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1 Introduction

Current experimental data at the LHC is well-described by the Standard Model (SM), with

electroweak gauge symmetry spontaneously broken by a fundamental scalar doublet, and

a Higgs boson of mass ∼ 125 GeV. In the absence of new particles up to energies of order

∼ 1 TeV, it is useful to test for new physics beyond the SM in a model-independent man-

ner by constructing effective field theories containing only SM particles. Standard Model

Effective Field Theory (SMEFT) is the effective field theory based on the SM with all addi-

tional higher-dimensional operators built from SM gauge multiplets, which include a single

fundamental scalar doublet H [1–5]. This EFT is currently under active study in order to

quantify how closely high-energy LHC data agrees with the predictions of the SM, and to

search for new high-energy physics through the higher-dimensional operators which encode

the effects of new physics at a scale Λ, above the electroweak symmetry-breaking scale, at

which new particles are produced. A comprehensive review on SMEFT can be found in

ref. [6] and a FeynRules implementation of SMEFT has recently been presented in [7].

Higgs Effective Field Theory (HEFT) is a more general EFT based on the SM with

higher-dimensional operators constructed using SM gauge multiplets, except that the re-

quirement of SMEFT that the Higgs boson h and the three Goldstone bosons of electroweak

gauge-symmetry breaking transform as a complex scalar doublet is relaxed [8–13]. HEFT

also is under active study [12, 14–17], and fits to LHC data are being performed to constrain

the coefficients of its higher-dimensional operators [13].

An alternative and complementary way to search for new physics beyond the SM is to

consider the low-energy effective field theory below the electroweak scale. The low-energy

effective field theory (LEFT) is constructed by integrating out the particles that acquire

masses of the order of the electroweak scale in the spontaneously broken high-energy effec-

tive field theory. The particles with electroweak-scale masses are the W±, Z, the top quark

t and the Higgs boson h. The LEFT has been extensively applied to B-meson and kaon

physics, providing very accurate tests of the SM and constraints on physics beyond the SM

(for reviews, see [18, 19]). In a recent paper [20], we constructed a complete set of indepen-

dent operators for the LEFT below the electroweak scale up to dimension-six operators. In
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this paper, we compute the complete one-loop anomalous dimensions of this LEFT opera-

tor basis. The renormalization group equations (RGEs) of the LEFT basis allow one to run

the LEFT operator coefficients down to energies much smaller than the electroweak scale,

where they can be compared to low-energy processes. Together with the complete one-

loop anomalous dimensions of the SMEFT operator basis up to dimension-six operators

calculated in refs. [3–5, 21, 22],1 and the tree-level matching of SMEFT operators onto the

LEFT operators given in ref. [20], all low-energy operators in LEFT can be obtained using

SMEFT as the high-energy theory to leading-log accuracy. Parts of the RGEs relevant

for particular processes have been well-studied in the literature and are known to higher

order [19, 25–41], but a systematic study of the entire RGE is new. In particular, we do

not restrict the analysis to a scenario that derives from SMEFT as the high-energy theory,

but consider all LEFT effects up to dimension six. These effects include terms quadratic in

the dimension-five dipole-operator coefficients. Therefore, the one-loop anomalous dimen-

sions of the LEFT operators derived in this work also can be used to compute low-energy

processes using the more general HEFT as the high-energy effective field theory.

The results given here allow one to systematically combine constraints on new physics

at the LHC with constraints from low-energy measurements such as in B decays, µ →
eγ transitions, electric and magnetic dipole moment measurements, etc., by relating the

SMEFT Lagrangian at the scale µ of the order of a TeV to the low-energy Lagrangian at

the scale µ of a few GeV or less.

The organization of this paper is as follows. Section 2 gives a brief review of the LEFT

operator basis up to dimension-six operators constructed in ref. [20]. Section 3 discusses

interesting features of the one-loop anomalous dimensions in LEFT. Some aspects of the

LEFT power counting relevant for the RGEs are discussed. In addition, details on the use

of the equations of motion and field redefinitions are explained. Interesting cancellations

occur due to approximate holomorphy of LEFT. Section 4 presents our conclusions. The

LEFT operator basis is reproduced in tables 1 and 2 of appendix A. Appendix B displays the

one-loop Feynman diagrams that are computed to obtain the LEFT renormalization group

equations. The explicit one-loop renormalization group equations of the LEFT operators

are presented in appendix C.

2 LEFT

The gauge symmetry of LEFT is SU(3) × U(1)Q, and the matter content of the theory

consists of the usual SM fermions, except that there is no top quark in the theory, so the

number of u-type quarks is nu = 2. No scalar fields of the high-energy theory remain in

LEFT. In this paper, we follow the conventions of ref. [20]. We use ψ to denote a generic

fermion field and X to denote a generic field-strength tensor. Operators are classified by

their field content. For example, the higher-dimension d ≥ 5 operators of LEFT consist of

dimension-five dipole operators ψ2X and dimension-six operators X3 and ψ4.

1Some results for parts of the SMEFT anomalous-dimension matrix, with flavor neglected, also can be

found in refs. [23, 24].
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The QCD and QED Lagrangian is

LQCD+QED = −1

4
GAµνG

Aµν − 1

4
FµνF

µν + θQCD
g2

32π2
GAµνG̃

Aµν + θQED
e2

32π2
FµνF̃

µν

+
∑

ψ=u,d,e,νL

ψi /Dψ −

 ∑
ψ=u,d,e

ψRr[Mψ]rsψLs + h.c.

 , (2.1)

which contains QCD gauge interactions of nu = 2 u-type quarks and nd = 3 d-type quarks

and QED gauge interactions of the u and d quarks and the ne = 3 charged leptons at

dimension four, and Dirac-fermion mass terms for the u quarks, d quarks, and charged

leptons e at dimension three. The nν = 3 left-handed neutrinos are gauge singlets with no

mass term. The gauge-covariant derivative is Dµ = ∂µ + igTAGAµ + ieQAµ, where g and e

are the QCD and QED gauge coupling constants, respectively. The QCD and QED field

strengths are GAµν and Fµν , respectively. At dimension four, θ terms for QCD and QED

are included so that we can comment on holomorphy of the LEFT RGEs. An approximate

holomorphy was found for the SMEFT RGEs [42].

Additional operators in LEFT beyond those in eq. (2.1) arise at dimension three and

at dimensions d ≥ 5. The complete LEFT operator basis up to dimension six is considered

in this work. For ne = 3, nν = 3, nu = 2, and nd = 3, there are 5963 Hermitian operators

in the LEFT operator basis up to dimension six. The complete set of operators is given in

appendix A.

The dimension-three LEFT Lagrangian consists of the ∆L = ±2 Majorana mass terms

of the left-handed neutrinos,

L(3)/L = −1

2
[Mν ]rsO ν

rs
+ h.c. = −1

2
[Mν ]rs(ν

T
LrCνLs) + h.c. (2.2)

The Majorana neutrino mass matrix Mν is symmetric in its generation indices, so MT
ν =

Mν . For nν = 3, there are six ∆L = 2 operators and six ∆L = −2 conjugate operators.

The symmetry of the Majorana neutrino mass matrix is used to rewrite M∗ν = M †ν in the

RGEs. However, it is important to emphasize that Mν as a Majorana mass matrix violates

lepton number, whereas all the other fermion mass matrices appearing in eq. (2.1) are

Dirac mass matrices, which do not violate baryon number or lepton number.

The dimension-five operators consist of ∆B = ∆L = 0 dipole operators for fermions

ψ = u, d, e, which do not violate baryon number or lepton number, and the ∆L = ±2

dipole operators for the left-handed neutrinos. The ∆B = ∆L = 0 dimension-five LEFT

Lagrangian

L(5) =
∑

ψ=e,u,d

(
Lψγ
rs
Oψγ
rs

+ h.c.

)
+
∑
ψ=u,d

(
LψG
rs
OψG
rs

+ h.c.

)
(2.3)

contains electromagnetic dipole operators for the charged leptons e and the charged u and

d quarks and chromomagnetic dipole operators for the colored u and d quarks. These

(LR)X + h.c. operators are defined in table 1 of appendix A. For ne = 3, nu = 2 and

nd = 3, there are 70 Hermitian operators. The ∆L = ±2 dimension-five LEFT Lagrangian

L(5)/L = Lνγ
rs
Oνγ
rs

+ h.c. = Lνγ
rs

(νTLrCσ
µννLs)Fµν + h.c. (2.4)
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contains electromagnetic dipole operators for the left-handed neutrinos. These (νν)X+h.c.

operators also appear in table 1. The neutrino dipole operators are antisymmetric in the

flavor indices. For nν = 3, there are three ∆L = 2 dipole operators and three ∆L = −2

conjugate operators.

The dimension-six operators also split into ∆B = ∆L = 0 operators, which do not

violate baryon number and lepton number, and operator sectors that violate baryon number

and/or lepton number. The ∆B = ∆L = 0 operators consist of the two X3 operators, OG
and O

G̃
, and 78 four-fermion operator structures ψ4, which are further divided by their

chiral structure into (LL)(LL), (RR)(RR), (LL)(RR), (LR)(LR) + h.c., and (LR)(RL) +

h.c., appearing in table 1. For ne = 3, nν = 3, nu = 2, and nd = 3, there are 3631 Hermitian

operators. The dimension-six operator sectors that violate baryon and/or lepton number

consist of operators with ∆L = ±4, ∆L = ±2, ∆B = ∆L = ±1, and ∆B = −∆L = ±1

appearing in table 2 of appendix A. For ne = 3, nν = 3, nu = 2, and nd = 3, there

are six ∆L = 4 operators, 600 ∆L = 2 operators, 288 ∆B = ∆L = 1 operators, and

228 ∆B = −∆L = 1 operators plus an equal number of conjugate operators, i.e. six

∆L = −4 operators, 600 ∆L = −2 operators, 288 ∆B = ∆L = −1 operators, and 228

∆B = −∆L = −1 operators.

3 RGE calculation

In this section, we present several features of the RGE calculation for LEFT. We comment

on the power counting rule for LEFT, explain in more detail the use of the equations of

motion in the calculation, and point out some interesting cancellations. The main results

of this article, the explicit RGEs, are given in appendix C.

3.1 Power counting

The power-counting rule of the low-energy effective field theory below the electroweak scale

is given by the canonical dimensions of the operators in the theory. The LEFT uses an

expansion in inverse powers of the electroweak scale, 1/v. The expansion is controlled by

the small dimensionless parameters p/v and m/v, where p and m are momenta and masses

of the light SM particles that are the dynamical degrees of freedom in LEFT.

We write the LEFT Lagrangian schematically as

LLEFT = LQCD+QED + L(3)/L +
∑
d≥5

∑
i

L
(d)
i O

(d)
i , (3.1)

where the operator O(d)
i has mass dimension d and its operator coefficient L

(d)
i contains a

suppression factor 1/vd−4. A graph with insertions of operators of dimension di ≥ 5 has

the LEFT dimension

d = 4 +
∑
i

(di − 4) , (3.2)

because no positive powers of v can be generated by the graph: all dynamical particles have

masses that are parametrically smaller than v and loop integrals do not generate powers

of v in dimensional regularization.
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Obviously, if we consider the renormalization of LEFT up to and including dimension-

six terms, we have to consider graphs with one insertion of a dimension-five or a dimension-

six operator as well as graphs with two insertions of dimension-five operators.

In the special case that the LEFT derives from SMEFT as the high-energy theory, the

SMEFT expansion in powers of 1/Λ, where Λ is the scale of new physics, is inherited by

the LEFT. In particular, the dimension-five dipole terms of LEFT induced by SMEFT at

the electroweak scale are of the order

1

v

v2

Λ2
=

v

Λ2
. (3.3)

Therefore, double-dipole insertions have the same SMEFT suppression as dimension-eight

SMEFT contributions. However, such a strong suppression of double-insertions of dipole

operators does not hold in the more general HEFT high-energy theory. When the constraint

that the Higgs boson be part of an electroweak doublet is relaxed in the high-energy theory,

dipole operators are only suppressed by one power of 1/Λ [11, 13], and the operators have

primary dimension dp = 5 in the HEFT power counting of ref. [43]. Therefore, the effect

of dipole operators at low energies is very interesting, because it can distinguish between

a SMEFT and a HEFT high-energy theory. Consequently, it is important to consistently

take into account all contributions as dictated by the LEFT power-counting rule alone.

3.2 Equations of motion and field redefinitions

As is well known, in any EFT, operators that are related by the classical equations of

motion (EOM) are redundant, and the elimination of redundant operators through the

application of the EOM simply corresponds to a field redefinition, up to corrections that

affect higher orders in the EFT expansion [44–46]. The LEFT basis constructed in ref. [20]

therefore excludes operators that are redundant due to the classical EOM, given by

i /Dψr = [Mψ]rsψLs + [M †ψ]rsψRs , ψ = u, d, e ,

(DµG
µν)A = gjAν , ∂µF

µν = ejνem , (3.4)

where the QCD and QED currents are

jAµ =
∑
ψ=u,d

ψ̄TAγµψ , jµem =
∑

ψ=u,d,e

qψ ψ̄γ
µψ , (3.5)

respectively. The dimension-three Majorana neutrino mass terms change the left-handed

neutrino EOM to

i/∂νLr = [M †ν ]rsCν̄
T
Ls . (3.6)

When calculating the RGEs, one has to project the divergences that are generated in the

loop calculation onto the LEFT basis by applying the EOM (and Fierz relations in the

case of four-fermion structures) when necessary.

Since we are considering LEFT up to dimension-six operators, effects that are quadratic

in dimension-five operator coefficients have to be taken into account. Including these
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quadratic effects also affects the application of the EOM: in the case of a divergence gener-

ated by a loop diagram with an insertion of a dimension-five operator, the EOM including

dimension-five corrections have to be employed when projecting onto the LEFT basis. The

relevant EOM for ψ = u, d, e including dimension-five operator corrections are

i /Dψr = [Mψ]rsψLs + [M †ψ]rsψRs −
(
Lψγ
rs
σµνFµνψRs + L∗ψγ

sr
σµνFµνψLs

)
−
(
LψG
rs
σµνTAGAµνψRs + L∗ψG

sr
σµνTAGAµνψLs

)
, (3.7)

where the gluonic dipoles in the second line are only present for ψ = u, d. The application of

the modified EOM is equivalent to a field redefinition, when terms quadratic in dimension-

five operator coefficients are retained.

