
Symmetry in Perspective 

Stefan Carlsson 

Numerical Analysis and Computing Science, Royal Institute of Technology, (KTH), 
S-100 44 Stockholm, Sweden, stefanc@bion.kth.se, http://www.nada.kth.se/,-,stefanc 

A b s t r a c t .  When a symmetric object in 3D is projected to an image, 
the symmetry properties are lost except for specific relative viewpoints. 
For sufficiently complex objects however, it is still possible to infer sym- 
metry in 3D from a single image of an uncalibrated camera. In this paper 
we give a general computational procedure for computing 3D structure 
and finding image symmetry constraints from single view projections of 
symmetric 3D objects. For uncalibrated cameras these constraints take 
the form of polynomials in brackets (determinants) and by using pro- 
jectively invariant shape constraints relating 3D and image structure, 
the symmetry constraints can be derived easily by considering the ef- 
fects of the corresponding symmetry transformation group in 3D. The 
constraints can also be given a useful geometric interpretation in terms 
of projective incidence using the Grassmann-Cayley algebra formalism. 
We demonstrate that in specific situations geometric intuition and the 
use of GC-algebra is a very simple and effective tool for finding image 
symmetry constraints. 

1 I n t r o d u c t i o n  

The detection and analysis of symmetry is a problem that has many aspects and 
levels of complexity depending on e.g. the geometry of the imaging process and 
the shape of the objects being imaged. An object that is symmetric in 3D will 
only give rise to a symmetric image for specific viewing positions. It is however in 
general still possible to decide whether an image is a view of a symmetric object. 
This has been studied most extensively for the case of planar objects in parallel 
projection [6] [i0] [15], but also for projections of 3D symmetric objects [8] [II]. 
Comparatively less work has been concerned with the more general and difficult 
case of perspective projection with some exceptions [14], [17]. For the case of 
3D symmetric objects in perspective projection [17] gives an extensive overview 
of the possibility of computing projective 3D structure from single images of a 
symmetric object by exploiting properties of rotationally symmetric objects and 
the fact that the imaging of a bilaterally symmetric object is formally equivalent 
to the case of two cameras looking at one non-symmetric object. 

So far there seems to exist no general procedure however for deciding whether 
a given image is the projection of a specific 3D symmetric object with no prior in- 
formation about viewpoint. In this paper we will therefore give a formal method 
that can compute view invariant image symmetry constraints as well as 3D 
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structure from a single view of a 3D symmetric object. These constraints will be 
necessary but in general not sufficient for detecting 3D symmetry. We will work 
in a projectively invariant framework which means that  all constraints derived 
will be independent of camera calibration. 

Our approach will be based on the projective shape constraints [3], [5] [12], 
[16] that  can be derived for an arbitrary number of points in a single image, 
relating the projective structure of a point set in 3D to that  of the projected 
2D point set in the image. Imposing symmetry constraints on the shape in 3D 
, will generate auxiliary shape - image constraint relations. The 3D shape can 
therefore be eliminated from the shape-image constraints leaving constraints on 
projective image structure that  have to be fulfilled in the case of specific 3D 
symmetric objects. 

The fact that  these image symmetry constraints are expressed in terms of 
the projective image structure means that  they can be given an intuitive in- 
terpretat ion as geometric incidence constraints by using the Grassmann-Cayley 
algebra [1] [2] [7] [13]. For a given complex object we will see that  the GC- 
algebra formalism is actually a superior and simple tool for finding symmetry 
constraints. 

2 P l a n a r  s h a p e s  

With an uncalibrated camera we can only talk about relations between projective 
structure in 3D and the image. For planar shapes in 3D, projective structure is 
invariant over the perspective viewing transformation and changes of viewpoint. 
We will start  by considering planar shapes and the continue with the non-planar 
case. In both cases we will exploit the fact that  symmetry transformations in 
3D such as reflexions and rotations are part  of the general symmetric group, 
i.e. permutations of coordinates. Using the bracket (determinant) expressions 
for projective structure therefore leads to a very simple analysis of the effect of 
symmetry. 

