Grid Structures and Undecidable Constraint
Theories*

Franck Seynhaeve!, Marc Tommasi**!, Ralf Treinen?

! LIFL, Bat M3, Université Lille 1, F59655 Villeneuve d’Ascq cedex, France
email: {seynhaev,tommasi}@lifl.fr, Web: http://www.1lifl.fr/~tommasi
2 LRI & CNRS, Bat. 490, Université de Paris-Sud, F91405 Orsay cedex, France
email: treinen@lri.fr, Web: http://www.1lri.fr/~treinen

Abstract. We express conditions for a term to be a finite grid-like struc-
ture. Together with definitions of term properties by excluding “forbid-
den patterns” we obtain three new undecidability results in three ar-
eas: the 3"V*-fragment of the theory of one-step rewriting for linear and
shallow rewrite systems, the emptiness for automata with equality tests
between first cousins (i.e. only tests at depth 2 below the current node
are available), and the 3*V*-fragment of the theory of set constraints.

1 Introduction

Domino games and Turing machines are well-known tools to prove undecidability
results. The grid structure provides convenient means for encoding computation
sequences of Turing machines. In its infinitary version (i.e. Zx7Z),it has been used
for instance to obtain undecidability results for monadic second order theories
[21,19,6,14,15]. A classical encoding of the computation of a Turing Machine can
be done only with a local matching on a grid, where, roughly speaking, row i
contains a description of the tape at time 7, and column 7 contains the values of
cell j of the tape during the computation. Only local tests are necessary to verify
that successive rows in the grid correspond to successive tapes in a successful
computation of the machine.

In this paper we prove undecidability results for computational mechanisms over
finite terms. Intuitively, a term is a grid-like term if from each node, going one
step up and then one step to the right yields the same subterm than going one
step to the right and then one step up. In other words, the directed acyclic graph
assoclated with a grid-like term is a grid.

Basically, the common approach for the resulis we prove here is the following.
We have to express two properties: that a term is a grid-like term, and that the
grid encodes a computation of a Turing machine. Since the latter can be done
using local tests only, regular tools such as rewrite systems or tree automata can
be used to exclude certain “forbidden” patterns.

Using these techniques we prove that the following theories are undecidable:
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— the Hi"V*—fragment of the theory of one step rewriting for the class of shallow
and linear rewrite system, and

— the emptiness property for tree automata with equality tests between first
cousins, and

— the 3*V*-fragment of the theory of set constraints.

One-step rewriting The theory of one-step rewriting for a given rewrite system
R and signature X is the first-order theory of the following structure: its universe
consists of all X-ground terms, and its only predicate is the relation “x rewrites to
y in one step by R”. The structure contains no function symbols and no equality.
In [23] it has been shown that there is no algorithm which decides the 3*V*-
fragment of the theory of one-step rewriting for any rewrite system R. This result
has been refined to the I*V*-fragment for the class of linear rewriting systems in
[22], to the 3*V*-fragment for the class of right ground rewriting systems in [16]
and to the 3*V*3*-fragment for the class of linear noetherian rewriting systems
in [24]. Recently, decidability of the positive existential fragment has been shown
in {12].

In this paper we restrict the class of rewriting systems for which the theory of
one-step rewriting is undecidable to the class of linear and shallow term rewriting
systems. This undecidability result is surprising in the light of the decidability
result for the quotient algebra by a finite set of shallow equations [5].

Tree automata with equality tests Tree automata with equality tests have
been introduced by Dauchet and Mongy to tackle non-linearity problems in vari-
ous fields such as rewriting, program approximation, and partial evaluation [17].
On the one hand, the class of languages recognized by tree automata with equal-
ity tests is closed under non linear morphisms and classical boolean operations.
On the other hand, when unrestricted equalities are allowed the emptiness prop-
erty for these acceptors is undecidable. This negative result stems from the fact
that equalities can be propagated in a term as far as desired using transitiv-
ity of the equality and repeated application of non-linear tules. In the original
paper, the authors encode the Post correspondence problem using overlapping
equalities between subterms at different depth.