In appendix B, we list all the Feynman diagrams that we computed to obtain the

RGEs and indicate explicitly the cases where the EOM or field redefinitions have to be

applied. In the following, we discuss as an explicit example the double-dipole insertions

into ψ2X Green’s functions (Xµν is a field-strength tensor, either Gµν or Fµν), in order to

highlight some subtleties in the application of the EOM. The Feynman diagrams for these

contributions are shown in appendix B.3.2. The dipole operators can be either left-chiral

ψσµνXµνPLψ or right-chiral ψσµνXµνPRψ.

In the case of the insertion of two left-chiral (L) or two right-chiral (R) operators,

the calculation of the graphs in appendix B.3.2 is straightforward and results only in a

contribution to the dipole operators. For example, the purely electromagnetic double-

dipole insertions contribute to the RGEs of the electromagnetic dipoles as:

L̇eγ
rs

= −12eqeLeγ
rw

[Me]wvLeγ
vs
,

L̇uγ
rs

= −12equLuγ
rw

[Mu]wvLuγ
vs
,

L̇dγ
rs

= −12eqdLdγ
rw

[Md]wvLdγ
vs
. (3.8)

In the case of the insertion of both one L and one R dipole operator, the situation is more

complicated: the divergence of the loop calculation has an explicit momentum dependence.

We map this divergence onto a set of gauge-invariant counterterm operators containing co-

variant derivatives. As the covariant derivatives can either contribute one (from the igAµ)

or no gauge boson (from the ∂µ), the same counterterms have to cancel divergences of

ψ2 and ψ2X one-loop Green’s functions with double-dipole insertions. Therefore, one has

to consider the ψ2X diagrams in appendix B.3.2 together with the ψ2 diagrams in ap-

pendix B.4.2. When combined, these diagrams give a gauge-invariant set of counterterms.

After mapping the divergences onto the gauge-invariant counterterm operators, these in-

termediate counterterm operators can be converted to LEFT basis operators by using the

EOM.

For example, for the case of insertion of one L and one R electromagnetic dipole, we

use the following basis of gauge-invariant Hermitian operators:

L∗ψγ
wr
Lψγ
vs

1

2

(
iψ̄Rr

←−
/D [M †M ]wvψRs − iψ̄Rr[M †M ]wv /DψRs

)
,

– 6 –
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L∗ψγ
wr
Lψγ
vs

1

2

(
iψ̄Rr

←−
/D3ψRs − iψ̄Rr /D

3
ψRs

)
δwv,

L∗ψγ
wr
Lψγ
vs

1

2

(
iψ̄Rr

←−
/DσµνFµνψRs − iψ̄RrσµνFµν /DψRs

)
δwv,

L∗ψγ
wr
Lψγ
vs
ψ̄Rr(DµF

µν)γνψRs δwv, (3.9)

and a similar basis with opposite chiralities for the case of insertion of one R and one

L electromagnetic dipole. By applying the EOM, these operators are transformed into

mass terms, dipole operators, and four-fermion operators. The one- and three-derivative

operator coefficients are first fixed by the ψ2 graphs in appendix B.4.2. The graphs in

appendix B.3.2 then determine the remaining coefficients. The three-derivative operator

can be written in several ways. For example,

O1 = ψ̄(i /D)3ψ , O2 = ψ̄(i /D)D2ψ , (3.10)

are both ψ2D3 operators. The ψ2 graphs give the same coefficient for either O1 or O2,

since they pick out the ∂ part of D. However, the two operators have different ψ2X matrix

elements, since

/D /D = D2 +
1

2
gσµνXµν , (3.11)

so that the ψ2DX coefficients in eq. (3.9) depend on the choice of O1 or O2. Of course, the

full Lagrangian is the same in either case, since eq. (3.11) can be used to convert between

the two forms. We have chosen to use (i /D)3 since it simplifies the use of the EOM.

Consider the three-derivative operator in eq. (3.9), which can be written as

ψ̄RL
†L(i /D)3ψR , (3.12)

where the dipole coefficients L∗ψγ
wr

and Lψγ
vs

are represented by the matrices L† and L.

This operator illustrates a subtlety in eliminating derivatives using the EOM. There is an

apparent ambiguity: one can transform the operator by integration by parts (since it is in

the Lagrangian) so that one of the three derivatives acts on the other fermion,

ψ̄R(−i
←−
/D)L†L(i /D)2ψR . (3.13)

The subsequent application of the EOM eq. (3.4) to eqs. (3.12) and (3.13) leads to two

different results, differing by the flavor index structure:

ψ̄RL
†L(i /D)3ψR

EOM7→ ψ̄RL
†LMM †MψL ,

ψ̄R(−i
←−
/D)L†L(i /D)2ψR

EOM7→ ψ̄LM
†L†LMM †ψR , (3.14)

where we also use matrix notation in flavor space for the mass matrices. We have two differ-

ent forms for the final result, neither of which is Hermitian, and neither of which is correct.

The ambiguity is resolved by noting that in a field theory, what is allowed is the use

of field redefinitions. Making a field redefinition is often referred to as “using the EOM,”

– 7 –
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because the two are sometimes equivalent. To understand this better, consider the simpler

example of a one-derivative operator

δL = εψ̄RH(i /D)ψR (3.15)

added to the lowest order Lagrangian

L = ψ̄(i /D)ψ − ψRMψL − ψLM †ψR . (3.16)

In eq. (3.15), H is Hermitian, so that the operator δL is Hermitian. Acting to the right

with i /D and using the equations of motion gives

δL = εψ̄RHMψL , (3.17)

whereas acting to the left and using the equations of motion gives

δL = εψ̄LM
†HψR , (3.18)

neither of which is Hermitian. Instead of using the EOM, make a field redefinition

ψR → ψR + εAψR (3.19)

where A is an arbitrary matrix. Working to first order in ε, δL after the field redefinition

on the lowest order Lagrangian is

δL = εψ̄RH(i /D)ψR + εψR(A+A†)(i /D)ψR − εψRA†MψL − εψLM †AψR . (3.20)

The field redefinition eq. (3.19) can be chosen to eliminate the i /D term,

H +A+A† = 0 . (3.21)

The general solution of eq. (3.21) is

A = −1

2
H + iB , (3.22)

for Hermitian B. The resulting δL is

δL = εψR

(
1

2
H + iB

)
MψL + εψLM

†
(

1

2
H − iB

)
ψR , (3.23)

which is Hermitian, in contrast to either eq. (3.17) or eq. (3.18). The simplest choice is

to take B = 0 in eq. (3.23). There is freedom to choose an arbitrary value of B, however,

which corresponds to the freedom to make a chiral rotation,

ψR → UψR (3.24)

with U = exp iεB. The proper way to eliminate the derivative operator eq. (3.15) is to

make a field redefinition instead of naively using the EOM, which leads to an incorrect

– 8 –
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result. A correct result is also obtained if a manifestly Hermitian operator is used that

differs from (3.15) by a total derivative. However, the ambiguity persists even in this case.

The ambiguity in eq. (3.14) is similar to that for the one-derivative term. The general

chiral field redefinition that removes the /D
3

terms leads to the following change of the

Lagrangian:

δL = iψ̄L(AL +A†L) /D
3
ψL + iψ̄R(AR +A†R) /D

3
ψR

+ ψ̄L(M †MM †AR +ALM
†MM †)ψR + ψ̄R(A†RMM †M +MM †MA†L)ψL

+ ψ̄L(B†MM † −M †MB†)ψR + ψ̄R(MM †B −BM †M)ψL

+ ψ̄L(M †CR − CLM †)ψR + ψ̄R(MCL − CRM)ψL , (3.25)

where AL,R, B, CL,R are matrices in flavor space of order ε, and terms of O(ε2) are

neglected. The matrices CL,R = −C†L,R are anti-Hermitian. Matrices B, CL,R, and the

anti-Hermitian parts of AL,R are chiral rotations as in eq. (3.24). We eliminate the three-

derivative terms using the choice B = CL = CR = 0, AR = A†R = −1
2L
†L to eliminate the

operator in eq. (3.12). A different choice of matrices for eliminating the three-derivative

operator is equivalent to combining the RGE evolution with a µ-dependent chiral rotation.

Such a transformation is always allowed, even in QED or QCD.

Note that similarly to the simpler example above, the use of a manifestly Hermitian

operator (at the level of the Lagrangian instead of the action) before the application of the

EOM leads to a correct result but again exhibits the apparent ambiguity that is explained

by the chiral rotation:

ψ̄RL
†L(i /D)3ψR + ψ̄R(−i

←−
/D)3L†LψR

EOM7→ ψ̄RL
†LMM †MψL + ψ̄LM

†MM †L†LψR ,

ψ̄R(−i
←−
/D)L†L(i /D)2ψR + ψ̄R(−i

←−
/D)2L†L(i /D)ψR

EOM7→ ψ̄LM
†L†LMM †ψR + ψ̄RMM †L†LMψL . (3.26)

This discussion shows that the ambiguity due to integration by parts is just related to

a field redefinition and therefore has no effect on physical observables.

3.3 Cancellations and holomorphy

When calculating the RGEs in a diagrammatic approach, many relations and cancella-

tions can be observed that are simple consequences of gauge invariance. For example, as

explained above, the divergences of some ψ2 and ψ2X loop diagrams must be related as

they derive from the same gauge-invariant operator. Consider the gluonic double-dipole

insertions in ψ2 two-point functions, shown in the second diagram of (B.24). The color

structure of these contributions is given by

TATA = CF . (3.27)

The related double-dipole insertions in ψ2X three-point functions are given by the purely

gluonic triangle diagrams in (B.19) and the additional QCD topologies in (B.20). The color
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structure of the triangle diagrams is given by

TBTATB =

(
CF −

1

2
CA

)
TA , (3.28)

while the additional topologies contain a color factor

fABCTBTC =
i

2
CAT

A . (3.29)

When summing the contributions of the two groups of ψ2X diagrams to obtain gauge-

invariant structures that also contribute to the ψ2 Green’s function, the terms proportional

to CA cancel and the resulting divergence is proportional to CF , as in the case of the ψ2

Green’s function. Of course, this cancellation is expected and a simple consequence of

gauge invariance. Therefore, relations and cancellations of this type provide a consistency

check for the calculation. Splitting the covariant derivative into different contributions that

have to be recombined to form a gauge-invariant expression is inherent to the traditional

approach of calculating the RGEs with a Feynman-diagram expansion. The splitting and

recombination could be avoided by using functional methods and a covariant-derivative

expansion [47–52].

A different type of cancellation is observed in the case of gauge couplings, in analogy

to the holomorphy of the SMEFT RGEs found in ref. [42]. We define the following linear

combinations:

τQCD = i
4π

g2
+
θQCD

2π
, τQED = i

4π

e2
+
θQED

2π
. (3.30)

The RGEs of τQCD and τQED are obtained from the RGEs of the gauge couplings2 given

in appendix C.2:

τ̇QCD = 8πib0,g +
64πi

g
(LuG

rs
[Mu]sr + LdG

rs
[Md]sr)

− 32πi

g2
2
(

[Mu]tsLuG
sr

[Mu]rpLuG
pt

+ [Md]tsLdG
sr

[Md]rpLdG
pt

)
, (3.31)

τ̇QED = 8πib0,e +
128πi

e
(qeLeγ

rs
[Me]sr +NcquLuγ

rs
[Mu]sr +NcqdLdγ

rs
[Md]sr)

− 32πi

e2
4
(

2[Mν ]prL
∗
νγ
sr

[Mν ]stL
∗
νγ
pt

+ [Me]tsLeγ
sr

[Me]rpLeγ
pt

+Nc[Mu]tsLuγ
sr

[Mu]rpLuγ
pt

+Nc[Md]tsLdγ
sr

[Md]rpLdγ
pt

)
. (3.32)

i.e. their β-function only depends on the self-dual couplings LuG, LdG or L∗νγ , Leγ , Luγ , Ldγ ,

respectively, but not the anti-self-dual couplings (L∗uG, L∗dG or Lνγ , L∗eγ , L∗uγ , L∗dγ , respec-

tively).3 Therefore, these RGEs respect the holomorphy found in ref. [42]. We note, how-

ever, that in the case of the dipole operators, holomorphy is violated by the double-dipole

2Note that the RGEs of the θ terms, which are total derivatives and usually give a vanishing contribution

in perturbation theory, can be calculated by allowing for momentum insertion into the operators.
3L∗

νγ is a LR operator coefficient, as are Leγ , etc.
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insertions, i.e. the LEFT RGEs for the self-dual dipole couplings, given in appendix C.3,

depend on products of the self-dual and anti-self-dual dipole operator coefficients. Ref. [53]

explained the holomorphy found in ref. [42] using amplitude methods. Their argument

does not hold in the presence of mass terms, and the violation of holomorphy we find is

proportional to the fermion mass matrix.4

In the LEFT RGEs, another cancellation happens that was already observed in the

SMEFT RGEs [42]: the insertions of the X3 operators in ψ2X Green’s function, shown in

diagram (B.21), generate divergences proportional to ψ2X operators, but also a divergence

proportional to the operator (DµG
µν
A )jAν , where jAν is the QCD fermion current. The X3

insertions into X2 Green’s functions, shown in the diagrams (B.29), generate another diver-

gence proportional to the operator (DµG
µν
A )(DλGAλν), which exactly cancels the (DµG

µν
A )jAν

contribution from the ψ2X Green’s functions using the EOM. This cancellation explains

the absence of an X3 contribution to the RGEs of the ψ4 operators.

More explicitly, the X3 insertion into X2 Green’s functions actually only generates

a divergence (∂µG
µν
A )(∂λGAλν), because only two external gluons are present. Additional

divergences are generated by the X3 insertions into X3 and X4 Green’s functions, which

combine with the divergence from the X2 Green’s function to the full gauge-invariant

operator (DµG
µν
A )(DλGAλν). Again, this is a simple consequence of gauge invariance.

In addition to the contribution to the (DµG
µν
A )(DλGAλν) operator, the X3 insertions

into X3 (and higher multi-gluon) Green’s functions generate divergences proportional to

the X3 operator itself.5 The coefficient of these divergences can be fixed by calculating

only the X3 Green’s functions, shown in diagrams (B.10) and (B.11). Since there exists

no other possible divergent structure, the X4 and higher multi-gluon Green’s functions

provide no additional information: their divergences are already fixed by gauge invariance

and their calculation can only provide a cross check.

