
J
H
E
P
0
1
(
2
0
2
0
)
1
8
1

Published for SISSA by Springer

Received: November 5, 2019

Revised: December 20, 2019

Accepted: December 22, 2019

Published: January 29, 2020

Two-colour QCD phases and the topology at low

temperature and high density

Kei Iida,a Etsuko Itoua,b,c and Tong-Gyu Leea

aDepartment of Mathematics and Physics, Kochi University,

2-5-1 Akebono-cho, Kochi 780-8520, Japan
bDepartment of Physics, and Research and Education Center for Natural Sciences, Keio University,

4-1-1 Hiyoshi, Yokohama, Kanagawa 223-8521, Japan
cResearch Center for Nuclear Physics (RCNP), Osaka University,

10-1 Mihogaoka, Ibaraki, Osaka 567-0047, Japan

E-mail: iida@kochi-u.ac.jp, itou@yukawa.kyoto-u.ac.jp,

tonggyu.lee@yukawa.kyoto-u.ac.jp

Abstract: We delineate equilibrium phase structure and topological charge distribution

of dense two-colour QCD at low temperature by using a lattice simulation with two-flavour

Wilson fermions that has a chemical potential µ and a diquark source j incorporated.

We systematically measure the diquark condensate, the Polyakov loop, the quark number

density and the chiral condensate with improved accuracy and j → 0 extrapolation over

earlier publications; the known qualitative features of the low temperature phase diagram,

which is composed of the hadronic, Bose-Einstein condensed (BEC) and BCS phases, are

reproduced. In addition, we newly find that around the boundary between the hadronic

and BEC phases, nonzero quark number density occurs even in the hadronic phase in

contrast to the prediction of the chiral perturbation theory (ChPT), while the diquark

condensate approaches zero in a manner that is consistent with the ChPT prediction. At

the highest µ, which is of order the inverse of the lattice spacing, all the above observables

change drastically, which implies a lattice artifact. Finally, at temperature of order 0.45Tc,

where Tc is the chiral transition temperature at zero chemical potential, the topological

susceptibility is calculated from a gradient-flow method and found to be almost constant

for all the values of µ ranging from the hadronic to BCS phase. This is a contrast to the

case of 0.89Tc in which the topological susceptibility becomes small as the hadronic phase

changes into the quark-gluon plasma phase.
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1 Introduction and summary

It is of great importance to probe properties of matter in extreme conditions as encountered

in neutron stars and relativistic heavy ion collisions. In fact, recent observations of the

gravitational waves from a double neutron star merger event [1], as well as heavy-ion

collision experiments performed at the highest energies that can be achieved at present [2],

provide empirical information about the equation of state (EOS) of matter that occurs in

such systems and its evolution. Since the constituents of such matter are strongly coupled,

however, one has difficulty in accurately evaluating the EOS and transport coefficients

from QCD.

Theoretically, all one knows at relatively low temperature are the equilibrium proper-

ties of matter near zero baryon chemical potential and of matter at sufficiently high baryon

chemical potential for weak coupling calculations to work. At zero baryon chemical po-

tential, the chiral condensate and the Polyakov loop are known to gradually change with

increasing temperature from lattice QCD simulations at physical pion mass [3, 4]. The sys-

tem undergoes a gradual crossover from a hadronic to a quark-gluon plasma (QGP) phase

around a temperature Tc at which the chiral susceptibility is peaked. The topological

susceptibility is also measured on a lattice, which indicates that the density of instantons

decreases from the value at zero temperature to a vanishingly small one [5]. At nonzero

baryon chemical potential, several works based on the multi-parameter reweighting [6, 7]

and the Taylor expansion [8] searched for a critical end point, but unfortunately it remains
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to be determined. Thanks to a sign problem inherent to finite density lattice QCD, how-

ever, the regime in which one can predict from finite density QCD is restricted all the way

to a regime of such high densities as to make perturbative, weak coupling calculations reli-

able. In this regime, a deconfined superfluid BCS state is predicted to occur at sufficiently

low temperatures for Cooper pairs of diquarks to be formed via one-gluon exchange in the

colour antisymmetric channel [9].

In this work, we examine the temperature and density dependence of the phase and

topological structure of dense two-colour QCD by using a lattice simulation with two-

flavour Wilson fermions.1 In this case, the sign problem can be avoided as follows: the

fundamental representation (=quark) of the SU(2) gauge group takes a (pseudo)real rep-

resentation, so that the determinant of the Dirac operator even at finite quark chemical

potential µ is a positive-real or negative-real [11–13]. Then, the SU(2) gauge theory coupled

to the even number of flavours does not suffer from the sign problem.