When only equalities between direct subterms (brothers) are allowed it is not
possible to overlap equalities, and Bogaert and Tison have shown that in this
case the emptiness problem is decidable [2].

Closely related, Caron et al [3] have defined encompassment automata, that is
automata with equality tests which can handle a bounded number of equalities
along each path of a tree and between brothers in an unrestricted way. They
generalized the result of [2] because the emptiness problem is decidable for en-
compassment automata.

Consequently, one could hope to keep decidability while testing equalities (and
disequalities) at the same depth. However, we prove in this paper that the empti-
ness problem for Tree Automata with equality tests between First Cousins —
Trafic-automata — is undecidable.

Set constraints Set constraints are relationships between sets of terms of a
Herbrand Universe. Because of their expressive power and their naturalness,



359

they have been used in program analysis [9,11}. The main idea is to associate
with a program variable an approximation of the set of its possible values. Set
constraints have also enriched (constraint) logic programming languages, in order
to compute with sets [13].

Relations between automata and set constraints have been first pointed out by
Heintze and Jaffar in [10]: the case of set constraints between sets of words can
be treated using a translation into monadic second order logic of k successors, i.e.
Rabin tree automata [18]. In [7] this approach is reused and a new class of tree
automata which can handle the case of set (of terms) constraints is defined. As an
advantage, tree automata provide for decision algorithms and closure properties
[8].

In a more general way, we can examine the satisfiability problem for formulas of
a theory based on set constraints denoted by 7sc. The language of this theory
is defined in the following way: atomic formulas are elementary set constraints
of the form ¢ C t’; formulas are obtained from atomic formulas by closure under
boolean operators (and, or, not) and quantifiers. More precisely, the syntactic
definition of atomic formulas relies on a set of variables X' and a finite set I’
of functions symbols. Then, an elementary set constraint is of the form ¢ C ¢/
where 1,1 € Tr(X). An interpretation Z of a set constraint maps each variable
of X onto a subset of Tr.

The complete theory 7sc is undecidable because of the undecidability of the
monadic theory of finitely generated free algebras [20] and the existential frag-
ment is decidable [1,4,7]. This paper states that the satisfiability problem for
formulas of the 3*V*-fragment is undecidable.

The paper is organized as follows. In Section 2.1 we explain how local grid-
patterns can be used in order to describe compution sequences of a Turing ma-
chine. In Section 2.2 we introduce finite grid-like terms. The definition has to
take care of the borders of the grid. This implies a special treatment at the leaves
of the terms. The encoding of the halting problem is then presented in Section 3
for rewrite systems and Section 4 for tree automata. Finally, the undecidability
result for set constraints is given in Section 5.

2 Preliminaries

Let Tpr(X) denote the set of terms over a ranked alphabet I' and a set X of
variables, and let t € Tr(X). We denote by Var(t) the set of variables which
occur in t and by 1|, the subterm of ¢ rooted at position p . We have head(t) = o
iff £(0) = o, that is « is the root symbol of .

2.1 Turing Machines and Computations

Fo.r the rest of the paper we fix an instance of a restricted class of Turing ma-
chines: let T' = (Q, I, ¢, gs) be a Turing machine with tape alphabet {a,b} (O

is the b!ank symbol), state set Q = {q;, ... ,qk}, initial state g, accepting state
g7 and instruction set . We can assume w.lo.g.

- that 7" never accesses a tape position to the left of the starting position,



360

- that it never writes a O on the tape {hence, O can never occur to the left of

the head).

The signature X as well as several other entities to be constructed during the
proof depend on the Turing machine T". For the sake of brevity we do not mention
the index T which strictly speaking is in order here.

We specify the configuration of the Turing machine by a string called instan-
taneous description. As usual, the configuration is noted by concatenating the
part of the tape left to the head, the state, and the part of the tape starting at
the head position (such that the tape symbol seen by the head is written to the
immediate right of the state). For technical reasons, we will in addition delimit
the string by the $ start mark and the # stop mark; the stop mark is always
preceding by the blank symbol and furthermore the symbols on the lefi half of
the tape will always be indexed with !, while the symbols on the second half are
indexed with r.

