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Abstract

Ellipses in general position, and problems related to their reconstruc-
tion from digital data resulting from their digitization, are considered. If
the ellipse

E: Az -p)’ +2Bz-p)ly—9)+Cy—9)* <1, AC~-B*>0,

is presented on digital picture of a given resolution, then the corresponding
digital ellipse is:

DE) = {G4) | Ali-af+2B(i—a)(i—b)+C(-b?<r?,

1,j are integers},

where r denotes the number of pixels per unit and a = pr, b= g¢r,
A=Ar?, B=Br? C=Cr

Since the digitization of real shapes causes an inherent loss of infor-
mation about the original objects, the precision of the original shape es-
timation from the corresponding digital data is limited, i.e. there is no
possibility that the original ellipse can be recovered from the digital el-
lipse. What we present here is the estimation of parameters A, B, C' and
center position (a,b), of the ellipse digitized as above, with relative er-
ror bounded by O (;W:IT;?) and absclute error bounded by O (;1711—1:;),
(where € is an arbitrary positive number), that is, with the error tending
to zero when the picture resolution increases. The obtaired results imply
that the half-axes of the original ellipse can be estimated with the same
bounds of relative and absolute errors.

Index Terms — Pattern analysis, image processing, digital shapes,
parameter estimation.

1 Introduction

Estimation of the relevant parameters of the original object, based on the data
resulting from their digitization, is one of the the most important problems con-
sidered in computer vision and image processing ([2]). Digital shapes which
appear the most often in practice are conic sections, including digital straight
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lines, (in the Euclidean plane) and so-called surfaces of the second order (in the
Euclidean space). Some statistical parameter estimations of circular arcs can be
founded in ([3]), bat the above mentioned problem, connected with the sets of
digital points resulting from digitization of the ellipse in general position has not
been solved by now. We find it might be interesting to give an efficient recon-
struction of (general) ellipses by using digital data resulting from the digitization
of the original object. Even though the problem of reconstructing corresponding
digital ellipse still remains open, the method we describe provides obtaining the
digital shape which can be considered as a good approximation of the coded one.
For such purpose five properly chosen discrete moments are used.

The paper is organized as follows.

An asymptotical behaviour of discrete moments of digital ellipse, needed for
the reconstruction and representation, is derived in the next section. An efficient
estimation of the parameters of the original ellipse is given in Section 3. It is
shown that the errors of such estimation tend to zero while r tends to infinity, i.e.
when the resolution of digital picture increases. The confirming experimental
results are presented: even for r = 10, relative deviation is shown to be less than
10% and for the absolute error we have 0.5 as the upper bound. For r = 100,
relative error is less than 0.6%, and absolute error is bounded by 0.04.

2 Approximation of the Original Ellipse from
its Digitization

Consider an ellipse E in the Euclidean plane, defined by the equation

Az -p)* +2Bz -p)ly— )+ Cly—9)? <v?, AC - B? > 0.
The ellipse F is digitized by using digitizing method in which all the digital points
(points with integer coordinates) in the ellipse are taken. The data,resulting from
the digitization of a given ellipse E obviously depend on the number of pixels
per unit, i.e. on the picture resolution. Let r denotes this number; then the set
of digital points, defined by

D(EYy = {(i,5) | Ai—a)®+2B(i—a)(j—b)+C(j —b)* < r?,

i,j areintegers }

is obtained as the digital picture of the ellipse E (a = pr, b= ¢r, A = Ar?,
B = Br? C = Cr?). This set will be considered as the digital ellipse.

As different ellipses may have identical digital images, there is some indis-
pensable uncertainty in retrieving the original ellipse from its digital image. So,
a natural and important question is how efficiently the original ellipse E can be
recovered from the data, resulting from its digitization D(E) 7 In this section
it will be shown that certain information about digital ellipse D(E) enables a
reconstruction of a, b, A, B and C, with error tending to zero while r — oo.

A (k,l)-moment, denoted by my ;(S) for a shape S, in 2D is defined by

mi(S) = /f zFy' dz dy.
5
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Considering that the parameters of the ellipse E can easily be reconstructed if
moo( E), my o(E), mo,1(E) and any two of myo(E), my 1(E) and mg3(E) are
known, and applying the analogous idea to the discrete shape, let us define the
following integer parameters for a given ellipse E:

— the number of points of D(E), denoted by R(E);

— the sum of z-coordinates of points of D(E}, denoted by X(E);

— the sum of y-coordinates of points of D(E), denoted by Y (E);

~ the sum of squares of z-coordinates of points of D(E), denoted by X X (E);

— the sum of squares of y-coordinates of points of D(E), denoted by YY (E).