2.1 Symmetry  constraints from projective structure and the 
symmetr ic  group 

Projective structure of a set of points in 2D (projective 2-space) can be described 
by the projective coordinates. These can be defined using four points Pl, P~, P3, P4 
in projective 2-space as a basis in the following way. An arbitrary point Pn can 
be expressed in this basis as 1: 

p,~ = x p [234] Pl - YP [134] P2 + w p [124] P3 (1) 

Where the factors [ijk] are used to make Pn homogeneous,i.e arbi trary scalings 
of the homogeneous coordinates Pi imply the same scaling of pn. 

1 We will use the notation [ijk] for the bracket [pi pj pk] with lower case numbers 
denoting image coordinates and upper case denoting 3D-coordinates 
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xP ~lP ~JP are the homogeneous projective coordinates of the point p~ in the 
basis Pl,P2,P3,P4. They can be expressed explicitly in terms of the cartesian 
coordinates Pi by considering eq. (1) as a linear system and solving it. We can 
directly compute the determinants: 

[23n] -~- X p [234] [1231 

[13=] -- yP [134] [123] 
[12N = w~ [1241 [t231 (2) 

By taking ratios we can form the absolute projective coordinates: 

X p __ [23n] [124] y P  __ [13n] [1241 

w~ [2341 [12N w~ [1341 [12-1 (3) 

A set of points in 3D has a symmetry if there is a transformation T e.g. a 
rotat ion or reflex[on, that  maps the point set into itself, i.e. for every point p~ 
there is another point Pi* in the set such that: 

p** = Wpi (4) 

Any symmetry transformation corresponds to a permutation of the points mak- 
ing up the shape. The group of symmetry transformation is therefore equivalent 
to the group of permutations, known as the symmetric group. 

Rotations and reflexions can be modeled as linear transformations of homo- 
geneous coordinates. A bracket is therefore transformed as: 

~i*Pj*Pk*] = [Tpi Wpj Tpk] = [W] [Pi Py Pk] (5) 

In an arbitrary perspective mapping the projective invariants (3) are conserved. 
If we use the shorter notation [i j k] = [Pi Pj Pk] we get for five points: 

[2 3 5][1 2 41 [2"3"5"][1"2"4"1 
- ( 6 )  

[2 3 4][1 2 5] [2"3"4"][1"2"5"] 

which can be written as a constraint polynomial: 

[2 3 5 ][1 2 4 ][2"3"4"][1"2"5"]-[2 3 4 ][1 2 5 ][2"3"5"][1"2"4"]= 0 (7) 

The symmetry transformation i --~ i* therefore induces a constraint (7) on the 
coordinates of the points in any perspective mapping. This constraint is in the 
form of bracket polynomials and will be a necessary condition for the symmetry 
to be present. The fact that  the constraint is in the form of a bracket polyno- 
mial ensures tha t  the incidence in preserved over projective transformations, e.q. 
perspective mappings between planar surfaces. 

As an example, consider the five coplanar points in fig (1) that  have a vertical 
bilateral symmetry axis. A reflex[on in the symmetry axis produces the following 
permutat ion of the points: 

i :  1 2 3 4 5  
i* :  2 1 4 3 5 (8) 
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Fig.  1. Bilateral symmetry five coplanar points 

If  the pe rmu ta t ed  coordinates  are subst i tu ted in the  constra int  equat ion (7) 
we get  after cancelling common  factors: 

[2 3 5 ][1 2 4 ][1 3 4]--[2 3 4 ][i 4 5][1 2 3] ~- 0 (9) 

This constraint ,  expressed in image coordinates  of an a rb i t ra ry  frame, will be 
satisfied for a rb i t r a ry  perspective views of the five point  bilateral s y m m e t r y  
configurat ion of  fig (1) 

In t roduc ing  more  s y m m e t r y  into the five point  configurat ion implies more  
algebraic image constraints .  Fig (2) shows five points with a ro ta t ional  s y m m e t r y  
a round  the center. 