Definition 1 (Instantaneous Description). We define the following sets of

constants:

(leftchar) == a; | by (state) :=q1 | ... | qx
(rightchar) := a, | by | Oy (constant) :=$ | # | (leftchar) | (rightchar) | (state)
An instantaneous description (ID) is a string licensed by the following regular
expression: (id) := ${leftchar)* (state)(rightchar)™ O, #

Definition 2 (P;g). The set Piq is the following set of patterns where - matches
any character:
-$ | $(rightchar) | $# | (lefichar)(rightchar) | (leftchar)# | (state)(leftchar) |
(state)(state) | (state)3# | (rightchar){leftchar) | (rightchar'{state) | #_|a,# { br#

Lemma 3. A string w € (constant)* is an instantaneous description if w starts
with $, ends with #, and none of the patterns of P;y matches w.

A sequence of IDs can be stored in the upper right quarter of an infinite plane
partitioned into cells (recall that a Turing machine’s tape is left bounded) where
each line corresponds to an ID. We detail now conditions for such a plane (or
grid) to be a computation by means of 2-dimensional patterns.

Definition 4 (Pr). The set Pr is the following set of patterns:

x zly|z where (g,¢) — (p,d,0) and

B where ¢ # §. ulqle, (x#uory;éporzyédr).
z|y where z # # and zlylz  where (g,¢) — (p,d, R) and
H (:c#Droryi#). ulgqicr (a};éuory#dlorz#p).
x where u ¢ (state) and z # ci, zly|z where (g,¢) = (p,d, L) and
alu ¢ € (leftchar) wlgler (w#poryFuorz# d,.).

¢ where u ¢ (state) and z # cr,
ule, cr € (rightchar)
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Lemma 5. A grid g represents a computation if the first line of g is the initial
configuration $q;0,# and none of the patterns of P;q or Pr malches g.

2.2 Terms Representing Grids

Definition 6 (Signature ['). The signature I" consists of the ternary symbol
f and the constants Lo, a;,b;,a,,6,,0.,8,#,q1,...,qk.

The symbols of I" are used to represent computation sequences of the machine T'.
Note that the tape symbols come in two variants: left and right handed.

Definition 7 (I'-grid). A ground term 1 over some super-signature of I' is
called a I'-grid if

1.1 eTp;
2. for every subterm f(x,y, z) we have
(a) # = Lo or head(x) = f,
(b) y= 1o or head(y) = f and
(c) z € {a,bi,ar,br, 00,8, 4, g1, ., qr };
3. for each subterm f(f(z1,y1,21), f(z2,¥2, 22), 2z3)
(a) the equation y; = x5 holds and
(b) head(y) = f;
4. for each subterm f(z1, f(f(x2, y2, 22), ys, 23), 21), head(z;) = f.

Hence, the directed acyclic graph of a I'-grid ¢ is a grid in the sense of the last
section, In a term ¢, the last argument of an f-term is the content of a cell, the
first argument is the upper neighbour, and the second argument is the neighbour
to the right. The “end” of the grid (on a row or on a column) corresponds to a
leaf Ly of ¢. The last three conditions need some explanations:

Condition 3a states that by going one step up and then one step to the right
one gets the same description than by going first one step to the right and then
one step up. Condition 3b states that when there is a description of the upper
neighbour and of the right neighbour of some cell, then there is also a description
of the upper right neighbour. Consequently, every ¢+ I-th row is as least as long
as the ¢-th row. Finally, condition 4 states that if a cell has an upper-right
neighbour then it has an upper neighbour, too. Consequently, all lines start at
the same position (see Figure 1).

3 Rewriting

3.1 Preliminaries

A rewrite system is called shallow, resp. linear, if all its rules are shallow, resp.
linear. A rewrite rule [ — r is called shallow, resp. linear, if both { and r are
shallow, resp. linear. A term ¢ is shallow if all its variables occur at depth at most
one. A term ¢ is linear if it does not contain any multiple variable occurrences.
We employ the following abbreviations:
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Fig. 1. A grid of two lines and its corresponding I-grid ¢.

r=ty =22y r"y =T (z s 2zAz"y)
r>y=z—yAyhe e="Tly=T(z=>zAz23"y)
Jrily:::céy

The set of leaf positions of a term ¢ is denoted by £LPos(t), and its set of non-leal
positions by ZPos(t). The set of all positions of ¢ is Pos(t) = LPos(t)ULZPos(t).
The implication sign of predicate logic is written D in order to distinguish it
from the rewrite relation symbol —.