Even so, there is another problem: a numerical instability occurs in the low tempera-

ture and high density regime. This problem comes from a dynamical pair-creation and/or

pair-annihilation of the lightest hadrons, so that it is theoretically expected that the in-

stability appears when µ & mPS/2 is satisfied at temperatures close to zero [11–13]. Here,

µ and mPS denote the quark chemical potential and the pseudoscalar meson mass at zero

chemical potential. One can see how this kind of instability occurs and can be avoided

by introducing a diquark source in terms of the eigenvalue distribution of the Dirac ma-

trix [14]. In this work, we thus introduce the diquark source term in the action to solve the

second problem following refs. [15–24] (see section 2) and attempt to find out the phase

structure in the vanishing limit of the source term.

As for the phase structure of dense two-colour QCD with Nf = 2, earlier lattice

simulations [18–24] including the diquark source parameter j in the action provided low

temperature data for the diquark condensate, the Polyakov loop, the quark number density

and the chiral condensate as a function of quark chemical potential µ. By taking the limit

of j → 0, a hadronic phase with vanishing diquark condensate was found to change into a

superfluid phase with nonzero diquark condensate around µ ∼ mPS/2. The phase diagram

predicted from the earlier analyses can be schematically illustrated in figure 1. We remark

in passing that the two-colour system has baryons as bosons that are degenerate with

mesons in vacuum, a feature clearly different from the usual three-colour system [25–27].

Consistency of the µ and j dependence of various quantities with the mean-field pre-

diction by the chiral perturbation theory (ChPT) [15, 25, 26, 28] was examined in detail.

Since the ChPT is applicable at sufficiently small µ, it can at most predict the appearance

of a diquark Bose-Einstein condensed (BEC) phase around µ ∼ mPS/2 and the µ depen-

dence of the diquark and chiral condensates. At still higher densities, it was found that the

BCS phase, which is characterized by the presence of the Fermi sphere in the underlying

normal phase, takes over from the diquark BEC phase. However, it is still controversial

whether or not one could see deconfinement at sufficiently low temperature.

It is well-known that the two-colour system at the finite density has a similar property

to three-colour QCD with isospin chemical potential [29]. In the three-colour QCD, it

1Some very preliminary results have been shown in ref. [10].
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Figure 1. Schematic phase diagram of dense two-colour QCD as predicted from earlier works. The

details of the phases will be given in subsection 2.2.

is expected that the first order confinement-deconfinement transition occurs at nonzero

temperature even at asymptotically high densities [29–31]. The intuitive picture of the

first order phase transition is as follows: in the intermediate temperature and high density

regime, a typical momentum of quarks is higher than the size of the Fermi surface (µ) or

zero-temperature diquark gap (∆0) and hence the quarks behave like free particles, while

at extremely low temperature the typical momentum of quarks is smaller than µ or ∆0 and

hence the quarks are quenched. As is well-known, the quenched QCD at low temperature

exhibits the confinement, so that the low temperature and high density regime must be

described by the confining theory. By analogy, there could be a similar phase transition

by changing temperature in a high density regime [32]. Since two-colour QCD at finite

temperature exhibits the second order confinement-deconfinement phase transition, the

transition might be weaker than the three-colour case.

An important and nonperturbative quantity related to the phase structure is the topol-

ogy. At low temperatures and intermediate densities, theoretical works are based mostly

on low energy effective theories [33]. Some of the low energy effective theories focus on in-

stantons since such topological objects are closely related to the vacuum structure. In fact,

the instanton-induced interaction among quarks can promote the chiral phase transition as

well as the superfluid phase transition [34], just like the one-gluon exchange interactions at

extremely high densities. The key question here is how the density of instantons depends

on the baryon chemical potential. To answer this question, however, nonperturbative cal-

culations are indispensable. According to the BCS theory, the zero-temperature diquark

gap (∆0) is related to the critical temperature (T SF
c ) for the transition from the superfluid

to QGP phase at given chemical potential as

∆0 =
πT SF

c

eγE
, (1.1)

where γE denotes Euler’s constant [34]. If there are some topological objects in the super-
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Figure 2. Summary of the phase diagram and the topological susceptibility (χQ) of dense two-

colour QCD revealed by this work. The BCS (deconfined) phase has yet to be found in this work,

and will be investigated in future work.

fluid phase and they increase the diquark gap at zero temperature,2 therefore, the phase

diagram is expected to be changed from the perturbative prediction at intermediate den-

sities.

As for lattice approach to the topological properties of dense two-colour QCD, the

earliest work was done for Nf = 4 and 8 [17, 20], which shows that the topological suscep-

tibility decreases with µ in the high density regime, while the result of Nf = 2 is available

only on a rather coarse lattice [20], which suggests that it might be almost constant in the

high density regime.3 However, the temperature and phase dependences of the topological

susceptibility were not considered. Since it is well-known that the property of the topo-

logical distribution depends strongly on the temperature T at µ = 0 [5], it is important

to study the topology at different temperatures with Nf fixed. In this work, therefore,

we will investigate the phase structure at two relatively low temperatures, T = 0.45Tc
(section 3) and T = 0.89Tc (section 4), where Tc denotes the chiral transition temperature

at µ = 0. After that, we will study the density dependence of the topological susceptibility

(see section 5).

