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1 Introduction

Current experimental data at the LHC is well-described by the Standard Model (SM), with
electroweak gauge symmetry spontaneously broken by a fundamental scalar doublet, and
a Higgs boson of mass ~ 125 GeV. In the absence of new particles up to energies of order
~ 1TeV, it is useful to test for new physics beyond the SM in a model-independent man-
ner by constructing effective field theories containing only SM particles. Standard Model
Effective Field Theory (SMEFT) is the effective field theory based on the SM with all addi-
tional higher-dimensional operators built from SM gauge multiplets, which include a single
fundamental scalar doublet H [1-5]. This EFT is currently under active study in order to
quantify how closely high-energy LHC data agrees with the predictions of the SM, and to
search for new high-energy physics through the higher-dimensional operators which encode
the effects of new physics at a scale A, above the electroweak symmetry-breaking scale, at
which new particles are produced. A comprehensive review on SMEFT can be found in
ref. [6] and a FEYNRULES implementation of SMEFT has recently been presented in [7].

Higgs Effective Field Theory (HEFT) is a more general EFT based on the SM with
higher-dimensional operators constructed using SM gauge multiplets, except that the re-
quirement of SMEFT that the Higgs boson h and the three Goldstone bosons of electroweak
gauge-symmetry breaking transform as a complex scalar doublet is relaxed [8-13]. HEFT
also is under active study [12, 14-17], and fits to LHC data are being performed to constrain
the coefficients of its higher-dimensional operators [13].

An alternative and complementary way to search for new physics beyond the SM is to
consider the low-energy effective field theory below the electroweak scale. The low-energy
effective field theory (LEFT) is constructed by integrating out the particles that acquire
masses of the order of the electroweak scale in the spontaneously broken high-energy effec-
tive field theory. The particles with electroweak-scale masses are the W+, Z, the top quark
t and the Higgs boson h. The LEFT has been extensively applied to B-meson and kaon
physics, providing very accurate tests of the SM and constraints on physics beyond the SM
(for reviews, see [18, 19]). In a recent paper [20], we constructed a complete set of indepen-
dent operators for the LEFT below the electroweak scale up to dimension-six operators. In



this paper, we compute the complete one-loop anomalous dimensions of this LEFT opera-
tor basis. The renormalization group equations (RGEs) of the LEFT basis allow one to run
the LEFT operator coefficients down to energies much smaller than the electroweak scale,
where they can be compared to low-energy processes. Together with the complete one-
loop anomalous dimensions of the SMEFT operator basis up to dimension-six operators
calculated in refs. [3-5, 21, 22],! and the tree-level matching of SMEFT operators onto the
LEFT operators given in ref. [20], all low-energy operators in LEFT can be obtained using
SMEFT as the high-energy theory to leading-log accuracy. Parts of the RGEs relevant
for particular processes have been well-studied in the literature and are known to higher
order [19, 25-41], but a systematic study of the entire RGE is new. In particular, we do
not restrict the analysis to a scenario that derives from SMEFT as the high-energy theory,
but consider all LEFT effects up to dimension six. These effects include terms quadratic in
the dimension-five dipole-operator coefficients. Therefore, the one-loop anomalous dimen-
sions of the LEFT operators derived in this work also can be used to compute low-energy
processes using the more general HEFT as the high-energy effective field theory.

The results given here allow one to systematically combine constraints on new physics
at the LHC with constraints from low-energy measurements such as in B decays, pu —
ey transitions, electric and magnetic dipole moment measurements, etc., by relating the
SMEFT Lagrangian at the scale p of the order of a TeV to the low-energy Lagrangian at
the scale u of a few GeV or less.

The organization of this paper is as follows. Section 2 gives a brief review of the LEFT
operator basis up to dimension-six operators constructed in ref. [20]. Section 3 discusses
interesting features of the one-loop anomalous dimensions in LEFT. Some aspects of the
LEFT power counting relevant for the RGEs are discussed. In addition, details on the use
of the equations of motion and field redefinitions are explained. Interesting cancellations
occur due to approximate holomorphy of LEFT. Section 4 presents our conclusions. The
LEFT operator basis is reproduced in tables 1 and 2 of appendix A. Appendix B displays the
one-loop Feynman diagrams that are computed to obtain the LEFT renormalization group
equations. The explicit one-loop renormalization group equations of the LEFT operators
are presented in appendix C.

2 LEFT

The gauge symmetry of LEFT is SU(3) x U(1)g, and the matter content of the theory
consists of the usual SM fermions, except that there is no top quark in the theory, so the
number of u-type quarks is n, = 2. No scalar fields of the high-energy theory remain in
LEFT. In this paper, we follow the conventions of ref. [20]. We use 9 to denote a generic
fermion field and X to denote a generic field-strength tensor. Operators are classified by
their field content. For example, the higher-dimension d > 5 operators of LEFT consist of
dimension-five dipole operators ¥>X and dimension-six operators X3 and .

1Some results for parts of the SMEFT anomalous-dimension matrix, with flavor neglected, also can be
found in refs. [23, 24].



The QCD and QED Lagrangian is

1 A ~Apv 1 v 92 A ~NAuv 62 v
EQCD+QED::__ZGMVG i —-EFLVFW 4—9QCD32ﬂ26wVG ® 4‘9QED§§;§FLVFM
+ Z %ZlDi/} - Z aRr [Mw]rs¢Ls +h.c. ) (21)

Y=u,de,vy, Y=u,d,e

which contains QCD gauge interactions of n, = 2 u-type quarks and ng = 3 d-type quarks
and QED gauge interactions of the u and d quarks and the n. = 3 charged leptons at
dimension four, and Dirac-fermion mass terms for the uw quarks, d quarks, and charged
leptons e at dimension three. The n, = 3 left-handed neutrinos are gauge singlets with no
mass term. The gauge-covariant derivative is D, = 0,, + z'gTAGﬁ1 +ieQA,, where g and e
are the QCD and QED gauge coupling constants, respectively. The QCD and QED field
strengths are Gﬁy and F},,, respectively. At dimension four, 6 terms for QCD and QED
are included so that we can comment on holomorphy of the LEFT RGEs. An approximate
holomorphy was found for the SMEFT RGEs [42].

Additional operators in LEFT beyond those in eq. (2.1) arise at dimension three and
at dimensions d > 5. The complete LEFT operator basis up to dimension six is considered
in this work. For ne = 3, n, = 3, n, = 2, and ng = 3, there are 5963 Hermitian operators
in the LEFT operator basis up to dimension six. The complete set of operators is given in
appendix A.

The dimension-three LEFT Lagrangian consists of the AL = £2 Majorana mass terms
of the left-handed neutrinos,

1 1
£ = —5 MOy b = =2 [My]rs(vE,Crs) + hec. (2.2)

The Majorana neutrino mass matrix M, is symmetric in its generation indices, so M,I =
M,. For n, = 3, there are six AL = 2 operators and six AL = —2 conjugate operators.
The symmetry of the Majorana neutrino mass matrix is used to rewrite M = MJ in the
RGEs. However, it is important to emphasize that M, as a Majorana mass matrix violates
lepton number, whereas all the other fermion mass matrices appearing in eq. (2.1) are
Dirac mass matrices, which do not violate baryon number or lepton number.