Definition 8. Let X be a signature and R be a Y-rewrite system. The struc-
ture Ay g is defined as follows: The language of Ay g contains no constants or
function symbols, and its only predicate symbol is the binary predicate symbol
—. The universe of Az g is the set T(X), and ¢ — s holds in Ag g iff { rewrites
to s in one rewriting step of K.

3.2 The Undecidability Proof

Theorem 9. There is no algorithm which decides for any signature X and any
linear and shallow S-rewrite system R the 3*V*-fragment of the theory of As r-

We are going to reduce the halting problem for the restricted class of Turing
machines defined in Section 2.1 to the validity of a certain formula in some
structure Ay g.

Definition 10 (Signature T, rewrite system R). The signature X' is the
extension of I' by the constants u,r,u,r’. The Z-rewrite system R consists
of the following rules (note that R is shallow and linear):

Fla,y,2) = u(z) [ () [v'(2) |7'(y) u'(z) = r(@) r'(z) = u(z)

Lemma 11. For every finite set P of linear terms in Tx(X) there exist a sig-
nature extension Sp D X, a shallow and linear Xp-rewrite system Rp DR, a
quantifier-free formula ad(z) and for every p € P an 3*-formula matchlp}(z)

such that:
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- foreveryt € Ts,: As. rp = ad(t) ifft € Tr; ‘
- foreveryp€ P andt € Ty: Ax. r, = matchlp](t) iff p matches 1.

Proof. Let P = {ty,...,tn}. We define
Yp=XU{e,|tePoeIPos(t)}U{e;; |1<i<n1<j<n+i-1}

For any t € P and o € Pos(t), let dy o, := t|, if 0 € LPos(t), and d; o 1= €10 if
o € ITPos(t).

Rp:= RU{h(Z) > h(z) |h g '}
U {f(ds,o1,--.,di,op) = Cto |t € Pyo € IPos(t), head(t|,) = f,arity(f) = p}
U {di;e = €i1,€i5 = €iiq1,€intio1 > e [ 1<i<n,1<j<n+i-2}

Finally, we define, where ¢; € P and k is the cardinality of ZPos(t;):

ad(z) =2 H=x

match[t;](z) := Jy (z =F yAy "1

Y)

Definition 12 (grid(z)).

grid(z) := ad{z) A /\ <—|match[f(h(-),_, M=) A —1match[f(_,h(_),_)](a:))
hg{La,f}

A —match[f(-, -, F())(z) A —matchf(, -, Lo)](z)

AVy,z,2' v (a: =2y A match[f(r(),«' (), )W) A y—z
A match{u(r())(z) A y— 2 A match[r'(v'(.))](z)
N2 —=u A match[r’(r(_))](v)) D vz

A\ matehl£(F( b0, £, )

h#f
A /\ _‘matCh[f(h(~)7 f(f(—’ - ~)) - —)1 -)]('T)

h#f

Note that grid(z) is a ¥* formula since each occurrence of a match-formula is
negated.

Lemma 13. Let Zp O X and Rp D R be constructed according to Lemma 11,
where P contains all the patterns mentioned in Definition 12. Then a term t €
T(Zp) is a I'-grid iff Az, g, = grid(t).

Definition 14 (inst).

nif(z) = match[f(-, f(_, F(o f (-, Lo, #),0,),4;), $)](x)
A-~match[f(F(-, £(-, £(- £(- Lo, #),0,),45), 8), -, ))(x)
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The first part of init(g) where g is a I'-grid states that some row of the grid
g starts with $¢,0,7, that is with the instantaneous description of the initial
configuration. The second part states that there is no preceding line to the initial
configuration (there might be some line that is not an instantaneous description).
Note that inid(z) is a F*V*-formula.

Each two-dimensional pattern on the grid can be expressed as a term of T (X).