Obviously, these parameters can easily be computed and are uniquely deter-

mined for any ellipse. They can be understood as its discrete moments. So, it
is natural to introduce the following definition:
Definition 1 If a real ellipse E, given by A(z—a)?+2B(z—a)(y—b)+C(y-b)? <
r%, is digitized, and R(E), X(E), Y(E), XX(E), YY(E) are calculated from
D(E), then the estimated values, acyt, best, Aest, Best and Ceyy, for the parame-
ters of E are

(aest;best) = (%’ %) ;

2

Aot = 35 - (YY(B) - R(E) - (Y (E))?);

4.r3.

Best = (T{(}T;)J;T :
/16 72 (XX (E) - R(E) — (X(E))?) - (YY(E) - R(E) - (Y(E))?) — (R(E))%;

Cost = {lye - (XX(E) - R(E) - (X(E))?)-
It can be expected that the ellipse defined by
Aest(x - aest)z + 248»351&(33 - aest)(y - best) + Cest(y - best)2 < r?

is a good approximation of the original ellipse E. Its digitization, then, might
be considered as a good approximation of D(E).

In order to give the upper bound on the errors in estimating parameters of
the original ellipse as defined above, we need asymptotical expressions for R(E),
X(E),Y(E), XX(E) and YY (E).

For convenience, in the rest of the paper it will be assumed that all the digital
points have nonnegative coordinates. In other words, the origin is placed in the
left-lower corner of the observed digital picture.

We cite the following result from the number theory ([1]).

Theorem 1 If B is a conver body in R?, with C® boundary and positive curva-
ture at every point of the boundary, then the number of lattice points belonging
tor B is:

R(r-B)=r?-P(B)+0 (r - (logr)#) (1)
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where P(B) denotes the area of B, while v - B is dilatation of B by factor r.

What we will use is weaker: R(r-B) = r?. P(B)+ 0O (rf"?“"e) for every ¢ > 0.
As a direct consequence is the asymptotical expression of R(E):

x.r? Iae
R(E) = Z 1=W+0(r11+). (2)

3,7 are inlegers
AQr=a)2 $2B(ima}(F-0)+C (- 1)2 L r?

To give the asymptotical expressions for X(E)}, Y(E), X X(£) and YY(E),
the following lemma will be needed.

Lemma 1 Let an ellipse E be given by: A(z—a)?+2B(z—a)(y—b)+C(y—b)* <
r?, and E1(i) and Eq(i) be determined by

Ei()) : Alz—a)*+2Bz—a)(y-0)+C{y—4)?><r® and z<i,
where i is an infeger and

Ey(i) : A(z—a)’+2Bz-a)(y-b)+Cy—b)? <r? and 2>,
where t is an integer.

Let R(E), R(E1(i)) and R(Ey(i)) denote the numbers of digital points belong-
ing to E, E1(i) and Es(i), respectively, while P(E41(3)) and P(Ey(7)) denote the
areas of Eq and Ey, respectively. Then the following two {equivalent) relations

R(E(i)) P(Ey(i)) + % LB+ 0 (rﬁ—+e) and
R(Es()) = P(Es(5)) + g_ E)+0 (55,

where

a)? — C(A(i — a)? — r?)
C

denotes the number of digital poinis of D(E), lying on the line ¢ = i, with the
error bounded by 2, are salisfied.

L(B() = L(By(9) = YO

Proof. The conditions of Theorem 1 can be relaxed to allow B having a finite
number of corners, so (1) can be applied to the intersection of the interiors of
two convex curves or, by subtraction, the region within one convex curve and
outside another (for details, see [1]).

Let us consider the convex shape £(7), which is a subset of E, symmetrical
with respect to the line z = ¢, and which contains all the digital points on the
line z = ¢, within the ellipse . Theorem 1 implies:

L (RILG) - HEG)) = 5 - (PEG) - LEG) +0 (714) (3

where R(L(i)) denotes the number of digital points belonging to L£(i), while
P(L(4)) denotes the area of L{7).

If E1(i) denotes the (convex) shape E;(i)UL(i), then, according to Theorem
1, for the number of digital points belonging to Ej (), we have
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R(E1(3)) + 3 - (R(L(3)) = L(E1(9))) = P(E: () + § - P(L(5)) + O (r7/114<)
Considering (3), the statement follows. O

Now, the asymptotical expressions for X(E) and Y(E), can be given.