3.4 Flavor indices

In the mixing of higher-dimensional operators into lower-dimensional operators, explicit

mass matrices appear. For the RGEs, we are only interested in the divergent pieces of the

loop diagrams. We work in the weak-eigenstate basis: all flavor indices in this work refer

to weak-eigenstate indices and the mass matrices have not been diagonalized. Since we use

the lowest-order Lagrangian

L = ψ̄(i /D −MψPL −M †ψPR)ψ , (3.33)

the UV-divergent parts can be obtained by expanding the fermion propagators as

i/k

k2
+

i

k2
(M †ψPL +MψPR) +

i/k

(k2)2
(MψM

†
ψPL +M †ψMψPR) + . . . (3.34)

Subsequent diagonalization of the mass matrices introduces explicit CKM matrix elements

in the down-type quark sector (see the discussion in ref. [20]).

4We would like to thank C.-H. Shen for discussions on this point.
5As the X3 operator starts with three gluons, this divergence does not show up in the X2 Green’s

function.
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Many operators in the LEFT Lagrangian exhibit symmetries in the flavor indices.

When writing the LEFT Lagrangian as in eq. (3.1), it is understood that the sum runs

not only over the operator types but also over the flavor indices of Wilson coefficients and

operators, including the redundant indices. For example, in L(5)/L of eq. (2.4), the sum over

the indices r and s runs over all flavors, although there are only three independent ∆L = 2

dipole operators. The sum over the flavor indices implies that only the part of the Wilson

coefficients that has the same flavor symmetry as the operator actually contributes. For

instance, only the part of Lνγ
rs

that is antisymmetric in r ↔ s actually contributes to the

sum, whereas the symmetric part cancels. Although this is not mandatory, we prefer to

explicitly symmetrize the RGEs for the Wilson coefficients given in appendix C. The fact

that the Wilson coefficients are symmetrized in the same way as the operators can be used

to simplify some of the expressions.

The case of the ∆L = 4 four-neutrino operator is special: it transforms as the

representation of the flavor-symmetry group, and satisfies the symmetry relations

OS,LLνν
prst

= OS,LLνν
stpr

= OS,LLνν
prts

= OS,LLνν
rpst

= −OS,LLνν
psrt

−OS,LLνν
ptsr

. (3.35)

We assume that these same symmetries and antisymmetries have been imposed on the

Wilson coefficients, i.e. we assume that

LS,LLνν
prst

= LS,LLνν
stpr

= LS,LLνν
prts

= LS,LLνν
rpst

= −LS,LLνν
psrt

− LS,LLνν
ptsr

. (3.36)

This assumption allows us to simplify the contribution of this operator to the running of

the neutrino mass, given by tadpole diagrams shown in appendix B.4.3. Explicitly, we have

performed the following simplification:

[Ṁν ]rs = 8LS,LLνν
vwrs

[M †νMνM
†
ν ]wv + 8LS,LLνν

rsvw
[M †νMνM

†
ν ]wv − 4LS,LLνν

vsrw
[M †νMνM

†
ν ]wv

− 4LS,LLνν
rwvs

[M †νMνM
†
ν ]wv − 4LS,LLνν

svrw
[M †νMνM

†
ν ]wv − 4LS,LLνν

wrvs
[M †νMνM

†
ν ]wv

= 24LS,LLνν
vwrs

[M †νMνM
†
ν ]wv , (3.37)

using both the symmetries of LS,LLνν
prst

and [Mν ]rs. Eq. (3.37) gives the first term in the

neutrino mass RGE, eq. (C.1).

3.5 Loop calculation and results

In appendix C, we give the complete one-loop RGE for the LEFT Lagrangian up to

dimension-six operators. We performed the calculation with dimensional regularization

in the MS scheme, and we used background-field gauge [54]. Use of background-field gauge

ensures that only divergences that are manifestly gauge invariant, instead of only BRST

invariant due to gauge fixing, are generated.

We use the notation

L̇ ≡ 16π2µ
d

dµ
L . (3.38)
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The one-loop running of the QCD and QED coupling constants in pure QCD and QED

is defined by

ġ = −b0,gg3 , ė = −b0,ee3 , (3.39)

respectively, where the coefficients of the QCD and QED β-functions are given by

b0,g =
11

3
Nc −

2

3
(nu + nd) ,

b0,e = −4

3

(
q2ene +Ncq

2
dnd +Ncq

2
unu

)
, (3.40)

with nu = 2, nd = 3, ne = 3, qu = 2/3, qd = −1/3, qe = −1.

Since the LEFT has mass terms, the running of the Wilson coefficients of the operators

of dimension d gets contributions proportional to Wilson coefficients of operators of dimen-

sion ≥ d times powers of the mass terms. In particular, this means that the SM β-functions

in eq. (3.40) are modified. (A similar result was found for the SMEFT in ref. [5], where

there were terms with positive powers of the Higgs mass M2
H .)

In the expressions for the RGEs, we use the following abbreviations:

ζe =
8

3

(
2Lνγ

wv
L∗νγ
wv

+ Leγ
wv
L∗eγ
wv

+NcLuγ
wv
L∗uγ
wv

+NcLdγ
wv
L∗dγ
wv

)
,

ζg =
4

3

(
LuG
wv
L∗uG
wv

+ LdG
wv
L∗dG
wv

)
, (3.41)

and the SU(3) color factors:

CA = Nc , CF =
N2
c − 1

2Nc
, C1 =

N2
c − 1

4N2
c

, Cd =
N2
c − 4

Nc
. (3.42)

C1 and Cd arise in the color identities for box graphs [55].

Although we performed the full LEFT RGE calculation from scratch, we were able

to cross-check large parts of the LEFT RGEs with a single-operator insertion using the

SMEFT RGEs [3–5], by excluding diagrams with heavy particles and fixing the Higgs field

to its vacuum expectation value. In these cross-checks, we found that the X3 contribution

to the gluonic dipoles given in [5] has the wrong sign.6 We agree with the sign of ref. [57].

The majority of the diagrams in appendix B consists of double insertions of dipole

operators. To our knowledge, these contributions have not been considered before in the

literature. We point out that some double-dipole contributions to four-fermion operator

coefficients come with large numerical prefactors of 96 or 192. The RGEs also satisfy the

naive dimensional analysis (NDA) [58] counting rules of ref. [59], where the dimension-five

operator gψ2X (including one factor of the gauge coupling) has NDA weight w = 0, the

dimension-six operators ψ4 have NDA weight w = 1, and the dimension-six operators g3X3

have NDA weight w = −1. The NDA weights explain the order in coupling constants of

different contributions to the LEFT RGEs, in the same way as occurred for the SMEFT

RGEs discussed in ref. [59].

6This sign error has been fixed on the website [56].
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4 Conclusions

In this paper, we have presented the complete one-loop renormalization-group equations

for the low-energy effective field theory below the electroweak scale up to and including

dimension-six operators. Together with the one-loop RGEs for the SMEFT given in refs. [3–

5] and the tree-level matching equations presented in ref. [20], these RGEs allow one to

evolve all the effects of physics beyond the SM consisting of new particles at some heavy

scale Λ down to low energies, where precision measurements are performed, to leading-

log accuracy. The results allow one to consistently combine high-energy constraints from

the LHC with constraints from low-energy precision measurements to leading-log accu-

racy. This procedure is valid under the assumption that the Higgs particle belongs to a

fundamental electroweak doublet, as realized in SMEFT. The LEFT RGEs of the present

work also are valid when the high-energy EFT is HEFT, with a nonlinear realization of

the electroweak symmetry breaking, rather than SMEFT.

The LEFT RGEs in appendix C include all dimension-six effects in the LEFT power

counting, in particular contributions quadratic in dimension-five dipole operators. Dipole

operators are of particular interest in the context of HEFT, where they appear as dimension-

five operators suppressed by a factor of 1/Λ, in contrast to the case of SMEFT, where the

dipole operators are suppressed by a factor of v/Λ2. In SMEFT, the dimension-five dipole

operators are generated from the dimension-six SMEFT dipole operators ψ2XH upon spon-

taneous symmetry breaking of electroweak gauge symmetry. Thus, they are suppressed by

an additional factor of (v/Λ) relative to the HEFT case. Precision measurements of dipole

operators will be important for distinguishing between SMEFT and HEFT as the appro-

priate high-energy effective field theory.
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A LEFT operator basis

In this appendix, we reproduce for convenience the list of LEFT operators up to dimension

six from ref. [20]. Weak-eigenstate indices of the operators are not shown — e.g. OV,LLee

with the weak-eigenstate indices included is OV,LLee
prst

.
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νν + h.c.

Oν (νTLpCνLr)

(νν)X + h.c.

Oνγ (νTLpCσ
µννLr)Fµν

(LR)X + h.c.

Oeγ ēLpσ
µνeRr Fµν

Ouγ ūLpσ
µνuRr Fµν

Odγ d̄Lpσ
µνdRr Fµν

OuG ūLpσ
µνTAuRr G

A
µν

OdG d̄Lpσ
µνTAdRr G

A
µν

X3

OG fABCGAνµ GBρν GCµρ

OG̃ fABCG̃Aνµ GBρν GCµρ

(LL)(LL)

OV,LLνν (ν̄Lpγ
µνLr)(ν̄LsγµνLt)

OV,LLee (ēLpγ
µeLr)(ēLsγµeLt)

OV,LLνe (ν̄Lpγ
µνLr)(ēLsγµeLt)

OV,LLνu (ν̄Lpγ
µνLr)(ūLsγµuLt)

OV,LLνd (ν̄Lpγ
µνLr)(d̄LsγµdLt)

OV,LLeu (ēLpγ
µeLr)(ūLsγµuLt)

OV,LLed (ēLpγ
µeLr)(d̄LsγµdLt)

OV,LLνedu (ν̄Lpγ
µeLr)(d̄LsγµuLt) + h.c.

OV,LLuu (ūLpγ
µuLr)(ūLsγµuLt)

OV,LLdd (d̄Lpγ
µdLr)(d̄LsγµdLt)

OV 1,LL
ud (ūLpγ

µuLr)(d̄LsγµdLt)

OV 8,LL
ud (ūLpγ

µTAuLr)(d̄LsγµT
AdLt)

(RR)(RR)

OV,RRee (ēRpγ
µeRr)(ēRsγµeRt)

OV,RReu (ēRpγ
µeRr)(ūRsγµuRt)

OV,RRed (ēRpγ
µeRr)(d̄RsγµdRt)

OV,RRuu (ūRpγ
µuRr)(ūRsγµuRt)

OV,RRdd (d̄Rpγ
µdRr)(d̄RsγµdRt)

OV 1,RR
ud (ūRpγ

µuRr)(d̄RsγµdRt)

OV 8,RR
ud (ūRpγ

µTAuRr)(d̄RsγµT
AdRt)

(LL)(RR)

OV,LRνe (ν̄Lpγ
µνLr)(ēRsγµeRt)

OV,LRee (ēLpγ
µeLr)(ēRsγµeRt)

OV,LRνu (ν̄Lpγ
µνLr)(ūRsγµuRt)

OV,LRνd (ν̄Lpγ
µνLr)(d̄RsγµdRt)

OV,LReu (ēLpγ
µeLr)(ūRsγµuRt)

OV,LRed (ēLpγ
µeLr)(d̄RsγµdRt)

OV,LRue (ūLpγ
µuLr)(ēRsγµeRt)

OV,LRde (d̄Lpγ
µdLr)(ēRsγµeRt)

OV,LRνedu (ν̄Lpγ
µeLr)(d̄RsγµuRt) + h.c.

OV 1,LR
uu (ūLpγ

µuLr)(ūRsγµuRt)

OV 8,LR
uu (ūLpγ

µTAuLr)(ūRsγµT
AuRt)

OV 1,LR
ud (ūLpγ

µuLr)(d̄RsγµdRt)

OV 8,LR
ud (ūLpγ

µTAuLr)(d̄RsγµT
AdRt)

OV 1,LR
du (d̄Lpγ

µdLr)(ūRsγµuRt)

OV 8,LR
du (d̄Lpγ

µTAdLr)(ūRsγµT
AuRt)

OV 1,LR
dd (d̄Lpγ

µdLr)(d̄RsγµdRt)

OV 8,LR
dd (d̄Lpγ

µTAdLr)(d̄RsγµT
AdRt)

OV 1,LR
uddu (ūLpγ

µdLr)(d̄RsγµuRt) + h.c.

OV 8,LR
uddu (ūLpγ

µTAdLr)(d̄RsγµT
AuRt) + h.c.

(LR)(LR) + h.c.

OS,RRee (ēLpeRr)(ēLseRt)

OS,RReu (ēLpeRr)(ūLsuRt)

OT,RReu (ēLpσ
µνeRr)(ūLsσµνuRt)

OS,RRed (ēLpeRr)(d̄LsdRt)

OT,RRed (ēLpσ
µνeRr)(d̄LsσµνdRt)

OS,RRνedu (ν̄LpeRr)(d̄LsuRt)

OT,RRνedu (ν̄Lpσ
µνeRr)(d̄LsσµνuRt)

OS1,RRuu (ūLpuRr)(ūLsuRt)

OS8,RRuu (ūLpT
AuRr)(ūLsT

AuRt)

OS1,RRud (ūLpuRr)(d̄LsdRt)

OS8,RRud (ūLpT
AuRr)(d̄LsT

AdRt)

OS1,RRdd (d̄LpdRr)(d̄LsdRt)

OS8,RRdd (d̄LpT
AdRr)(d̄LsT

AdRt)

OS1,RRuddu (ūLpdRr)(d̄LsuRt)

OS8,RRuddu (ūLpT
AdRr)(d̄LsT

AuRt)

(LR)(RL) + h.c.

OS,RLeu (ēLpeRr)(ūRsuLt)

OS,RLed (ēLpeRr)(d̄RsdLt)

OS,RLνedu (ν̄LpeRr)(d̄RsuLt)

Table 1. LEFT operators of dimension three and five, as well as LEFT operators of dimension six

that conserve baryon and lepton number, reproduced from ref. [20].
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∆L = 4 + h.c.

OS,LLνν (νTLpCνLr)(ν
T
LsCνLt)

∆L = 2 + h.c.