I 

; - 

I 
I 

Fig. 2. Rotational symmetry five coplanar points 

Any  cyclic pe rmuta t ion  of  the points  will p roduce  a new image constraint .  
From eq. (9) we then get get 

[2 3 5][1 2 4][1 3 4] - [2 3 4][1 4 5][1 2 3] = 0 
[1 3 4][2 4 5][1 2 5] - [1 a 5][2 3 5][1 2 4] = 0 
[1 2 5][3 4 5][2 3 4] - [2 3 5][1 3 4][2 4 5] = 0 
[2 3 4][1 3 5][1 4 5] - [1 3 4][1 2 5][3 4 5] = 0 
[1 4 5][1 2 3][2 3 5] - [1 2 5][2 3 4][1 3 5] = 0 (10) 

Given a pen tagon  as in (2) these constraints  will be satisfied in an image 
f rom an a rb i t ra ry  viewpoint  in an arbi trar i ly chosen coordinate  sys tem in the 
image. Since five points  in the plane have 2 project ive degrees of freedom, these 
constra ints  will not  be independent .  This can be seen by choosing the first four 
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points as a projective basis. The fifth point will then have the two projective 
invariants as coordinates. This means that  any choice of three equations from 
equations (10) will be dependent. 

The limited projective degrees of freedom of a set of points means that  in gen- 
eral, homogeneous bracket expressions will have dependencies. These are known 
as the Pliicker - Grassmann relations [9] and for five points a, b, c, d, e in projec- 
tive 2-space they can be expressed as: 

[a b c][a d e] - l a b a n [ a c e ]  + [a b e][a c a~ = 0 

[a b c][b d e] - [a b a~[b c e] + [a b e][b c a~ = 0 (11) 

By using these relations, bracket expressions can often be simplified (straight- 
ened) which we will find use for in the coming sections. 

2.2 G e o m e t r i c  I n t e r p r e t a t i o n  Us ing  t h e  G r a s s m a n n  - C a y l e y  
A l g e b r a  

The bracket algebra constraints induced by the symmetry of the shape can be 
given a simple geometric interpretation using some simple Grassmann - Cayley 
algebra formalism. The Grassmann - Cayley algebra [1] can be described as the 
algebra of unions and intersections of linear subspaces. In the case of planar 
points, i.e. points in projective 2-space, two points can be joined to a line and 
two lines can be intersected to give a point. If we have four points we can form the 
lines pip2 and P3P4. The point q of intersection of these lines, can be expressed 
in terms of the coordinates of the points pl . . .P4 as: 

Fig. 3. Intersection of lines 

q = PiP2 A P3P4 = ~1 P2 P3]P4 - [Pl P2 P4]P3 (12) 

where the symbol A is called the meet operation. The point of intersection is a 
linear combination of the points p3p4 on one of the lines. 

Using this operation we will see how symmetry constraints can be derived 
directly from geometric considerations. Fig. (4) shows a perspective view of 
the five point bilateral symmetry configuration of fig. (1). The point ql is the 
intersection of the lines 13 and 24 and the point q2 is the intersection of the lines 
23 and 14. Using the intersection formula (12) we get: 

ql : 1 3 A 2 4  : [1 3 2]4  - [1 3 4]2  ---- [1 2 3]4  4- [1 3 4]2  
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j s  

/ . / /  ~ 2  / / '  1 /  / / t 

>.~ql 
F i g .  4 .  Five point bilateral symmetry configuration in perspective. The collinearity of 
ql,q2 and point 5 is induced by the symmetry 

q2 = 23A14=[23114- [23411=[12314- [23411  (13) 

