ~ ZsxZ2 symmetric 3HDM potential
The generic Dg-symmetric 3BHDM potential has the following form:

Vi, = —1a(6]e1 + dlos) — 1 (6]6s) (4.6)
o [(6160)? + (8h62)%] +2as [ (0109)?]
Fhaz |(6]01)(8h62)| + s | (6]05) (8] 61) + (¢ha) (6]0)

iy [(@02) (Bhen)] + s [(@hes) (6ln) + (slen) (6]6s)]
A1 (851 (8562) + Aa(¢102)? + hc.
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This group is generated by:

i 00 0 —10
a=[0-i0o|, b=]-100
001 0 01

with a* =1, v? = 1.
The possible minima of this potential are:
1. Point (0,0, %) respects the symmetry of the potential and becomes the minimum
at )
2_ M3
s

provided the following conditions are satisfied:

v

° - /«612 + = (AlS + )\13)’U >0 (47)

o 43>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, %).

2. Point (0, % oL %) only becomes the minimum when A; = 0 which leads to an extra
Zy (the exchange of ¢; and ¢2) symmetry of the potential. We therefore conclude

that this VEV alignment is not realised in the Dg-symmetric potential.

3. Point (% VoL f f) breaks the symmetry of the potential completely and becomes

the minimum at
2 _ 243
2A33 + 213 + 2)\/13 + 2\
2/@2
2211 + A2 + Ng + A1z + Nz + A + 22

with the following conditions:

e )33 > )\ (4.8)
o (4ha+ A2+ No)? < (M + 200 — 2)q1)?
e 2)\11 > M\ + 2\

o (A= A33) | (AL + 22 — 2X11)% — (Mo + Ny + 4X0)?

(2)\1 + M3 + )\/13)2()\12 + )\/12 + 6o — 2A\11 + )\1)

Higgs mass spectrum for (0,0, \f)

Expanding the potential around the vacuum point (0,0, f) with

2

2 H3

vt = = 4.9
s (4.9)
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the mass spectrum is the same as the Dg-symmetric case with the slight difference in the
definition of a, b and Y (replace A2 by A1).

The lightest neutral field from the first or the second doublet, stabilised by the con-
served Dg symmetry, is a viable DM candidate.

4.3 Ay~ T = (Z2XZ3)xZ3z symmetric 3HDM potential

The Aj-symmetric 3BHDM can be represented by the following potential

Vi, = =12 [(6]61) + (82) + (0]68)| + ur [(0]61) + (8hea) + <¢§¢3>}2 (4.10)
iz [(6]01) (Bhen) + (Bhen) (8hea) + (shen)(6]61)]
+2ip (18] al + [8hosl” + 8henl?) + M |(@l6)? + (6]0s)* + (861)%) + hec.

with complex Ap.
This potential is symmetric under:

10 0 010
a=10-10 ], b=]1001
00 -1 100

with a? =1, b = 1.
The possible minima of this potential are:

1. Point (0,0, %) breaks the symmetry of the potential to Z, generated by g =
(—=1,—1,1) and becomes the minimum at

2
02 = H3

33

provided the following conditions are satisfied:

o —2u%+ (A2 + Mg+ 2M01)v” > 0 (4.11)
o 1*>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, LQ)

2. Point (0, %, %) becomes the minimum only when A; is real which leads to an
Sy-symmetric potential . Therefore, this point cannot be a minimum of the Ay-
symmetric potential. Note that in the more general case, the point (0,v2,v3) can
become a minimum if the following condition is satisfied:

<v2)2_ A2+ Ny + 277 (4.12)

v3) A2+ Ay + 2\
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3. Point (%, %, %) breaks the symmetry of the potential to S3 (permutation of the

three doublets) and becomes the minimum at

2 _ M2

n 311 +)\12+X12+)\1+X{

with the following conditions:

° — A1 > 2Re)\ (413)
° 4(2Re/\1 + )\11)2 > (/\12 + )\/12 +2M\11 + 41:{6/\1)2 + (4IH1/\1)2

e —4(A\;; +2Re);)? + 3(A11 + 2Re)) ((Alg + Njg + 211 +4ReX;)? + (4Im)\1)2) >

- ((Au + Ao + 2X11 +4ReM;)? + (4Im)\1)2> (A12 + Ay + 2X11 + 4Re)q)

Higgs mass spectrum for (0,0, %)
Expanding the potential around (0, 0, %) with
2
2=t (4.14)
A11
we get
As: m’=0 (4.15)
Hi: m’=0
H; m? = 2u2
Hi m?=—pu® 4= ()\12 +2A11)v°
Hf o omP= ,,u + = ()\12 + 2)\11)1)2
_ aHg + Ag . 2 1 2 2 2
M=t m = +5 (/\12+/\12+2,\117 ReA; + Im /\1)1;
_ bHY + A 2 1 3 )
A=t mis 1+ 3 (/\12+A12+2,\11 +VRe®A: + Im )\1)1;
_aHY + AY ) 2 2 1 2 2
Hi= LS =g (A12+>\12+2)\11 Re?\; + Im )\1)1;
bHY + AY ,
A= ﬁ : m2 ES —/LQ + 5 ()\12 + )\12 + 2 11 + Re2)\1 + Im2>\1> 1)2
where a = L [Re)\l — VRe2A + Imz)q}
Im)\
2
b= /\1 [Re)\l +VRe2\: + Im ,\1]

The lightest neutral field from the first or the second doublet, stabilised by the remain-
ing Zo symmetry, is a viable DM candidate.

4.4 Sy~ O = (Z3XZ2)xS3 symmetric 3HDM potential
The Sy-symmetric 3HDM can be represented by the following potential

Vs, =~ [(8l61) + (6ha) + (6} + A [(8160) + (6hea) + (6}0)] (4.16)
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2z | (6]61) (Bhon) + (Bhen) (8hes) + (8hen)(6]01)]
1o (I6]0af? + [6bos 2 + 10§o12) + Ar |(8]02)? + (6h6s)? + (8ho1)?] + he.

with real 1.