OS,LLνe (νTLpCνLr)(ēRseLt)

OT,LLνe (νTLpCσ
µννLr)(ēRsσµνeLt)

OS,LRνe (νTLpCνLr)(ēLseRt)

OS,LLνu (νTLpCνLr)(ūRsuLt)

OT,LLνu (νTLpCσ
µννLr)(ūRsσµνuLt)

OS,LRνu (νTLpCνLr)(ūLsuRt)

OS,LLνd (νTLpCνLr)(d̄RsdLt)

OT,LLνd (νTLpCσ
µννLr)(d̄RsσµνdLt)

OS,LRνd (νTLpCνLr)(d̄LsdRt)

OS,LLνedu (νTLpCeLr)(d̄RsuLt)

OT,LLνedu (νTLpCσ
µνeLr)(d̄RsσµνuLt)

OS,LRνedu (νTLpCeLr)(d̄LsuRt)

OV,RLνedu (νTLpCγ
µeRr)(d̄LsγµuLt)

OV,RRνedu (νTLpCγ
µeRr)(d̄RsγµuRt)

∆B = ∆L = 1 + h.c.

OS,LLudd εαβγ(uαTLpCd
β
Lr)(d

γT
LsCνLt)

OS,LLduu εαβγ(dαTLpCu
β
Lr)(u

γT
LsCeLt)

OS,LRuud εαβγ(uαTLpCu
β
Lr)(d

γT
RsCeRt)

OS,LRduu εαβγ(dαTLpCu
β
Lr)(u

γT
RsCeRt)

OS,RLuud εαβγ(uαTRpCu
β
Rr)(d

γT
LsCeLt)

OS,RLduu εαβγ(dαTRpCu
β
Rr)(u

γT
LsCeLt)

OS,RLdud εαβγ(dαTRpCu
β
Rr)(d

γT
LsCνLt)

OS,RLddu εαβγ(dαTRpCd
β
Rr)(u

γT
LsCνLt)

OS,RRduu εαβγ(dαTRpCu
β
Rr)(u

γT
RsCeRt)

∆B = −∆L = 1 + h.c.

OS,LLddd εαβγ(dαTLpCd
β
Lr)(ēRsd

γ
Lt)

OS,LRudd εαβγ(uαTLpCd
β
Lr)(ν̄Lsd

γ
Rt)

OS,LRddu εαβγ(dαTLpCd
β
Lr)(ν̄Lsu

γ
Rt)

OS,LRddd εαβγ(dαTLpCd
β
Lr)(ēLsd

γ
Rt)

OS,RLddd εαβγ(dαTRpCd
β
Rr)(ēRsd

γ
Lt)

OS,RRudd εαβγ(uαTRpCd
β
Rr)(ν̄Lsd

γ
Rt)

OS,RRddd εαβγ(dαTRpCd
β
Rr)(ēLsd

γ
Rt)

Table 2. LEFT operators of dimension six that violate baryon and/or lepton number, reproduced

from ref. [20].
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B Diagrams

In this appendix, we list all one-particle-irreducible one-loop diagrams that we computed to

obtain the complete RGEs of the LEFT parameters. Through the application of the EOM,

contributions to the running of Wilson coefficients of operators with different fields than

the external fields of the calculated diagram are generated. The diagrams are ordered into

groups of the different four-point, three-point, and two-point functions. In each group, the

diagrams are ordered according to the operator insertions. The classes of operators that are

needed to renormalize the diagrams after the application of the EOM are listed explicitly.

Note that for the lepton- and baryon-number-violating operators and for certain neu-

trino operators, some fermion lines have to be reversed. The inserted dipole and X3

operators are denoted by a black square, while the four-fermion operators are denoted by

two black dots (for the two fermion bilinears).

B.1 Fermion four-point functions

B.1.1 ψ4: single insertion of a four-fermion operator

External-leg corrections.

× external-leg correction (B.1)

External-leg corrections contribute to the self-renormalization, i.e. only ψ4 counterterms

are needed.

Vertex corrections.

(B.2)

(B.3)

The QED and QCD vertex corrections contribute to the self-renormalization and mixing

between ψ4 operators.
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B.1.2 2 × ψ2X: double insertion of dipole operators

The ψ4 bulb, triangle, and box diagrams only generate ψ4 divergences.

Bulb and triangle diagrams.

(B.4)

Box diagrams.

(B.5)

(B.6)

(B.7)
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B.2 Gauge-boson three-point functions

B.2.1 X3 insertion

External-leg corrections.

× external-leg correction (B.8)

External-leg corrections contribute to the self-renormalization of the X3 operators.

Tadpole.

(B.9)

The X3 tadpole diagram is a scaleless integral that vanishes in dimensional regularization.

Bulb and triangle diagrams.

(B.10)

(B.11)

The X3 bulb and triangle diagrams generate divergences proportional to the X3 operators,

as well as an additional piece proportional to (DµG
µν
A )(DλGAλν). After applying the EOM,

this piece cancels with a contribution from the X3 insertions in the ψ2X Green’s functions.

B.2.2 2 × ψ2X: double insertion of dipole operators

Bulb and triangle diagrams.

(B.12)

(B.13)

The divergences generated by the double-dipole insertions in X3 Green’s functions are iden-

tical to the ones generated by the insertions into X2 Green’s functions in section B.5.2 and

required by gauge invariance. No divergence proportional to an X3 operator is generated.
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B.3 ψ2X three-point functions

B.3.1 ψ2X: single insertion of a dipole operator

External-leg corrections.


× external-leg correction (B.14)

External-leg corrections contribute to the self-renormalization of the ψ2X operators.

Triangle vertex corrections.

(B.15)

(B.16)

The triangle diagrams generate not only divergences proportional to ψ2X operators, but

also ψ2 divergences through the EOM. These contributions have to be considered in com-

bination with the insertions into ψ2 Green’s functions. The EOM including dimension-five

corrections have to be used, i.e. the EOM generate not only mass terms, but also ψ2X

terms with coefficients quadratic in the dipole Wilson coefficients.

Additional QCD topologies.

(B.17)

These diagrams contribute through the EOM to the ψ2 and ψ2X terms.
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B.3.2 2 × ψ2X: double insertion of dipole operators

Triangle vertex corrections.

(B.18)

(B.19)

These diagrams generate ψ2X divergences as well as ψ2 and ψ4 divergences through the

EOM. Again, these contributions have to be considered in combination with the insertions

into ψ2 Green’s functions.

Additional QCD topologies.

(B.20)

Depending on the chirality of the inserted operators, these diagrams generate ψ2X diver-

gences (L − L and R − R insertions) or EOM ψ2 and ψ4 divergences (L − R and R − L
insertions).

B.3.3 X3 insertion

(B.21)

This diagram generates a ψ2X divergence as well as a (DµG
µν
A )jAν divergence that cancels

with a contribution from the X3 insertions in the X3 and X2 Green’s functions after the

application of the EOM, see section 3.3.

B.3.4 ψ4: penguin diagrams

(B.22)

The penguin diagrams either generate ψ2X divergences (in the case of S and T insertions)

or ψ4 divergences through the EOM (in the case of V insertions).
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B.4 Fermion two-point functions

B.4.1 ψ2X: single insertion of a dipole operator

(B.23)

These diagrams complement the insertions in ψ2X Green’s functions and generate ψ2

divergences as well as ψ2X divergences (due to the dimension-five correction to the EOM).

B.4.2 2 × ψ2X: double insertion of dipole operators

(B.24)

These diagrams complement the insertions in ψ2X Green’s functions and generate ψ2

divergences (direct and EOM).

B.4.3 ψ4: tadpole diagrams

(B.25)

The ψ4 tadpole graphs generate ψ2 divergences.

B.5 Gauge-boson two-point functions

B.5.1 ψ2X: single insertion of a dipole operator

Tadpole diagram.

(B.26)

This tadpole diagram vanishes (it is proportional to the trace of a color generator).

Bulb diagrams.

(B.27)

These diagrams generate X2 divergences that have to be reabsorbed by field redefinitions

(or the EOM). This generates contributions to the RGEs of the gauge couplings and the

ψ2X Wilson coefficients.
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B.5.2 2 × ψ2X: double insertion of dipole operators

(B.28)

The R − R and L − L insertions generate X2 divergences that have to be reabsorbed by

field redefinitions (or the EOM) and contribute to the RGEs of the gauge couplings. The

R− L and L−R insertions generate ψ4 divergences via EOM.

B.5.3 X3 insertion

(B.29)

These diagrams generate divergences proportional to (DµG
µν
A )(DλGAλν), that also show up

in the X3 Green’s functions. After applying the EOM, they cancel with a contribution

from the X3 insertions in the ψ2X Green’s functions.

C RGE

C.1 Dimension 3: masses

The RGEs for the dimension-three mass terms are

[Ṁν ]rs = 24LS,LLνν
vwrs

[M †νMνM
†
ν ]wv + 16LV,LLνν

wrvs
[MνM

†
νMν ]wv

+ 8LS,LLνe
rsvw

[M †eMeM
†
e ]wv + 8LS,LRνe

rsvw
[MeM

†
eMe]wv

+ 8NcL
S,LL
νu
rsvw

[M †uMuM
†
u]wv + 8NcL

S,LR
νu
rsvw

[MuM
†
uMu]wv

+ 8NcL
S,LL
νd
rsvw

[M †dMdM
†
d ]wv + 8NcL

S,LR
νd
rsvw

[MdM
†
dMd]wv

− 48Lνγ
rw
L∗νγ
uv

[M †νMν ]wv[Mν ]us + 16Lνγ
rw
L∗νγ
vw

[MνM
†
νMν ]vs

− 48L∗νγ
wu
Lνγ
vs

[MνM
†
ν ]wv[Mν ]ru + 16L∗νγ

wv
Lνγ
ws

[MνM
†
νMν ]rv

− 96Lνγ
rv
Lνγ
ws

[M †νMνM
†
ν ]vw (C.1)

for the Majorana neutrino mass and

[Ṁe]rs = −6 q2ee
2[Me]rs + 12 qeeL

∗
eγ
vr

[M †eMe]vs + 12 qeeL
∗
eγ
sv

[MeM
†
e ]rv

+ 4LS,LLνe
vwrs

[M †νMνM
†
ν ]wv + 4LS,LR∗νe

wvsr
[MνM

†
νMν ]wv

+
(

8LS,RR∗ee
srwv

− 4LS,RR∗ee
wrsv

)
[M †eMeM

†
e ]wv − 8LV,LRee

vsrw
[MeM

†
eMe]wv

+ 4NcL
S,RR∗
eu
srwv

[M †uMuM
†
u]wv + 4NcL

S,RL∗
eu
srwv

[MuM
†
uMu]wv

+ 4NcL
S,RR∗
ed
srwv

[M †dMdM
†
d ]wv + 4NcL

S,RL∗
ed
srwv

[MdM
†
dMd]wv

− 12L∗eγ
wr
Leγ
vu

[M †eMe]wv[Me]us + 4L∗eγ
wr
Leγ
wv

[MeM
†
eMe]vs
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− 12L eγ
uw
L∗eγ
sv

[MeM
†
e ]wv[Me]ru + 4Leγ

vw
L∗eγ
sw

[MeM
†
eMe]rv

− 24L∗eγ
vr
L∗eγ
sw

[M †eMeM
†
e ]vw , (C.2)

[Ṁu]rs = −6
(
CF g

2 + q2ue
2
)

[Mu]rs

+ 12
(
CF gL

∗
uG
vr

+ queL
∗
uγ
vr

)
[M †uMu]vs + 12

(
CF gL

∗
uG
sv

+ queL
∗
uγ
sv

)
[MuM

†
u]rv

+ 4LS,LLνu
vwrs

[M †νMνM
†
ν ]wv + 4LS,LR∗νu

wvsr
[MνM

†
νMν ]wv

+ 4LS,RR∗eu
wvsr

[M †eMeM
†
e ]wv + 4LS,RLeu

vwrs
[MeM

†
eMe]wv

+
(

8NcL
S1,RR∗
uu
srwv

− 4LS1,RR∗uu
svwr

− 4CFL
S8,RR∗
uu
svwr

)
[M †uMuM

†
u]wv

− 8
(
LV 1,LR

uu
vsrw

+ CFL
V 8,LR
uu
vsrw

)
[MuM

†
uMu]wv

+
(

4NcL
S1,RR∗
ud
srwv

− 2LS1,RR∗uddu
svwr

− 2CFL
S8,RR∗
uddu
svwr

)
[M †dMdM

†
d ]wv

− 8
(
LV 1,LR∗
uddu
svwr

+ CFL
V 8,LR∗
uddu
svwr

)
[MdM

†
dMd]wv

− 12L∗uγ
wr
Luγ
vu

[M †uMu]wv[Mu]us + 4L∗uγ
wr
Luγ
wv

[MuM
†
uMu]vs

− 12Luγ
uw
L∗uγ
sv

[MuM
†
u]wv[Mu]ru + 4Luγ

vw
L∗uγ
sw

[MuM
†
uMu]rv

− 12CFL
∗
uG
wr
LuG
vu

[M †uMu]wv[Mu]us + 4CFL
∗
uG
wr
LuG
wv

[MuM
†
uMu]vs

− 12CFLuG
uw
L∗uG
sv

[MuM
†
u]wv[Mu]ru + 4CFLuG

vw
L∗uG
sw

[MuM
†
uMu]rv

− 24L∗uγ
vr
L∗uγ
sw

[M †uMuM
†
u]vw − 24CFL

∗
uG
vr
L∗uG
sw

[M †uMuM
†
u]vw , (C.3)

[Ṁd]rs = −6
(
CF g

2 + q2de
2
)

[Md]rs

+ 12
(
CF gL

∗
dG
vr

+ qdeL
∗
dγ
vr

)
[M †dMd]vs + 12

(
CF gL

∗
dG
sv

+ qdeL
∗
dγ
sv

)
[MdM

†
d ]rv

+ 4LS,LLνd
vwrs

[M †νMνM
†
ν ]wv + 4LS,LR∗νd

wvsr

[MνM
†
νMν ]wv

+ 4LS,RR∗ed
wvsr

[M †eMeM
†
e ]wv + 4LS,RLed

vwrs

[MeM
†
eMe]wv

+
(

4NcL
S1,RR∗
ud
wvsr

− 2LS1,RR∗uddu
wrsv

− 2CFL
S8,RR∗
uddu
wrsv

)
[M †uMuM

†
u]wv

− 8
(
LV 1,LR
uddu
vsrw

+ CFL
V 8,LR
uddu
vsrw

)
[MuM

†
uMu]wv

+
(

8NcL
S1,RR∗
dd
wvsr

− 4LS1,RR∗dd
wrsv

− 4CFL
S8,RR∗
dd
wrsv

)
[M †dMdM

†
d ]wv

− 8
(
LV 1,LR

dd
vsrw

+ CFL
V 8,LR
dd
vsrw

)
[MdM

†
dMd]wv

− 12L∗dγ
wr
Ldγ
vu

[M †dMd]wv[Md]us + 4L∗dγ
wr
Ldγ
wv

[MdM
†
dMd]vs

− 12Ldγ
uw
L∗dγ
sv

[MdM
†
d ]wv[Md]ru + 4Ldγ

vw
L∗dγ
sw

[MdM
†
dMd]rv

− 12CFL
∗
dG
wr
LdG
vu

[M †dMd]wv[Md]us + 4CFL
∗
dG
wr
LdG
wv

[MdM
†
dMd]vs
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− 12CFLdG
uw
L∗dG
sv

[MdM
†
d ]wv[Md]ru + 4CFLdG

vw
L∗dG
sw

[MdM
†
dMd]rv

− 24L∗dγ
vr
L∗dγ
sw

[M †dMdM
†
d ]vw − 24CFL

∗
dG
vr
L∗dG
sw

[M †dMdM
†
d ]vw (C.4)

for the other fermion masses. Each first term in eqs. (C.2)–(C.4) is the SM anomalous

dimension. The remaining terms are corrections from insertions of one dimension-five or

dimension-six operator, as well as from insertions of two dimension-five operators.