Where the last equality is just a permutat ion of points in the bracket to get 
lexicographic ordering. (Note tha t  any permutat ion in a bracket changes its sign 
and the overall sign of a homogeneous expression is irrelevant. ) The bilateral 
symmet ry  implies tha t  both  ql and q2 lie on the symmet ry  axis tha t  passes 
through the point 5. ql, q2 and 5 are therefore collinear, which means tha t  their 
bracket  vanishes: 

[ql q2 5] = 0 

If  we substi tute the expressions (13) for ql and q2 in this we get: 

[qlq2 5] = [ [12314+[13412, [1~314-  [23411,5]= 

(14) 

= --[1 2 3][2 3 4111 4 5] + [1 2 3][1 3 4][2 4 5] + [1 3 4][2 3 4][1 2 5] ---- 0 ( 1 5 )  

The last two terms in this expression can be simplified using the Pliicker - Grass- 
mann  relations eq. (11): 

[1 2 3111 3 4112 4 5] + [1 3 4][2 3 4][1 2 51 = 

= [ 1 3 4 ] ( [ 1 2 3 ] [ 2 4 5 ] + [ 2 3 4 ] [ 1 2 5 ] )  = [134][124][235] (16) 

The bilateral symmet ry  therefore implies: 

[ql q2 5] = -[1 2 3][2 3 4][1 4 51 + [1 3 4][1 2 4][2 3 5] = 0 (17) 

which is identical to tha t  in eq. (9). Grassmann - Cayley algebra therefore pro- 
vides us with a nice intuitive tool for deriving image constraints induced by sym- 
met ry  in 3D. We see tha t  given a projective constraint such as collinearity, the 
formulation of the appropriate  Grassmann-Cayley expression and its expansion 
in a bracket algebra expression is straightforward. The inverse problem of start-  
ing with a bracket algebra expression and derive a corresponding Grassmann-  
Cayley expression and projective constraint, known as Cayley-factorization, is 
in general much harder. 
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3 3 D  S h a p e s  

The fact that projective image structure for planar shapes is view invariant 
greatly simplified the analysis of symmetry. For non-planar 3D shapes projective 
image structure is no longer invariant over changes of viewpoint. The analysis 
of the effect and possibility of inferring symmetry in 3D from image data is 
therefore more complicated. However, we will see that just as in the planar case, 
symmetry of non-planar 3D objects induces view invariant image constraints in 
the form of bracket polynomials for the case of uncalibrated perspective view- 
ing. In order to see this we will exploit constraint relations between projective 
3D and image structure of a set of points and the viewpoint. By selecting suf- 
ficiently many points,the viewpoint can be eliminated leaving relations between 
projective 3D and image structure known as shape constraints. [4], [5], [12], 
[16] Symmetry properties of the 3D object can then be used to generate more 
shape constraints from which projective 3D structure can be eliminated, leaving 
constraint relations on projective image structure. 

3.1 Projective Shape Constraints 

For s set of points in 3D we can choose four points as basis points and a fifth 
for normalization to get projective coordinates Xn, Y,~, Zn, Wn for an arbitrary 
point. If the image points of the four basis points are used as a projective basis 
for all image points xn, yn, Wn the projective 3D and image structure for points 
5, 6, 7 . . .  satisfy the constraint equations [4], [5]: 

0 wsY5 - y s Z 5  (y~ - ws)W5 

wsX5 0 -x~Z5 (x5 - ws)W5 

0 w6Y6 -y6Z6 ( Y 6  - w6)W6 

w6X6 0 -x6Z6 (x6 -w6)W6 

0 WTY7 -yTZ7 (Y7 - w7)W7 

wTX7 0 -xTZ7 (x7 - wT)W7 

�9 ) 

X~ / 
y o  1 

Zo 1 
Wo ' 

= 0 (18) 

Where (X0, Y0, Z0, W0) are the projective coordinates of the viewpoint. 
Since this system has rank < 4 any determinant formed by taking four arbi- 

trary rows of the system must vanish giving the shape constraint relations. [3], 
[5], [16], These constraints are dual to the multiple view matching constraints ob- 
tained in the same way, [7] Using the fact that (X5, Y5, Z5, W5) = (1, 1, 1, 1) 
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and taking the determinant of the first four rows of eq. (18) we get the shape 
constraint for six points [12]. 