The dimension-five operators consist of AB = AL = 0 dipole operators for fermions
¥ = u, d, e, which do not violate baryon number or lepton number, and the AL = +2
dipole operators for the left-handed neutrinos. The AB = AL = 0 dimension-five LEFT
Lagrangian

Lo = 3" <va Oyry + h.c.> + > (Lw Oyc + h.c.> (2.3)

PY=e,u,d rs s PY=u,d rs "
contains electromagnetic dipole operators for the charged leptons e and the charged uw and
d quarks and chromomagnetic dipole operators for the colored v and d quarks. These
(LR)X + h.c. operators are defined in table 1 of appendix A. For n. = 3, n, = 2 and
ng = 3, there are 70 Hermitian operators. The AL = 42 dimension-five LEFT Lagrangian
£ = Luy Ovy +hec. = Luy (v}, Co" vpg)Fl + hc. (2.4)
S

L TS rs r



contains electromagnetic dipole operators for the left-handed neutrinos. These (vv)X +h.c.
operators also appear in table 1. The neutrino dipole operators are antisymmetric in the
flavor indices. For n, = 3, there are three AL = 2 dipole operators and three AL = —2
conjugate operators.

The dimension-six operators also split into AB = AL = 0 operators, which do not
violate baryon number and lepton number, and operator sectors that violate baryon number
and/or lepton number. The AB = AL = 0 operators consist of the two X3 operators, Og
and Og, and 78 four-fermion operator structures y*, which are further divided by their
chiral structure into (LL)(LL), (RR)(RR), (LL)(RR), (LR)(LR) +h.c., and (LR)(RL) +
h.c., appearing in table 1. For n, = 3, n, = 3, n, = 2, and ng = 3, there are 3631 Hermitian
operators. The dimension-six operator sectors that violate baryon and/or lepton number
consist of operators with AL = +4, AL = 2, AB = AL = +1, and AB = —AL = +1
appearing in table 2 of appendix A. For n, = 3, n, = 3, n, = 2, and ng = 3, there
are six AL = 4 operators, 600 AL = 2 operators, 288 AB = AL = 1 operators, and
228 AB = —AL = 1 operators plus an equal number of conjugate operators, i.e. six
AL = —4 operators, 600 AL = —2 operators, 2883 AB = AL = —1 operators, and 228
AB = —AL = —1 operators.

3 RGE calculation

In this section, we present several features of the RGE calculation for LEFT. We comment
on the power counting rule for LEFT, explain in more detail the use of the equations of
motion in the calculation, and point out some interesting cancellations. The main results
of this article, the explicit RGEs, are given in appendix C.

3.1 Power counting

The power-counting rule of the low-energy effective field theory below the electroweak scale
is given by the canonical dimensions of the operators in the theory. The LEFT uses an
expansion in inverse powers of the electroweak scale, 1/v. The expansion is controlled by
the small dimensionless parameters p/v and m /v, where p and m are momenta and masses
of the light SM particles that are the dynamical degrees of freedom in LEFT.

We write the LEFT Lagrangian schematically as

Lierr = LQCD+QED + ﬁf) +Y > Lo, (3.1)
d>5 i

(d)

i

where the operator 0. has mass dimension d and its operator coefficient Lgd) contains a
suppression factor 1/v%%. A graph with insertions of operators of dimension d; > 5 has

the LEFT dimension
d=4+) (di—4), (3.2)

because no positive powers of v can be generated by the graph: all dynamical particles have
masses that are parametrically smaller than v and loop integrals do not generate powers

of v in dimensional regularization.



Obviously, if we consider the renormalization of LEFT up to and including dimension-
six terms, we have to consider graphs with one insertion of a dimension-five or a dimension-
six operator as well as graphs with two insertions of dimension-five operators.

In the special case that the LEFT derives from SMEFT as the high-energy theory, the
SMEFT expansion in powers of 1/A, where A is the scale of new physics, is inherited by
the LEFT. In particular, the dimension-five dipole terms of LEFT induced by SMEFT at
the electroweak scale are of the order

1 v? v

SAT T AT (3.3)
Therefore, double-dipole insertions have the same SMEFT suppression as dimension-eight
SMEFT contributions. However, such a strong suppression of double-insertions of dipole
operators does not hold in the more general HEFT high-energy theory. When the constraint
that the Higgs boson be part of an electroweak doublet is relaxed in the high-energy theory,
dipole operators are only suppressed by one power of 1/A [11, 13], and the operators have
primary dimension d, = 5 in the HEFT power counting of ref. [43]. Therefore, the effect
of dipole operators at low energies is very interesting, because it can distinguish between
a SMEFT and a HEFT high-energy theory. Consequently, it is important to consistently
take into account all contributions as dictated by the LEFT power-counting rule alone.

3.2 Equations of motion and field redefinitions

As is well known, in any EFT, operators that are related by the classical equations of
motion (EOM) are redundant, and the elimination of redundant operators through the
application of the EOM simply corresponds to a field redefinition, up to corrections that
affect higher orders in the EFT expansion [44-46]. The LEFT basis constructed in ref. [20]
therefore excludes operators that are redundant due to the classical EOM, given by

’war = [Mz[)]rsst + [M;L]rszs 5 ¢ =u, da €,
(DG = gjh 0. F™ = ejb, (3.4)

where the QCD and QED currents are

=Y AT, = Y ap Y, (3.5)

Y=u,d Y=u,d,e

respectively. The dimension-three Majorana neutrino mass terms change the left-handed
neutrino EOM to
ipvr, = [M])],sCPL,. (3.6)

When calculating the RGEs, one has to project the divergences that are generated in the
loop calculation onto the LEFT basis by applying the EOM (and Fierz relations in the
case of four-fermion structures) when necessary.

Since we are considering LEFT up to dimension-six operators, effects that are quadratic
in dimension-five operator coefficients have to be taken into account. Including these



quadratic effects also affects the application of the EOM: in the case of a divergence gener-
ated by a loop diagram with an insertion of a dimension-five operator, the EOM including
dimension-five corrections have to be employed when projecting onto the LEFT basis. The
relevant EOM for ¢ = u, d, e including dimension-five operator corrections are

llDwr = [Mw]rs¢Ls + [Mj;]rszs - (L'(/)'y O’“VFMqubRS + LT/”Y O"MVF;uﬂw[)Ls)
rs sr
- <L¢G o TG bRs + L U“VTAGﬁV¢L5> , (3.7)
TSs ST

where the gluonic dipoles in the second line are only present for ) = u, d. The application of
the modified EOM is equivalent to a field redefinition, when terms quadratic in dimension-
five operator coefficients are retained.

In appendix B, we list all the Feynman diagrams that we computed to obtain the
RGEs and indicate explicitly the cases where the EOM or field redefinitions have to be
applied. In the following, we discuss as an explicit example the double-dipole insertions
into 12X Green’s functions (X, is a field-strength tensor, either G, or F),,), in order to
highlight some subtleties in the application of the EOM. The Feynman diagrams for these
contributions are shown in appendix B.3.2. The dipole operators can be either left-chiral
ot X, Pr or right-chiral Yot X, Pri).

In the case of the insertion of two left-chiral (L) or two right-chiral (R) operators,
the calculation of the graphs in appendix B.3.2 is straightforward and results only in a
contribution to the dipole operators. For example, the purely electromagnetic double-
dipole insertions contribute to the RGEs of the electromagnetic dipoles as:

Ley = —12eqe Ley [Me]wo Ler
rs Tw

vSs

Lu*y = —12€quLufy[Mu]vau7,
s Tw

vs

ng = —1zequ%[Md]vagz. (3.8)

In the case of the insertion of both one L and one R dipole operator, the situation is more
complicated: the divergence of the loop calculation has an explicit momentum dependence.
We map this divergence onto a set of gauge-invariant counterterm operators containing co-
variant derivatives. As the covariant derivatives can either contribute one (from the igA,,)
or no gauge boson (from the d,), the same counterterms have to cancel divergences of
1? and 12X one-loop Green’s functions with double-dipole insertions. Therefore, one has
to consider the 12X diagrams in appendix B.3.2 together with the ¢? diagrams in ap-
pendix B.4.2. When combined, these diagrams give a gauge-invariant set of counterterms.
After mapping the divergences onto the gauge-invariant counterterm operators, these in-
termediate counterterm operators can be converted to LEFT basis operators by using the
EOM.