C.2 Dimension 4: gauge couplings

The gauge coupling β-functions are

ė = −b0,e e3 − 8e2qe(Leγ
rs

[Me]sr + [M †e ]rsL
∗
eγ
rs

)

− 8e2Ncqu(Luγ
rs

[Mu]sr + [M †u]rsL
∗
uγ
rs

)− 8e2Ncqd(Ldγ
rs

[Md]sr + [M †d ]rsL
∗
dγ
rs

)

+ 8e
(

2[M †ν ]tsLνγ
sr

[M †ν ]rpLνγ
pt

+ 2[Mν ]prL
∗
νγ
sr

[Mν ]stL
∗
νγ
pt

+ [Me]tsLeγ
sr

[Me]rpLeγ
pt

+ [M †e ]prL
∗
eγ
sr

[M †e ]stL
∗
eγ
pt

+Nc[Mu]tsLuγ
sr

[Mu]rpLuγ
pt

+Nc[M
†
u]prL

∗
uγ
sr

[M †u]stL
∗
uγ
pt

+Nc[Md]tsLdγ
sr

[Md]rpLdγ
pt

+Nc[M
†
d ]prL

∗
dγ
sr

[M †d ]stL
∗
dγ
pt

)
, (C.5)

ġ = −b0,g g3 − 4g2(LuG
rs

[Mu]sr + [M †u]rsL
∗
uG
rs

)− 4g2(LdG
rs

[Md]sr + [M †d ]rsL
∗
dG
rs

)

+ 4g
(

[Mu]tsLuG
sr

[Mu]rpLuG
pt

+ [M †u]prL
∗
uG
sr

[M †u]stL
∗
uG
pt

+ [Md]tsLdG
sr

[Md]rpLdG
pt

+ [M †d ]prL
∗
dG
sr

[M †d ]stL
∗
dG
pt

)
(C.6)

and the θ anomalous dimensions are

θ̇QCD =
64π2

g
(iLuG

rs
[Mu]sr − i[M †u]rsL

∗
uG
rs

) +
64π2

g
(iLdG

rs
[Md]sr − i[M †d ]rsL

∗
dG
rs

)

+
32π2

g2
2i
(
−[Mu]tsLuG

sr
[Mu]rpLuG

pt
+ [Mu]∗tsL

∗
uG
sr

[Mu]∗rpL
∗
uG
pt

− [Md]tsLdG
sr

[Md]rpLdG
pt

+ [Md]
∗
tsL
∗
dG
sr

[Md]
∗
rpL
∗
dG
pt

)
, (C.7)

θ̇QED =
128π2qe

e
(iLeγ

rs
[Me]sr − i[M †e ]rsL

∗
eγ
rs

) +
128Ncπ

2qu
e

(iLuγ
rs

[Mu]sr − i[M †u]rsL
∗
uγ
rs

)

+
128Ncπ

2qd
e

(iLdγ
rs

[Md]sr − i[M †d ]rsL
∗
dγ
rs

)

+
32π2

e2
4i
(

2[M †ν ]tsLνγ
sr

[M †ν ]rpLνγ
pt
− 2[Mν ]prL

∗
νγ
sr

[Mν ]stL
∗
νγ
pt

− [Me]tsLeγ
sr

[Me]rpLeγ
pt

+ [M †e ]prL
∗
eγ
sr

[M †e ]stL
∗
eγ
pt
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−Nc[Mu]tsLuγ
sr

[Mu]rpLuγ
pt

+Nc[M
†
u]prL

∗
uγ
sr

[M †u]stL
∗
uγ
pt

−Nc[Md]tsLdγ
sr

[Md]rpLdγ
pt

+Nc[M
†
d ]prL

∗
dγ
sr

[M †d ]stL
∗
dγ
pt

)
. (C.8)

C.3 Dimension 5: dipole operators

The anomalous dimension of the ∆L = 2 neutrino dipole operator is

L̇νγ
rs

= −b0,ee2Lνγ
rs
− 8eqeLνγ

rs

(
Leγ
vw

[Me]wv + [M †e ]vwL
∗
eγ
vw

)
− 8eNcquLνγ

rs

(
Luγ
vw

[Mu]wv + [M †u]vwL
∗
uγ
vw

)
− 8eNcqdLνγ

rs

(
Ldγ
vw

[Md]wv + [M †d ]vwL
∗
dγ
vw

)
. (C.9)

The anomalous dimensions of the other photonic dipole operators are

L̇eγ
rs

=
[(

10q2e − b0,e
)
e2
]
Leγ
rs

− 8eNcqd[Md]wvL
T,RR
ed
rsvw

− 8eNcqu[Mu]wvL
T,RR
eu
rsvw

+ 2eqe[Me]wvL
S,RR
ee
rwvs

− 12eqeLeγ
rw

[Me]wvLeγ
vs
− 8eqeL

∗
eγ
vw

(
Leγ
rw

[M †e ]vs + Leγ
vs

[M †e ]rw

)
− 8eqeLeγ

rs

(
Leγ
vw

[Me]wv + [M †e ]vwL
∗
eγ
vw

)
− 8eNcquLeγ

rs

(
Luγ
vw

[Mu]wv + [M †u]vwL
∗
uγ
vw

)
− 8eNcqdLeγ

rs

(
Ldγ
vw

[Md]wv + [M †d ]vwL
∗
dγ
vw

)
, (C.10)

L̇uγ
rs

=
[
2CF g

2 +
(
10q2u − b0,e

)
e2
]
Luγ
rs

+ 8CF egquLuG
rs

− 8eqe[Me]wvL
T,RR
eu
vwrs

+ 2equ[Mu]wvL
S1,RR
uu
rwvs

+ 2eCFqu[Mu]wvL
S8,RR
uu
rwvs

+ eqd[Md]wvL
S1,RR
uddu
rwvs

+ eCFqd[Md]wvL
S8,RR
uddu
rwvs

− Luγ
rw

(
4gCFL

∗
uG
vw

+ 8equL
∗
uγ
vw

)
[M †u]vs − [M †u]rw

(
4gCFL

∗
uG
vw

+ 8equL
∗
uγ
vw

)
Luγ
vs

− 8eqeLuγ
rs

(
Leγ
vw

[Me]wv + [M †e ]vwL
∗
eγ
vw

)
− 8eNcquLuγ

rs

(
Luγ
vw

[Mu]wv + [M †u]vwL
∗
uγ
vw

)
− 8eNcqdLuγ

rs

(
Ldγ
vw

[Md]wv + [M †d ]vwL
∗
dγ
vw

)
− 12equLuγ

rw
[Mu]wvLuγ

vs

− 4equ[Mu]wvCFLuG
rw
LuG
vs
− 4g[Mu]wvCF

(
Luγ
rw
LuG
vs

+ LuG
rw
Luγ
vs

)
− 4CF equL

∗
uG
wv
LuG
ws

[M †u]rv − 4CF equLuG
rw
L∗uG
vw

[M †u]vs , (C.11)

L̇dγ
rs

=
[
2CF g

2 +
(
10q2d − b0,e

)
e2
]
Ldγ
rs

+ 8CF egqdLdG
rs

− 8eqe[Me]wvL
T,RR
ed
vwrs

+ 2eqd[Md]wvL
S1,RR
dd
rwvs

+ 2eCFqd[Md]wvL
S8,RR
dd
rwvs

+ equ[Mu]wvL
S1,RR
uddu
vsrw

+ eCFqu[Mu]wvL
S8,RR
uddu
vsrw

− Ldγ
rw

(
4gCFL

∗
dG
vw

+ 8eqdL
∗
dγ
vw

)
[M †d ]vs − [M †d ]rw

(
4gCFL

∗
dG
vw

+ 8eqdL
∗
dγ
vw

)
Ldγ
vs

− 8eqeLdγ
rs

(
Leγ
vw

[Me]wv + [M †e ]vwL
∗
eγ
vw

)
− 8eNcquLdγ

rs

(
Luγ
vw

[Mu]wv + [M †u]vwL
∗
uγ
vw

)
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− 8eNcqdLdγ
rs

(
Ldγ
vw

[Md]wv + [M †d ]vwL
∗
dγ
vw

)
− 12eqdLdγ

rw
[Md]wvLdγ

vs

− 4eqd[Md]wvCFLdG
rw
LdG
vs
− 4g[Md]wvCF

(
Ldγ
rw
LdG
vs

+ LdG
rw
Ldγ
vs

)
− 4CF eqdL

∗
dG
wv
LdG
ws

[M †d ]rv − 4CF eqdLdG
rw
L∗dG
vw

[M †d ]vs . (C.12)

The anomalous dimensions for the gluonic dipole operators are

L̇uG
rs

=
[
(10CF − 4CA − b0,g) g2 + 2e2q2u

]
LuG
rs

+ 8egquLuγ
rs

+ 3g2CA[M †u]rs(LG + iL
G̃

)

+ 2g[Mu]wvL
S1,RR
uu
rwvs

+ 2g
(
CF −

1

2
CA

)
[Mu]wvL

S8,RR
uu
rwvs

+ g[Md]wvL
S1,RR
uddu
rwvs

+ g
(
CF −

1

2
CA

)
[Md]wvL

S8,RR
uddu
rwvs

− LuG
rw

(
(8CF − 2CA)gL∗uG

vw
+ 4equL

∗
uγ
vw

)
[M †u]vs

− [M †u]rw

(
(8CF − 2CA)gL∗uG

vw
+ 4equL

∗
uγ
vw

)
LuG
vs

− 4gLuG
rs

(
LuG
vw

[Mu]wv + [M †u]vwL
∗
uG
vw

)
− 4gLuG

rs

(
LdG
vw

[Md]wv + [M †d ]vwL
∗
dG
vw

)
+ (10CA − 12CF )gLuG

rw
[Mu]wvLuG

vs
− 4equ[Mu]wv

(
Luγ
rw
LuG
vs

+ LuG
rw
Luγ
vs

)
− 4g[Mu]wvLuγ

rw
Luγ
vs
− 4gL∗uγ

wv
Luγ
ws

[M †u]rv − 4gLuγ
rw
L∗uγ
vw

[M †u]vs , (C.13)

L̇dG
rs

=
[
(10CF − 4CA − b0,g) g2 + 2e2q2d

]
LdG
rs

+ 8egqdLdγ
rs

+ 3g2CA[M †d ]rs(LG + iL
G̃

)

+ 2g[Md]wvL
S1,RR
dd
rwvs

+ 2g
(
CF −

1

2
CA

)
[Md]wvL

S8,RR
dd
rwvs

+ g[Mu]wvL
S1,RR
uddu
vsrw

+ g
(
CF −

1

2
CA

)
[Mu]wvL

S8,RR
uddu
vsrw

− LdG
rw

(
(8CF − 2CA)gL∗dG

vw
+ 4eqdL

∗
dγ
vw

)
[M †d ]vs

− [M †d ]rw

(
(8CF − 2CA)gL∗dG

vw
+ 4eqdL

∗
dγ
vw

)
LdG
vs

− 4gLdG
rs

(
LuG
vw

[Mu]wv + [M †u]vwL
∗
uG
vw

)
− 4gLdG

rs

(
LdG
vw

[Md]wv + [M †d ]vwL
∗
dG
vw

)
+ (10CA − 12CF )gLdG

rw
[Md]wvLdG

vs
− 4eqd[Md]wv

(
Ldγ
rw
LdG
vs

+ LdG
rw
Ldγ
vs

)
− 4g[Md]wvLdγ

rw
Ldγ
vs
− 4gL∗dγ

wv
Ldγ
ws

[M †d ]rv − 4gLdγ
rw
L∗dγ
vw

[M †d ]vs . (C.14)

C.4 Dimension 6

The anomalous dimensions of the dimension-six operators grouped by type are listed below.