We summarize the main conclusions of this paper, which are schematically displayed

in figure 2. By systematically measuring the diquark condensate, the Polyakov loop, the

quark number density and the chiral condensate with improved accuracy and j → 0 ex-

trapolation over earlier investigations [18, 21, 24], the known qualitative features of the

low temperature phase diagram are reproduced at T = 0.45Tc. In improving the j → 0 ex-

trapolation, we have developed a new reweighting method. In addition, we newly find that

around the boundary between the hadronic and BEC phases, so-called the hadronic matter

2It is notable that the diquark gap from the Dirac operator has been also discussed in refs. [35, 36].
3In the case of three-colour QCD with isospin chemical potential, µ-independece of the eigenvalue for

the overlap Dirac operator has been reported in ref. [37].
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regime,4 nonzero quark number density occurs even in the hadronic phase in contrast to

the ChPT prediction, while the diquark condensate approaches zero in a manner that is

consistent with the ChPT prediction. At the highest µ, which is of order the inverse of the

lattice spacing, all the above observables suffer from a strong lattice artifact and change

drastically. There is no clear evidence for deconfinement at densities below the regime

where a lattice artifact takes effect; this is consistent with the analysis with staggered

fermions [24], but at odds with that with Wilson fermions [21]. Finally, at temperature

of 0.45Tc, the topological susceptibility is calculated from a gradient-flow method [38] and

found to be almost constant for all the values of µ ranging from the hadronic to BCS (con-

fined) phase. This is a contrast to the case of 0.89Tc in which the topological susceptibility

becomes small as the hadronic phase changes into the QGP phase.

2 Simulation detail

In this section we start with the lattice action. We then define the physical quantities to

be measured and show how to determine the phases from the behaviour of the quantities.

We finally set the simulation parameters.

2.1 Lattice action

In this work, as a lattice gauge action, we utilize the Iwasaki gauge action, which is com-

posed of the plaquette term with W 1×1
µν and the rectangular term with W 1×2

µν ,

Sg = β
∑
x

c0 4∑
µ<ν
µ,ν=1

W 1×1
µν (x) + c1

4∑
µ 6=ν
µ,ν=1

W 1×2
µν (x)

 , (2.1)

where β = 4/g20 in the two-colour theory, and g0 denotes the bare gauge coupling constant.

The coefficients c0 and c1 are set to c1 = −0.331 and c0 = 1− 8c1.

As a lattice fermion action, we use the two-flavour Wilson fermion action including the

quark number operator and the diquark source term, which is given by

SF = ψ̄1∆(µ)ψ1 + ψ̄2∆(µ)ψ2 − Jψ̄1(Cγ5)τ2ψ̄
T
2 + J̄ψT2 (Cγ5)τ2ψ1. (2.2)

Here, the indices 1, 2 denote the flavour label, and µ is the quark chemical potential.

The additional parameters J and J̄ correspond to the anti-diquark and diquark source

parameters, respectively. For simplicity, we put J = J̄ and assume that it takes a real

value. Note that J = jκ, where j is a source parameter in the corresponding continuum

theory. The factor κ comes from the rescaling of the Wilson fermion on the lattice as will

be specified below. The C in the last two terms is the charge conjugation operator, and τ2
acts on the colour index. Finally, ∆(µ) is the Wilson-Dirac operator including the number

4We dare to refer to a hadronic phase with nonzero quark number density as “hadronic matter” because

this phase is reminiscent of a nuclear medium in real QCD.
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operator, which is explicitly given by

∆(µ)x,y = δx,y −κ
3∑
i=1

[
(1− γi)Ux,iδx+î,y + (1 + γi)U

†
y,iδx−î,y

]
−κ
[
e+µ(1− γ4)Ux,4δx+4̂,y + e−µ(1 + γ4)U

†
y,4δx−4̂,y

]
, (2.3)

where κ is the hopping parameter.

Now, the action (2.2) contains three types of fermion bilinears: ψ̄ψ, ψ̄ψ̄ and ψψ. To

build a single kernel matrix from the fermion action, we introduce an extended fermion

matrix (M) as

SF = (ψ̄1 ϕ̄)

(
∆(µ) Jγ5
−Jγ5 ∆(−µ)

)(
ψ1

ϕ

)
≡ Ψ̄MΨ, (2.4)

where ϕ̄ = −ψT2 Cτ2, ϕ = C−1τ2ψ̄
T
2 . The square of the extended matrix can be diagonal

because J(= J̄) is real. We thus obtain

det[M†M] = det[∆†(µ)∆(µ) + J2] det[∆†(−µ)∆(−µ) + J2]. (2.5)

Note that det[M†M] corresponds to the fermion action for the four-flavour theory, since

a single M in eq. (2.4) represents the fermion kernel of the two-flavour theory. To reduce

the number of fermions, we take the square root of the extended matrix in the action and

utilize the Rational Hybrid Montecarlo (RHMC) algorithm in our numerical simulations.