Definition 15. We associlamte with each pattern of P;y and Pr a term of Tp(X).
This yields sets P,; and Pp of terms of Tp(X).

We illustrate the last definition with an small example of a pattern p of Pr and
its associated term T (X'):

uldi|g ,
Ui q|cp

Definition 16. We define the following formulae:

trans(z) = /\ ~match[p](z) A /\ —~match[p](z)
pEPq', pEP:d
final(z) := maichlgs](z)
halts == Jx (grid(:r) A init(z) A trans(z) A ﬁnal(a:))

Proof of Theorem 9. Let Az p = grid(t) A init(t) A trans(t). Then ¢ represents a

computation sequence. .
Let M be the set of all patterns used in the above constructions, and let Xy

and Ry be according to Lemma 11. Then the Turing machine T halis on the
empty input iff Asy, Ru k= halts. This completes the proof of Theorem 9.

4 Automata

Definition 17. A Trafic-automaton is a 4-tuple A = (I, E, F, R) wher? .F‘ is
a finite ranked alphabet; E is a finite set of unary letters called states disjoint
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from I'; FF C F is a set of final states; and R is a finite set of fransition rules,
all being of the following two forms, where ¢1,...,q,,¢ € F and x;, :cf]. e X:

Har(z1), .- gnlzn)) = g
f(ql(fl(xiv'“?z;zln))v . "vqn(fﬂ('t,lla“ 733;,,))) —4q.

Note that rules may be non-linear, that is the same variable may occur twice or
more often in a left hand side.
The tree language recognized by a Trafic-automaton A is the set of terms of T
which are reduced by the rewrite system R into a final state:

L(A) = {t € Tr |t %> q(t) where ¢ € F}.

The class of languages recognized by Trafic-automata is closed under union and
intersection.

Let us recall that the class of languages recognized by tree automata are closed
under unjon, intersection and complementation. Let us remark that langnages
recognized by tree automata are also recognized by Trafic-automata.

Theorem 18. The emptiness problem in the class of Trafic-automata is unde-
cidable.

We are going to reduce the halting problem for the restricted class M7 of
Turing machines defined in Section 2.1 to the emptiness problem in the class of
Trafic-automata. In other words, given a Turing machine T, we build a Trafic-
automaton Apairs such that £(A,,,,) encodes all successful computations of
T.

In the proof, we first state in Lernma 19 that I'-grids are recognizable by Trafic-
automata. Then, Lemma 20 proves that codes of a successful computation are
also recognizable by Trafic-automata.

Lemma 19. There exists a Trafic-automaton Agyiq such that L(A,.;0) = {t |
tis a I'-grid}.

Proof. Let us consider [ the set of constants of I" and the Trafic-automaton
Ag = (I',{q},{q}, R) whose rules are:

Va,bce It a—q  f(g(a),q(b),q(c)) = ¢  flgla),q(b),C) = ¢
fla(a), B,q(c)) = ¢ fla(a), B,C) = ¢ (A q(b),q(c)) = ¢
f(A,q(0),C) = q f(A,B,q(c)) = ¢ f(A,B,C) = ¢

with A = q(f(z1,y1,21)) B =q(f(z2,92,22)) C = q(f(zs,9s,23))

We prove that ﬁ(Ag) = {t € Tr | t satisfies Condition 3a of Definition 7} using
induction on the structure of terms for the 2 part and using induction on the
number of derivations for the C part.

Conditions 2, 3b and 4 of Definition 7 correspond to local tests on subterms
and hence {t € Tr | t satisfies Conditions 2, 3b and { of Definition 7} is a reg-
ular language, then recognizable by a (classical) tree automaton. Then we can
construct a tree automaton Ag such that:

L(Ay) = {t € Tr | t satisfies Conditions 2, 3b and 4 of Definition 7}.
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Moreover.E(Ag) NL(A,) = {t | tis a I'-grid}. Finally, since every tree au-

tomatqn is also a trafic-automaton and the class of Trafic-automata is closed

under intersection, there exists a Trafic-automaton Ag,iq such that £(A,,;,) =
(a2

L(A,) NL(A).