This potential is symmetric under:

010 0 —10
b=1001], ¢=|-100 (4.17)
100 0 01

with > = 1 and ¢ = 1.
The possible minima of this potential are:

1. Point (0,0, %) breaks the symmetry of the potential to Zs generated by

0 —-10
c= (—1 0 O)and becomes the minimum at

0 01
o2 1B
As3
provided the following conditions are satisfied:
o — 2%+ (M2 + Ny +2M1)0? >0 (4.18)
o u>>0

The last condition is already required for the positivity of mass eigenstates at point

(0,0, %)
2. Point (0, %, %) breaks the symmetry of the potential completely and becomes the

minimum at )
2 2p

v =
3A1 + A2 + Ny + 2\
when the following conditions are satisfied:

e 2\ +)A1<0 (4.19)
o Mo+ N, +4)N <0
o AN1(A\i1+ A2+ )\I12 +4X\) <0

3. Point (%, %, %) breaks the symmetry of the potential to S3 (permutation of the

three doublets) and becomes the minimum at
2 = MQ
A2 + Mg + 3 11 + 20

with the following conditions:

e M\ >2)\ (4.20)
o (2\1 + A2 4+ Mo +2011)? < 4(2M\ — App)?
o — 4N F2M)% + (20 F A2 F 201 + M) >

3(=A11 — 221) (201 + A2 + 2011 + MNjp)?
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5)

Higgs mass spectrum for (0,0,

= 3‘@

Expanding the potential around (0, %) with
2
2 _ M
v = —, 4.21
N (4.21)
the mass spectrum gets the following form:
As: mP=0 (4.22)

H;,t: m> =0
2

H;: m" = Q,uQ

H;t o om?= —uz + 1()\12 + 2)\11)1)2

Hf: m?’=—4*+= (/\12 +2A11)v°

Hy,: m’= —/L + = ()\12 + Mo 4221 + 2)\1)
Ay: m?P=—p+= (/\12 + Mo+ 2211 — 20)0?
H: m=—p>+= (/\12 + Ao + 2M11 + 20)0°

Ay mP=—p+ 2 (/\12 + Al + 2A11 — 2)\1)

The lightest neutral field from the first or the second doublet, stabilised by the remain-
ing Zo symmetry, is a viable DM candidate.

4.5 A(54)/Z3 ~ (Z3xZ3)xZs symmetric SHDM potential
A 3HDM potential symmetric under this group has the following form:®
Vai/zs =~ [6101 + 8lé2 + 6105 + s [101 + 0162 + ols] (4:23)
iz [(8[61) + (6h62)? + (9100)* — (8] 1) (6h62) — (h62)(0]60) — (0160) (9 01)]
X (I8 2l + 6hosl® + 0}o?]
A [( 6102)(8]03) + (8hoa) (8h1) + (8}61)(0}62) | + hc.

with real 2, A11, A12, A}, and complex A\;. This group is generated by

w 00 010 01 0
a=]0w?0|, b=[001], ¢c=[100 |, w=exp2in/3)
001 100 00 -1

witha? =1, =1and ® = 1.
The possible minima of this potential are:

9Note that the group A(27), which is the full preimage of the group Z3 x Zs in SU(N), is not a realizable
symmetry of 3HDM potential since the potential symmetric under A(27) is automatically symmetric under

the larger group (Z3 x Z3) x Zy = A(54)/Zs.
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1. Point (0,0, %) breaks the symmetry of the potential to Z3 generated by a =

(w,w?,1) and becomes the minimum at
2 1
A1l

v

provided the following conditions are satisfied:

e — A+ Ay>0 (4.24)
o A1 +2X2>0
2. Point (0, %, %) breaks the symmetry of the potential completely and becomes the

V2’ V2
minimum only when A; is real, which leads to a larger symmetry of the potential,

or when vo = —w3. So, we study the conditions for the point (0, %, —%) as the
minimum of the potential:
9 2
V2 — H
AM11 + A2 + Ny
where the following conditions need to be satisfied:
e —3\2+MNy>0 (4.25)

22011+ A2 >0

(=312 + MNo)(2A11 + A12) > 4|\

(=3A12 4+ M) (2A11 4+ A12)2 + 42 + XD (2M11 — Az 4+ M) >
(=312 + M) (2A11 — A1z + Mio)? + 8| A2 (2011 + Ai2)

3. Point (%, %, %) breaks the symmetry of the potential to S3 (permutation of the
three doublets) and becomes the minimum at
2 >

T OB Ny + A A

with the following conditions:

e i1+ A2 > 2Re); (4.26)
o 411+ A2 — 2ReA )? > (4ReAt + 2011 — Ag + Njp)?
o 4(A11 + A2 — 2ReA;)? + (4Red; — Mg + Mg +2)11)° >

3(A11 + A2 — 2ReAp) (4Red; — Ao + Mg + 2X11)?

Higgs mass spectrum for (0,0, %)

The mass spectrum, with

2 2
e B 4.27
A1+ A2 (4:27)

has the following form:
Az: m?>=0 (4.28)

Hgf: m®> =0
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H3: 2=2,LL2

m

HE: m?=—42+ 2)\112— A12 02

HEY: m?= 2+ 2)\112* A12 02

, _ —H+ HY + AY + AY 2 2 1 / 2

H; = 3 omT = —ut + 5(2/\11 — A2 + Ao — Redy — ImAq v
HY — HY + AJ + A? 1

H, = =2 L ;r 2t A 2o —u® + 5(2/\11 — A2 4 Mo — ReAr + ImAq )v®
HY 4+ HY — AJ + A9 1

Ay ==2 kil 3 2 XA 2o —u’+ 5(2/\11 — A2 4 M 4 Redr + ImAg )v®
HY 4+ HY + AS — A9 1

A =2t 2* Liom? = =g+ 5 (201 = iz As £ Reds — Img)o?

The lightest neutral field from the first or the second doublet, stabilised by the remain-
ing Z3 symmetry, is a viable DM candidate.

4.6 X(36) ~ (Z3xZ3)xZ4 symmetric SBHDM potential

A ¥(36)-symmetric 3HDM potential has the following form:

2
Vs = —? (6161 + 0162 + 0}6s) + M (0len + olen + oles) (4.29)
iz (16162 — elosl? + 1okes — o}or[2 + [oen — ol6al?)

This group is generated by arbitrary permutations of the three doublets, and by:

100 1 11 1
a=10w 0 |, d=— l1w? w |, w=exp(2ir/3) (4.30)

2 wr—w 2

00w 1l ww

with a® = 1 and d* = 1.
The possible minima of this potential are:

1. Point (0,0, %) breaks the symmetry of the potential to Z3 generated by a =

(w,w? 1) and becomes the minimum at

2#2

v =
A1

provided the following conditions are satisfied:

o Njp>0 (4.31)
o 12>0

The last condition is already required for the positivity of mass eigenstates at point
(0,0, ).
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2. Point (0, %, %) breaks the symmetry of the potential completely and becomes the
minimum at
2
2 H

- 2M11 + )\’12

when the following conditions are satisfied:
o 12\ > N\, >0 (4.32)
27
° 8()\11)2 — Z)\H)\/m — 2( /12)2 >0

. Point (%, %, %) breaks the symmetry of the potential completely and becomes

the minimum at

V2 = Mz

with the following conditions:

o A1 +2)\, >0 (4.33)
o 4(M1 +2XN)E > (2011 — Np)?
o A(A11 +2N0)3 H (2001 — Nip)? > 3( A1 4 2M0) (2A11 — M)p)?