Theorem 2 Let the real numbers a, b, A, B and C, satisfying AC — B? >0, be
given, and let all the values of z and y, satisfying A(z —a)?+2B(z—a)(y—b) +
C(y — b)? < r?, be positive. Then the following asymptotical expressions hold:

a-w-r? .
X(E) = Z i:-—-—~———+0 a,rl—f'*'s ’(4)
1,7 are integers vV AC - B2 ( )
A(i—a)242B(i~a)(j~b)+C(~b)2L52
. bemer? 2 ge
Y(E) = > J=——-————-,-——~—-AC_82+0(6-1'11 )

1,j are integers
Afi~a)242B(i—a)(~b)+C(j—b)2Er2
Proof. Let’s notice that X () is equal to the number of digital points belonging
to 3D body

C={(e.9,2)| Ale-a)+2Bz—a)(y-H)+C(y-b><r*, 0<z<z)
/G /G

Ha- W is denoted by #.,4n, and a + —Zarz_—_—g.-z— is denoted by zaz,
then for the points (z, y), satisfying A(z—a)? +2B(z—a)(y—b)+C(y—b)* < r?,
we have z € [min, Tmas)-

Consider the number of digital points belonging to the body

¢ = {(x,y,z) | A(z — a)2 +2B(z —a)(y-b)+C(y— 6)2 <% Zmin <2 < a:} .

If ¢’ is intersected by planes 2z = [Zpin], 2= [Zmin] +1, ..., 2 = |Zmazl,
than, obviously, each digital point from (' belongs to one of those planes.

Expressing the volume of ' as the sum of the volumes obtained by previous
intersectings, we get

ax-r? ol
vollC') = Z5ESgm ~ Tmin " Jac-Br (
6)
= TEreeluol(Vi) + ([2min] = 2min) - isgr + O(r),
where
Vi = {(z.,9,2) | Alz- a)? +2B(z —a)(y - b)+ C(y - b)? < r?,

>4, i<z<min{zi+1} },
for i = [Zmin], [Tmin ] + 1, ..., [Zmae) — 1.
Since vol(V;) = P(Ea(i)) — vol(V),,  where

Vi = {(&,9,2) | A(®-a)®+2B(z~a)(y—b)+Cy—b)?<r?,
z>14, z<z<i+1l},
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Lxma:_j_l 2

1 Tor
nd, obviously, E V= e + O(7),
and, obviously R (=Y e (r)

by applying Lemma 1, we obtain

L-"’maw}“l {wmnz,l"l

E vol(V;) = Z (R(Eg(z’)) - % L(Es(3)) + O(r%+e))
i={Tmn] i={omix]
1 7-r?

2 JAC-B?

Further,
LE(i)) = s + O(r)
=T min] AC-B
so (6) becomes
a-m-r? 772

V7To Ry oy

el . 77 r.q 18
= "f‘/: ] R(Ey(i)) - m%—(hmm} - mmi”)"z\!a’/—‘j—"ﬁ;+0 (r‘ﬁ+5> ‘

Finally, for the number of digital points in {’, we have

tomes]=1 e r? e -
Y. R(E()) = e — ([omin] = 1) s + O (ri¥¢) (1)
i=[{Tmin] AC~B AC —~ B

The number of digital points belonging to the body £”, determined by
Az —a)?+2B(z—a)(y - )+ Cy—b)> <r?, 0<2< Tmin

is equal to
2

([Zmin] —1)'——-5\/__0—:....__;@+0(a»r

(since Zmin < a), which, together with (7), completes the proof. The proof of
the expression (5) is analogous. O

rte)

Theorem 3 Let the real numbers a, b, A, B and C, satisfying AC — B? >0, be
given, and let all the values of  and y, satisfying A(z — a)? +2B(z —a)(y - b)+
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C(y — b)? < r?, be positive. Then the following asymptotical expressions hold:

XX(E) = Y i

i, are integers
A(1—a)242B(1ma)(j=b)+C(j~b)2Lr2

- re 2 C-r? 2 Loie
Jic—5 \* Tiac—gy ) TO@TT), (8

YY(E) = > I

i,j 6re integers

A(r~2)2+2B(i~a)(j=b)+C(j~)2<r2

_ 71"7"2 2 A'T’2 9 Lt

Proof. Let’s notice that X X(E) is equal to the number of digital points be-
{onging to 3D body

G={(z,9,2) | Az — a)* + 2B(z —a)(y —b) + C(y - b)? < r?, 0<z<2’}.

