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Abstract. Registering 3D point sets is a common problem in computer
vision. The case of two point sets has been analytically well solved by
several authors. In this paper we present an analytic solution for solving
the problem of a simultaneous registration of M point sets, M > 2, by
rigid motions. The solution is based on the use of unit quaternions for
the representation of the rotations.

‘We show that the rotation optimization can be decoupled from the trans-
lation one. The optimal translations are given by the resolution of a linear
equation system which depends on the rotated centroid of the overlaps.
The unit quaternions representing the best rotations are optimized by
applying an iterative process on symmetric 4 X 4 matrices. The matrices
correspond to the mutual overlaps between the point sets.

We have applied this method to the registration of several overlapping
3D surfaces sampled on an object. Our results on simulated and real data
show that the algorithm works efficiently.

1 Introduction

Registering 3D point sets with 3D rigid motions is a common problem in com-
puter vision and robotics. This problem typically occurs when 3D data are ac-
quired from different viewpoints by stereo, range sensing, tactile sensing, etc.

We call pairwise registration the registration of two points sets. However,
the case of a larger number of point sets overlapping each other occurs often.
We can sequentially apply a pairwise registration by matching two by two the
different sets. This widely used scheme doesn’t take into account the whole
correspondences between the data sets during a registration step. It remains
essentially a local approach and it may cause error-distribution problems as
pointed out in [10,4,15,3]. For example the residual error of each individual
pairwise registration can be low but unfortunately we have frequently observed
a propagation and a cumulation of the registration errors.

Thus it appears to be much more efficient to register simultaneously the mul-
tiple point sets in order to keep the residual registration errors homogeneously



35

distributed. We call global registration the simultaneous registration of mul-
tiple point sets which partially overlap each other and for which we know a
correspondence between their points into each overlap.

In this paper we propose an analytic quaternion-based solution to solve the
problem of the global registration of M point sets, with know correspondences,
M > 2. The correspondence establishment depends on the type of data to be
registered. To determine the correspondence between several point sets sampled
on an object surface, the authors have proposed an efficient method based on
a space partitioning with a multi-z-buffer technique [1,3]. By combining this
fast correspondence establishment and the quaternion based global registration,
the ICP (lterative Closest Point) algorithm originally proposed by Besl and
McKay [5] to register two point sets can be conveniently generalized to globally
register multiple point sets.

The next section describes previous works on the registration of multiple
data sets. We then recall some properties of the unit quaternions in section 3
and the classic quaternion-based solution for registering two point sets [7,8] in
section 4 . In section 5 we state the problem of the global registration. The
optimal solutions for the translations and then for the rotations are detailed in
sections 6 and 7, respectively. Finally, experimental results on both synthetic
and real data are shown in section 8.

2 Literature Review

Different analytic methods —singular value decomposition, polar decomposition
and quaternion representation— have been proposed for registering two point sets
with known correspondences. Each of them computes the rigid transformation,
as a solution to a least squares formulation of the problem. For an overview and a
discussion of these techniques see Kanatani [11] and references therein. Recently
a comparative analysis of the various method was given in [12]. It was concluded
that no one algorithm was found to be superior in all cases to the other ones.

Only few authors have investigated the registration of multiple point sets as
a global problem. We may distinguish three different categories in the literature:
(a) dynamic-system-based global registration, (b) iterative global registration,
and (c) analytic global registration.

Kamgar-Parsi et al. [10] have developed a global registration method using
a dynamic system for the 2D registration of multiple overlapping range images.
The position of each range image is then optimized according to a 2D rigid
transformation with three degrees of freedom (one for the rotation and two for
the translation).

Recently Stoddart and Hilton [15} have also proposed a method in category
(a) for the 3D global registration of multiple free-form surfaces. Their dynamic
system is made of a set of springs of length null and whose extremities are
connected between pairs of corresponding points on two overlapping surfaces.
The registration is then obtained by solving the equation of the Lagrangian
mechanic with an iterative Euler resolution.



36

In category (b), Bergevin et al. [4] have proposed an iterative algorithm
based on a modified ICP algorithm to register multiple range images. At each
iteration, each range image is successively matched with all the others, and its
rigid transformation is estimated. The surfaces are simultaneously moved only
at the end of the iteration, after the estimation of the complete set of rigid
transformations.