For example, for the case of insertion of one L and one R electromagnetic dipole, we
use the following basis of gauge-invariant Hermitian operators:

I _
L’Z’YLQﬂV % (i¢erD[MTM]wv¢Rs - i¢RT[MTM]wle¢RS> )

wr vs



* 1/.- < =
L¢7L¢7 5 (lerlD3¢Rs — 1¢Rrw3¢Rs) 5wv,

wr vs

N 1 /.- <% -
Lw»ysz»y 5 (ZerlDUMVF,uI/wRS - ZwRTUW/F;wlDsz) Owuvs

wr vSs
L;k/nyzp»y &RT(D/LFMV)’YVQbRs 611)1)7 (3'9)
wr vSs
and a similar basis with opposite chiralities for the case of insertion of one R and one
L electromagnetic dipole. By applying the EOM, these operators are transformed into
mass terms, dipole operators, and four-fermion operators. The one- and three-derivative
operator coefficients are first fixed by the ¥? graphs in appendix B.4.2. The graphs in
appendix B.3.2 then determine the remaining coefficients. The three-derivative operator
can be written in several ways. For example,

O1=9(i)*p,  Oy=Y(P)D*y, (3.10)

are both ¢?D3 operators. The 12 graphs give the same coefficient for either O or Oo,
since they pick out the 0 part of D. However, the two operators have different 1)?X matrix
elements, since

1
Dp =D? + §gU“l’XW , (3.11)

so that the ¢)2DX coefficients in eq. (3.9) depend on the choice of Oy or O,. Of course, the

full Lagrangian is the same in either case, since eq. (3.11) can be used to convert between

the two forms. We have chosen to use (ilp)? since it simplifies the use of the EOM.
Consider the three-derivative operator in eq. (3.9), which can be written as

ORLIL(iD)* R, (3.12)

where the dipole coefficients L;“m and wa are represented by the matrices LT and L.

wr vSs
This operator illustrates a subtlety in eliminating derivatives using the EOM. There is an
apparent ambiguity: one can transform the operator by integration by parts (since it is in
the Lagrangian) so that one of the three derivatives acts on the other fermion,

Sr(~i D) LL(iD)2n (3.13)

The subsequent application of the EOM eq. (3.4) to egs. (3.12) and (3.13) leads to two
different results, differing by the flavor index structure:

GRLIL(D) pr " Pp LI LM M My,

_ — _
DR(—iP)LIL(iD)2r 3 ML LM My, (3.14)

where we also use matrix notation in flavor space for the mass matrices. We have two differ-
ent forms for the final result, neither of which is Hermitian, and neither of which is correct.
The ambiguity is resolved by noting that in a field theory, what is allowed is the use

of field redefinitions. Making a field redefinition is often referred to as “using the EOM,”



because the two are sometimes equivalent. To understand this better, consider the simpler
example of a one-derivative operator

0L = eprH (i)Y (3.15)
added to the lowest order Lagrangian
L =4@iD) — pMepr, — P, Mg . (3.16)

In eq. (3.15), H is Hermitian, so that the operator §L is Hermitian. Acting to the right
with 710 and using the equations of motion gives

SL = eppr HMy, , (3.17)
whereas acting to the left and using the equations of motion gives

6L = ey MYHypp (3.18)
neither of which is Hermitian. Instead of using the EOM, make a field redefinition

Yr = YR + €AYp (3.19)

where A is an arbitrary matrix. Working to first order in €, d L after the field redefinition
on the lowest order Lagrangian is

0L = eppH(iD) g + epg(A+ AN)(iD)br — e ATMpy, — e M A (3.20)
The field redefinition eq. (3.19) can be chosen to eliminate the il) term,
H+A+A =0. (3.21)
The general solution of eq. (3.21) is
A= —%H +1B, (3.22)

for Hermitian B. The resulting L is
— (1 . - (1 .
(SL = €¢R §H+’LB M/I;Z)L +€’(7DLM EH*ZB ’IIZ)R, (323)

which is Hermitian, in contrast to either eq. (3.17) or eq. (3.18). The simplest choice is
to take B =0 in eq. (3.23). There is freedom to choose an arbitrary value of B, however,
which corresponds to the freedom to make a chiral rotation,

Yr — U¢r (3.24)

with U = expieB. The proper way to eliminate the derivative operator eq. (3.15) is to
make a field redefinition instead of naively using the EOM, which leads to an incorrect



result. A correct result is also obtained if a manifestly Hermitian operator is used that
differs from (3.15) by a total derivative. However, the ambiguity persists even in this case.

The ambiguity in eq. (3.14) is similar to that for the one-derivative term. The general
chiral field redefinition that removes the ]DS terms leads to the following change of the
Lagrangian:

5L = i (AL + AP or + ihr(Ar + AL) P r
+ o (MIMMT AR + AL MTMM g + dr(AL MMM + MMM AL )y,
+ Y (BITMMY — MYMB" g + r(MMT'B — BMTM )iy,
+PL(MICr — CLM g + r(MCL, — CRM)iy (3.25)

where Ar g, B, Cr,r are matrices in flavor space of order €, and terms of O(€?) are
neglected. The matrices Cr g = —CLR are anti-Hermitian. Matrices B, Cr, g, and the
anti-Hermitian parts of Ay are chiral rotations as in eq. (3.24). We eliminate the three-
derivative terms using the choice B = Cp, = Cr =0, Ar = ATR = —%LTL to eliminate the
operator in eq. (3.12). A different choice of matrices for eliminating the three-derivative
operator is equivalent to combining the RGE evolution with a uy-dependent chiral rotation.
Such a transformation is always allowed, even in QED or QCD.

Note that similarly to the simpler example above, the use of a manifestly Hermitian
operator (at the level of the Lagrangian instead of the action) before the application of the
EOM leads to a correct result but again exhibits the apparent ambiguity that is explained
by the chiral rotation:

SRLILGD) on + Dr(—i B)PL L
FOM GRLTLMM My + dr MTMM LT Loy,
Br(—i D)L LD b + br(—i D)L LD
EOM S MDY LM M g + oMM LTLM ;. (3.26)
This discussion shows that the ambiguity due to integration by parts is just related to
a field redefinition and therefore has no effect on physical observables.