2.2 Observables and definition of phases

Now, we turn to the notation of the phases as described in figure 1. Following earlier

investigations [24], we use the name of each phase as shown in table 1. Here, L is the

magnitude of the Polyakov loop,

L =
1

N3
s

∑
~x

∏
τ

U4(~x, τ), (2.6)

which plays the role of an approximate order parameter for confinement. 〈qq〉 denotes the

diquark condensate,

〈qq〉 ≡ κ

2
〈ψ̄1Kψ̄

T
2 − ψ1Kψ

T
2 〉, (2.7)

where K = Cγ5τ2. This is nothing but the order parameter for superfluidity. nq denotes

the quark number density,

a3nq =
∑
i

κ〈ψ̄i(x)(γ0 − I4)eµU4(x)ψi(x+ 4̂) + ψ̄i(x)(γ0 + I4)e−µU †4(x− 4̂)ψi(x− 4̂)〉,

(2.8)

which is the time-like component of a conserved current. Note that this quantity does not

require a renormalization and goes to 2NfNc in the high µ limit on the lattice. Incidentally,
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Hadronic QGP Superfluid

Hadronic matter BEC BCS

〈|L|〉 zero zero non-zero

〈qq〉 zero zero zero non-zero ∝ µ2

〈nq〉 〈nq〉 = 0 〈nq〉 > 0 〈nq〉 ≥ 0 non-zero 〈nq〉/ntree
q ≈ 1

Table 1. Definition of the phases.

ntree
q is the quark number density defined by the free field on a finite lattice [18]:

ntree
q (µ) =

4NcNf

N3
sNτ

∑
k

i sin k̃0
[∑

i cos ki − 1
2κ

][
1
2κ −

∑
ν cos k̃ν

]2
+
∑

ν sin2 k̃ν

, (2.9)

where

k̃0 = k0 − iµ =
2π

Nτ
(n0 + 1/2)− iµ, k̃i = ki =

2π

Ns
ni, i = 1, 2, 3. (2.10)

In the continuum limit, n
tree,cont
q = µ3/(3π2).

Note that we use the definition in table 1 no matter whether the system is at zero

temperature or not. In fact, some “non-zero” quantities could come from thermal effects.

For instance, the finiteness of nq in the “hadronic matter” phase is expected to be one

of them as will be discussed later. Although this hadronic matter is just a part of the

ordinary hadronic phase, we use this terminology to distinguish between the hadronic

state with nq > 0 and the hadronic vacuum.

The nonzero value of the diquark condensate indicates that the system is in a superfluid

state. We expect that a low density regime in the superfluid phase could be described

in terms of a diquark BEC picture. In this picture, the diquark (q–q) pairs behave as

bosons that form a condensate when a typical correlation length of the system, namely,

the coherence length of the pair, is sufficiently shorter than the inter-quark spacing ∼ µ−1.
This is the case with a rarefied system. With increasing density, however, the inter-quark

spacing becomes shorter and shorter. If the spacing is much shorter than the typical

correlation length, then, the number of the pairs significantly decreases since only quarks

near the Fermi surface that would occur in the absence of attraction between quarks can

undergo Cooper pairing. At the same time, the Cooper pairs spatially overlap with each

other, which gives rise to a coherent state. It is nevertheless noteworthy that most of the

quarks behave like free particles. For this phase, generally referred to as the BCS phase,

the quark number density can thus be estimated from the free particle propagator including

the chemical potential µ. We thus expect that even on a lattice, the quark number density

can be approximated by ntree
q in the BCS phase. Furthermore, we expect that 〈qq〉 is

proportional to µ2, which corresponds to the area of the Fermi surface.

It might be also tempting to consider the chiral condensate, 〈q̄q〉 ≡ 〈ψ̄iψi〉 for one

flavour, as an order parameter of chiral symmetry breaking. In our numerical calculations,

however, we utilize the massive Wilson fermions, which explicitly break the chirality. Al-
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though we will discuss numerical results for the chiral condensate in each phase, we will

not use the quantity for the definition of the phase.

We conclude this subsection by mentioning that a lattice artifact can induce a peculiar

phase in the high density regime. There are two possible origins that can result in such a

phase in the numerical simulations. The first one can be found by observing the behaviour

of the diquark condensate. In fact, when the value of µ approaches 1 in lattice unit, the

propagation of the quarks is quenched, leading to a significant decrease in the amplitude of

〈qq〉 with increasing µ. This kind of behaviour was reported in refs. [16, 24] in the Nf = 2, 4

simulations using the staggered fermions.