Inspired by this work [4], the authors have developed an iterative method
to simultaneously register multiple 3D unstructured data scattered on the sur-
face of an object from different viewpoints [3]. This method is dramatically
accelerated by using a multi-z-buffer space partitioning. Unlike Bergevin et al.’s
method, each surface is immediately transformed when its rigid motion has been
estimated. This way, the convergence is accelerated. In order to not favor any
surface, its registration order is randomly chosen at each iteration.

The authors have recently proposed an analytic global registration solution
based on a linearization of the rotations [2]. The optimal rigid transformation
values are given by the simple resolution of two linear-equation systems. It is
assumed that the rotation angles are small. Thus the method performs only
when data sets are not too far from each others.

The global registration method presented in this paper belongs also to cat-
egory (c¢) but the assumption of small rotation angles is not necessary. It is a
generalization of the quaternion-based solution of the pairwise registration which
has been independently proposed by Faugeras and Hebert [6, 7] and Horn [8].

3 Representing rotations by unit quaternions

The reader not familiar with quaternions can refer to [9, 14,8, 13]. Quaternions
will be denoted here by using symbols with dots above them.

A quaternion ¢ can be seen as either a four-dimensional vector (go, ¢z gy, g2)%,
or a scalar go and a tri-dimensional vector (¢z, gy, gz)?, or a complex number with
three different imaginary parts (¢ = go + g, + jqy + kq.).

The product on the left or on the right of a quaternion ¢ by another quater-
nion ¥ = (rg, 7z, Ty,72)%, can conveniently be expressed in terms of the following
products of the vector ¢ by a 4 x 4 orthogonal matrix R or R respectively:

o =Tz —Ty =Tz

#g=2 0 0V 4=y, (1)
Ty Ty To —Ty
T, =Ty Tz To

or

To —Tg —Ty — T3
. |t e Ty o -Ty| . =
gr="_ - U|d=Rq (2)
Yy z 10 T
T, Ty —Tp To
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The unit quaternions are an elegant representation of rotation. Let recall
some of their fundamental properties. A rotation R of angle § around axe u can
be represented by the unit quaternion ¢ = (cos@/2,sinf/2u). This rotation
applied to a vector r is then expressed as a multiplication of quaternions :
R(r) = ¢r4*, where 7 is a pure imaginary quaternion (ro = 0) and ¢* denotes
the conjugates of ¢ (¢* = qo — gz — jay — kqz)-

The scalar product k of two vectors ré = (z%,y',2%)" and ri = (27,7, 2%)"
which are transformed by the rotations R* and R’ respectively:

h = R'(r) - R (r7),

can be written as:

h = (¢'F'¢") - (@' ¢*7),
where ¢* and ¢/ are the unit quaternions corresponding to R? and R’ and #¢ and
# are the pure imaginary quaternions corresponding to r* et 77, respectively.
Given that the dot product between two quaternions is preserved when mul-
tiplied by an unit quaternion, we can rewrite h in the following form

h=(¢*¢') - (7§ ¢").

Considering the matrix forms (1) and (2) of the quaternion product, it follows
that

h=(R¢¢") - (R ¢,
which also can be written in the form
USVN Ny
h=(¢"4") N (¢"¢"), (3)

where N = R R/ is a symmetric matrix having the form

aefy
i |ebhk
N =\thet]
gkld
where o o ) . o o
a=z'7) +y'y +2'27, b=z'wl —y'y! — 22,
c=—xtxd +yiy! — 2229, d = —xtzd — yiyl + 202,
and

e=y'zl — 2y, f =2l —atdd, g =2ty —ylad,
h=azlyl +yizd, k= 2tad + 229, | = yiz? + 24y
By permuting the indexes i and j, the matrix N/é = R’ Ré can be written as
follow:

a —e—f—g
ii -e b h k
N = —f h ¢ 1
-gk 1l d
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This allows us to simply verify the useful following property:

§NY g = ¢ N, Vg (4)

4 Pairwise registration using quaternions

Faugeras and Hebert [7], and Horn [8], have proposed a quaternion-based solu-
tion to register a set of n points S% = {P?} with a set of n points S* = {P}}
where each point P? is in correspondence with the point P} with the same index.
The rigid transformation 72 to be applied to 2, defined by the rotation R? and
the translation #2, is optimized by minimizing the following cost function:

E=Y P -RP) - (5)

i=1

The optimal translation is given by the difference between the centroid of S*
and the transformed centroid of S2

t? = P! — R*(P?). (6)

The unit quaternion representing the best rotation is the unit eigenvector
corresponding to the maximum eigenvalue of the following 4 x 4 matrix:

Sw:c + Syy + Szz Syz - Szy Szm - S:cz S:cy - Sy:z:
Syz - Szy Sm: - Syy - Szz Swy + Sy:c Sza: + Sa:z
Sz;); - Sg;z Szy + Sym —Szm + Syy - Szz Syz + Szy
Szy - Syz Szm + Szz Syz + Szy —Sg;m - S’!!y + Szz
where Spe = Y7, 222"}, Spy = Son 22y, ..., 'Y, y'] and 2 being the

centered coordinates of the points P}, i = 1.n;j = 1..2.