(w5Y6 - x5Y6)X6Z6 + (x5Y6 - x5w6)X6W6 + (x5w6 - y5w6)X6Y6+ 

+ (y5x6 - w5x6)Y6Z6 + (y5w6 - ysx6)Y6W6 + (w5x6 - w5Y6)Z6W6 = 0 

If the projective coordinates of the sixth point in 3D are expressed in terms of 
brackets of cartesian basis coordinates in arbitrary frames in the same way as in 
the 2D case: 

X6 [2346][1235] Y6 [1346][1235] Z6 [1246][1235] 
W6 [2345][1236] W6 [1345][1236] W6 [1245][1236] 

and these are straightened using the Plucker-Grassmann relations, this con- 
straint can be written as the bracket polynomial: 

[125] [346] [1236] [1246] [1345] [2345] -- 

[1261 [345] [1235] [1245] [1346] [2346] + 

[135] [246] [1236] [1245] [1346] [2345] - 

[136] [245] [1235] [1246] [1345] [2346] + 
(19) 

[1451 [2361 [1235] [1246] [1346] [2345] - 

[146] [235] [1236] [1245] [1345] [2346] = 0 

3.2  S y m m e t r y  In fe rence  

The shape constraint (19) is of the form 

i111 + i212 + i313 + i414 + i515 + i616 = 0 (20) 

where ik and Ik are products of image and 3D point brackets respectively. Just as 
in 2D, a symmetry relation between a set of points in 3D implies a transformation 
that  maps every point to another point in the set: 

[P~*Pj*Pk*,PI*] = [TP~ TPj  TPk T/~] = IT] [P~ Pj Pk Pl] (21) 

Since the transformation can be factored out, this means that  a homogeneous 
bracket polynomial such as (19) is transformed as: as: 

i l I ;  + i2I; + i3I; + i4I  + + i6I; = 0 (22) 

where I~ is the bracket product Ik with permutated coordinates according to 
the symmetry transformation. Since the shape constraint (19) is generic, i.e. 
independent of the numbering of the points, we can renumber both the image 
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and 3D coordinates in eq. (22) so that  the products I~ are transformed back into 
Ik. The image point brackets ik are then transformed into permutated brackets 
i* and we get the constraint: 

i~I~ + i~I2 + ~3 3 + i~I4 + ~515 + i~I6 = 0 (23) 

The symmetry constraint therefore generates an extra constraint on the projec- 
tive 3D structure 11 . . .  I6 of the point set. The effect can be seen to be equivalent 
to tha t  of adding an extra  image. Symmetry constraints can have a more direct 
constraining effect on projective structure in the sense that  they induce copla- 
narity constraints. If the four points i , j ,  k and l are related by a reflexion sym- 
metry in the sense that  i and j are symmetrically related to k and l respectively 
we have: 

P~ = T Pk Pj = T P~ Pk = T P~ Pl = T Pj 

[P{ Pj Pk Pl] = [TPk TPI TP~ TPj] = [T] [Pk Pt P{ Pj] = T[Pi Pj Pk P~] 

but for a reflexion we will have [T] = - 1  which implies: 

[P~ Pj Pk P~] = o 

which just states the simple fact that  any four points that  are pairwise reflexions 
will be coplanar. 

Using the projective shape constraints we will see how symmetry constraints 
in 3D induces invariant image constraints in terms of bracket polynomials. We 
will also see how these bracket polynomials can be interpreted as invariant geo- 
metric image constraints using the Grassmann-Cayley algebra. We will consider 
the case of 6 points in space with various symmetry constraints. 