The second origin is the finite volume effect, which manifests itself when all the lattice

site are occupied by the quarks. The signal of a peculiar phase coming from the finite vol-

ume effect can be found by observing the saturation of nq in lattice unit, which corresponds

to a3nq = 8 in our notation. In the actual simulation of this work, the maximal value of

a3〈nq〉 is 0.707(2), which is significantly smaller than 8. We can thus safely avoid such an

artifact.

2.3 Simulation parameters

We perform the simulations with (β, κ,Ns, Nτ ) = (0.800, 0.159, 16, 16) and (0.800, 0.159,

32, 8). According to preliminary results in ref. [39], (β, κ) = (0.800, 0.159) gives mPS/mV =

0.823(9) and amPS = 0.623(3), where mV is the vector meson mass in vacuum. Further-

more, the chiral phase transition at µ = 0 occurs at (β,Nτ ) = (0.900, 10) with the simu-

lations performed at fixed mPS/mV . Eventually, the scale setting utilizing w0 [40] in the

gradient flow method [38] leads to T = 0.45Tc and 0.89Tc, respectively, for the former and

latter simulations.

3 Simulation results: phase diagram at T = 0.45Tc

Let us proceed to show the finite density phase diagram at fixed temperature (T = 0.45Tc)

by analysing the µ dependence of the observables described in subsection 2.2.

3.1 Polyakov loop

We start with the Polyakov loop, whose µ-dependence is depicted in figure 3. The symbols

(colours) denote the different values of the diquark source (j = J/κ) in lattice unit; the

data with circle (red), square (blue), diamond (green) and triangle (magenta) are generated

by the aj = 0.00, 0.01, 0.02 and 0.04 simulations, respectively. Note that the theoretical

threshold µ value of the numerical instability is µ/mPS = 1/2, beyond which the lightest

hadrons are frequently created and annihilated. In fact, we can implement the HMC

simulation without the diquark source for µ/mPS < 0.50, while the Metropolis test in

the HMC simulation is not accepted even within a tiny Montecarlo step (∼ 1/1000) for

µ/mPS ≥ 0.50. In the latter regime, we thus have to utilize the RHMC algorithm including

the diquark source in the action.

As can be seen from the left panel of figure 3, the Polyakov loop takes on a nonzero

value for µ/mPS & 1.2. Normally, it is a signal of the transition or crossover from the

– 8 –
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aj=0.01
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aj=0.04
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µ/m
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0.25

0.3
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|L
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aj=0.01

aj=0.02

aj=0.04

numerical 
instability

Figure 3. (Left) The µ and j dependence of the Polyakov loop obtained for β = 0.800, 164 lattices.

(Right) The susceptibility of the Polyakov loop in a high µ regime.

confined to deconfined phase. The right panel of figure 3 shows the susceptibility of the

Polyakov loop obtained for aj = 0.01–0.04. The susceptibility is marginally peaked at

µ = µD with µD/mPS ∼ 1.44. A clear j-dependence of the peak position is not observed

in our calculation. Since aµD is close to unity (aµD = 0.90), the obtained structure of the

Polyakov loop might be associated with a lattice artifact as we shall see.

3.2 Diquark condensate

The other quantity that helps determine the phase diagram is the expectation value of the

diquark condensate, which have been measured by utilizing the noise method for each con-

figuration. It is however difficult to evaluate this expectation value from the extrapolation

of j → 0 limit, as is the case with earlier investigations [18, 21, 24]. Let us then propose

a reweighting method with respect to j at fixed β, µ, κ.5 In this method, the reweight-

ing factor from the original lattice parameters (β0, κ0, µ0, j0) to the measured parameters

(β, κ, µ, j) is given by

Rj ≡
det[D(κ, µ, j)]

det[D(κ0, µ0, j0)]
e−(β−β0)Sg [U ]. (3.1)

In our simulation, the value of j alone is changed between the configuration generation and

the measurement of the observables. Thus, the reweighting factor explicitly reads

Rj =

(
det[∆†(µ)∆(µ)+J2] det[∆†(−µ)∆(−µ)+J2]

det[∆†(µ)∆(µ)+J2
0 ] det[∆†(−µ)∆(−µ)+J2

0 ]

)1/2

=
(

det[1+(J2−J2
0 )(∆†(µ)∆(µ)+J2

0 )−1] det[1+(J2−J2
0 )(∆†(−µ)∆(−µ)+J2

0 )−1]
)1/2

.