5 Specification of the global registration problem

We assume that there are M overlapping sets of points S, 52, ..., S™. The global
registration process must find the best rigid transformations 7%, T2, ..., T™ to
be applied to each point set.

We denote O*? C S§% the overlap of S* with S%, a,8 € [L..M]. O%F is
composed of N points Pi"ﬁ € 8% i = 1..N*8, Each point Pi"‘ﬁ is matched
with a point P°* belonging to 0°* C §8. Mutually, the point P’* is matched
with P*?. Then we have N*# = Nfe.
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The optimal rigid transformations are usually specified as the minimum of
an objective function which can be chosen as the sum of the squared Euclidean
distances between the matched points of all the overlaps:

M M N°P

E=Y"3" 3 ref) - TR )

a=1 =1 i=1

In order to simplify the notations, we introduce here O** the overlap of the
point set S* with itself. Its contribution to error E having to remain always
null, we just impose for each a € [1..M]:

Noe = . 8)

This cost function takes simultaneously into account the motions of the M sur-
faces. The residual errors will be homogeneously distributed in the whole mutual
overlaps. One can notice that by taking M = 2 and by setting the transformation
T? to the identity transformation, we retrieve equation (5).

6 Optimization of translations

We are looking for the translations which minimize the cost function (7). We
show that this set of optimal translations is given by solving a linear equation
system. We also show that the optimization of the rotations can be decoupled
from the values of the translations.

6.1 Solution of optimal translations

Suppose that each rigid transformation T® (o = 1,..., M) is composed of the
rotation R* and the translation ¢*, the cost function E, defined in equation (7)
can be written:

M M N©°P
E=3Y_ 3 Y IR*(P¥) - RI(P{*) +1* —tf|I%,
a=1 =1 i=1
or,
M M NoB NeB
E= YYD IRX(PX) - RE(PP)® +2[t* — ] Y[R (P2F) — RP(P*)]
a=1p8=1 1=1 i=1

+N g = 17)|?).
However the right term of the scalar product can be expressed by N*#[R*(P*F)—
RA(PP*)] where P*# and PP* are the centroid of 0% and OP* respectively;

N8

_ 1
PaB — W Z Raﬂ
i=1
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The cost function E can be written in the form:

E = Eg + Ey g,
where
M M N°¢#
=33 S IR (PP - RE(PP)|P,
a=1 =1 i=1
and
M M B
Ep=>_Y NPQ[t* —t]- [R*(P*?) — RP(PP*)] + |jt* — 1°||%),
a=1 (=1

We notice that Er does not depend on translations. So the values of translations
which minimize the cost function E will be given by the minimization of F; g.
Let rewrite E; p as follows:

Et,R:CI +C27
where
M M
_ ZZ aﬂ[ta [Ra(PaB) Rﬂ(Pﬁa)],
o
=43 [t* - Y N*P(R(P*F) - RP(PP)),
a=1 B=1
and

M M
=33 N> —1f)?,

a=1p8=1

M M M
=2 [t ZN"‘B)] —2) Y N 4P,

a=1 B8=1 a=18=1

We have used here the data property N®® = NP E; p can then be written in
matrix form

Brp=2(X'AX +2X'B), ©)
where, X = (t1,#2,...,tM)¢,
N! _N12  _NM
—-N2L N2 | _N2M

Ly s
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(where N® = Eg!:l Ne8) and

Spe NYO[RY(PYP) — RO(PFY))]
Y AL N26[R?(P20) — RP(PF2)]
B = :

AL NMB[RM (PMB) — RA(PAM)]

Minimizing E g is equivalent to the minimization of the function Q(X):
Q(X)=X*AX +2X'B. (10)

It should be noted that the matrix A is not invertible; its determinant is null, the
sum of each line or each column being null. The cost function E is unchanged if
the same rigid transformation is applied simultaneously to all M point sets. The
reference frame of one point set should be chosen as an absolute one and only
the (M — 1) other sets should be moved. The choice of this set is arbitrary and
does not affect the registration solution. Let fix the first set by setting B! = I
and ¢! = 0. Equation (10) becomes,

Q(X)=XtAX +2X*B, (11)

where X and B are the vectors X and B deprived from their first element, and
where
N? . -N2M
A= o

-NM2  NM
It may be of interest to note that despite the suppression of the first line and
the first column of A, the matrix A still contains the terms N*! in the diagonal
elements. Therefore the overlaps with the set S are still considered.