Higgs mass spectrum for (0,0, %)

Expanding the potential around the vacuum point (0,0, %), with

2
=t (4.34)
A1
the mass spectrum appears as follows:
Az: m>=0 (4.35)
Hi: m’=0
H; : m? = 2,u2
H2i m? = —p° + Ao
Hli m? = f,u2 + A11v
HY — HY 1 ,
H, = % . m2 = _’u2 + 5(2)\11 + 3)\12)’(}2
HY + HY 1
H, = 2\/5 ! m? = —u® + 5(2)\11 + Nio)0?
AY — A9 1
A, = 7 L. 2= fuz + 5(2)\11 + )\/12)1;2
AS+ AY 1
A = 2\/5 L. om? =%+ S+ 3\1)0°

It is interesting to note that the minimisation condition (4.34) results in mili and
1

mili vanishing at tree-level. However, this is accidental (there is no symmetry reason for
2

their vanishing) and so we expect them to acquire small masses at higher order.

The viable DM candidate in this case is the lightest neutral field from the first or the

second doublet, stabilised by the remaining Z3 symmetry.
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5 Analysis of 6HDMs

We define each doublet ¢; as a doublet of doublets

H,,
‘b(H)

where H! and Hé are defined in the following way:

. i H}
7 u ) K3
V2 V2

We add the following MSSM-inspired term to avoid extra massless particles:
u (B Ha + B, Hog + H, Hya) + hc. (5.1)

Note that these terms do not break the symmetry of the potential, since they only mix the
intra-doublet fields H;, and H;q and not the doublets ¢;.

Extending the (0,0, %) minimum to 6 Higgs doublets results in a VEV alignment of
the form (0,0,0,0, %, %), with two active doublets:

(Hsu) = (Hsa) = v
and four inert doublets;
(Hiy) = (H1q) = (Hay) = (Haq) = 0.
In the following sections we present the mass spectrum in each case.

5.1 U(1)xU(1) symmetric 6HDM potential

The mass spectrum of the U(1) x U(1) symmetric 6HDM potential around the minimum
point (0,0,0,0, %, =) with

v ﬁ 2 2
/
2 _ M3~ H
v = 52
has the following form:
0 0

GSI M . m2:O (53)

V2

+ +

Gsi:HSu_'_HBd: m2 =0

V2

HS\, + H3y 2 2 2
hs = ——: m"=2u35—-2
3 7 1z — 24

H; = 7}[& — My :om® = —2;/2

V2
PUREC T R NP

V2
H3i — Hi — H?fi . m2 — 7211/2

V2
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_ H2Ou +Hgd 2

h, = T :oomS = —u% + ,ulQ + (A23 + )\/23)7)2
AOU+AO
Go = % com® = —pd 4 %+ (Nas 4 Mos)0”
Hi _|_H:|:
G; = v R m? = —p3 + p* + Aazv”?
Hou _ HO
H, = % ©om® = —ps — i 4 Aogv?
Agu — Agd 2 2 2 2
AQZT: m° = —us — "+ Aasgv
Hf — HI
H; = % pom® = g — o Aase®
HOu_"_HO
h; = % comP =i+ (As1 + >\:?,1)U2
A0u+AO
Gr = MRt =y O N e?
HE + H*
Gi = % com® = —pd 4+ 4 Asro?
HOu _ HO
o= I e
A(l)u — A(l)d 2 2 2 2
Al:T: m = —u; —p +)\31U
HEf — HE
Hf = W ©om® = —pd — 4 Ao

5.2 U(1) symmetric 6HDM potential

The mass spectrum of the U(1) symmetric 6HDM potential around the minimum point
(0,0,0,0, %, ) with

V2 V2
2 2
2 _ M3~ H
v = = 5.4
has the following form:
0 0
GS:A?’L\/;“: m?=0 (5.5)
+ +
Gi = 7H3“\—/~_§H3d : omP=0
HS, + HS,
h3:%: m? = 242 — 2
H; = % Com? = —2,u'2
A3 _ Agu\;iAgd . m2 _ _2‘“/2
+ +
HY = SR
HE — HE
Hj = 7%\/5 24 m® = —pd — '+ dast®
Hi + HE
G;t _ 2u\/§ 2d . 2 7ug +,u/2+)\23112
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+ +
_ Hlu_Hld 2

H%*T m :—H%_Hl2+)\31’02
Hi + HE
Gf:: lu;i mk mzz_ﬂfﬁ-ﬂlz"‘)\mvz
AY, — A
AQ:%: m2:_ﬂg—,u,2+)\231)2
A9, — A9
Al:%: m? = —pf — p? + Xs10®
G, — —aAj, —adj, + A, + A%y mi— X Y
2 V2T 2a2 '
A0 140 0 0
G, = bA3, bA2d+A1u+A1d: m? =X VY
V2 + 202
HS, — Y
H, — 2u\/§ 20 . = 2 4 gge?
HS, — H?
Hl:%: m® = —pf — p* + As10?
,  aHS, +aHS,+ HY, + H? 5
h; = 2d M. mP=X-VY
V2 + 2a?
h, = bHS3, +bH3, + HY, + HYy o= X VY
V2 + 2b2

1
where X = 5 [QH/Q — pf — 3 4 Moz + Azt + Nog + /\él)UQ]

1
YV = (M) + =[] — 15 + (Aas — As1 + Aog — >\/31)U2}2

4
1 / ’
s w3 [ 1= 12+ (N3 — Aa1 4 Ao — N Jo” — v Y}
1
b= o2 [/L% — s+ (X23 — A31 + Ao — /\,31)1)2 + VY]
1

5.3 U(1)xZs symmetric 6HDM potential

The mass spectrum of the U(1) x Zy symmetric 6HDM potential around the minimum
point (0,0,0,0, %, =) with

V2 V2
2 12
2 Hz— K
V= = 5.6
has the following form:
A9 A9
G3 _ 3u + 3d . m2 =0 (57)
V2
HEf + HE
G3i — 3u + 3 m2 _ O
V2
H3, + HY, 2 2 2
h; = - m- =2 2
3 7 13 — 24
H, — H3, — HY, m? = —ou"?
V2
A3 _ Agu — Agd m2 _ _2ul2
V2
+
Hét _ H3u — HBid m2 — _2:“/2
V2
Hou +H0
hy = —2 NG} 2d 2 =*H3+M/2+(/\23+X23+)\1)02
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G2 _ Agu +Agd .

V2
sziHi—i—Hi :
V2
H2: ng_Hgd .
V2
A2: Agu_Agd .
V2
ngiHi_HQid :
V2
hl — Hlou"_H?d .
V2
G'1: A(1)u+A(1)d .
V2
Gt — Hi, + Hi :
V2
le H?ufH?d
V2
A1: A(l]u_A(l)d .
V2
HliziHﬁ‘iHi :
V2

2

m

m

2

m

2

= —u3 + 1% 4 (s + Aoz — A1)0°

= — 5 4 u” + Aagv?

= —p5 — 1 + Aago”

2

m

2

m

= —pi + 1%+ (Na1 + Mo )o?

2

2

m

2

m

m

5.4 Zs symmetric 6HDM potential

2

= —pu3 — % + Aosv?

—pz — @ + Ao’

—15 4 1% + (As1 + Ay )o?

= —pi — p% + As1v?

= i — p% + a0

—pi — % + Aa10?

—pi + %+ Aa?