3.3 Cancellations and holomorphy

When calculating the RGEs in a diagrammatic approach, many relations and cancella-
tions can be observed that are simple consequences of gauge invariance. For example, as
explained above, the divergences of some %2 and ¥2X loop diagrams must be related as
they derive from the same gauge-invariant operator. Consider the gluonic double-dipole
insertions in ¢? two-point functions, shown in the second diagram of (B.24). The color
structure of these contributions is given by

TATA = Cp . (3.27)

The related double-dipole insertions in 12X three-point functions are given by the purely
gluonic triangle diagrams in (B.19) and the additional QCD topologies in (B.20). The color



structure of the triangle diagrams is given by
1
TBTATE = (C’F — 20,4) T, (3.28)
while the additional topologies contain a color factor

FABOTBTC = %CATA. (3.29)
When summing the contributions of the two groups of 12X diagrams to obtain gauge-
invariant structures that also contribute to the 1> Green’s function, the terms proportional
to C4 cancel and the resulting divergence is proportional to Cr, as in the case of the 1
Green’s function. Of course, this cancellation is expected and a simple consequence of
gauge invariance. Therefore, relations and cancellations of this type provide a consistency
check for the calculation. Splitting the covariant derivative into different contributions that
have to be recombined to form a gauge-invariant expression is inherent to the traditional
approach of calculating the RGEs with a Feynman-diagram expansion. The splitting and
recombination could be avoided by using functional methods and a covariant-derivative
expansion [47-52].
A different type of cancellation is observed in the case of gauge couplings, in analogy
to the holomorphy of the SMEFT RGEs found in ref. [42]. We define the following linear

combinations:

Am fqop Am OqQED
TQCD_292+ 27 TQED_162+ 2

(3.30)

The RGEs of 7qcp and 7qep are obtained from the RGEs of the gauge couplings? given
in appendix C.2:

. . 641
TQCD = 87T1b079 + 7(LuG’[Mu]sr + LdG[Md]ST)
g rs s
32w
= 202 (IMulis LugIMulrpLug + [Malts LagIMilpLac: ) (3.31)
g sT pt ST pt

128

7"QED - 87Tib0,e + T(qeLiz [Me]sr + NcquLgf;Y [Mu]sr + NchLdW[Md]sr)
TS

32 . \
2 4(2[M,,]pTLW[M,,]Sth+[Me]tsLey[Me],ﬂpLey
sr pt sr pt

(&

o NolMulis Ly My Loy + Ne[Mults Ly [Malip Ly ) - (3:32)
sr pt sr pt

i.e. their S-function only depends on the self-dual couplings L, Ly or Ly, Ley, Lyy, L dy
respectively, but not the anti-self-dual couplings (L}, L}~ or Ly, L&y, Ly, th, respec-
tively).? Therefore, these RGEs respect the holomorphy found in ref. [42]. We note, how-
ever, that in the case of the dipole operators, holomorphy is violated by the double-dipole

2Note that the RGEs of the 6 terms, which are total derivatives and usually give a vanishing contribution
in perturbation theory, can be calculated by allowing for momentum insertion into the operators.
311 is a LR operator coefficient, as are Le~, etc.
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insertions, i.e. the LEFT RGEs for the self-dual dipole couplings, given in appendix C.3,
depend on products of the self-dual and anti-self-dual dipole operator coefficients. Ref. [53]
explained the holomorphy found in ref. [42] using amplitude methods. Their argument
does not hold in the presence of mass terms, and the violation of holomorphy we find is
proportional to the fermion mass matrix.*

In the LEFT RGEs, another cancellation happens that was already observed in the
SMEFT RGEs [42]: the insertions of the X? operators in 12X Green’s function, shown in
diagram (B.21), generate divergences proportional to 12X operators, but also a divergence
proportional to the operator (D,G4")ji, where jZ' is the QCD fermion current. The X3
insertions into X2 Green’s functions, shown in the diagrams (B.29), generate another diver-
gence proportional to the operator (D,G%")(D*G4.)), which exactly cancels the (D,G"")j:!
contribution from the ¥?X Green’s functions using the EOM. This cancellation explains
the absence of an X3 contribution to the RGEs of the ¢* operators.

More explicitly, the X3 insertion into X? Green’s functions actually only generates
a divergence (9,G"")(0*G4)), because only two external gluons are present. Additional
divergences are generated by the X? insertions into X2 and X* Green’s functions, which
combine with the divergence from the X? Green’s function to the full gauge-invariant
operator (D,G")(D*G4.). Again, this is a simple consequence of gauge invariance.

In addition to the contribution to the (D,G%")(D*G4{) operator, the X? insertions
into X3 (and higher multi-gluon) Green’s functions generate divergences proportional to
the X3 operator itself.” The coefficient of these divergences can be fixed by calculating
only the X? Green’s functions, shown in diagrams (B.10) and (B.11). Since there exists
no other possible divergent structure, the X and higher multi-gluon Green’s functions
provide no additional information: their divergences are already fixed by gauge invariance
and their calculation can only provide a cross check.

3.4 Flavor indices

In the mixing of higher-dimensional operators into lower-dimensional operators, explicit
mass matrices appear. For the RGEs, we are only interested in the divergent pieces of the
loop diagrams. We work in the weak-eigenstate basis: all flavor indices in this work refer
to weak-eigenstate indices and the mass matrices have not been diagonalized. Since we use
the lowest-order Lagrangian

L =(ilp — MyP, — M{Pp)y, (3.33)
the UV-divergent parts can be obtained by expanding the fermion propagators as

5t E<MJ’PL + My Pg) + W(Md,MJ)PL + MMy Pr) + ... (3.34)

Subsequent diagonalization of the mass matrices introduces explicit CKM matrix elements
in the down-type quark sector (see the discussion in ref. [20]).

4We would like to thank C.-H. Shen for discussions on this point.
5As the X3 operator starts with three gluons, this divergence does not show up in the X? Green’s
function.
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Many operators in the LEFT Lagrangian exhibit symmetries in the flavor indices.
When writing the LEFT Lagrangian as in eq. (3.1), it is understood that the sum runs
not only over the operator types but also over the flavor indices of Wilson coefficients and
operators, including the redundant indices. For example, in [,S) of eq. (2.4), the sum over
the indices r and s runs over all flavors, although there are only three independent AL = 2
dipole operators. The sum over the flavor indices implies that only the part of the Wilson
coefficients that has the same flavor symmetry as the operator actually contributes. For
instance, only the part of L, that is antisymmetric in r <> s actually contributes to the
sum, whereas the Symmetrigspart cancels. Although this is not mandatory, we prefer to
explicitly symmetrize the RGEs for the Wilson coefficients given in appendix C. The fact
that the Wilson coefficients are symmetrized in the same way as the operators can be used
to simplify some of the expressions.

The case of the AL = 4 four-neutrino operator is special: it transforms as the
representation of the flavor-symmetry group, and satisfies the symmetry relations

S,LL S,LL S,LL S,LL S,LL S,LL
vy = O vy O 12728 O vy = — vy vy - (335)
prst stpr prts rpst psrt ptsr

We assume that these same symmetries and antisymmetries have been imposed on the
Wilson coeflicients, i.e. we assume that
S,LL S,LL S,LL S,LL S,LL S,LL
LZ/I/ :Lw/ :Lw/ :Ll/l/ :_Lw/ _LZ/V . (336)
prst stpr prts rpst psrt ptsr
This assumption allows us to simplify the contribution of this operator to the running of

the neutrino mass, given by tadpole diagrams shown in appendix B.4.3. Explicitly, we have
performed the following simplification:

[My)rs = 8LSEE M M, M + 8LEEF M M, My — ALER (MM, M0,

VWrsS rsvw vsrw

— ALSEEF M M, My — ALSEF MM, M) — AL%EE MM, M) 0

TwUs svrw wrvs

= 24L5EE M M, M (3.37)

VWTrS

using both the symmetries of le,ftL and [M,],s. Eq. (3.37) gives the first term in the
prs

neutrino mass RGE, eq. (C.1).

3.5 Loop calculation and results

In appendix C, we give the complete one-loop RGE for the LEFT Lagrangian up to
dimension-six operators. We performed the calculation with dimensional regularization
in the MS scheme, and we used background-field gauge [54]. Use of background-field gauge
ensures that only divergences that are manifestly gauge invariant, instead of only BRST
invariant due to gauge fixing, are generated.