Q(X) is a quadratic form which is minimal when AX = —B. So, the value
of the translations are simply obtained by the inversion of the matrix A:

Xmin = —A"1B. (12)

The translations are given by a linear combination of the differences between
the rotated centroids of the overlaps 0% and OP*. Again if M = 2, we retrieve
equation (6)) for a pairwise registration.

6.2 Decoupling between rotations and translations

Using the result of optimal translations, we show now that the optimization of
the rotations can be decoupled from the translations.
For X = X, equation (11) becomes

Q(Xpmin) = —B'A1B. (13)
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We then obtain for the global cost function E: E(Xpmin) = Eg + Er,r = Eg +
2Q(Xmin); i.e. finally:

M M NeP

Xumin) = 3 3 STIRX(PEP) — RO(PP™)|P - 2B'A (14)

a=18=1i=1

The function £ depends no more on translations as shown in equation (14). The
rotations can then be optimized independently from translations .

7 Optimization of rotations using unit quaternions

In this section we solve the problem of the optimization of rotations by mini-
mizing the cost function E defined in equation (14).

We start by rewriting expressing F as a function of quaternions in section 7.1.
We show that minimizing E is equivalent to maximizing another cost function.
Then a sequential algorithm is proposed in section 7.2 in order to maximize this
new cost function. Finally, in section 7.3 we prove that this algorithm usually
converges to a local minimum.

7.1 Rewriting expressing F with unit quaternions

Let ¢f = [|R*(P) — RO(B)].
Using the preservation of norm by the rotations, we have:

o8 = ||PPP|12 + || PP || - 2R(PPF) - RO(PP™).

The first term of E becomes,

M M NP M M Nof
SN N e =233 N RMP) RAPIY+ K (15)
a=1p8=1 i=1 a=1 =1 i=1

where K = 2 Za_l ZB 1 Zz_l ||P°‘ﬁ ||? is a constant which does not depend on
rotations. By combining equations (14) and (15) and by ignoring the constant
term K, minimizing F is equivalent to maximizing

Considering relation (3), the first term of H,

ap

2

R*(P*).R°(P"*) + B'A'B. (16)

||M

M M N%P

H =YY" RYP)-RO(PP),

a=1p=1 i=1
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can be written by using unit quaternions:
M M N°P
=33 S @) P ),
a=1g=1 i=1

or also, by integrating the sum over i,

ZZ(q*"q“) (6%, (17)

a=18=1
af
where N =

Sop + 8B+ §ef Sob — gob 528 — 5of Sop — gof
saﬂ S"‘" Sa8 — saﬁ saﬁ 528 + 5o saﬁ + saﬁ
sgf ng Saﬂ b S"‘" Saﬂ T Saﬁ S528 saﬁ + saﬂ
Sgb — 5o ng + S;;E S"f’ + S“ﬁ —Saﬁ S“ﬁ + Sep

NeB NeB NeB
S8 = Z O S8 = Z z7fyle, 538 = Z z3P 20, .,

with (w?‘ﬁ ,yf‘ﬁ ,zf’ﬁ ) = P{"B and (2 ,yl P “) = Pf “. In another side, as

i i 4 z

shown in appendix A, the quantity B'!A~!B can be expressed in the form:
BA-'B = Z Z q*ﬂqa) Qaﬁ( *B a) (18)

(¢f. appendix A for the expression of Qfﬁ ). According to equations (17) and
(18), equation (16) becomes :

H=30, 55, (076) Q@ (§%94°) (19)

where Q% = Q%° + Q.
Q}’f and Qfﬂ are 4 x 4 symmetrical matrices which have the same form than
N (cf. section 3). So Q*# verify the property (4).