The mass spectrum of the Zy symmetric 6HDM potential around the minimum point

(07 0?0?07 %7 %

) with

has the following form:

Gs3

Gi

hs =

Hs

Aj

=+
Hi =
hj =
H; =

h) =

1)2

s —

2

V24 2X2

XHy, — XHyy — HY, + Hyy

V24 2Y?2

- -WHJ, — WHSY, + H}, + Hi, . 2

2A33

V2
+ +
_ H3u+H3d: m2:0
V2
H??u+H??d 2 2 12
= ———=: m° =2uz—2
V2 H3 K
:M . m2: 2“/
V2
_ Agu _Agd Com?= 2#/2
V2
+ +
— H3U7H3d: m2:_2u
V2

m2=a1+a2—ﬂ1—,82—\/g

2

V24 2W?
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m- =1+ a2 —

m?=ai +as+ B+ B2 — VA

(5.8)
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H, — ZH3, + ZHgy + HY + Hiq . 2
24072 omS =a1+az+ P+ B2+ VA
2
_ pa 1
where a1 = -5 + Z(2A23 + )\/23 + QAQ)UQ
2
_ M 1
az = —"8 + 1(2/\31 + A3 + 2/\3)2)2
2
_ M 1
B = 5 + Z(Xzs + 2>\2)'U2
2
7 1
52 = 7 + E(Algl + 2A3)U2
2
_ Hi2
K 2
0
(;/2 — X/A2u — X/Agd - A?u + A?d . 2 / / / v
V2 +2X7? ©om’=ai+ab— B~ fr— VA
A./2 = _Y/Agu — YlAgd — Atl)u + A(l)d 2 / /
5T ove ©omP=al +ah— B — B+ VA
G, = —W'A3, — W' AQ + AR, + A%y 2 / /
V22w pom=on+ayp+ i+ By — VA
0
All — Z,A2u +Z/Agd+A(1Ju +A(1)d . 2 ’ l ’ vl
V24272 : m :a1+a2+51+/3é+ A’
2
r_p2 1
where o} = -5 + 1(2)\23 + \og — 2/\2)1)2
2
r_ M 1
Qg = 7 + 2(2/\31 + N5y — 2)\3)112
2
7 1
B =5+ 4 (as = 222)0”
2
)% 1
ﬁé = 5 + Z()\él — 2)\3)’02
i
2
1yt
lezl::X H2u7XHH3¢:17Hi+Hﬁ ) 2 7 7
V2 +2X72 com=of +ay — B — By — VA
v/t
G/Qi: Y H2u+Y”H2jii_H1l:¢+H1id . 2 " 1" 1"
V242772 com’=af fay — B = By + VA"
o 1"+
Hflﬂ: _ w H2u_W//H§fi+H1j;+H1:El 2 " "
V222 tom” =af oy + B + By — VA
/ +
G/li: Z/H2u+Z”H2jii+H1iu+H1id A 2 " " ’
V24222 com’=af fay + B+ By + VA
where of = ﬂé + Aagv?
oy = —pf + As1v®

Bl =8y =u? A =—ul

1
and X:Z [_Oll +062+51—52+\/Z]

YZ%[OQ—O@—&—F&—F\/Z]
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W=~ [-a1+a2 =B+ + VA
5

Z:%[al—QQ"‘ﬁl_BE"r\/E}

A=(ag—az— A +,32)2+4’YQ

and X')Y' W', Z" and X", Y" W" Z" are defined in the same way as X,Y, W, Z with the
corresponding primed and double-primed «, § and ~s.

5.5 Z3 symmetric 6HDM potential

The mass spectrum of the Z3 symmetric 6HDM potential around the minimum point

(0,0,0,0, —\;Q, 7”5) with
2 2
2 _ M3~ H
= 1
! 233 (5.10)

is the same as the U(1)-symmetric case with a slight difference (replace A; by A2).

5.6 Z4 symmetric 6HDM potential

The mass spectrum of the Z; symmetric 6HDM potential around the minimum point

(0,0,0,0, 75, %5) with
v2 _ N% _ M/2

2733

is identical to that of the U(1)-symmetric case.

(5.11)

5.7 ZysXZs symmetric 6HDM potential

The mass spectrum of the Zy x Zy symmetric 6HDM potential around the minimum point
(0,0,0,0, %, %) with

V2 V2
2 12
2 Hz— K
V= 5.12
s (5.12)
has the following form:
A A9
G'3 _ 3u + 3d . m2 =0 (513)
V2
+ +
Gf = H;, + Hy, . m2=0
V2
H3, + HY, 2 2 2
hy = 28u T T5d 2 92 9
3 7 s — 2
H3 o ng - Hgd . m2 _ _2l/4/2
V2
A3 _ Agu — Agd m2 _ _2ul2
V2
+ +
Hét _ H3u — HBd m2 — _2H/2
V2
HOu+HO
hy = —2 NG} 2d 2= *Hg + /L/2 + (23 + A3 + )\2)02
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Gy = % tom® = —ps + % 4 (Nas + Aoz — o)
G; = % com? ==+ p? o+ Aasv?

H; = % :omt = —,ug - /LIQ + Aasgv?

As = % omt = —,ug - Mlz + Aasv?

H; = % com® = —pi — ' 4 Xogo?

h; = % comP = —pf % 4 (s + Mg+ Az’
G, = A?L\/;?d :om? = —M% + M/2 + (A31 + A5y — /\3)1)2
Gf= % om® = —pf 4 g%+ A0

H, = % om? = —,u% — //2 + /\311)2

Ay = A?L\/;?d comt = *M% - MIQ + Az

H = % com? = —pi — p? + Ao

5.8 Dg symmetric 6HDM potential

The mass spectrum of the Dg symmetric 6HDM potential around the minimum point
(0,0,0,0, %, %) with

7%7 ﬁ
2 2
2 M3 — K
V= = 5.14
has the following form:
0 0
Gy = At s 2 (5.15)
V2
+ +
Gy = Hyut Hsa m?> =0
V2
H3, + Hj, 2 2 2
hy = 243 ? =248 — 24
3 \/i "3 H
H; = H3., — H3, . m? = —9u"
V2
Ay = A, — A3y . m?= 2
V2
+ +
T EEl T LY B SR
V2
HE + Hf
Gy = % tom® = —pds + p” 4 Aiso’
HE +HE
G% = % com? = —pis + 4 4 Mgv®
Hi, — HE
H; = 2u\/§ 24 m? = —pfy — ' + Aaso?
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Bf = et s e
AS, — A
A= % comP = —pdy — i+ Ao’
AY, — AY
A= % com® = —pdy — % 4 Aiso?
Hou o HO
H, = 2 NG 2 m? = —pis — i 4 Mag®
Hou o HO
H, = % Dom® = —pds — % 4 Aisv?
AS, + A9, + A9, + AY
Gy,=2 2d 5 Lu Mo m? = —piy 4+ 4 (s + Mg — A)o”
— A9, — AY, + A9, + AY
G, = 2 2d 1 M m® = —pds 4 1+ (s 4 Mg 4 A2)0?
V2
HO 4 HO 4 HOL + HO
hy = =24 2d 5 Lo Mo m® = —pdy o+ (A13 + Nig — )\2)1’2
—H3, — HY; + HY, + HY
h| = 2u 2d2 1u M m? = —pdy +p? + (A3 + Az + )\2)”2

5.9 Dg symmetric 6HDM potential

The mass spectrum of the Dg symmetric 6HDM potential around the minimum point
(0,0,0,0, %, %) with
2 M§ - M'2

B 1
v s (5.16)

is the same as the Dg-symmetric case with the slight difference in the definition of a, b and
Y (replace A2 by A1).