(3.2)

In our calculations, the value of J2 = (j ·κ)2 is typically O(10−6) in lattice unit, so that the

Taylor expansion, det[1 + A] = eTr ln[1+A] ∼ 1 + TrA, is valid. In fact, for µ/mPS < 0.50

5A similar reweighting method was discussed in the context of QCD with nonzero isospin chemical

potential [41].
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0 0.002 0.004 0.006 0.008 0.01
aj

0

0.005

0.01

<
q

q
>

µ/m
PS

=0.48 (HMC+reweighting)

µ/m
PS

=0.48 (RHMC)

0 0.002 0.004 0.006 0.008 0.01
aj

µ/m
PS

=0.50

y=c
0
+c

1
(aj)

y=c(aj)
1/3

Figure 4. (Left) The j-dependence of the diquark condensate for µ/mPS = 0.48, which is around

the boundary of changing the algorithm and measurement methods. The square (blue) data gen-

erated by the HMC algorithm and reweighting method from aj = 0.00, while triangle (red) data

obtained by the RHMC algorithm with each j term in the action. (Right) The j-dependence of

the diquark condensate for µ/mPS = 0.50, which is fitted to two different functions. The diamond

(green) data generated by the RHMC algorithm and reweighting method from aj = 0.01. Here

the fitting rage is limited to 0.001 ≤ aj ≤ 0.005 in (beyond) which the fitting is drawn in solid

(broken) line.

(aµ ≤ 0.30), the data for aj > 0 are obtained by the reweighting from the configurations

generated with aj0 = 0.00. On the other hand, for µ/mPS ≥ 0.50 (aµ ≥ 0.31), the data

for aj ≤ 0.01 are measured by using the reweighting method from the configurations with

aj0 = 0.01. It is numerically confirmed that the leading correction of the reweighting factor

(Rj − 1) is less than 10−3 in our calculations.

We firstly investigate the consistency of the data obtained by the different methods

around µ/mPS = 0.50. In the left panel of figure 4, the square (blue) data for µ/mPS = 0.48

are generated by the HMC algorithm without the j term in the action and are measured

by using the reweighting method from the configurations with aj = 0.00, while the triangle

(red) data for the same µ/mPS = 0.48 are obtained by the configurations generated by

using the RHMC algorithm for each value of j and are also measured using the same value

of j. Both data for each j are 3σ consistent, and furthermore both extrapolated values of

〈qq〉 in the j → 0 limit vanish. We also show the data for µ/mPS = 0.50 (aµ = 0.31) in

the right panel, where the data are generated by the RHMC algorithm with aj = 0.01,

since as explained, at this aµ it is very hard to generate the configurations utilizing the

HMC without the j term. The diquark condensate for µ/mPS ≥ 0.50 are measured by the

reweighting method from aj = 0.01. At this critical µ, the ChPT predicts that the diquark

condensate behaves like j1/3, and in the case of the study with staggered fermions, the

numerical evidence was obtained [24]. In this work, however, the linear extrapolation in j

rather than the j1/3 scaling can reproduce the data beyond the fitting range of aj with a

reasonable chi-square, and hence there seems no clear evidence for the j1/3 scaling in our

simulation.
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Figure 5. The j-dependence of the diquark condensate for several µ/mPS.

The left and right panels of figure 5 present how the diquark condensate depends

on j in the low µ and high µ regimes, respectively. In the j → 0 limit, the left panel

shows that the data go to zero for µ/mPS < 0.50, as denoted by circle (red) and square

(blue) symbols, while having a nonzero expectation value for µ/mPS ≥ 0.50, as denoted

by diamond (green) and triangle (magenta) symbols. The critical value, µ/mPS = 0.50,

corresponds to the onset of the numerical instability, at which superfluidity is known to

occur [14].

In the high µ regime, as can be seen from the right panel in figure 5, the diquark

condensate has a larger j dependence for higher µ. Normally, the extrapolated value of the

diquark condensate increases with µ, namely 〈qq〉 ∝ µ2, in the BCS phase, but it starts to

decrease around µ/mPS = 1.28, which corresponds to aµ = 0.80. This behaviour might be

a signal of the strong lattice artifact, as discussed in subsection 2.2. It might be notable

that the similar behaviour occurs at high aµ in refs. [16, 24], though the lattice fermion in

both works is the staggered one.

Now, let us exhibit, in figure 6, the phase diagram at T = 0.45Tc by using the data of

the Polyakov loop and the diquark condensate. According to the definition of the phases

given in table 1, the hadronic and superfluid phases appear at T = 0.45Tc. Although it

remains to be determined whether or not the superfluid phase is composed of the BEC

and BCS phases, it will be addressed in the next subsection. Thanks to the effectiveness of

the reweighting method concerning j, we can precisely find the location of the transition

between the hadronic and superfluid phases as µB/mPS ' 1/2. This result is consistent

with the ChPT prediction that for µ ≥ mPS/2 the lightest hadrons are frequently created.

As shown in the right panel in figure 6, the value of 〈qq〉 is appreciably non-zero at µ/mPS =

0.50. This behaviour may be due to a finite size effect, which is expected to appear when

the effective diquark mass is smaller than 1/(aNs).