[. — 2 ! . .
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The one-loop running of the QCD and QED coupling constants in pure QCD and QED
is defined by
g=—bogg®, €= —bpec’, (3.39)

respectively, where the coefficients of the QCD and QED S-functions are given by

11 2
bO,g = ?Nc - g (nu + TLd) )
4
bo,e = 3 (qgne + Ncqslnd + Ncqznu) ) (3'40)

with ny, =2, ng=3,n. =3,qu =2/3,94=—-1/3, 9. = —1.

Since the LEFT has mass terms, the running of the Wilson coefficients of the operators
of dimension d gets contributions proportional to Wilson coefficients of operators of dimen-
sion > d times powers of the mass terms. In particular, this means that the SM S-functions
in eq. (3.40) are modified. (A similar result was found for the SMEFT in ref. [5], where
there were terms with positive powers of the Higgs mass M?{)

In the expressions for the RGEs, we use the following abbreviations:

8 * * * *
Ce = 3 <2LwLw + LeyLey + NeLuyLuy + NeLg, dv) '

wv wv wv wv wv wv wv wv
4 N "
Cg= 3 <LuGLuG + LdG’LdG> ; (3.41)
wv wv wv wv

and the SU(3) color factors:

N2 -1 N2 _—1 N2 4
C4 = N, Cp = —¢ O, = ¢ _ e
A= e F= 9N, PTgN? N,

(3.42)

(7 and Cjy arise in the color identities for box graphs [55].

Although we performed the full LEFT RGE calculation from scratch, we were able
to cross-check large parts of the LEFT RGEs with a single-operator insertion using the
SMEFT RGEs [3-5], by excluding diagrams with heavy particles and fixing the Higgs field
to its vacuum expectation value. In these cross-checks, we found that the X3 contribution
to the gluonic dipoles given in [5] has the wrong sign.® We agree with the sign of ref. [57].

The majority of the diagrams in appendix B consists of double insertions of dipole
operators. To our knowledge, these contributions have not been considered before in the
literature. We point out that some double-dipole contributions to four-fermion operator
coeflicients come with large numerical prefactors of 96 or 192. The RGEs also satisfy the
naive dimensional analysis (NDA) [58] counting rules of ref. [59], where the dimension-five
operator giv2X (including one factor of the gauge coupling) has NDA weight w = 0, the
dimension-six operators ¢* have NDA weight w = 1, and the dimension-six operators ¢ X3
have NDA weight w = —1. The NDA weights explain the order in coupling constants of
different contributions to the LEFT RGEs, in the same way as occurred for the SMEFT
RGEs discussed in ref. [59].

This sign error has been fixed on the website [56].
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4 Conclusions

In this paper, we have presented the complete one-loop renormalization-group equations
for the low-energy effective field theory below the electroweak scale up to and including
dimension-six operators. Together with the one-loop RGEs for the SMEFT given in refs. [3—
5] and the tree-level matching equations presented in ref. [20], these RGEs allow one to
evolve all the effects of physics beyond the SM consisting of new particles at some heavy
scale A down to low energies, where precision measurements are performed, to leading-
log accuracy. The results allow one to consistently combine high-energy constraints from
the LHC with constraints from low-energy precision measurements to leading-log accu-
racy. This procedure is valid under the assumption that the Higgs particle belongs to a
fundamental electroweak doublet, as realized in SMEFT. The LEFT RGEs of the present
work also are valid when the high-energy EFT is HEFT, with a nonlinear realization of
the electroweak symmetry breaking, rather than SMEFT.

The LEFT RGEs in appendix C include all dimension-six effects in the LEFT power
counting, in particular contributions quadratic in dimension-five dipole operators. Dipole
operators are of particular interest in the context of HEFT, where they appear as dimension-
five operators suppressed by a factor of 1/A, in contrast to the case of SMEFT, where the
dipole operators are suppressed by a factor of v/A%. In SMEFT, the dimension-five dipole
operators are generated from the dimension-six SMEFT dipole operators 12X H upon spon-
taneous symmetry breaking of electroweak gauge symmetry. Thus, they are suppressed by
an additional factor of (v/A) relative to the HEFT case. Precision measurements of dipole
operators will be important for distinguishing between SMEFT and HEFT as the appro-
priate high-energy effective field theory.
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A LEFT operator basis

In this appendix, we reproduce for convenience the list of LEFT operators up to dimension

six from ref. [20]. Weak-eigenstate indices of the operators are not shown — e.g. oYL
with the weak-eigenstate indices included is OVeeL L,
prst
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vv + h.c. (vv)X + h.c. (LR)X + h.c. X3
o, (l/ngVL,«) Ouy (VLTPCU‘“’VLT)FW Ocy | erpot’err Fuu ||Og fABCGA"GBPGC“
Ouy| Urpo*ury Fpuu fABCGA”GBPGC“
Ouy | drpo"’dpy Fu
Oua ﬂchr‘“’TAuRT Gﬁ‘u
Ouc |drpo" TAdg, G1,
(LL)(LL) (LL)(RR) (LR)(LR) + h.c.
OuM | Ly ver)(VLsvuvee) ontR (TLpY"vir ) (ERsVuert) O (erperr)(Ersent)
OLM | (erpy*err)(Ersuert) ont (eLp¥"err)(ErsTuert) OZM 1 (erpere)(rsure)
oY,k (ZLpy*vir)(ELsyuert) oV.kR (TLpV*ver) (GRs YW URE) OLER | (Er,0" eRy) (ULsOumURt)
OV | (v (@) | | 0" (v vir) (drsvudr) O™ | (erpers)(dradny)
ot (TLpy*vie)(drsyudie) oyt (erpy*err)(UrsVutRe) OL | (eryot e py ) (dLsouwdre)
oL | (erpy™ers)(Ursyuure) ot (erpr*ers)(drsyudre) O | (Prpers)(drsun)
onrr (eLp7"eLr)(drsyudre) Oy (@rpy*urr)(€rsVueRe) O N (71p0 epp ) (dLs0 )
Oyiie | Loy err)(dusruure) +hee.| | 0" (dipydir)(Ersruent) O | (appuny)(sun)
OVHE | (v ury)(@rovaune) | | O | (e ens)(droyuune) + e || OSSR (ar, TAup, ) (LT up)
o) (drpy"dis)(drsyudre) OyLLE (@rpy*ury)(URsYutre) o5 R (@rpurr)(drsdre)
oYLk (@rpy*ury)(drsyudre) OVSLE|  (ap yWTAup,)(Grsy, T uRe) OB R (5, TAup, ) (dLs T dRy)
OV L Uy TAur,) (drsy, TAdrs) | |OFFR (@rpy*ury)(drsvudre) o5R (dipdrr)(drsdre)
oveLR (L TAury)(drsv T4 dre) OS&RR (drpTAdrr)(drsTdRy)
oyLLE (dipy*drr) (URsVutrt) Oi;d}sR (rpdrr)(drstne)
(RR)(RR) OVBLR (3L W TAdy, Yane T upe) || OSSR (ap,TAdR,) (AT um)
OV (erpY*err)(ERsVuCRE) OVLLR (Cpr’Y“du)( sVt
OV.RE (ErpY*err)(URsVuURL) OVELE| (3, A TAdy ) (Ao T A dre)
orin (€rp*err)(drsTudnre) OVLLE| (g ondp ) (dpsyptre) + hc. (LR)(RL) + h.c.
O (arpy*ure)(GrsVuure) OVELR| (41 AP TAdL, ) (dRev T upy) + hec. OZ |(ELpers)(Unsure)
oy RR (drpy*drr)(dRrsVudre) O M (erpens ) (drsdrs)
OVl (appy ure) (drsYudnre) 0S8 (FLpers) (drsure)
OV RN (g y T4 up, ) (drsyp T4 d )