5.10 A4 symmetric 6HDM potential

The mass spectrum of the Ay symmetric 6HDM potential around the minimum point
(0,0,0,0, %, %) with

V22
2 12
2 _ M3~ H
V= 5.17
has the following form:
0 0
Gs3 = &LAM - om2=0 (5.18)
V2
+ +
GE = Hg, + Hsy C om2=0
V2
HS, + H3y 2 2 2
hs = ———=: m"=2 2
3 7 p = 2p
Aj = 7%13“ _2Agd comP= 24"
H;Z — H?:)":u _ZHéfi . m2 — _2“12
7 T
V2

— 38 —



_ Hj, +Hj,

G =
: V2
+ +
Giﬁ: — Hlu + Hld .
V2
Hi = 7H2ﬂi _ Hi :
2 \/ﬁ
+ +
Hit — Hlu B Hld .
V2
H2 _ ng - Hgd .
V2o
H1 _ H?u - Hlod .
V2
A2 _ Agu - Agd .
V2
Al _ A(l)u - A(le .
5
h/ _ (],ng +a’Hgd +Agu + A(Q)d .
2 V2 + 242 '
W = O+ oM+ ATy + ALy
! V2 1 2a2 '
? V2 + 262
G = DL+ bHI, + AV + ALy

V24 2b?

—1® i+ Oz 4 200007
_N2 + u’z + (A2 + 2>\11)02
= = 1+ (M2 + 221)0”
,u2 — ,u'2 + (A2 + 2)\11)02
m? = ,u2 — ul2 + %()\12 + 2)\11)1}2
m?=pu® -+ %()\12 + 2)\11)1)2
m® =’ — '+ %(/\12 +2A11)0°

1
m® =pu® — %+ §(A12 + 2X11)0°

m? = *,u2 + AL’Q + (M2 4+ 2X\11 + Mg + Redy — 2\/§ImA1)v2

m? = —p? + 1% + (A2 + 2011 + Mo + Redr — 2v2Im )v®

m® = —p® + 1" + (M2 + 201 + Ao + Redr 4 2v/2ImA; )o”

m® = —p’ + %+ (A2 + 2A11 + A2 + ReAr + 2\/§Im)\1)v2

where a=(1—+2) and b= (1+V?2)

5.11 S4 symmetric 6HDM potential

The mass spectrum of the S; symmetric 6HDM potential around the minimum point

(0,0,0,0

v v

7%7%

) with

has the following form:

G3: Agu+Agd .
V2
Gt — Hj, + Hs,
3 —_— T = .
V2
Hi(i)u+Hi(’:)d
hy = ——=%:
V2
A3: Agqugd .
V2
+ +
Hg:: HSuiHSd .
V2
H3: H.??u_Hgd .
V2
+ +
G;Ez Hj, + Hyy,
V2

2 = M% — "
2211
m?=0
m?2=0
m® = 2,u2 2;/2
m? = 72p'2
m? = —2;/2
m? = —2;/2
2
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Gi = % com® = —p® %+ (A2 + 2201)0°

H; = Hziu\@H;il pom® = = = (Va2 200)0°

Hi = s ﬂHi m? = —p® — " + (M2 + 20)0”

hy = PI?%QHSU! comP ==+ M2+ 2001 + Mo 4+ A)0?
h, = % com® = =i (a2 2001 + Mg + M)’
A,y = AQL\@A% com® = — 0+ (a2 2200)0°

A= A?L\;?d com® == — i+ (A2 + 21 )0°

H; = % com® = —p® = i+ (A2 + 2000 )0”

= H?u\;iH?d pom® = —p® = (M2 + 2001)0°

Gy = Ag“\—/gAgd com® = =i (e 200+ A — M)
G, = A?“\—/EA?d com® = =+ (M2 4 2001 + Mg — M)

5.12 A(54)/Z3 symmetric 6HDM potential

The mass spectrum of the A(54)/Z3 symmetric 6HDM potential around the minimum
point (0,0,0,0, - 7 \f) with
2 _ 2
2 o= p
V= 5.21
2(A11 + A12) (5-21)

has the following form:

0 0
G; = Af’LﬂAM : m?=0 (5.22)
+
G3 = 7}[3”\—/%}]” c m2=0
H?(,) Jngd 2 2 2
hy = —"——=%: m" =2y~ —2u
V2
H; = 7Hg“\/§Hgd om? = —QHIQ
A A
Ag= A= Asa 2 g
V2
+
Hgi = 7H3“\;§H3d comP =2
HE — HI
Hj = % pom? = = = (201 = Aw)o®
H* _ g*
Hli = W omP == — i+ (201 = A)v®
HE + HE
Gy = s m® = —p® 4 p” + (201 = Ar2)v?

— 40 —



_ Hf, 4+ Hf

m® = —p® + ' + (201 — A2)v”
m? = f,uQ — //2 + (2A11 — /\12)1)2
m? = —u2 — N& + (211 — /\12)1)2
m? = —u2 — MIQ + (2A11 — )\12)112

m? = —p® =y + (2011 — Ai2)0?

_ WHY, + WHY, — XHY,, — XH{; + A%, + A,

V2 + X2+ 22

1
2 —,u,2 + ulz + (2A11 — A2 + Mg — B} VRe?\; + ImQ)\l)UQ

_ WHS, + WHY, + XHY, + XHY, + A, + AS,

Gi u
' V2

H2 — ng _Hgd .
V2

A2 _ Agu _A(Q)d .
V2

Hl _ H?u _Hlod .
V2

Al _ A?u — A?d .
V2

b} =
m° =

h) =

, 1
m? = —pu® + //2 + (2A11 — A2 + Ao + 5\/ Re?\; + Im2)\1)v2

V2 + X2+ 22

G, =
2 2+ (Y + 22+ (Y —Z)2 4207
m? = —,uz + //2 + (2)\11 — A2 + )\/12 — %\/ 2Re% )\ + 4Im2)\1)v2
W HY, + WHY, — (Y — Z2)AS, + (Y + 2)A%, + A, + AY
qul1 _ lu 1d 2u 2d lu 1d .
V2+ Y+ 22+ (Y - 2)2 +2W"
m? = —,u2 + MIQ + (2)\11 — A2 + )\/12 + %\/ 2R62>\1 + 4Im2)\1)v2
Re>\1 / Im)\l
h = =
where W T, and RoA,
X = VRe2A1 4+ Im? )\

Im/\1

ReA1 (21 /v* + Ai2)

—2(2u2/v? 4 N)® 4+ Re2 A1 + 2Im2 )\,

(202 /02 + Ni3)? V2R A1 + 4Im® ),

[—2 (202 /v2 + Nj5)? + Re? A1 + 2Im?\; | Res

5.13 X(36) symmetric 6HDM potential

The mass spectrum of the ¥(36) symmetric 6HDM potential around the minimum point

(0,0,0,0

v

V22

Y-) with

has the following form:

Gs

Gji

2 _

v

_ Agu +Agd .