The scaling law around the critical point,

〈qq〉 ∝ (µ− µB)βm , (3.3)

can be investigated. Here, we have taken µB = mPS/2 and βm = 0.50, which are the mean-
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Figure 6. (Left) Summary of the data of the Polyakov loop and the diquark condensate in the

j → 0 limit. (Right) The data of the diquark condensate in the j → 0 limit around the critical

point of µ = µB = 0.50mPS.

field predictions by ChPT [26], since the determination of µB and βm from the numerical

data was very hard. The chi-square over d.o.f. of the fitting for the 9 data points in

1/2 ≤ µ/mPS < 0.70 is reasonable (χ2/(d.o.f.) = 1.31), and we find that the theoretical

curve based on the scaling law is consistent with the data as shown in the right panel in

figure 6.

3.3 Quark number density and chiral condensate

We turn to the quark number density and chiral condensate, which have been measured by

utilizing the noise method. The result for the quark number density is shown in figure 7. We

can observe from the left panel a regime where the lattice data for the quark number density

nq are almost consistent with the free field behaviour (ntree
q ). This regime, which ranges

0.72 . µ/mPS . 1.28, may well be identified as the weakly coupled BCS phase, rather

than the strongly coupled BEC phase, which ranges 0.50 . µ/mPS . 0.72. Some works

based on the Nambu-Jona-Lasinio model have also found a roughly consistent crossover

point µ/mPS = 0.8–0.85 in refs. [42, 43].

It is interesting to note that even in the hadronic phase, the quark number density

in the j → 0 limit takes on a nonzero value in a narrow regime just below µ/mPS = 1/2,

as can be clearly seen from the right panel in figure 7. In fact, such a regime ranges

0.42 . µ/mPS . 0.50. Here, this regime is referred to as “hadronic matter”. The presence

of the hadronic matter is consistent with a recent Schwinger-Dyson analysis [44]. This is

apparently at odds with the ChPT prediction that nq becomes nonzero when µ reaches

mPS/2. Note, however, that the ChPT prediction holds for sufficiently low temperature

and that the lattice data have been obtained at T ' 0.1mPS. Since the ChPT predicts

that the diquark (antidiquark) mass in the medium is mPS − 2µ (mPS + 2µ), the fact that

T ∼ mPS − 2µ holds at µ ' 0.42mPS implies that diquarks are thermally excited.6 It

6Note that finite size effects are expected to come in when 1/Ns ' (mPS − 2µ)a, i.e., µ ' 0.45mPS. The

value of nq in the immediate vicinity of µ = 0.50mPS may thus suffer from such effects.
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The j dependence of the quark number density at µ/mPS = 0.40 and 0.43.

0 0.5 1 1.5
µ/m

PS

0.89

0.895

0.9

0.905

0.91

Hadronic

BEC

artifact

BCS

a
3
<qq>

Figure 8. The chiral condensate plotted as a function of µ in the j = 0 limit.

is thus reasonable for the quark number density to start increasing from nearly zero at

µ ' 0.42mPS. This implication could be confirmed by measuring the diquark mass in the

medium as in refs. [12, 19, 45], which will be addressed in the future.

Finally, for completeness, we show the chiral condensate in the left panel of figure 8.

Note that here the additive renormalization is not performed. Interestingly, a plateau

appears in the BCS phase (0.72 . µ/mPS . 1.28).

4 Simulation results: phase diagram at T = 0.89Tc

Next, we investigate the phase diagram at T = 0.89Tc. This temperature is significantly

higher than T = 0.45Tc as depicted in section 3 but still below Tc, the chiral transition

temperature at zero chemical potential. It is noteworthy that we can carry out the HMC

simulation without the diquark source term even in the high chemical potential regime,
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Figure 9. The j-dependence of the diquark condensate at T = 0.89Tc. The left panel shows

the consistency between the data obtained by the RHMC and by the HMC with the reweighting

method. The data in the right panel are obtained by the HMC with the reweighting method.

µ/mPS ≤ 1.61 (aµ ≤ 1.00). This suggests that at T = 0.89Tc, superfluidity does not appear

at any density.

To clarify the absence of superfluidity, we have performed the RHMC simulation with

the diquark source term (aj = 0.001, 0.003, 0.005, and 0.01) at aµ = 0.30 and 0.70. In the

left panel of figure 9, there are two types of data for each aµ: the one is obtained by the

reweighting method for nonzero aj where the configurations are generated by the HMC

algorithm without the j term. The other one is generated by the RHMC algorithm for

each value of aj. These data are consistent within the statistical error bars. In the right

panel of figure 9, we show the data obtained in the former way for several values of µ

satisfying aµ ≤ 1.0. By carrying out a linear extrapolation in terms of aj, we confirm that

the diquark condensates at j = 0 are consistent with zero. Thus, the superfluidity does

not appear at this temperature.

By using the configurations obtained from the HMC simulation without the diquark

source term in the lattice action, we have also measured the Polyakov loop, the chiral con-

densate, and the quark number density as shown in figure 10. The result for the Polyakov

loop suggests that as µ increases, the system tends to be deconfined, while simultaneously

the chiral symmetry tends to be restored. Furthermore, the quark number density has a

small but nonzero value already around µ/mPS = 0.16, which is significantly smaller than

the critical value of µB/mPS = 1/2, which is given by the ChPT and the lattice study at

T = 0.45Tc. Note that as long as µ > 0, nonzero nq can occur via thermal excitations.