Table 1. LEFT operators of dimension three and five, as well as LEFT operators of dimension six

that conserve baryon and lepton number, reproduced from ref. [20].
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AL =4+ h.c.

sz’/LL (VLPCVLT)(VLSCVLt)

AL =2+ h.c. AB = AL =1 + h.c. AB = —AL =1 + h.c.
OSFE| (WE,Cvi)(Ersers) || Omi |eapr(ugT Cdy ) ()5 Cryy) || Ot eam(d”cdﬁ )(@red],)
0Lt | (v, Cot vir ) (ERsouvert) O | € (. qu)(“Ls Cep) || O™ | €apny (uih CdL,) (7, dT,)
OSER| (], Cvir)(Erser)  ||Omi”|€apy (uih Cull, ) (diCegy) || O eamd(z,?cdﬁ»( W)
OStt | hCvi)(insun) || Ogis" |easn (42 cuL»(uRSCeR,) O |capm (di} Cd7, ) (e, dR,)
OLF (v, Cot vy ) (URsopum L) O3 RL eagv(uRpCuRT)(dvTCeLt) O RE eam(d%nggr)(é 1)
OSER| (WF,Cvpe)(insune) || Op | eapy (5T Cully ) (]t Cep) || OS5 eapy (uT Cdfy, ) (7, )
O5 | v Ovin)drsdre) || 05" | eapy (d TOuRn(d”TcuLt) O | asn (A5 CdR, )@ udy)
0L | WVE,Cor v ) (drsouwdre) || Odin” |eaps (digh Oy, ) (w7 Cvy)
OS’LR (VLPCVLT)(dLstt) OguﬁR Gaﬁv(dRp CuRr)(uRs Cepy)
Ofcﬁf (VgpceLr)(JRsuLt)
Osir | (Wh,Coer,)(dpsoymury)
o (W, Cerr)(dpsury)
Oyie (v, Cy*ers)(dLsypuLe)
OVRE (], Cyters)(drsyutine)

Table 2. LEFT operators of dimension six that violate baryon and/or lepton number, reproduced
from ref. [20].
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B Diagrams

In this appendix, we list all one-particle-irreducible one-loop diagrams that we computed to
obtain the complete RGEs of the LEFT parameters. Through the application of the EOM,
contributions to the running of Wilson coefficients of operators with different fields than
the external fields of the calculated diagram are generated. The diagrams are ordered into
groups of the different four-point, three-point, and two-point functions. In each group, the
diagrams are ordered according to the operator insertions. The classes of operators that are
needed to renormalize the diagrams after the application of the EOM are listed explicitly.

Note that for the lepton- and baryon-number-violating operators and for certain neu-
trino operators, some fermion lines have to be reversed. The inserted dipole and X3
operators are denoted by a black square, while the four-fermion operators are denoted by
two black dots (for the two fermion bilinears).

B.1 Fermion four-point functions
B.1.1 *: single insertion of a four-fermion operator

External-leg corrections.

X X external-leg correction (B.1)

External-leg corrections contribute to the self-renormalization, i.e. only 1* counterterms

YOO -
O -

The QED and QCD vertex corrections contribute to the self-renormalization and mixing

are needed.

Vertex corrections.

b P
P

between 1)* operators.

17 -



Bulb and triangle diagrams.

YO
T LT

jagng g ngngny
jugn g gugngnl
jagng g ngnguy
jugngugngnfn Qe

jagngRgngngn
jugngugngngsg



B.2 Gauge-boson three-point functions
B.2.1 X3 insertion

External-leg corrections.

x external-leg correction (B.8)

External-leg corrections contribute to the self-renormalization of the X2 operators.

Tadpole.

(B.9)

The X3 tadpole diagram is a scaleless integral that vanishes in dimensional regularization.

Bulb and triangle diagrams.

Y. VYT V.
ADA -

The X3 bulb and triangle diagrams generate divergences proportional to the X3 operators,
as well as an additional piece proportional to (D“G’X/)(DAGf\‘V). After applying the EOM,
this piece cancels with a contribution from the X3 insertions in the 12X Green’s functions.

B.2.2 2 x 9?%X: double insertion of dipole operators

Bulb and triangle diagrams.

LA -
bbb

The divergences generated by the double-dipole insertions in X3 Green’s functions are iden-
tical to the ones generated by the insertions into X? Green’s functions in section B.5.2 and
required by gauge invariance. No divergence proportional to an X3 operator is generated.
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B.3 %X three-point functions

B.3.1 2X: single insertion of a dipole operator

External-leg corrections.

/é\ /%\\ X external-leg correction (B.14)

External-leg corrections contribute to the self-renormalization of the 12X operators.

Triangle vertex corrections.

A
A A A A

The triangle diagrams generate not only divergences proportional to 12X operators, but
also 12 divergences through the EOM. These contributions have to be considered in com-
bination with the insertions into )2 Green’s functions. The EOM including dimension-five
corrections have to be used, i.e. the EOM generate not only mass terms, but also 12X
terms with coefficients quadratic in the dipole Wilson coefficients.

Additional QCD topologies.

AN AL -

These diagrams contribute through the EOM to the 1% and ¥?X terms.
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B.3.2 2 x 9?%X: double insertion of dipole operators

Triangle vertex corrections.

A o
SOA A A A A

These diagrams generate 12X divergences as well as 92 and * divergences through the
EOM. Again, these contributions have to be considered in combination with the insertions
into 1% Green’s functions.

Additional QCD topologies.

A sl -

Depending on the chirality of the inserted operators, these diagrams generate 12X diver-
gences (L — L and R — R insertions) or EOM ¢? and ¢* divergences (L — R and R — L
insertions).

B.3.3 X3 insertion

(B.21)

This diagram generates a ¥?>X divergence as well as a (DG j4 divergence that cancels
with a contribution from the X? insertions in the X? and X2 Green’s functions after the

application of the EOM, see section 3.3.

B.3.4 *: penguin diagrams

(B.22)

e I an &

The penguin diagrams either generate ¢ X divergences (in the case of S and 7 insertions)
or 1* divergences through the EOM (in the case of V insertions).
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B.4 Fermion two-point functions

B.4.1 2X: single insertion of a dipole operator

O afn0 .-

These diagrams complement the insertions in ¥?X Green’s functions and generate >
divergences as well as ¢?X divergences (due to the dimension-five correction to the EOM).

B.4.2 2 X 92X: double insertion of dipole operators

oo -

These diagrams complement the insertions in 1?X Green’s functions and generate 1>
divergences (direct and EOM).

B.4.3 *: tadpole diagrams

Q (B.25)

P as

The 1% tadpole graphs generate 92 divergences.

B.5 Gauge-boson two-point functions

B.5.1 2X: single insertion of a dipole operator

WQ&& (B.26)

This tadpole diagram vanishes (it is proportional to the trace of a color generator).

Tadpole diagram.

Bulb diagrams.

These diagrams generate X2 divergences that have to be reabsorbed by field redefinitions
(or the EOM). This generates contributions to the RGEs of the gauge couplings and the
1?>X Wilson coefficients.
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B.5.2 2 x 9?%X: double insertion of dipole operators

The R — R and L — L insertions generate X? divergences that have to be reabsorbed by
field redefinitions (or the EOM) and contribute to the RGEs of the gauge couplings. The
R — L and L — R insertions generate 1)* divergences via EOM.