C.4.1 X3

L̇G = (12cA − 3b0,g) g
2LG , (C.15)

L̇
G̃

= (12cA − 3b0,g) g
2L

G̃
. (C.16)
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C.4.2 ψ4 : (LL)(LL)

L̇V,LLνν
prst

= 0 , (C.17)

L̇V,LLee
prst

= 12e2q2eL
V,LL
ee
prst

+
1

3
e2qeδpr

[
Ncqd

(
LV,LLed
stww

+LV,LRed
stww

)
+Ncqu

(
LV,LLeu
stww

+LV,LReu
stww

)
+qe

(
4LV,LLee

stww
+LV,LRee

stww

)]
+

1

3
e2qeδst

[
Ncqd

(
LV,LLed
prww

+LV,LRed
prww

)
+Ncqu

(
LV,LLeu
prww

+LV,LReu
prww

)
+qe

(
4LV,LLee

prww
+LV,LRee

prww

)]
+

1

3
e2qeδpt

[
Ncqd

(
LV,LLed
srww

+LV,LRed
srww

)
+Ncqu

(
LV,LLeu
srww

+LV,LReu
srww

)
+qe

(
4LV,LLee

srww
+LV,LRee

srww

)]
+

1

3
e2qeδsr

[
Ncqd

(
LV,LLed
ptww

+LV,LRed
ptww

)
+Ncqu

(
LV,LLeu
ptww

+LV,LReu
ptww

)
+qe

(
4LV,LLee

ptww
+LV,LRee

ptww

)]
+

26

3
e2q2e

(
Leγ
pw
L∗eγ
rw
δst+Leγ

sw
L∗eγ
tw
δpr+Leγ

pw
L∗eγ
tw
δsr+Leγ

sw
L∗eγ
rw
δpt

)
+e2q2eζeδprδst , (C.18)

L̇V,LLνe
prst

=
4

3
e2qeδst

[
Ncqu

(
LV,LLνu
prww

+LV,LRνu
prww

)
+Ncqd

(
LV,LLνd
prww

+LV,LRνd
prww

)
+qe

(
LV,LLνe
prww

+LV,LRνe
prww

)]
+96e2q2eLνγ

wr
L∗νγ
wp
δst , (C.19)

L̇V,LLνu
prst

=
4

3
e2quδst

[
Ncqu

(
LV,LLνu
prww

+LV,LRνu
prww

)
+Ncqd

(
LV,LLνd
prww

+LV,LRνd
prww

)
+qe

(
LV,LLνe
prww

+LV,LRνe
prww

)]
+96e2q2uLνγ

wr
L∗νγ
wp
δst , (C.20)

L̇V,LLνd
prst

=
4

3
e2qdδst

[
Ncqu

(
LV,LLνu
prww

+LV,LRνu
prww

)
+Ncqd

(
LV,LLνd
prww

+LV,LRνd
prww

)
+qe

(
LV,LLνe
prww

+LV,LRνe
prww

)]
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+96e2q2dLνγ
wr
L∗νγ
wp
δst , (C.21)

L̇V,LLeu
prst

=
4

3
e2qeδpr

[
Ncqd

(
LV,LLud
stww

+LV,LRud
stww

)
+Ncqu

(
2LV,LLuu

stww
+LV,LRuu

stww

)
+qe

(
LV,LLeu
wwst

+LV,LRue
stww

)
+2quL

V,LL
uu
swwt

]
+

4

3
e2quδst

[
Ncqd

(
LV,LLed
prww

+LV,LRed
prww

)
+Ncqu

(
LV,LLeu
prww

+LV,LReu
prww

)
+qe

(
4LV,LLee

prww
+LV,LRee

prww

)]
+12e2qequL

V,LL
eu
prst
− 16

3
CF e

2qequLuG
sw
L∗uG
tw
δpr+8CF egqe

(
LuG
sw
L∗uγ
tw

+Luγ
sw
L∗uG
tw

)
δpr

+e2
(

24q2u+
32

3
qequ

)
Leγ
pw
L∗eγ
rw
δst+e2

(
24q2e+

32

3
qequ

)
Luγ
sw
L∗uγ
tw
δpr

+2e2qequζeδprδst , (C.22)

L̇V,LLed
prst

=
4

3
e2qeδpr

[
Ncqu

(
LV,LLud
wwst

+LV,LRdu
stww

)
+Ncqd

(
2LV,LLdd

stww

+LV,LRdd
stww

)
+qe

(
LV,LLed
wwst

+LV,LRde
stww

)
+2qdL

V,LL
dd
swwt

]
+

4

3
e2qdδst

[
Ncqd

(
LV,LLed
prww

+LV,LRed
prww

)
+Ncqu

(
LV,LLeu
prww

+LV,LReu
prww

)
+qe

(
4LV,LLee

prww
+LV,LRee

prww

)]
+12e2qdqeL

V,LL
ed
prst

− 16

3
CF e

2qeqdLdG
sw
L∗dG
tw
δpr+8CF egqe

(
LdG
sw
L∗dγ
tw

+Ldγ
sw
L∗dG
tw

)
δpr

+e2
(

24q2d+
32

3
qeqd

)
Leγ
pw
L∗eγ
rw
δst+e2

(
24q2e+

32

3
qeqd

)
Ldγ
sw
L∗dγ
tw

δpr

+2e2qeqdζeδprδst , (C.23)

L̇V,LLνedu
prst

= 6e2qequL
V,LL
νedu
prst

, (C.24)

L̇V,LLuu
prst

=
2

3
e2quδpr

[
Ncqd

(
LV 1,LL

ud
stww

+LV 1,LR
ud
stww

)
+Ncqu

(
2LV,LLuu

stww
+LV 1,LR

uu
stww

)
+qe

(
LV,LLeu
wwst

+LV,LRue
stww

)
+2quL

V,LL
uu
swwt

]
+

2

3
e2quδst

[
Ncqd

(
LV 1,LL

ud
prww

+LV 1,LR
ud

prww

)
+Ncqu

(
2LV,LLuu

prww
+LV 1,LR

uu
prww

)
+qe

(
LV,LLeu
wwpr

+LV,LRue
prww

)
+2quL

V,LL
uu

pwwr

]
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+
g2

6Nc

[
Ncδpt

(
LV 8,LL

ud
srww

+LV 8,LR
ud

srww

+4LV,LLuu
swwr

+LV 8,LR
uu
srww

)
+Ncδrs

(
LV 8,LL

ud
ptww

+LV 8,LR
ud
ptww

+4LV,LLuu
pwwt

+LV 8,LR
uu
ptww

)
−δpr

(
LV 8,LL

ud
stww

+LV 8,LR
ud
stww

+4LV,LLuu
swwt

+LV 8,LR
uu
stww

)
−δst

(
LV 8,LL

ud
prww

+LV 8,LR
ud

prww

+4LV,LLuu
pwwr

+LV 8,LR
uu

prww

)]
+

[
12e2q2u−

6g2

Nc

]
LV,LLuu
prst

+6g2LV,LLuu
ptsr

− 8

3
CF e

2q2u

(
LuG
pw
L∗uG
rw
δst+LuG

sw
L∗uG
tw
δpr

)
− 1

2Nc

(16

3
CF +3Cd−5CA−24NcC1

)
g2
(
LuG
pw
L∗uG
rw
δst+LuG

sw
L∗uG
tw
δpr

)
+

1

2

(16

3
CF +3Cd−5CA

)
g2
(
LuG
pw
L∗uG
tw
δsr+LuG

sw
L∗uG
rw
δpt

)
+4
(
CF −

2

Nc

)
egqu

(
Luγ
pw
L∗uG
rw

+LuG
pw
L∗uγ
rw

)
δst

+4
(
CF −

2

Nc

)
egqu

(
Luγ
sw
L∗uG
tw

+LuG
sw
L∗uγ
tw

)
δpr

+8egqu
(
Luγ
pw
L∗uG
tw

+LuG
pw
L∗uγ
tw

)
δsr+8egqu

(
Luγ
sw
L∗uG
rw

+LuG
sw
L∗uγ
rw

)
δpt

+

[
52

3
e2q2u+

4

3Nc
g2
](
Luγ
pw
L∗uγ
rw
δst+Luγ

sw
L∗uγ
tw
δpr

)
− 4

3
g2
(
Luγ
pw
L∗uγ
tw
δsr+Luγ

sw
L∗uγ
rw
δpt

)
+e2q2uζeδprδst−

1

2Nc
g2ζgδprδst+

1

2
g2ζgδptδsr , (C.25)

L̇V,LLdd
prst

=
2

3
e2qdδpr

[
Ncqd

(
2LV,LLdd

stww

+LV 1,LR
dd
stww

)
+Ncqu

(
LV 1,LL

ud
wwst

+LV 1,LR
du
stww

)
+qe

(
LV,LLed
wwst

+LV,LRde
stww

)
+2qdL

V,LL
dd
swwt

]
+

2

3
e2qdδst

[
Ncqd

(
2LV,LLdd

prww

+LV 1,LR
dd

prww

)
+Ncqu

(
LV 1,LL

ud
wwpr

+LV 1,LR
du

prww

)
+qe

(
LV,LLed
wwpr

+LV,LRde
prww

)
+2qdL

V,LL
dd

pwwr

]
+

g2

6Nc

[
Ncδpt

(
4LV,LLdd

swwr

+LV 8,LL
ud

wwsr

+LV 8,LR
du

srww

+LV 8,LR
dd

srww

)
+Ncδrs

(
4LV,LLdd

pwwt

+LV 8,LL
ud
wwpt

+LV 8,LR
du
ptww

+LV 8,LR
dd

ptww

)
−δpr

(
4LV,LLdd

swwt

+LV 8,LL
ud
wwst

+LV 8,LR
du
stww

+LV 8,LR
dd
stww

)
−δst

(
4LV,LLdd

pwwr

+LV 8,LL
ud

wwpr

+LV 8,LR
du

prww

+LV 8,LR
dd

prww

)]
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+

[
12e2q2d−

6g2

Nc

]
LV,LLdd
prst

+6g2LV,LLdd
ptsr

− 8

3
CF e

2q2d

(
LdG
pw
L∗dG
rw
δst+LdG

sw
L∗dG
tw
δpr

)
− 1

2Nc

(16

3
CF +3Cd−5CA−24NcC1

)
g2
(
LdG
pw
L∗dG
rw
δst+LdG

sw
L∗dG
tw
δpr

)
+

1

2

(16

3
CF +3Cd−5CA

)
g2
(
LdG
pw
L∗dG
tw
δsr+LdG

sw
L∗dG
rw
δpt

)
+4
(
CF −

2

Nc

)
egqd

(
Ldγ
pw
L∗dG
rw

+LdG
pw
L∗dγ
rw

)
δst

+4
(
CF −

2

Nc

)
egqd

(
Ldγ
sw
L∗dG
tw

+LdG
sw
L∗dγ
tw

)
δpr

+8egqd

(
Ldγ
pw
L∗dG
tw

+LdG
pw
L∗dγ
tw

)
δsr+8egqd

(
Ldγ
sw
L∗dG
rw

+LdG
sw
L∗dγ
rw

)
δpt

+

[
52

3
e2q2d+

4

3Nc
g2
](
Ldγ
pw
L∗dγ
rw
δst+Ldγ

sw
L∗dγ
tw

δpr

)
− 4

3
g2
(
Ldγ
pw
L∗dγ
tw

δsr+Ldγ
sw
L∗dγ
rw
δpt

)
+e2q2dζeδprδst−

1

2Nc
g2ζgδprδst+

1

2
g2ζgδptδsr , (C.26)

L̇V 1,LL
ud
prst

=
4

3
e2qdδst

[
Ncqd

(
LV 1,LL

ud
prww

+LV 1,LR
ud

prww

)
+Ncqu

(
2LV,LLuu

prww
+LV 1,LR

uu
prww

)
+qe

(
LV,LLeu
wwpr

+LV,LRue
prww

)
+2quL

V,LL
uu

pwwr

]
+

4

3
e2quδpr

[
Ncqd

(
2LV,LLdd

stww

+LV 1,LR
dd
stww

)
+Ncqu

(
LV 1,LL

ud
wwst

+LV 1,LR
du
stww

)
+qe

(
LV,LLed
wwst

+LV,LRde
stww

)
+2qdL

V,LL
dd
swwt

]
+12e2qdquL

V 1,LL
ud
prst

+6g2
CF
Nc

LV 8,LL
ud
prst

−
[

16

3
CF e

2quqd−24g2C1

](
LuG
pw
L∗uG
rw
δst+LdG

sw
L∗dG
tw
δpr

)
+8CF egqd

(
LuG
pw
L∗uγ
rw

+Luγ
pw
L∗uG
rw

)
δst+8CF egqu

(
LdG
sw
L∗dγ
tw

+Ldγ
sw
L∗dG
tw

)
δpr

+e2
(

24q2d+
32

3
quqd

)
Luγ
pw
L∗uγ
rw
δst+e2

(
24q2u+

32

3
quqd

)
Ldγ
sw
L∗dγ
tw

δpr

+2e2quqdζeδprδst , (C.27)

L̇V 8,LL
ud
prst

=
2

3
g2δpr

[
4LV,LLdd

swwt

+LV 8,LL
ud
wwst

+LV 8,LR
du
stww

+LV 8,LR
dd
stww

]
+

2

3
g2δst

[
LV 8,LL

ud
prww

+LV 8,LR
ud

prww

+4LV,LLuu
pwwr

+LV 8,LR
uu

prww

]
+12g2LV 1,LL

ud
prst

+

[
12e2qdqu−

12g2

Nc

]
LV 8,LL
ud
prst
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+
(32

3
CF +6Cd−10CA

)
g2
(
LuG
pw
L∗uG
rw
δst+LdG

sw
L∗dG
tw
δpr

)
+8eg(qu+3qd)

(
Luγ
pw
L∗uG
rw

+LuG
pw
L∗uγ
rw

)
δst+8eg(qd+3qu)

(
Ldγ
sw
L∗dG
tw

+LdG
sw
L∗dγ
tw

)
δpr

− 16

3
g2
(
Luγ
pw
L∗uγ
rw
δst+Ldγ

sw
L∗dγ
tw

δpr

)
+2g2ζgδprδst . (C.28)

C.4.3 ψ4 : (RR)(RR)

L̇V,RRee
prst

= 12e2q2eL
V,RR
ee
prst

+
1

3
e2qeδpr

[
Ncqd

(
LV,LRde
wwst

+LV,RRed
stww

)
+Ncqu

(
LV,LRue
wwst

+LV,RReu
stww

)
+qe

(
LV,LRee
wwst

+4LV,RRee
stww

)]
+

1

3
e2qeδst

[
Ncqd

(
LV,LRde
wwpr

+LV,RRed
prww

)
+Ncqu

(
LV,LRue
wwpr

+LV,RReu
prww

)
+qe

(
LV,LRee
wwpr

+4LV,RRee
prww

)]
+

1

3
e2qeδpt

[
Ncqd

(
LV,LRde
wwsr

+LV,RRed
srww

)
+Ncqu

(
LV,LRue
wwsr

+LV,RReu
srww

)
+qe

(
LV,LRee
wwsr

+4LV,RRee
srww

)]
+

1

3
e2qeδsr

[
Ncqd

(
LV,LRde
wwpt

+LV,RRed
ptww

)
+Ncqu

(
LV,LRue
wwpt

+LV,RReu
ptww

)
+qe

(
LV,LRee
wwpt

+4LV,RRee
ptww

)]
+

26

3
e2q2e

(
L∗eγ
wp
Leγ
wr
δst+L∗eγ

ws
Leγ
wt
δpr+L∗eγ

wp
Leγ
wt
δsr+L∗eγ

ws
Leγ
wr
δpt

)
+e2q2eζeδprδst , (C.29)