7.2 Sequential algorithm

Let consider now the problem of maximizing the function H of equation (19)
subject to the 4(M —1) vector q = (¢2, 43, ..., qM)t. The quaternion ¢! is set to the
identity quaternion, the reference frame of S; being chosen as the absolute one.
We propose a sequential method to optimize the (M — 1) quaternions defined
by the vector q. The approach is the following one: at each iteration all the
quaternions ¢’ are fixed excepted one of them. We determine this last one so
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that H is maximized. To be more precise, we start with an initial vector qop which
is arbitrarily defined or provided by a pre-computing step. We then construct
a sequence of vectors qu,, m = 1,2,... where the transition from q,, t0 Qm+1
is done in (M — 1) steps: ¢2,,, is determined in the first step, then ¢3,,, ...,
and finally ¢M +1- The quaternion q, 41 is the unique solution of the following
maximization problem: determine the quaternion ¢/, 41 belonging to the unit
quaternion set @ such as:

H(.Q12n+17"‘7q]m+1>q¥n+17"',q%) Z H(q72n+17-'-7qgn,+1aqja ‘11n+17'~"qr]r\1,l)a
V¢l € Q

(20)
When all the quaternions are fixed except ¢/, maximizing H ( equation (19) )

according to ¢/ becomes a simple problem. By ignoring the constant terms, this
maximization is equivalent to the maximization of the following function H(¢’):

M M
H) = Y, (@3 QP (§*0¢) + > (694 Q9 (§94%),
=15 a=TLa]
M
=2 Z (@) QP (48 ¢) (according property (4) ).

B8=1,B+#j
Then by using the matrix form of the quaternion product (1) :

M
H() =2 ) (@F¢)Q0*Q7¢),
B=1,6#]

M
3t BB N*BY i
=2 Y @ @7QQN,
B=1.5%i

which can be written into the form,

H(¢%) = 2¢/' Nigd, (21)

. M to.
where N7 = Y 5=, @° QrQ*A .
H(¢’) is a quadratic form. The optimal unit quaternion which maximizes
this function is then just the eigenvector corresponding to the highest eigenvalue
of the matrix N7.

7.3 Algorithm convergence

We show that the sequential algorithm proposed in the previous section does
always converge monotonically to a local maximum.



45

Let Qm,j = (GZqys-- s @oyr, @Yoo, GM). We start to prove that the cost
function H of equation (19) is upper bounded. Using the fact that the product
of two unit quaternions is still a unit quaternion, we see that each quadratic
term of the double sum of H is always smaller than the highest eigenvalue A%,
of the 4 x 4 symmetric matrix Q*%. By doing the summation over o and 3 we

verify that for any set of quaternions ¢',¢?,--- ,¢M:
M M
H@G ¢ ,dM) <) D> a8, (22)
a=18=1

Thus the cost function H is upper bounded by the sum of the highest eigenvalue
of the matrices Q*?. Since, the series H(qy»,;) is increasing by construction, this
proves that our algorithm converges to a local maximum. If it converges to a
global maximum is still an open question.

8 Experimental results

We have performed a global registration of M = 4 simulated sets containing each
nine 3D points. Each set partially overlaps all the other ones. There are then
C2 = 6 different overlaps described by the subsets 0. Each subset contains
only 3 points in this simulation. The point coordinates vary between -100 and
4100 units. The first point set is chosen as reference frame and is fixed. Each one
of the three other sets is rotated by a random unit quaternion and translated by
a random distance. In this example we do not add noise, thus the misregistration
error value is expected to be very low.

We found that only 50 iterations were necessary to reduce the residual error
from an initial value of 843 units to 0.2 10™2 unit. The CPU time needed is very
low, it is lower than one millisecond for each iteration on a Sun Sparc Station
running at 300 MHz. It does not depend on the number of points taken into
account in the overlaps, the matrices Q# being precomputed.

In this problem ground truth is available and so we can compute the residual
error of the obtained solution from the true values for the unit quaternions and
the translations. The relative residual error for the angle of the quaternion is
about 107 and the one for the translations is about 107%. These results show
that the intrinsic precision of the algorithm is very high. Its accuracy allows its
use for many registration applications in computer vision.