As in the proof of Theorem 2, let & € [Tynin, Tmae] for the points (z, y) satisfying
A(z — @)? 4+ 2B(z — a)(y — b) + C(y — b)? < r?. Consider the number of digital

points belonging to the body §G’, given by
G Alz—a)? +2B(z—a)y - b))+ Cly—0)? <r?, (Tmin)? <z < 22
I W;, for i = [Zmin], [#min] +1,..., [£maes] — 1, denotes the body

Wi = {(z.v,2) | Az ~ a)* +2B(z — a)(y - ) + Cy - b)* < 77,
¢ >i, i <z<min{e? (i +1)%}},

then for the volume of G’ we have

Gy = ——" . (az+ ___C.._rz___)  (@min)? - T
ve VAC = B? (AC-B?) min) " JAC - B?

[Tmazf—1 2
r-rT
= S )+ ([rmia])? - (min)?) - e+ O(a).
i={Tmin] AC-B

Since
vol (W) = ((i +1)* = i) - P(E(%)) — vol(W)) = (2i + 1) - P(Ex(3)) — vol(W})
where

W = {(z,y,2) | A(z —a)’ +2B(z — a)(y - b) + C(y - b)* < r?,
T >, xz<z§(i+1)2},
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and .
vol(W) = (2i+1) - 5 - L(Ba(i) + (2i +1)- 0 (r})

we have, according to Lemma 1, that

3.xm¢1‘.' -1 txmuxj"l

Yooowal(Wi) = Y (2i+1) - (R(E:(3) - L(B2(3)))
iz={Tminl i=[Tmin]
[#mas]~1 ,
+ Y @it1)-0(rire)
i=[Tmin]

So, the volume of G’ can be expressed as

|Zmex]=1

wi@) = S @i+ 1) (REG) - LEG)
i=[emin]

2

+ ((f"smi"bz - (xmin)z) ' ~——A_“WC—\/._E—”:———Bf—% + 0(32 . 7"&“)).

Notice that

lxmaz_l"‘l
Y 2+ 1) (R(E5() — L(E(i))) + Oa? - r7T+e))
i'—'ff"min]
expresses the number of digital points in §’, excluding the points belonging to

the plane z = ([Zmin])?.
Since the number of digital points belonging to

" = {(z,y,2) | Az —a)® +2B(z —a)(y — b) + C(y — b)* < 7%,
0< 2z < ([zmin])?}

- 7’2 7

e + Oa® - rTTYF) | the expression for the
VAC - B? ’

number of digital points in G = &' UG” is

is equal to ([Zmin])? -

|Zmax]—1 )
XX(E) = (20 +1) - (R(E2(3)) — L(E2())) + ([2min])? -~
i= ;L;aﬂ ’ ’ VAC — B?

+0(a? - rTETe),

Then, by using expression for vol(G”), we have

2
XX(B) = (2 —C ) Lo it
VAC — B? 4(AC <~ B?)

which completes the proof. The proof of the expression (9) is analogous. D
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3 Errors in Estimating the Original Ellipse F
from its Discrete Moments R(E), X(E), Y(E),
XX(F) and YY(E)

Possible difference in the order of magnitude of a, b and r, which is not excluded
by the assumptions of Theorem 2, Theorem 3 and Theorem 4, affects the order
of the error in estimating the parameters of the original ellipse as it is defined in
Definition 1, if the asymptotical expressions for discrete moments R(E), X(E),
Y(E), XX(E) and YY(E) are directly substituted. However, as a consequence
of the following statement, it can be assumed that a, b and r are of the same
order.

Theorem 4 Let the ellipse E = E(a,b, A, B,C) : A(z — a)? + 2B(z — a)(y —
b) + C(y — b)® < r? be given. Then the the values XX(E)- R(E) — (X(E))?,
YY(E) - R(E)- (Y(E))?, R(E) , %%% —a and %%)l — b are the constants
with respect lo a translation by a vector having inleger components. In other
words, the following equalities are satisfied:

a) XX(E(a,b,A,B,C)) R(E(a,b, A, B,C)) — (X(E(a,b,A,B,C)))? =
= XX(E(a+kb+1,4, B,C)) R(E(a+kb+1,4,B,C))
—(X(E(a+k,b+1,A,B,C))? ,

b) YY(E(a,b, A, B,C)) - R(E{(a,b,A, B,C)) — (Y(E(a,b,A,B,C)))? =
= YY(E(a+k,b+1,4,8,C) R(E(a+k,b+1,A,B,C))
—(Y(E(a+k,b+1,4,B,0))? ,

¢) R(E(a,b, A, B,C)) = R(E(a+k,b+1,4,B,C)) ,
d) XE@LABC) _ o X(B(atkb+lABC) _ (4 4 k)

R{E(a,b,4,8,C)) R(E{a+k,b+1,4,B,C)) s
Y(E(a3,A,B,C)) 3 .. Y(E(a+kb+1,4,BC))
¢) MBI AEe) b= REarriasoy — 0+

where k and | are integers.