L̇V,RReu
prst

=
4

3
e2qeδpr

[
Ncqd

(
LV,LRdu
wwst

+LV,RRud
stww

)+Ncqu
(
LV,LRuu
wwst

+2LV,RRuu
stww

)
+qe

(
LV,LReu
wwst

+LV,RReu
wwst

)
+2quL

V,RR
uu
swwt

]
+

4

3
e2quδst

[
Ncqd

(
LV,LRde
wwpr

+LV,RRed
prww

)
+Ncqu

(
LV,LRue
wwpr

+LV,RReu
prww

)
+qe

(
LV,LRee
wwpr

+4LV,RRee
prww

)]
+12e2qequL

V,RR
eu
prst

− 16

3
CF e

2qequL
∗
uG
ws
LuG
wt
δpr+8CF egqe

(
L∗uG
ws
Luγ
wt

+L∗uγ
ws
LuG
wt

)
δpr

+e2
(

24q2u+
32

3
qequ

)
L∗eγ
wp
Leγ
wr
δst+e2

(
24q2e+

32

3
qequ

)
L∗uγ
ws
Luγ
wt
δpr

+2e2qequζeδprδst , (C.30)

– 32 –



J
H
E
P
0
1
(
2
0
1
8
)
0
8
4

L̇V,RRed
prst

=
4

3
e2qeδpr

[
Ncqd

(
LV,LRdd
wwst

+2LV,RRdd
stww

)
+Ncqu

(
LV,LRud
wwst

+LV,RRud
wwst

)
+qe

(
LV,LRed
wwst

+LV,RRed
wwst

)
+2qdL

V,RR
dd
swwt

]
+

4

3
e2qdδst

[
Ncqd

(
LV,LRde
wwpr

+LV,RRed
prww

)
+Ncqu

(
LV,LRue
wwpr

+LV,RReu
prww

)
+qe

(
LV,LRee
wwpr

+4LV,RRee
prww

)]
+12e2qdqeL

V,RR
ed
prst

− 16

3
CF e

2qeqdL
∗
dG
ws
LdG
wt
δpr+8CF egqe

(
L∗dG
ws
Ldγ
wt

+L∗dγ
ws
LdG
wt

)
δpr

+e2
(
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+
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ud
stww

+LV 8,LR
uu
wwst

+4LV,RRuu
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+
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+
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+
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+LV,RRud
wwst

)
+qe

(
LV,LRed
wwst

+LV,RRed
wwst

)
+2qdL

V,RR
dd
swwt

]
+

2

3
e2qdδst

[
Ncqd

(
LV,LRdd
wwpr

+2LV,RRdd
prww

)
+Ncqu

(
LV,LRud
wwpr
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+
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+
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+
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+

[
12e2qdqu−
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C.4.4 ψ4 : (LL)(RR)
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(
L∗uG
ws
Luγ
wt

+ L∗uγ
ws
LuG
wt

)
δpr
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L̇V,LRνedu
prst

= −6e2qeqdL
V,LR
νedu
prst

, (C.44)

L̇V 1,LR
uu
prst

=
4

3
e2quδpr

[
Ncqd

(
LV 1,LR

du
wwst

+ LV 1,RR
ud
stww

)
+Ncqu

(
LV 1,LR

uu
wwst

+ 2LV,RRuu
stww

)
+ qe

(
LV,LReu
wwst

+ LV,RReu
wwst

)
+ 2quL

V,RR
uu
swwt

]

– 37 –



J
H
E
P
0
1
(
2
0
1
8
)
0
8
4

+
4

3
e2quδst

[
Ncqd

(
LV 1,LL

ud
prww

+ LV 1,LR
ud

prww

)
+Ncqu

(
2LV,LLuu

prww
+ LV 1,LR

uu
prww

)
+ qe

(
LV,LLeu
wwpr
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+
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δst + L∗uG

ws
LuG
wt
δpr

)
+ 48egqu

N2
c − 1

2N2
c

(
Luγ
pt
L∗uG
rs

+ LuG
pt
L∗uγ
rs

)
+ 8CF egqu

(
LuG
pw
L∗uγ
rw

+ Luγ
pw
L∗uG
rw

)
δst + 8CF egqu

(
L∗uG
ws
Luγ
wt

+ L∗uγ
ws
LuG
wt

)
δpr

+

[
96e2q2u

1

Nc
+ 48g2

N2
c − 1

2N2
c

]
Luγ
pt
L∗uγ
rs
− 40

3
e2q2u

(
Luγ
pw
L∗uγ
rw
δst + L∗uγ

ws
Luγ
wt
δpr

)
+ 2e2q2uζeδprδst , (C.45)

L̇V 8,LR
uu
prst

=
2

3
g2δpr

[
LV 8,LR

du
wwst

+ LV 8,RR
ud
stww

+ LV 8,LR
uu
wwst

+ 4LV,RRuu
swwt

]
+

2

3
g2δst

[
LV 8,LL

ud
prww

+ LV 8,LR
ud

prww

+ 4LV,LLuu
pwwr

+ LV 8,LR
uu

prww

]
− 12g2LV 1,LR

uu
prst

−
[
12e2q2u + 6g2Nc −

12g2

Nc

]
LV 8,LR
uu
prst

+

[
192g2C1 − 24g2Cd

1

Nc
− 48e2q2u

1

Nc

]
LuG
pt
L∗uG
rs

+
(32

3
CF − 6Cd − 10CA

)
g2
(
LuG
pw
L∗uG
rw
δst + L∗uG

ws
LuG
wt
δpr

)
− 48egqu

1

Nc

(
Luγ
pt
L∗uG
rs

+ LuG
pt
L∗uγ
rs

)
− 16egqu

(
Luγ
pw
L∗uG
rw

+ LuG
pw
L∗uγ
rw

)
δst − 16egqu

(
L∗uγ
ws
LuG
wt

+ L∗uG
ws
Luγ
wt

)
δpr

+

[
192e2q2u − 48g2

1

Nc

]
Luγ
pt
L∗uγ
rs
− 16

3
g2
(
Luγ
pw
L∗uγ
rw
δst + L∗uγ

ws
Luγ
wt
δpr

)
+ 2g2ζgδprδst , (C.46)

L̇V 1,LR
ud
prst

=
4

3
e2quδpr

[
Ncqd

(
LV 1,LR

dd
wwst

+ 2LV,RRdd
stww

)
+Ncqu

(
LV 1,LR

ud
wwst

+ LV 1,RR
ud
wwst

)
+ qe

(
LV,LRed
wwst

+ LV,RRed
wwst

)
+ 2qdL

V,RR
dd
swwt

]

– 38 –



J
H
E
P
0
1
(
2
0
1
8
)
0
8
4

+
4

3
e2qdδst

[
Ncqd

(
LV 1,LL

ud
prww

+ LV 1,LR
ud

prww

)
+Ncqu

(
2LV,LLuu

prww
+ LV 1,LR

uu
prww

)
+ qe

(
LV,LLeu
wwpr

+ LV,LRue
prww

)
+ 2quL

V,LL
uu

pwwr

]
− 12e2qdquL

V 1,LR
ud
prst

− 6g2
CF
Nc

LV 8,LR
ud
prst

−
[

16

3
CF e

2quqd + 24g2C1

](
LuG
pw
L∗uG
rw
δst + L∗dG

ws
LdG
wt
δpr

)
+ 8CF egqd

(
LuG
pw
L∗uγ
rw

+ Luγ
pw
L∗uG
rw

)
δst + 8CF egqu

(
L∗dG
ws
Ldγ
wt

+ L∗dγ
ws
LdG
wt

)
δpr

+ e2
(32

3
quqd − 24q2d

)
Luγ
pw
L∗uγ
rw
δst + e2

(32

3
quqd − 24q2u

)
L∗dγ
ws
Ldγ
wt

δpr

+ 2e2quqdζeδprδst , (C.47)

L̇V 8,LR
ud
prst

=
2

3
g2δpr

[
LV 8,LR

ud
wwst

+ LV 8,LR
dd
wwst

+ 4LV,RRdd
swwt

+ LV 8,RR
ud
wwst

]
+

2

3
g2δst

[
LV 8,LL

ud
prww

+ LV 8,LR
ud

prww

+ 4LV,LLuu
pwwr

+ LV 8,LR
uu

prww

]
− 12g2LV 1,LR

ud
prst

−
[
12e2qdqu + 6g2Nc −

12g2

Nc

]
LV 8,LR
ud
prst

+
(32

3
CF − 6Cd − 10CA

)
g2
(
LuG
pw
L∗uG
rw
δst + L∗dG

ws
LdG
wt
δpr

)
− 16egqd

(
Luγ
pw
L∗uG
rw

+ LuG
pw
L∗uγ
rw

)
δst − 16egqu

(
L∗dγ
ws
LdG
wt

+ L∗dG
ws
Ldγ
wt

)
δpr

− 16

3
g2
(
Luγ
pw
L∗uγ
rw
δst + L∗dγ

ws
Ldγ
wt

δpr

)
+ 2g2ζgδprδst , (C.48)

L̇V 1,LR
du
prst

=
4

3
e2qdδpr

[
Ncqd

(
LV 1,LR

du
wwst

+ LV 1,RR
ud
stww

)
+Ncqu

(
LV 1,LR

uu
wwst

+ 2LV,RRuu
stww

)
+ qe

(
LV,LReu
wwst

+ LV,RReu
wwst

)
+ 2quL

V,RR
uu
swwt

]
+

4

3
e2quδst

[
Ncqd

(
2LV,LLdd

prww

+ LV 1,LR
dd

prww

)
+Ncqu

(
LV 1,LL

ud
wwpr

+ LV 1,LR
du

prww

)
+ qe

(
LV,LLed
wwpr

+ LV,LRde
prww

)
+ 2qdL

V,LL
dd

pwwr

]
− 12e2qdquL

V 1,LR
du
prst

− 6g2
CF
Nc

LV 8,LR
du
prst

−
[

16

3
CF e

2quqd + 24g2C1

](
LdG
pw
L∗dG
rw
δst + L∗uG

ws
LuG
wt
δpr

)
+ 8CF egqu

(
LdG
pw
L∗dγ
rw

+ Ldγ
pw
L∗dG
rw

)
δst + 8CF egqd

(
L∗uG
ws
Luγ
wt

+ L∗uγ
ws
LuG
wt

)
δpr

+ e2
(32

3
quqd − 24q2u

)
Ldγ
pw
L∗dγ
rw
δst + e2

(32

3
quqd − 24q2d

)
L∗uγ
ws
Luγ
wt
δpr
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+ 2e2quqdζeδprδst , (C.49)

L̇V 8,LR
du
prst

=
2

3
g2δpr

[
LV 8,LR

du
wwst

+ LV 8,RR
ud
stww

+ LV 8,LR
uu
wwst

+ 4LV,RRuu
swwt

]
+

2

3
g2δst

[
4LV,LLdd

pwwr

+ LV 8,LL
ud

wwpr

+ LV 8,LR
du

prww

+ LV 8,LR
dd

prww

]
− 12g2LV 1,LR

du
prst

−
[
12e2qdqu + 6g2Nc −

12g2

Nc

]
LV 8,LR
du
prst

+
(32

3
CF − 6Cd − 10CA

)
g2
(
LdG
pw
L∗dG
rw
δst + L∗uG

ws
LuG
wt
δpr

)
− 16egqu

(
Ldγ
pw
L∗dG
rw

+ LdG
pw
L∗dγ
rw

)
δst − 16egqd

(
L∗uγ
ws
LuG
wt

+ L∗uG
ws
Luγ
wt

)
δpr

− 16

3
g2
(
Ldγ
pw
L∗dγ
rw
δst + L∗uγ

ws
Luγ
wt
δpr

)
+ 2g2ζgδprδst , (C.50)

L̇V 1,LR
dd
prst

=
4

3
e2qdδpr

[
Ncqd

(
LV 1,LR

dd
wwst

+ 2LV,RRdd
stww

)
+Ncqu

(
LV 1,LR

ud
wwst

+ LV 1,RR
ud
wwst

)
+ qe

(
LV,LRed
wwst

+ LV,RRed
wwst

)
+ 2qdL

V,RR
dd
swwt

]
+

4

3
e2qdδst

[
Ncqd

(
2LV,LLdd

prww

+ LV 1,LR
dd

prww

)
+Ncqu

(
LV 1,LL

ud
wwpr

+ LV 1,LR
du

prww

)
+ qe

(
LV,LLed
wwpr

+ LV,LRde
prww

)
+ 2qdL

V,LL
dd

pwwr

]
− 12e2q2dL

V 1,LR
dd
prst

− 6g2
CF
Nc

LV 8,LR
dd
prst

+

[
96g2C1

1

Nc
+ 24g2Cd

N2
c − 1

2N2
c

+ 48e2q2d
N2
c − 1

2N2
c

]
LdG
pt
L∗dG
rs

−
[

16

3
CF e

2q2d + 24g2C1

](
LdG
pw
L∗dG
rw
δst + L∗dG

ws
LdG
wt
δpr

)
+ 48egqd

N2
c − 1

2N2
c

(
Ldγ
pt

L∗dG
rs

+ LdG
pt
L∗dγ
rs

)
+ 8CF egqd

(
LdG
pw
L∗dγ
rw

+ Ldγ
pw
L∗dG
rw

)
δst + 8CF egqd

(
L∗dG
ws
Ldγ
wt

+ L∗dγ
ws
LdG
wt

)
δpr

+

[
96e2q2d

1

Nc
+ 48g2

N2
c − 1

2N2
c

]
Ldγ
pt

L∗dγ
rs
− 40

3
e2q2d

(
Ldγ
pw
L∗dγ
rw
δst + L∗dγ

ws
Ldγ
wt

δpr

)
+ 2e2q2dζeδprδst , (C.51)