We have for example applied this quaternion-based global registration on 3D
points sampled on surface of real objects with a laser range finder. The Greek
bust shown in Figure 2 is a difficult object to scan due to the presence of deep
concavities. In this example 12 different scans have been recorded by using trans-
lational motions with a step of 0.1 mm. They contain more than 2 million points.
The resulting partially overlapping parts of the object are illustrated in Figure 1.
A quick and rough interactive registration was first performed (Figure 2-left).
Then all the scans were registered simultaneously (Figure 2-right) by using an
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ICP approach. This global registration is an extension of the classical ICP al-
gorithm proposed by Besl and McKay [5] to register two sets. Two steps are
iterated until convergence. In the first step, a point-to-point correspondence is
efficiently established between the mutual overlaps of the sampled surfaces by
using the multi-z-buffer space partitioning described in [3]. In the second step,
the quaternion-based registration proposed in this paper is applied to simulta-
neously optimize the rigid motions. Figure 3 shows the convergence of the ICP
algorithm by displaying a curve of pseudo-time against RMS residual global er-
ror. The initial RMS error was 0.68 mm and after one iteration falls down to
0.19 mm. The RMS error for the 12 scans is 0.11 mm after 20 iterations. The
CPU time required for each iteration of the global ICP registration is 15 seconds
on a Sun Sparc Station running at 300 MHz .

o g —

Fig. 1. Some pieces of a Greek bust mosaic (Hygia, Dion Museum, Greece).

A statuette was also digitized along 6 different views shown in Figure 4.
Only four ICP iterations were needed to globally register these 6 views, the
global RMS error decreasing from 0.61 mm to 0.21 mm. Figure 5 shows three
renderings from different viewpoints of the registered data of the statuette.

9 Conclusion

We have proposed in this paper a complete solution to the problem of the global
registration of multiple 3D point sets with known correspondences. It is based
on the representation of the rotations by unit quaternions. Compared to our
previous work based on a linearization of the rotations [2], this new approach
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Fig. 2. The Greek bust after interactive (left) and global (right) registration of 12
scans.

global residuol error
0.000 0.100 0.200 0.300 0.400 0.500 0.6G00.878

!
| | I
° 10 20 20 «

o s0 59
number of iteration

Fig. 3. ICP algorithm convergence of the 12 scans of the Greek bust.

does not require any assumption on the initial position of the point sets. It works
well even when the data are initially faraway.

The experimental results have shown the excellent behaviour of the proposed
algorithm to reach the optimum. With this solution the classic ICP algorithm
which register only two point sets can be easily generalized into a k-ICP algo-
rithm to register simultaneously & point sets (k > 2).

This method which has been successfully applied to the registration of several
overlapping 3D sampled surfaces could be also very useful for other applications
in computer vision.
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(viewl) (view2) (view3)

(viewd) (view5) (view6)

Fig. 4. Rendering of six views of a statuette (courtesy of the artist, Roland Coignard).

Fig. 5. Three different Renderings of the fusion of the six views of the statuette after
their global registration.

Acknowledgment

This work was partly supported by the European ESPRIT project ARCHA-
TOUR (EP III 9213).



49

Appendix A : development of B*A~'B

We look here for the development of the form B*A~!B defined in section 6. Let
denote ¢*# = R*(N8 P2P) the transformed centroid of the overlap O*# by the
rotation R*, multiplied by the number of points of 0. We associate to each
rotation R® its unit quaternion ¢°. Let denote a;; the element (7, j) of the matrix
A1 where i and j € [2..M]. In order to homogenize the indices of the sums, we
introduce the following null terms with an index 1, a;; = a;; = 0. Then:

M M M
BtA-1B = Z Z aM[Z(cka Z lﬂ cﬁl
k=1 I=1 a=1 p=1

=
e
z
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o
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By appropriately changing some indices, this last quantity can be trans-

formed into:
M M M M

BtA 1B = ZZZZ%B ak cﬁl

a=1 =1 k=1 l=1

where ,uzlﬁ = Qg — Qg — Aol + Gag- Since A1 is a symmetric matrix (a;; = aj;),
we have u2? = . Let use now equation (3) to develop B*A~!B:

M M M M ~
BATIB =Y Y S0 uel RNk PRy RE(NPPPY,
a=1B=1k=1I=1

leﬁ( %0 a) Naﬂ (NakPak NBlPﬂl)(q*ﬂqa)

i
Mk
M=
M=
Mk

Q
[
-
™
|l
-
=
1l
—
1
-

(%) @ (4",

M=
Ma

a=1 (=1
where,
Z ZukﬂNaﬂ Nakpak,NﬂlPﬂl),
k=1 I=1
o8 + 338 4 Sop  §ob — 5ep 5op — Zap 3op — Gab
Saﬁ Saﬁ Saﬂ Saﬂ Saﬁ Saﬁ + Sﬂrﬂ Saﬁ + Sgg
=| P 5 ToesPges " _ger gep” ep sz |
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where, S¢8 = .1, S, pefzokad, 52 = Ther it iy & g”,..
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Q@ has the same form as N¥ (cf. section 3) so it verifies the property 4).
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