V2

V2

_ Hj, +Hj,

R

211
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_ Hj, +Hy, >

G;E = T : m = —/.LQ +,ul2 + 2)\111)2
Hf +H
Gt = 1u\/§ W ? = % g 420
HY, + H3, 2 2 2
hsy=———22: m " =2u" -2
3 \/5 1% 1
Hs — HY, — Hy, m? = —2u?
V2
A3 — Agu - Agd m2 _ _2;“/2
V2
H, — H3, — HY, m? = —2u"
V2
Ay — A3, — AY, m? = —2u"
V2
H, — HY, — HY, m? = —2u"?
V2
A, — A}, — AY, m? = —2u?
V2
+ +
HE — H;, — Hy, m? = —2u"
V2
+ +
HE — Hyy —Hyy o 2 e
V2
+ +
HE = Hi, — Hig m? = —2,”
V2
0 0
hy — Hs, + Hsy m? = 2\, pv?
V2
A9 AY
G, — 2u + Aog m? = 2\,0?
V2
0 0
hy = Hyi, + Hiy m? = 2\, 02
V2
0 0
G, - Al + Al m? = 2\, 2
V2

6 Conclusion

In this paper we have considered 3HDMs which are the next simplest class of models,
following the well studied 2HDMs. We have argued that 3HDMs are ready for serious
investigation since their possible symmetries have been largely identified. Furthermore,
they may shed light on the flavour problem, in the sense that their symmetries may be
identified as family symmetries which also describe the three families of quarks and leptons.
We have catalogued and studied 3HDMs in terms of all possible allowed symmetries
(continuous and discrete Abelian and discrete non-Abelian). We have analysed the poten-
tial in each case, and derived the conditions under which the vacuum alignments (0, 0, v),
(0,v,v) and (v,v,v) are minima of the potential. For the alignment (0,0, v), relevant for
DM models, we have calculated the corresponding physical Higgs boson mass spectrum.
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Motivated by SUSY, we have extended the analysis to the case of three up-type Higgs
doublets and three down-type Higgs doublets (six doublets in total), for the case of tan § =
1. Many of the results are also applicable to flavon models where the three Higgs doublets
are replaced by three electroweak singlets.

In conclusion, following the discovery of a Higgs boson by the LHC, it is clear that
Nature admits at least one Higgs doublet for the purpose of breaking electroweak symmetry.
However it is not yet clear if there are two or more Higgs doublets which are relevant in
Nature. We have systematically studied the case of 3SHDMs, whose symmetries may shed
light on the flavour problem. If SUSY is relevant, then we have shown how the analysis
may be straightforwardly extended to 6HDMs.
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A Finding all realisable symmetries

A.1 Abelian symmetries

As mentioned in section 2, the group of physically distinct unitary reparametrisation trans-
formations respected by the kinetic terms Gg in 3HDMs is

Go = PSU(3) ~ SU(3)/Zs.

To find all realisable Abelian subgroups of G, one first needs to construct the maximal
Abelian subgroups of PSU(3) and then explore the realisable subgroups of the maximal
Abelian subgroup.

A maximal Abelian subgroup of Gy is an Abelian group that is not contained in
any larger Abelian subgroup of Ggy. In principal, Gy can have several maximal Abelian
subgroups and any subgroup of Gy is either a subgroup of a maximal Abelian subgroup or
is itself a maximal Abelian subgroup.

Within SU(N), it is known that all maximal Abelian subgroups are maximal tori [12]:

(UMY =U(1) x U(1) x --- x U(L). (A1)

All such maximal tori are conjugate to each other.!? Therefore, without loss of generality,
we could pick one specific maximal torus and study its subgroup. It is convenient to pick
the maximal torus represented by phase rotations of individual doublets:

diag (ew‘l, eloz . eloan-1, e‘izo“). (A.2)

107f Ty and Ty are two maximal tori, there exists g € SU(N) such that ¢ 'Tig = Ts.
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This transformation can be written as the vector of phases,
(al,ag, . OéN—la—ZOéi>- (A.3)
Therefore, the maximal torus inside SU(/N) has the following form:
To=U(1)1 x Ul)g x --- x U(1)n_1
where

U(1); = a1(=1,1,0,0,...,0)
U(l)g = az(—2,1,1,0,...,0)
U(l)s = a3(=3,1,1, 1, ..., 0)

Ul)y_1 = ay_1(-N+1,1,1,1, ..., 1) (A.4)

with all o; € [0,27). However, the center of SU(N), which is generated by ay_; = 27/N
and results in trivial transformations, is contained in U(1)x_1. Therefore we introduce

— N-1 1 1
U(I)Nfl :U<1)N—1/Z(SU(N)) = ON-1 <_N7 N7 ) N) (A5)
where ay_; € [0, 27).
Thus, the maximal torus in PSU(V) appears as follows:
T=U(1); xUQ)z x---xU1)y_4 (A.6)

Having constructed the maximal torus within PSU(V), one needs to exhaust the list
of realisable Abelian subgroups of T', which is done by adding bilinear terms to the most
general T-symmetric potential:

N N
Vo= | -l2l(6]o0) + Na(olen)?] + 3 [N (6le(@le)) + Ns(slen@len] . (A7)

and checking the symmetries of the resulting potential.
Each bilinear gZ)LQSb (a #b), gets a phase change under 7' (A.6):

(6hes) = expli(miar +maas + -+ my_1an-1)](¢h ) (A.8)
with integer coefficients m1,mg, ..., my_1. This linear dependence on the angles a; could
be written as

N-1
m;o. (Ag)
j=1

The phase transformation properties of a given monomial are fully described by its vector
mj, an the phase transformation properties of the potential V', which is a collection of k
monomials, is characterized by k vectors my ;, moj, ..., my ;.
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For a monomial to be invariant under a given transformation defined by phases {«;},

one requires that
N
E mio; = 2mn
=1

with some integer n. For an entire potential of k terms to be invariant under a given phase
transformation, one requires:

N
Zmi,jozj =2mn;, foralll <i<k (A.10)
j=1
with integer n;s. In order to solve this set of equations, one could construct the matrix of
coefficients m; ; with all integer entries, and diagonalize it, reducing the set of equations

to:
Lok =2mnl, ol €10,21), ni€Z (A.11)

mz,z 7 7

with non-negative integers m} ,.
b

e If m;; = 0, this equation has a solution for any «;; the i-th equation contributes a
factor U(1) to the symmetry group of the potential.

o If m;; = 1, this equation has no non-trivial solution; the i-th equation does not
contribute to the symmetry group of the potential.

e If m;; = d; > 1, this equation has d; solutions «o; = 27 /d;; the i-th equation con-
tributes the factor Zg4, to the symmetry group of the potential.