L̇V 8,LR
dd
prst

=
2

3
g2δpr

[
LV 8,LR

ud
wwst

+ LV 8,LR
dd
wwst

+ 4LV,RRdd
swwt

+ LV 8,RR
ud
wwst

]
+

2

3
g2δst

[
4LV,LLdd

pwwr

+ LV 8,LL
ud

wwpr

+ LV 8,LR
du

prww

+ LV 8,LR
dd

prww

]
− 12g2LV 1,LR

dd
prst

−
[
12e2q2d + 6g2Nc −

12g2

Nc

]
LV 8,LR
dd
prst
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+

[
192g2C1 − 24g2Cd

1

Nc
− 48e2q2d

1

Nc

]
LdG
pt
L∗dG
rs

+
(32

3
CF − 6Cd − 10CA

)
g2
(
LdG
pw
L∗dG
rw
δst + L∗dG

ws
LdG
wt
δpr

)
− 48egqd

1

Nc

(
Ldγ
pt

L∗dG
rs

+ LdG
pt
L∗dγ
rs

)
− 16egqd(Ldγ

pw
L∗dG
rw

+ LdG
pw
L∗dγ
rw

)δst − 16egqd(L
∗
dγ
ws
LdG
wt

+ L∗dG
ws
Ldγ
wt

)δpr

+

[
192e2q2d − 48g2

1

Nc

]
Ldγ
pt

L∗dγ
rs
− 16

3
g2
(
Ldγ
pw
L∗dγ
rw
δst + L∗dγ

ws
Ldγ
wt

δpr

)
+ 2g2ζgδprδst , (C.52)

L̇V 1,LR
uddu
prst

= −6e2(q2d + q2u)LV 1,LR
uddu
prst

− 6g2
CF
Nc

LV 8,LR
uddu
prst

+

[
96g2C1

1

Nc
+ 24g2Cd

N2
c − 1

2N2
c

+ 48e2quqd
N2
c − 1

2N2
c

]
LuG
pt
L∗dG
rs

+ 48egqd
N2
c − 1

2N2
c

Luγ
pt
L∗dG
rs

+ 48egqu
N2
c − 1

2N2
c

LuG
pt
L∗dγ
rs

+

[
96e2quqd

1

Nc
+ 48g2

N2
c − 1

2N2
c

]
Luγ
pt
L∗dγ
rs
, (C.53)

L̇V 8,LR
uddu
prst

= −12g2LV 1,LR
uddu
prst

−
[
6e2(q2u + q2d) + 6g2Nc −

12g2

Nc

]
LV 8,LR
uddu
prst

+

[
192g2C1 − 24g2Cd

1

Nc
− 48e2quqd

1

Nc

]
LuG
pt
L∗dG
rs
− 48egqd

1

Nc
Luγ
pt
L∗dG
rs

− 48egqu
1

Nc
LuG
pt
L∗dγ
rs

+

[
192e2quqd − 48g2

1

Nc

]
Luγ
pt
L∗dγ
rs
. (C.54)

C.4.5 ψ4 : (LR)(LR)

L̇S,RRee
prst

= 16e2q2eL
S,RR
ee
ptsr

− 4e2q2eL
S,RR
ee
prst

− 96e2q2eLeγ
pr
Leγ
st
, (C.55)

L̇S,RReu
prst

= −
[
6e2(q2e + q2u) + 6g2CF

]
LS,RReu
prst

− 96e2qequL
T,RR
eu
prst

− 192e2qequLeγ
pr
Luγ
st
, (C.56)

L̇T,RReu
prst

= −2e2qequL
S,RR
eu
prst

+
[
2e2(q2e + q2u) + 2g2CF

]
LT,RReu
prst

, (C.57)

L̇S,RRed
prst

= −
[
6e2(q2e + q2d) + 6g2CF

]
LS,RRed
prst

− 96e2qeqdL
T,RR
ed
prst

− 192e2qeqdLeγ
pr
Ldγ
st

, (C.58)

L̇T,RRed
prst

= −2e2qdqeL
S,RR
ed
prst

+
[
2e2(q2e + q2d) + 2g2CF

]
LT,RRed
prst

, (C.59)

L̇S,RRνedu
prst

= −
(
6e2quqd + 6g2CF

)
LS,RRνedu
prst

+ 24e2(q2u − q2d)L
T,RR
νedu
prst

, (C.60)
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L̇T,RRνedu
prst

=
1

2
e2(q2u − q2d)L

S,RR
νedu
prst

−
[
2e2(2q2e − qequ − q2u)− 2g2CF

]
LT,RRνedu
prst

, (C.61)

L̇S1,RRuu
prst

= −
(
4e2q2u + 12g2CF

)
LS1,RRuu
prst

+
1

Nc

(
16e2q2u + 16g2CF

)
LS1,RRuu
ptsr

+ 4g2
CF
Nc

LS8,RRuu
prst

+
1

Nc

[
16e2q2uCF + 2g2

(
2

N2
c

+N2
c − 3

)]
LS8,RRuu
ptsr

− 96g2C1LuG
pr
LuG
st

+ 4g2CA
N2
c − 1

N2
c

LuG
pt
LuG
sr
− 96e2q2uLuγ

pr
Luγ
st
, (C.62)

L̇S8,RRuu
prst

= 8g2LS1,RRuu
prst

+

[
32e2q2u −

16g2

Nc

]
LS1,RRuu
ptsr

−
(
4e2q2u − 4g2CF

)
LS8,RRuu
prst

− 1

Nc

[
16e2q2u − 4g2

(
2

Nc
+Nc

)]
LS8,RRuu
ptsr

+
[
g2(−24Cd + 4CA)− 48e2q2u

]
LuG
pr
LuG
st
− 8g2

CA
Nc

LuG
pt
LuG
sr

− 48egqu
(
LuG
pr
Luγ
st

+ Luγ
pr
LuG
st

)
− 48g2Luγ

pr
Luγ
st
, (C.63)

L̇S1,RRud
prst

= −
[
2e2(3q2u − 4quqd + 3q2d) + 12g2CF

]
LS1,RRud
prst

+
1

Nc

[
4e2(qu + qd)

2 + 16g2CF

]
LS1,RRuddu
ptsr

+ 4g2
CF
Nc

LS8,RRud
prst

+
1

Nc

[
4e2(qu + qd)

2CF + 2g2
(

2

N2
c

+N2
c − 3

)]
LS8,RRuddu
ptsr

− 192g2C1LuG
pr
LdG
st
− 192e2quqdLuγ

pr
Ldγ
st

, (C.64)

L̇S8,RRud
prst

= 8g2LS1,RRud
prst

+

[
8e2(qu + qd)

2 − 16g2

Nc

]
LS1,RRuddu
ptsr

−
[
2e2(3q2u − 4quqd + 3q2d)− 4g2CF

]
LS8,RRud
prst

− 1

Nc

[
4e2(qu + qd)

2 − 4g2
(

2

Nc
+Nc

)]
LS8,RRuddu
ptsr

+
[
g2(−48Cd + 8CA)− 96e2quqd

]
LuG
pr
LdG
st

− 96egquLuG
pr
Ldγ
st

− 96egqdLuγ
pr
LdG
st
− 96g2Luγ

pr
Ldγ
st

, (C.65)

L̇S1,RRdd
prst

= −
(
4e2q2d + 12g2CF

)
LS1,RRdd
prst

+
1

Nc

(
16e2q2d + 16g2CF

)
LS1,RRdd
ptsr

+ 4g2
CF
Nc

LS8,RRdd
prst

+
1

Nc

[
16e2q2dCF + 2g2

(
2

N2
c

+N2
c − 3

)]
LS8,RRdd
ptsr

− 96g2C1LdG
pr
LdG
st

+ 4g2CA
N2
c − 1

N2
c

LdG
pt
LdG
sr
− 96e2q2dLdγ

pr
Ldγ
st

, (C.66)

– 42 –



J
H
E
P
0
1
(
2
0
1
8
)
0
8
4

L̇S8,RRdd
prst

= 8g2LS1,RRdd
prst

+

[
32e2q2d −

16g2

Nc

]
LS1,RRdd
ptsr

−
(
4e2q2d − 4g2CF

)
LS8,RRdd
prst

− 1

Nc

[
16e2q2d − 4g2

(
2

Nc
+Nc

)]
LS8,RRdd
ptsr

+
[
g2(−24Cd + 4CA)− 48e2q2d

]
LdG
pr
LdG
st
− 8g2

CA
Nc

LdG
pt
LdG
sr

− 48egqd

(
LdG
pr
Ldγ
st

+ Ldγ
pr
LdG
st

)
− 48g2Ldγ

pr
Ldγ
st

, (C.67)

L̇S1,RRuddu
prst

=
[
2e2(q2u − 4quqd + q2d)− 12g2CF

]
LS1,RRuddu
prst

+
1

Nc

(
16e2quqd + 16g2CF

)
LS1,RRud
ptsr

+ 4g2
CF
Nc

LS8,RRuddu
prst

+
1

Nc

[
16e2quqdCF + 2g2

(
2

N2
c

+N2
c − 3

)]
LS8,RRud
ptsr

+ 8g2CA
N2
c − 1

N2
c

LuG
pt
LdG
sr
, (C.68)

L̇S8,RRuddu
prst

= 8g2LS1,RRuddu
prst

+
[
2e2(q2u − 4quqd + q2d) + 4g2CF

]
LS8,RRuddu
prst

+

[
32e2qdqu −

16g2

Nc

]
LS1,RRud
ptsr

− 1

Nc

[
16e2qdqu − 4g2

(
2

Nc
+Nc

)]
LS8,RRud
ptsr

− 16g2
CA
Nc

LuG
pt
LdG
sr
. (C.69)

C.4.6 ψ4 : (LR)(RL)

L̇S,RLeu
prst

= −
[
6e2(q2e + q2u) + 6g2CF

]
LS,RLeu
prst

− 192e2qequLeγ
pr
L∗uγ
ts
, (C.70)

L̇S,RLed
prst

= −
[
6e2(q2e + q2d) + 6g2CF

]
LS,RLed
prst

− 192e2qeqdLeγ
pr
L∗dγ
ts

, (C.71)

L̇S,RLνedu
prst

= −
(
6e2quqd + 6g2CF

)
LS,RLνedu
prst

. (C.72)

C.4.7 ψ4 : ∆L = 4

L̇S,LLνν
prst

= 0 . (C.73)
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C.4.8 ψ4 : ∆L = 2

L̇S,LLνe
prst

= −6e2q2e L
S,LL
νe
prst

, (C.74)

L̇T,LLνe
prst

= 2e2q2e L
T,LL
νe
prst

, (C.75)

L̇S,LRνe
prst

= −6e2q2e L
S,LR
νe
prst

, (C.76)

L̇S,LLνu
prst

= −6
(
e2q2u + g2CF

)
LS,LLνu
prst

, (C.77)

L̇T,LLνu
prst

= 2
(
e2q2u + g2CF

)
LT,LLνu
prst

, (C.78)

L̇S,LRνu
prst

= −6
(
e2q2u + g2CF

)
LS,LRνu
prst

, (C.79)

L̇S,LLνd
prst

= −6
(
e2q2d + g2CF

)
LS,LLνd
prst

, (C.80)

L̇T,LLνd
prst

= 2
(
e2q2d + g2CF

)
LT,LLνd
prst

, (C.81)

L̇S,LRνd
prst

= −6
(
e2q2d + g2CF

)
LS,LRνd
prst

, (C.82)

L̇S,LLνedu
prst

= −6
(
e2quqd + g2CF

)
LS,LLνedu
prst

+ 24e2
(
q2u − q2d

)
LT,LLνedu
prst

, (C.83)

L̇T,LLνedu
prst

=
[
2e2(q2u + quqe − 2q2e) + 2g2CF

]
LT,LLνedu
prst

+
1

2
e2
(
q2u − q2d

)
LS,LLνedu
prst

, (C.84)

L̇S,LRνedu
prst

= −6
(
e2quqd + g2CF

)
LS,LRνedu
prst

, (C.85)

L̇V,RLνedu
prst

= −6e2qeqdL
V,RL
νedu
prst

, (C.86)

L̇V,RRνedu
prst

= 6e2qequL
V,RR
νedu
prst

. (C.87)

C.4.9 ψ4 : ∆B = ∆L = 1

L̇S,LLudd
prst

=
[
−4g2 + e2[6quqd − 2(qu − qd)qd]

]
LS,LLudd
prst

+ 4e2(qu − qd)qdL
S,LL
udd
psrt

, (C.88)

L̇S,LLduu
prst

=
[
−4g2 + e2[6(qdqu + quqe)− 2(qd − qu)(qu − qe)]

]
LS,LLduu
prst

+ 4e2(qd − qu)(qu − qe)L
S,LL
duu
psrt

, (C.89)

L̇S,LRuud
prst

=
[
−4g2 + 6e2(q2u + qdqe)

]
LS,LRuud
prst

, (C.90)
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L̇S,LRduu
prst

=
[
−4g2 + 6e2(qdqu + quqe)

]
LS,LRduu
prst

, (C.91)

L̇S,RLuud
prst

=
[
−4g2 + 6e2(q2u + qdqe)

]
LS,RLuud
prst

, (C.92)

L̇S,RLduu
prst

=
[
−4g2 + 6e2(qdqu + quqe)

]
LS,RLduu
prst

, (C.93)

L̇S,RLdud
prst

=
(
−4g2 + 6e2qdqu

)
LS,RLdud
prst

, (C.94)

L̇S,RLddu
prst

=
(
−4g2 + 6e2q2d

)
LS,RLduu
prst

, (C.95)

L̇S,RRduu
prst

=
[
−4g2 + e2[6(qdqu + quqe)− 2(qd − qu)(qu − qe)]

]
LS,RRduu
prst

+ 4e2(qd − qu)(qu − qe)L
S,RR
duu
psrt

. (C.96)

C.4.10 ψ4 : ∆B = −∆L = 1

L̇S,LLddd
prst

=
[
−4g2 + 6e2(q2d − qeqd)

]
LS,LLddd
prst

, (C.97)

L̇S,LRudd
prst

=
(
−4g2 + 6e2quqd

)
LS,LRudd
prst

, (C.98)

L̇S,LRddu
prst

=
(
−4g2 + 6e2q2d

)
LS,LRddu
prst

, (C.99)

L̇S,LRddd
prst

=
[
−4g2 + 6e2(q2d − qeqd)

]
LS,LRddd
prst

, (C.100)

L̇S,RLddd
prst

=
[
−4g2 + 6e2(q2d − qeqd)

]
LS,RLddd
prst

, (C.101)

L̇S,RRudd
prst

=
[
−4g2 + e2[6quqd − 2(qu − qd)qd]

]
LS,RRudd
prst

+ 4e2(qu − qd)qdL
S,RR
udd
ptsr

, (C.102)

L̇S,RRddd
prst

=
[
−4g2 + 6e2(q2d − qeqd)

]
LS,RRddd
prst

. (C.103)
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