]3 

5 

Fig. 5. Six point 3D bilateral symmetry configuration in perspective. Points 4 6 and 5 
2 are reJZexions in symmetry plane containing points 1 and 3 

6 p o i n t  3D s y m m e t r y  c o n f i g u r a t i o n  The configuration in fig (5) has a 
symmetry plane through the points 1 and 3. Points 1235 and 2456 are constrained 
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to be coplanar. This implies [1235] = 0 and [2456] = 0. Using the P-G relation: 

[1246][23451 - [1245][2346] + [1234][2456] = 0 (24) 

we have 

[1246][2345]- [1245][2346] = 0 (25) 

The coplanarities therefore imposes the following constraints on the bracket 
products: 

[1235] = 0 ~ I2, h , / 5  = 0 (26) 
[2456]= 0 ~ I 1  - /6 = 0 

We therefore get the shape constraints: 

i111 + i 3 1 3 + i 6 1 6 =  0 
/1 - / 6 =  0 (27) 

Note that  these constraints permit the computations of relative projective 
invariants /1 , /3 , /6  from image data i l ,  i2, i3. The two coplanarity constraints 
are sufficient for this. Adding the symmetry constraint will give an invariant 
image constraint. The symmetry implies the permutations: 

1 2 3 4 5 6  
1 5 3 6 2 4 (28) 

The bracket products il ,  i3 are therefore transformed as: 

il = [125] [346] =::> [125] [346] = il 
i3 = [135] [246] ~ -[1231 [4561 : i* (29) 
i6 = - [ 146 ]  [235] ~ - [ 146 ]  [235] : i6 

The symmetry constraint therefore gives us: 

il& + i*I3 + i 6 h  = 0 (30) 

Together with the constraints (27) we get that: 

0 = (i3 - i * ) ( i l  + i6) = 0 (31) 
k~l i* z6 J 

If this is expressed as brackets we get: 

([1351 [246] + [123][456]) ([125] [346] - [146][235]) = 0 (32) 

The first factor can be shown to be non-zero. We therefore get the invariant 
symmetry constraint: 

[125] [346] -- [146][235] = 0 (33) 
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G e o m e t r i c  i nc idence  f r o m  G C - a l g e b r a  As in the previous examples, this 
expression can be given a geometric incidence explanation using the G-C algebra. 
Consider the intersection points ql, q2 and q3 in fig (5): 

q l  : 13^25 = [13512 -- [12315 

q2 : 24A56 = [245]6 -- [246]5 

q3 : 26A45 = [246]5 -- [256]4 ( 3 4 )  

By the construction and the symmetry constraint, these points are collinear. We 
therefore have [ql q2 q3] -- 0. Substituting the bracket expressions for ql, q2 and 
q3 we get after cancelling common terms and factoring out common brackets: 

[ql q2 q3] = [125] [346] - [146][235] = 0 (35) 

which is exactly the same constraint that  was derived using the shape constraint 
equations. 

Fig. (6) shows two more examples of symmetric 3D six-point configurations 
and their associated geometric GC-algebra and bracket image constraints. 

1 
3 

\ \ \  

Geometric incidence 

1 5 A 2 3  A46 = 0 

Argebraic incidence 

[ 1 2 5 ] [ 3 4 6 ]  - [ 135 ]  [246 ]  = 0 

Geometric incidence 

13 A25 A46 = 0 

Algebraic incidence 

[ 1 2 3 ] [ 4 5 6 ] - [ 1 3 5 ] [ 2 4 6 ]  = 0 

Fig. 6. Symmetric 3D six-point configurations and image constraints 

3.3 S y m m e t r y  i n f e r e n c e  a n d  f igura l  c o m p l e t i o n  f r o m  partial  data  

E x a m p l e  1 If an object is sufficiently constrained, we will be able to infer sym- 
metry even when some features are missing from the image. Using the symmetry 
constraints, the missing features can be recovered. Using the GC-algebra, these 
computations can be made very intuitive and simple. As a simple example con- 
sider the image of a rectangular block in fig (7) where we assume that  only the 
outline of the block is visible in the image, i.e the corner points Pl . . .P6. The 
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remaining corner points points ql and q2 are assumed to be missing from the 
image , but  we will see that  symmetry can be inferred from existing data  and 
the missing data  can be computed using the symmetry properties of the block. 