B.5.3 X3 insertion

noo -

These diagrams generate divergences proportional to (D,G"") D)‘GA that also show up
in the X3 Green’s functions. After applying the EOM, they cancel Wlth a contribution
from the X3 insertions in the ¥>X Green’s functions.

C RGE

C.1 Dimension 3: masses

The RGEs for the dimension-three mass terms are

[Mu]rs = 24LSI,/I;/L [MJMVMJ}’LU’U + 16LV17/[111L [MVMJMV]wU

VWwrSs wrvs
+ 8L MI M My + 8L (MM M, 0
rsovw rsvw
+ SNCL i (M My My + 8N L (M M Mo
rsvw rsvw
+ 8N LIEF M MMy + 8NLEF MM My
rsovw rsovw
— 48 Lury Ly [M M, o[ My us + 16 Ly Ly [My, M M, ] s
TW UuUv rTw vw
— 48 L%y Ly [My Moo [ M)y + 16 Ly Ly [My, M M) 1,
wu vSs wv  ws
— 96 L~y Ly [M) My, M]] (C.1)
TV ws

for the Majorana neutrino mass and
[Mc]rs = —6 2e*[Me]ys + 12 qeeLiy [MIM.]ys + 12 qeeLEZ[MeMJ]m
+ AL (MM, MLy + 410 (M, MM, Lo,

vwrs WUSsr
n (SLSQZR* - 4LS£R*) (M MMy — SLYVER MM M.) s
STWU wrsv vSrw

+ AN LR NI MMy + ANLEEE (M, MM,

STWvV STWV

A+ ANL B N MM + AN LB (MM M)

— 12L%y Ley [ M M_] oo [Me]us + 4L%y Ley [Me M M) s
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- 12L ey sz [MeMeT]wv [Me]ru + 4L€’Y Lz"/ [MeMgMe]rv

uw  Ssv "W sw

— 4L Ly [MI MM g0 , (C.2)

ur  sw

[Mu]rs =—6 (CFQ2 + inQ) [Mu]rs
n 12(0F9L;;G + queLéz) (MM, + 12(chL;;G + queL*Z»y> (MM,
ur sV v

+ ALSEE M M M + ALSE (M, MM,

VWrS wvsr

+ AL M MM + ALSEE MM M)

wvsr VWTrS

i (8 N, LS&&RR* 4 LS&&RR* yTen LSS&RR*) [ MJ M, MJ]W

STrwv svwr svwr

-8 (LvulﬁLR + CFLVuSﬁLR> [MuMJMu]wv

vsrw vsrw

R i L AT

STWU svwr svwr
V1,LRx V8,LRx t
-8 (Luddu + CrL g, ) [MaMyMa)uw
svwr svwr

— 12L %y Luy [ M My} uo [Mu)ws + 4Ly Lury [My M M, ] s
wr vu wr wv
— 12Luy Liny [My Mo [Mu]ry + 4Lury iy [My MEM,

uw  sv W sw

- 120FLZGLuG [MJMu]wv [Mu]us + 4CFLZGLuG [MuMJMU]vS

wr U wr wv
- 120FLuGLZG[MuMJ]wv [Mu]ru + 4CFLuGLZG [MuMJ:Mu]rv
uw Sv vw sSw
— 24 L5 Ly [M] My M)y — 24CE LY o LY [MI My M (C.3)
ur sw ur o sw

[Md]rs =—6 (C(Fg2 + qfle2) [Md]rs
+ 12(CFgL;;G + qdeLgv) (M Mylos + 12(chL;G + qdeL(’gw) (MM,
or or v

Sv S
+ ALSEE M M, M) + AL5E (M, MM, ],
vwWrSs wvusr
+ 4L M MM o + 405 (MM ML)
wvsr VWwWrSs
- (ANGLZ e = 2L — 20w Lt ) MMM
wvsr wrsv wrsv
(Y L ) MMy
vsSrw vsSrw
i (8 N, LS;&RR* 4 LS;&RR* —AC LSEQRR*) [ M; M, M(}L]wv
wvsr wrsv wrsv
= 8(LV 3+ CpLY ) MMM
vsSrw vsSrw

- 12LT1'yLd'y [MdTMd]wv [Md]us + 4L§7Ld'y [MdeTMd]vs

—12L g Ly [MgM o[ Malya + 4L g, L [MgM) M)

— 12Cr Lo Lag M Maluwo[Malus + ACE Lig L [Ma M My]us

wr  vu wr  wv
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— 1205 Lye: L IMaM o [Mg) o + ACE Ly L [MaM M)

uw Sv rw sw
— 24L% Ly [MIMgM o — 24Cp L L, M MM ous (C.4)
vr o sw vr sw

for the other fermion masses. Each first term in egs. (C.2)—(C.4) is the SM anomalous
dimension. The remaining terms are corrections from insertions of one dimension-five or
dimension-six operator, as well as from insertions of two dimension-five operators.

C.2 Dimension 4: gauge couplings

The gauge coupling S-functions are

é=—bpoe® — Sezqe(Liz[Me]sr + [M] ]TSL;;_Z)
— 862NCQu(L1;z [M)sr + [MJ]TSL:;Q) — 8¢’ Neqa( Ly, [Ma]sr + [M;]TSL:}V)
rs rs

o+ 8¢ (Mo L (Mo Lury + 2(M, ]y Lin [M, Jst Ly
ST pt ST pt

+ [Me]tsLe“/[Me]rpLe“f + [Ml]prsz[Mg]stL;W
ST pt ST pt
+ NC[MU]tsLU“/[Mu]TpLU’Y + NC[MJ]WLZV[MJ]SIELZ’Y
sr pt sr pt
o+ NelMalts Ly [Malrp Ly + NelM{Jor L M1 L5 ) (C5)
ST pt ST pt

g = =bog9* = 46°(Loc[Mulor + [Mi}rs L) — 49> (La[Malsr + [M)rs Lic)
TS

rs rs rs

+4g([Mes LMl Lo + Ml LigIMfla Lo
p

sr sr pt

+ (M LagIMalrp L+ [M{lor LigI Ml Lic) (C.6)
sr P sr P

and the 8 anomalous dimensions are

. . N 6472
(ZLuG[Mu]sr - Z[Ml]rs uG) +

rs rs

+ 252 (Mt LugIMulrp Lug + MUl LiGIMu, L
g sr pt ST pt

(i Lag[Ma)sr — i[M}]rs L)
rs

rs

~ [Mals LagIMlrpLac + IMali LicIMal, Lic) (c7)
sr pt sr pt

12872 128N, m2qy . , x
— = (L [Mu]r = ilM{]raLiy)

(& rs

fqED = (iLiz [M.]s — i[Mg]ngz) +

128 N.72q, .. . .
+ A G Mg — (M) LG )
s

s
3272
o2

o 24 (Mo L (M) Ly — 2(M ]y Lin [M, st Liy
sr pt ST pt

— [M)ts Ley [Melrp Ley + [M]pr Ley [M] 1 Ly
ST pt ST pt
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- NC[MU]tng;Y [Mu]rpl”ﬁ + NC[MJ]WLTEQ [Mz]stLj}D;/

— Ne[MgltsLg [Malrp Ly, + Nc[Mg]prL(’;v[M;]stLjh) . (C.8)
sr pt sr pt
C.3 Dimension 5: dipole operators