The full symmetry group of the potential is then constructed from the direct product of
the above factors.
Following this strategy for SHDMs, we

e construct the maximal torus 7" C PSU(3):
T=U(1) xU(l)2, Ulhr=a-1,1,0), Ul)p=4 <— = 3> (A.12)

where «, 8 € [0, 27),

e write down the most general T-symmetrci potential:
Vo = —ud(8lén) — 13(dhe2) — 13(e563) (A.13)
F11 (61 01)? + Aoz (dha)? + Aaz(pheps)?
FA12(B161) (Bhd2) + Aas(dhd2) (Ghds) + As1 (dhes) (6] 1)
Ao (0] 60) (Gh1) + Mog (Dh83) (Dhda) + Ny (6561) (0] 3),

e add to the T-symmetric potential any combination (quadratic and quartic) of the
following doublets transforming non-trivially under 7',

(01¢2), (d3d3), (dhen) (A.14)

and their conjugates,
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e construct the matrix of coefficients m;; for all the potentials and diagonalize it,

and arrive at the full list of subgroups of the maximal torus realisable as the symmetry
groups of the potential:

Lo, Zs, Ly, ZoxZs, U(1), U(1)xZs, U(1)xU() (A.15)

The only finite Abelian group that is not contained in any maximal torus in PSU(3) is
Z3 x Zs. It turns out that the Zs x Zz-symmetric potential is symmetric under the (Zs x
Z3) X Zo group which is non-Abelian. Therefore, according to our definition the symmetry
group Zs X Zsg is not realisable. However, it needs to be considered when constructing the
realisable non-Abelian groups out of the Abelian ones, which is done in the next subsection.

A.2 Non-Abelian symmetries

To exhaust the list of finite non-Abelian subgroups G C PSU(3), one needs to find all finite
Abelian subgroups A C PSU(3):

A ZQ, Z3, Z4, ZQ X ZQ, Z3 X Zg (A16)

which was described in the previous subsection.

Note that the order of all Abelian subgroups |A| has two prime divisors, 2 and 3. The
order of all non-Abelian groups |G| can therefore only have the same two prime divisors
(Cauchy’s theorem). This means that the group G is solvable (Burnside’s theorem) and
contains a normal self-centralizing Abelian subgroup A from the above list (A.16). There-
fore, all non-Abelian subgroups G C PSU(3) can be constructed by extensions of A by a
subgroup of Aut(A) [18]:

G/A — Aut(A), where A<QG. (A.17)

Let us check the automorphisms of each Abelian subgroup A C PSU(3) and the re-
sulting G}

o Aut(Zy) = 1, therefore G = Zs which is an Abelian group already considered
in (A.16).

o Aut(Zs) = Zs, therefore G is either Zg or Dg ~ Z3 x Zs. However, Zg is an Abelian
group which does not appear in (A.16) and as a result is not realisable.

o Aut(Zy) = Za, therefore G is either Dg ~ Zy x Zy or Qg. However, a QQg-symmetric
potential is automatically symmetric under a continuous group of phase rotations
and hence non-realisable.

[ Aut(Zz X Zg) = Sg, therefore G is Dg ~ (ZQ X Zg) X ZQ or A4 ~ (ZQ X Zg) X Zg or
Sy ~ (Za x Zy) x Ss, where all three groups are realisable.

o Aut(Zs x Zs) = GLy(3), therefore G is either A(54)/Zs ~ (Zs3 x Z3) X Zy or 3(36) =~
(Zs x Z3) % Z4, and both groups are realisable.

— 46 —



Therefore, we arrive at the full list of non-Abelian subgroups of PSU(3) realisable as
symmetry groups of a SHDM potential:

Ds, Ds, As Si, A(54)/Zs, X(36). (A.18)

B Orbit space

The general renormalisable scalar potential of NHDMs is a combination of gauge-invariant
bilinears (¢h¢), written compactly as [28-30]

V = Yo (6 00) + Zapea () dp) (Plba) (B.1)

The space of electroweak-gauge orbits of Higgs fields (the orbit space) was first repre-
sented via bilinears for 2HDMs, [31-37], and then extended to N doublets in [13].

The orbit space can be represented as a certain algebraic manifold in the Euclidean
space RV ® of the bilinears. It is convenient to group these bilinears in the following way:

[N -1 ; .
= WZQZ)L%, ri= Y ohNpdy, i=1,...,N*—1 (B.2)
a a,b

where A\’ are the generators of SU(N). In terms of the bilinears, the Higgs potential can
then be written as:

1 1
V = —Myrg — M;r; + 5/\007"(2) + AOZ'TOT’L' + iAijriTj . (B3)

The orbit space in NHDMs was characterised algebraically and geometrically in [13]
and obeys the following conditions

N —2
>0, — 2 <P<r B.4
To = 2(N _ 1) To = ( )
lying between two forward cones. It is interesting to note that in the case of 2HDMs (N = 2)
the inner cone disappears and the orbit space fills the entire forward cone (0 < i < %)
It is known that the neutral vacua always lie on the surface of the outer cone 72 = 73,
and the charge-breaking vacua occupy a certain region strictly inside the cone, 7 < 73.

In the particular case of 3HDMs, the bilinears are as follows:

_ (010 + (9d0) + (0hs) (o) —(shon) | _ (#lo1) + (@hd2) — 20]es)

To = \/§ y 13 — 2 s '8 — 2\/§
ri =Re(¢]¢2), 14 =Re(¢]p1), 76 =Re(dfos),
ro =TIm(¢l o), 75 =TIm(dphp1), 77 =TIm(phes). (B.5)

The orbit space in 3HDM is defined by

0 2
3re —rg

rg < <rg, V3diggriryre = 5

To , (B.G)

1
r0207 Z

where d;j;, is the fully symmetric SU(3) tensor [13].
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C The geometric minimisation method

The geometric minimisation method was developed for highly symmetric potentials in [24],
namely for A4 and S; symmetric SHDMs. Here we briefly introduce the method and show
the results in Ay, Sy, A(54)/Z3 and ¥(36) symmetric 3HDM potentials.