We can thus conclude that at T = 0.89Tc, there is only a transition or crossover from

the hadronic to the QGP phase at nonzero µ that is closer to µ/mPS = 0.16 rather than

µ/mPS = 1/2, while the superfluid phase does not appear even in the high density regime

below Tc.

5 Simulation results: the topology at finite density

We are now in a position to examine the topological charge (or instanton number) in each

of the phases as elucidated in sections 3 and 4. The topological charge can be measured
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Figure 11. Histogram of the topological charge at µ/mPS = 0.00 (left), 0.56 (middle) and 1.12

(right) in β = 0.800, Ns = Nτ = 16 lattices. The data are obtained from configurations generated

with aj = 0.00 for µ/mPS = 0.00 and with aj = 0.02 for µ/mPS = 0.56, 1.12.

by incorporating the gluonic definition,

Q =
1

32π2

∑
x

TrεµνρσF
a
µν(x)F aρσ(x), (5.1)

into the gradient flow method. In the gradient flow process, we utilize the Wilson-plaquette

action as a kernel of the flow equation. The field strength is calculated by using the clover-

leaf operator [38]. The number of configurations measured for each set of the lattice

parameters has been set to 50–100, while the flow time of the gradient flow has been fixed

at t/a2 = 40.

Figure 11 depicts the histogram of the topological charge obtained at T = 0.45Tc for

µ/mPS = 0.00, 0.56 and 1.12 (aµ = 0.00, 0.35 and 0.70), respectively. Note that these three

cases are typical of the hadronic, BEC and BCS phases, respectively. Remarkably, no clear

difference can be seen among them. This result could have consequence to the diquark gap

because the instanton density is expected to control the strength of the attraction between

quarks [34].
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(right) in β = 0.800, Ns = 32, Nτ = 8 lattices. The data are obtained from configurations generated

with aj = 0.00.

This result is qualitatively different from what earlier investigations found for the SU(2)

Nf = 4 theory on 123 × 24 lattice [20] and SU(2) Nf = 8 theory on 143 × 6 lattice [17].

In such investigations, the topological susceptibility was found to decrease in the high

chemical potential regime. To understand such a qualitative difference, we also investigate

the temperature and the phase dependences of the topological susceptibility.

Figure 12 shows the histogram of Q obtained at T = 0.89Tc, where the phase changes

from the hadronic to QGP one with increasing µ. At zero µ, there is still a broad distribu-

tion of Q, while in the high chemical potential regime (aµ = 0.90), the distribution of Q

becomes narrow. Consequently, the topological susceptibility decreases with µ.

We conclude this section by showing, in figure 13, how the topological susceptibility

and the Polyakov loop depend on µ at T = 0.45Tc and 0.89Tc. Here, to make it easy

to see, χQ multiplied by a constant 25 and 200 are shown in the left and right panels,

respectively. As can be already seen from figures 11 and 12, there is a crucial difference

between these two cases: at T = 0.89Tc the topological susceptibility decreases with µ,

which seems just opposite to the behaviour of the Polyakov loop, whereas at T = 0.45Tc
the topological susceptibility is almost independent of µ even in the regime where the

Polyakov loop significantly increases. The qualitative difference comes from the underlying

phase structure.

6 Outlook

In this paper we have laid out the phase and topological structure of dense two-colour

QCD on lattice. In addition to accuracy improvement, however, many questions remain.

First, scale setting [39] has to be finalized for a continuum extrapolation to remove lattice

artifacts. Second, it would be significant to find the critical temperature at which the

diquark condensate disappears in high density regime. Especially in the BCS phase, such

critical temperature would lead to estimates of the zero-temperature diquark gap given

in eq. (1.1). Finally, it would be interesting to extend the present work to the cases of
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β = 0.800, Ns = 32, Nτ = 8 (right) lattices, plotted as a function of µ. The data for µ/mPS > 0.50

in the left panel are obtained from the configurations generated with aj = 0.02, while the others

are obtained with aj = 0.00.

lower temperature and larger lattice. These lattice studies would help us study the hadron

masses [12, 19, 45] and the hadron-hadron interactions [46–50].
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[5] T. Schäfer and E.V. Shuryak, Instantons in QCD, Rev. Mod. Phys. 70 (1998) 323

[hep-ph/9610451] [INSPIRE].

[6] Z. Fodor and S.D. Katz, Lattice determination of the critical point of QCD at finite T and

mu, JHEP 03 (2002) 014 [hep-lat/0106002] [INSPIRE].

[7] Z. Fodor and S.D. Katz, Critical point of QCD at finite T and µ, lattice results for physical

quark masses, JHEP 04 (2004) 050 [hep-lat/0402006] [INSPIRE].
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