The anomalous dimension of the AL = 2 neutrino dipole operator is

_[./ny = —bo’e€2LV'y — 8€qeLV'y <Le'y [Me]wv + [MQT]U'w t*y)

rs vw

- 8€NcquLV’Y (LU"/ [Mu]wv + [Mg]vw Z’Y)
TS rw vw
rs vw vw
The anomalous dimensions of the other photonic dipole operators are
Lefy = |:(10qg — bO,e) 62:| Le'y
TS rSs

— 86Nch[Md]wfuLT7e};R - SeNcqu[Mu}vaTéﬁR + 2eqe[Me]vaS7eIe%R

rSUwW rSVW TWUS
—12eqcLey [Me]vaBW - SeqeLZW (LeW [Mg]vs -+ Le'Y[Mg]rw>
rTw vSs W rTw vSs
— 8equLey (Le7 [Mo)wo + [M o 27) — 8¢N,qu Ler (Lm [Ma)wo + [M1] o ;37)
T8 W vw s VW vw

— 8eNedaLey (Lo [Maluwn + (ML, ) (C.10)
vw

rw
L 2 2 2
Luy = [QCFg + (10q; — bo,) € }Lm +8Cregqul
TS rs rs

- 8€qe[Me]vaT£R + QEQu[Mu]vaséﬁRR + 2€CFQu[Mu]vaS3&RR

vWwWrSs TWUS TWUS
S1,RR S8,RR
+ eqa[Malwo Ly gy, + eCraaMalweL, g,
TWwvs TWvUS

— Ly (4chL;§G i 8equL§‘W> (M — [M] <4gCFL;G + 8equLTm> Luy
rw vw vw VW vw vs

— 8eqe Luy (Ley Mol + [M{]ou Ly ) = 8eNeuLuy (Luy (Mol + (Mo L)

rs VW

— 8€NchL1;;/ (Ld’y [Md]wq) -+ [Mg]vw Ti’y) — 12€quL;ﬁ;/) [Mu]va%Z

rw

— 4equ[Mu)wnCrLycLye — 4g[My]wsCr (L%Lu(; 4 LuGLw

rw vs vs Tw

— 4Crequ Lt oLy M) — 4Crequ Ly, L a[M]]vs » (C.11)

wv  ws rw vw

I'/a,7 = [20;:92 + (10‘31?& — b07e) 62] Ly, + 8CregqqLgq
TS TS rSs

- 8eqe[Me]vaTé§R + 2€qd[Md]vaS;;lRR + 260qu[Md]vaS§;1RR

vwrs rwvs rwvs
S1.RR S8,RR

+ equ[Mu]vauddu + eCFQu[Mu]vauddu
vSTW vSTW

~ Ly, (4chL;;G + Sequfh) [M1],s — (M (490FL;;G + ssequth)Ld7
Tw vw VW VW VW vSs

- 8€qeLd~/ (LE’Y [Me]wv + [Mg]vaz’Y) - 8€NcquLd7 (LU’Y [Mu]wv + [M;va Z’Y)
rs vw VW rs vw VW
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— 8¢Noqaly, (de [Malws + [M}]ow gw) —126q4L g, [Malwo Ly,
VW rw vSs

rs VW

— 4u[MaluCr Lac: Lag — 49MalunCr (Lay Lac + LacLay )

rTw vs rTw vs Tw vUs

— 4CpeqaLicLagIM e — 4CreqaLyc Lic[M1],s - (C.12)

wv  ws rTw  vw

The anomalous dimensions for the gluonic dipole operators are

Lyg= [(wcF — 404 —bog) 9° + 262qﬂ Ly + 8egauLuy + 3g°Ca[M{]rs(Le +iLg)
rs

rs

1
+ 29[ M) wo LO5ER + 2g (CF - *CA> (M) o L5
rwvs 2 Twvs
1
+ 9IMalun L+ 9(Cr = 5Ca) IMalun L™
rTwvs rTwvs

— Ly ((8Cp = 2Ca)gLi + deauLi ) [M{]s
vw rw

rw

— (Mf] ((8Cr = 2Ca)g L + dequLin ) Luc
vw w
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9L, (LucIMuluw + Mo i) = 49T (LacIMaluo + Mo Lic)
rs vw TS vw

vw VW

+ (10C 4 — 1205) gLy [Mulwo Ly — 4equ[Ma]ws (LmLuG 4 LuGLm>
rw Vs TW  ys vs

rTw

- 49[Mu]vau7LU7 — 4g Ly Luy [M;Hm — 4gLuy Ly [M;”vs ) (C~13)
rTw vs wv ws Tw vw

L = [(100F —4Cp —bog) g° + 2e2q§] Lyg + 8¢gdaLy, + 36*°CalM})rs(Le +iLg)
rSs rs s

1
+ 29 [Miun L3 + 29 (Cp = 5Ca ) M) L5

Twvs Twvs

S1,RR 1 S8,RR
+ g[Mu]vauddu +9g (CF B §CA) [Mu]vauddu
vSrw vsSrw

~ Lac ((8Cr = 2Ca)gLig + dequLy, ) M.,
rw rw vw
~ (M} ((8Cr = 2Ca)gLic + 4eaaLs, ) Luc
VW VW vSs
—4g9Lac (LuG [MuJuwo + [M{ ] ZG) —4g9Lqc (LdG [Ma]wo + [MdT]vaZG)
rs LW vw vw vw

rs

+ (1004 — 120F) gL g [ Ml wo L yes — AeqalMaluws (Ld,,LdG + LdGLd7>

Tw vs Tw vs
- 49[Md]vad'yLd’y - 49L27Ld7 [Mg]rv - 4ng'y Ti'y [Mg]vs . (C.14)
rw VS wy ws rw vw

C.4 Dimension 6

The anomalous dimensions of the dimension-six operators grouped by type are listed below.

Cc.4.1 X3

Lo = (12c4 — 3bog) ¢° Ly (C.15)

Lz = (12ca —3bog) g° L5 - (C.16)
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+96e2q3LmL3%55t, (C.21)
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+ 262q8qd485p7‘65t ) (C.23)
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prst prst
S,LL
+ 462(qd - qu)(qu - qe)Lduu )
psrt
rS,LR S,LR
Luud = [_492 + 662((1121 + que)] Luud )
prst prst
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.S LR S,LR
LE = 46 + 6€2(q4qu + quqe)] L35,
prst prst
. S RL S,RL
Ly = [—46% +6¢*(q;, + dqe)] Long
prst prst
S RL S,RL
Lduu = [—492 + 662(%% + quqe)] Lduu ’
prst prst
. S RI S,RL
Ly = (—4¢ + 6€%qqq.) LY
prst prst
deu = (_49 + Ge qd) Lduu ’
prst prst
- SRR dine
Ly, = [_492 + 62[6(qdqu + qude) — 2(da — Gu)(qu — Qe)]] 2
prst et
S,RR
+ 462(Qd — Qu)(QU - qe)Lduu :
psrt
C4.10 y*:AB=-AL=1
S LL S.LL
Lgug = [—492 + 662(qu - qeqd)] Lgsa
prst prst
rS,LR S,LR
Lot = (—4g2 + 662und) Laa
prst prst
. S,LR . 2 2 2 S7LR
Lot = (—4g° +6€°qy) L0,
prst prst
S LR SLR
Lgg = [—492 + 662(qz - qeqd)] Lgag
prst prst
- S,RL S RL
Ljga = [—492 + 6e*(q — deda)] Ljsa -
prst prst
i S,RR o wld
Logg = [—492 + €*[6Guda — 2(qu — Qd)qd]] Lga + 4e*(qu — 9d)9d L gq
prst prst v
. SRR SRR
Lot = [—49% +6€*(a3 — 9eqa)| L7y -
prst prst
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