As discussed in appendix B, a 3SHDM scalar potential can be written as:

1 1
V = —Myrog — M;r; + 5/\007’(2) + Agiror; + iAijTirj . (Cl)

The approach in [24] is applicable to potentials with sufficiently high symmetry so that
M; = 0, which is a characteristic of the so called frustrated symmetries [16].
With M; = 0, the potential can be generically written as

k
V= *Mo’l“o + 7’(2) Z Azl‘l <Wh61‘6 T, = %, Tro = 1> (02)
i=0 0

with k different quartic terms where k is usually small for highly symmetric potentials.
We now calculate all x;, for all possible values of 7’s inside the orbit space, which will
fill a certain region in the space R¥. Therefore, this region, denoted by I, is the orbit space
fitted into the x; space.
Minimisation of the potential is done by constructing the geometric shape of I, in
several steps;

e The potential (C.2) is a linear function of x;, therefore a “steepest descent” direction
i = —(A1,...,A) can be introduced in which the potential reduces its value the
fastest.

e The potential can then be rewritten as
V = —Myrg + 7’% (A() - ﬁf) . (03)
e The points sitting the farthest in the direction of 7 represent the minima of the
potential.
e Having identified these points xz;, we find their realisations in terms of fields.

We present the results of applying this method to the frustrated symmetries in the list (2.11)
in the following sections.

C.1 A, -symmetric potential

Recall that the A4 symmetric potential in terms of the fields has the following form

Vaw = 4 [(6}60) + (8h62) + (@) + A [(6]61) + (8ho) + (¢hes)] (C.4)
iz | (6101) (Bhen) + (Bhen) (8hes) + (shen)(6]61)]
5o (16102l + lodosl® + [040112) + A [(6]62)2 + (8hs)? + (8lo1)?] + huc.
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The potential is rewritten using the definition of 7;s in 3HDMs in eq. (B.5):

9\11 + 3\
V = —(V3p?)ro + (””)r% + (Mg + 2ReAn) (r? + 73 +12)

2
—3A11 — A12
)

+(Njy — 2ReA;) (73 + rg + r%) + <
+(4iImAq) (rire + 1475 + T677)
which could be written in the simplified form:

V = —Myrg +r3(Ag + Az + Aoy + Azz + Ayt)

where
I\ 3\
My = \/§,U,2, Ag = %, A= )\/12 + 2Re)\
—3A11 — A
Ay =Ny —2Re);, As = % Ay = 4iIm),
r% + ri + r% r% + rg + r% r% + r% . r1Try + 1415 + 07
xTr = e w—— =, z = y = .
r2 Y r2 r2 r2

The neutral part of the orbit space has a complicated shape [24] with its four vertices
corresponding to the four neutral global minimum alignment for this potential, which are
the following:

0,0,1), (1,1,1), (1,3 e77/3) (0,1, )

where only the relative magnitude of VEVs is given and in each case arbitrary permutation
and sign change of doublets are allowed.
The point (0,0, 1) becomes the global minimum of the potential (C.5) when

A1+ A2 > 0, (2)\’12 + 3\11 + 3/\12)2 > 16(R62)\1 — Im2)\1) (05)
in addition to the conditions in (4.11).

C.2 S,-symmetric potential

Recall the S4-symmetric potential:

Vs, = —u? [(616) + (6ho0) + (6}e9)] + hu [(6101) + (@hon) + 6}ea)] (C)
2z | (#]61) (Bhen) + (Bhen) (8hea) + (8hen) (6] 01)]
+2ip (1802l + |8hsl® + |8her?) + M |(8162)% + (6hés)? + (6]61)?] + hec

which in terms of the r;s has the following form:

911 + 3A
V=~ (PUEBE )R gy 2008 424 2)

=311 — A
Ny — 200)(r2 + 72 +12) + <11212> 02402
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which could be written in the simplified form:
V = —Moyro + 13 (Ag + Az + Aoy + Azz) (C.7)
where
AL =N +2), Ay =Ny —2\ (C.8)

and the same expression as in the A4 case for My, Ag, A3 and z,y, 2.

The neutral part of the orbit space has the shape of a trapezoid [24] with its four
vertices corresponding to the four neutral global minimum alignment for this potential,
which are the following:

(0,0,1), (1,1,1), (1,e™3 e/ (0,e™/4 e7im/4) (C.9)

where in each case, arbitrary permutation and sign change of doublets are allowed.
The alignment (0,0, 1) becomes the global minimum of the potential (C.7) when

A1 >0, Ap+ A >0, 3()\11 + )\12) > —)\/12 + 2\ (C.lO)
in addition to the conditions in (4.18).

C.3 A(54)/Zs-symmetric potential
The A(54)/Zs symmetric potential has the following form, in terms of the fields:

Vacuy/zs = —#2 [8l61+ 046s + 6kos] + s [o161 + 6lon + ol
1z [(6]61)2 + (8h62)? + (890)? — (6161)(6162) — (Bhon)(@l0s) - (sles) (8] 01)]
X5 [[016[2 + Iohsal? + [ohen ]
21 [(6162)(6165) + (165)(@01) + (8h01) (8hen)] + hec.

and in terms of r;s:
V=~ + B + (M) + )+ Ota) |+ )+ 0+ 124 )]
+(2ReA) |:(’r‘17‘4 + rare +1671) + (Tor5 + 1577 + r7r2)}
+(2iImA;) [7‘17*5 — 1rory + 1576 — r4T7 + 17T — 7'27*6]
= —(V3u*)ro + ¢ [3)\11 + 3122 + Np(x + y) + 2Re (2 + o) + 22‘Im)\1t’} (C.11)

where

o r1r4 + 1476 + 1671 y, _ TaTs + r5r7 + 17

=B g
, T — o4 + 57 — Tarl7 + 1701 — 12T
¢ = _ (C.12)
T
0

and the same expression as in the A4 case for x,y, z.
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The points satisfying the neutral global minima conditions are the following:
(0,0,1), (0,0,e™?2),  (0,1,e"™/?)

provided
]Re)\1| < ‘)\/12 — 3)\12|. (013)

In each case of the minimum points, arbitrary permutation and sign change of doublets
are allowed. The alignment (0,0, 1) becomes the global minimum of the potential (C.11)
when the following conditions, in addition to (4.24), are satisfied

A1 > O, Ao > 0, ,12 > 0. (C.14)

C.4 3(36)-symmetric potential

The 3(36) symmetric potential has the following form, in terms of the fields:

Ve = —42 (8101 + 52 + 656s) + A (6101 + 6}0n + ¢hs)
21z (1602 — dhoal? + 6hos — olor? +10}o1 — sleal?)  (C.15)
and in terms of the r;s:
V = —(V3p®)ro + (3\11)rp

#2003 7 78) = b a4 o)
2, .92, .2
+(7"2 + 7y + ?”7) — (T2T5 + r5r7 + 7"77“2):|
= —(V3u?)ro + r [3)\11 + 2N p(x — 2" +y — y’)} .

The orbit space of this potential has a simple parabolic shape in the 3-dimensional space
of (r1,74,76) (or equivalently in the space of (ra,75,77)).
The points satisfying the neutral global minima conditions are the following:

(0,0,1), (0,0,e™?),  (0,1,e™/?). (C.16)

In each case of the minimum points, arbitrary permutation and sign change of doublets
are allowed. The alignment (0,0, 1) becomes the global minimum of the potential (C.15)
when the following condition, in addition to (4.31), is satisfied:

A1 > 0. (017)
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