v 3 'r 

v 2 

[ / i / l /J/ /  
~; /  VP5 

v 1 

Fig. 7. Image  o f  rectangular block with miss ing  and hidden lines 

The fact that  several lines on the block are mutually parallel implies tha t  
their images intersect at vanishing points. There are three vanishing points and 
they can be computed by intersecting lines as: 

Vl = p iP2  A P4P5 = [1~415- [12514 
V2 = P l P 6  A P3P4 -~ [13614- [14613 (36) 
v3 = P2P3 A P5P6 = [235]6- [236]5 

The missing points ql and q2 can then be computed using the vanishing points 
and a corner point: 

ql = v lP3  A v2P5 (37) 
q2 = v lP6  A v2P2 

The missing points are actually over constrained since we have not used the van- 
ishing point v3. We can therefore compute image constraints on the visible points 
Pl -.-P6 that  can be used to verify the symmetry constraints on the rectangular 
block. 

The vanishing point v3 satisfies the constraint: 

[ql Pl v3] = 0 (38) 

If the expression for ql is substituted into this we get: 

[ql P l  V3] : IV1 P3 P5][V2 P l  V3] --  [Vl P3 V2][P5 P l  V3] : 

: [124][136][235]--[125][134][236] : 0 (39) 

This is the invariant constraint on the points Pl -. .  P6 for them to be the images 
of the visible corners of a rectangular block. 
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P2 
P 

P4 

2 

Fig. 8. One rectangular block symmetrically placed on top of another 

E x a m p l e  2 Fig (8) shows the image of a rectangular block symmetrically placed 
on top of another. It is possible to derive necessary conditions on the corner 
points using only visible points on the outlines of the two objects. The vanishing 
points Vl,V2,V3 can be computed in the same way as in (36). The points rl  and 
r2 on the lower block can be expressed as intersections, using these vanishing 
points as 

rl  = SlY2 A s2v3 (40) 

r2 = S l S 4  A 8283 (41) 

For a symmetric placement we have that: 

[p6 r l  r~] = 0 (42)  

Substituting the expressions for rl  and r2 in this we get eventually: 

[p6 r l  r~] = [sl  s2 v 2 ] [ ~  ~ s4][v3 ~3 p6] - 
[sl s2 v2][sl s2 s3][v3 s4 P6] + (43) 
[sl  v~ v~][sl  s~ ~][~ ~4 p6] = 0 

The parallel alignment oft he blocks implies: 

[~ ~5 ~]  = Lo~ p~ p,][p5 s~ ~1 - [p~ p~ p~][p~ s~ ~] = 0 
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[82 83 V2] = LD1 P3 P6]~94 82 83] -- [Pl P4 P6][P3 82 83] : 0 
[81 84 V3] = ~2 P3 F5][P6 81 84] -- [P2 P3 P6]~95 81 84] --~ 0 (44) 

and correct centering of the blocks means: 

[Pl 81 82] ---- O 
[P5 Sl S2] : 0 (45) 

Conditions (43), (44) and (45) are all necessary invariant conditions for the two 
blocks to be symmetrically placed. The fact that  we are dealing with constrained 
objects and placements implies that  theses conditions can be derived from the 
limited information of visible points on the outlines of the objects. 

4 S u m m a r y  a n d  c o n c l u s i o n s  

We have derived calibration and viewpoint independent constraints on perspec- 
tive images of point sets that  are induced by 3D symmetry properties of the 
points. They can therefore be used to infer symmetry in 3D from image data. 
The constraints are in the form of homogeneous bracket (determinant) polyno- 
mials and can be given a nice intuitive interpretation by using the Grassmann- 
Cayley algebra. The possibility of inferring symmetry from images has potential 
applications in object recognition and robot vision. 
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