Lemma 20. Let T be a Turing machine in MT . There exists a Trafic-automaton
Apaies such that L(A,,,;,,) = {successful computations of the Turing machine T}

Proof. Let T be a Turing machine. For any term p of Pz»’d and quq, p is linear
then {t € Ty | some instance of p is a subterm of t} is a regular langage.

Moreover {t € Tr | tlo = f(u1, fua, f(us, f(ua, Lo, #),0;),¢5),8)} and {t €
Tr | f(Lo,u, q¢) is a subterm of t} are also regular langages. Then we define in
the same way than in Section 3.2 (classical) tree automata Ainit, Atrans, Afinal
and A}, such that: }

L(Aparzs) = L(Agria) 0 L(Aini) N L(Appgp) O L(Asina)

= { successful computations of T'}.

The Turing machine T halts on the empty input iff L(A), ., ) # {. This completes
the proof of Theorem 18.

5 Theory of Set Constraints

Theorem 21. There is no algorithm which decides for any ranked alphabet I’
the 3*V*-fragment of Tsc.

The proof first relies on Lemma 24 which states that there exists a formula
grid(X) in the 3*V*-fragment of Tsc such that grid(X) is satisfiable if and only
if X denotes a singleton set containing a I' -grid. Then, following the construction
of Section 3, in Lemma 25 we build a formula halts which is satisfiable if and

only if the machine T halts on the empty input.

Definition 22. For the sake of brevity, we define the emptyset @ and the inter-

section N as follows: f=vXPCX
Xny=0=v2 (ZQX/\ZQY):?Z:(D

Definition 23. Let C = I\ {Llo} and grid(X) be a formula defined as follows:
grid(X) = sing(X) A (38 subterms(X, S) A shape(S) A equalities(S) A edge(S))
5ing(X)EX;é(Z)/\(VYY§X:>XQYVYQ(Z))

subterms(X,S) =5 C f(5,5,C)Ulo A XCS
AVS (S' C F(S',5,C)ULoAX CS)=>SCS

shape(S) = VY;,Ys,Ys, Z F(f(Y1, 10,Ys), f(Z),Ys)NS =10

equality(S) = VYl,Yg,Yg,Y4, Y5,Y6 )
(N Y # 0 A F(F(YD, Vs, Ya), f(Ya, ¥5,Y0), Y1) S)=Y:=Ys

edge(S) = YYy,Ys, Vs, Ya, Vs, Yo f(Lo, f(f(Yl,Yz,Ys),Y4,Y5)aY6) ns=>0

where
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Lemma 24. VX (grid(X) < 3t I'-grid st X = {t})

Proof. The formula sing(X) is satisfied iff X is a singleton. Let ¢ € X. The
formula subterms(X,S) defines the set S of subterms of ¢ except the elements
of C'. The first line of the formula defines a subterm-closed set containing t. For
example, let ¢ in S (¢ # Lo):

teS=>te f(S,S,C) = Iy, ta,tz st t = f(t1,1a,t3) > 11,12 € S, tz3 € C.
The second one defines S as the smallest set satisfying the first line.
Finally, the formulae shape(S), equality (S) and edge(S) translate Conditions 2,
3 and 4 of Definition 7.

Lemma 25. There exists a formula halts of the 3*V* -fragment of Tsc such that
halts ¢s satisfiable iff the Turing machine T halts on the empty input.

Proof. Let T be a Turing machine and X such that grid(X). Then, according
to Lemma 24, there exists a I'-grid ¢ such that X = {t}. grid(X) is a formula of
the 3*V*-fragment of 7sc, and it defines the set S of all subterms of the term t.
We define now in a same way than in Section 3.2 formulas nit(S), tmns(S),
final(S) and halts. To this aim, we just note that for any term p of Pl-ld and Pp,
we can say that p matches or does not match a term in S:
match[p](S) = JupC SAp+£D

where # denotes the set of variables of the term p. The preceding formula is sat-
isfied if there exists set of terms Z(z1)...,Z(x;) (Z interpretation and z, . . ., X
variables of p) such that Z(p) C Z(S) and Z(p) # 0.

The Turing machine T halts on the empty input iff halts is satisfiable. This
completes the proof of Theorem 21.
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