Proof. a) For k = 1 and [ = 0, the relation follows by using equalities

2 b= 3 1

(1,7 )eD(E(a+1,8,4,B,C)) (1,/)€D(E(a,b,4,B,C))
i= > (i+1) ,
(3,j)eD(E(a+1,b,Ar,Br)) (4,5)€D(E(a,b,A,B,C))

while other cases follow by induction or as a consequence of symmetry.

The proof of b) is analogous; the proofs of c), d) and e) are trivial. o

Now, we give an upper bound on the precision of estimation the parameters of
the ellipse from five discrete moments, R(E), X(F), Y(E), XX(E) and YY (E),
corresponding to its digitization.
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Theorem 5 In estimating parameters of the ellipse E, given by A(z — a)? +
2B(z — a)(y — b) + C(y — b)2 < r? from its digitization D(E), the relative errors

Gest beat Aest Best
—1 — _ —
s b 1 ' 1 s 1

and gffi

B c !

are upper bounded by O ( ;_1 )
11

Proof. a) and b) follow directly from Definition 1 and {2)-(4). Since the same

order of magnitude for a, b and r can be assumed, so c), d) and ¢) follow from

Definition 1, (2)-(4), (7) and (8). O

Numerical results are presented in Table 1.

It is not surprising that the relative errors tend to zero while r tends to
infinity, but convergence of the absolute errors to zero, with r tending to infinity,
might be unexpected. Anyway, the following results show that the absolute
errors in estimating parameters of the digitized ellipse, just as the relative errors,
tend to zero when the resolution of the digital picture is high.

Theorem 6 If the ellipse E : A(z — a)? + 2B(z — a)(y ~ b) + C(y — b)*> < »?
is digitized and ils parameters are estimated from D(E), then for the absolute
errors we have

aest —a and by — b are upper bounded by (9( _,}_‘) ,  while
1

r 1l

Avsi—A , Boy—B and C.y—C are upper bounded by O (—,}L_—) .
Proof. By using Definition 1, the expressions for the appearing discrete mo-
ments and considering the assumption that r,a and b have the same order of
magnitude, the statement follows. 0

Table 2. contains the experimental results.

Since the slight change of the parameters a, b, A, B and C implies the slight
change of the half-axes and the angle of rotation transforming given ellipse to
the position where its axes are parallel to coordinate axes, which means that the
slight change of a, b, A, B and C leads to the ellipse with slightly changed form
and position, the digitization of the reconstructed ellipse can be considered as a
good approximation of the coded one.

Moreover, we mention that the previous results imply that the half-axes of
the original ellipse can be estimated with the same bound of the relative error
as it is obtained for the center position, (a,b), and parameters A, B and C.
Namely, if the half-axes of the original elhpse are denoted by A and B then the
relatlons H+g=A+C and - 75 = AC — B? are satisfied, so {5 and
B, can be obtamed as the solution of the equation % —(A+C)z+ AC —~ B? = 0.

It is easy to conclude, then, that A and B can be recovered (by using Acs¢, Bes:
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and C,,;) with the O { relative error. Similarly, it can be derived that the

absolute errors of such estimation of the half-axes are bounded by O (—3%—)

rir—*

Relative error in estimating the parameters A, B, C and (a, b} of the ellipse
E: Az —a)? +2B(z — a)(y - b) + C(y — b)? < 2,
by Aesta Be.!ta Cest and (aestybest)y l‘eSPeCtively;

MAX; e = x| = 11,25~ 1], [ S — 1], o — 1], [ - 1]

L A I B ! C ! a ! b l r l(MAXreLerr ]
10 0.08916

75152117 5771 766 | 100 0.00297
1000 0.00032

10 0.05817
45|13 5716159 {8496 | 100 0.00519
1000 0.00011

10 0.00602

09,03 07 6159} 896 | 100 0.00045
1000 0.00001

Table 1.

Absolute error in estimating the parameters A, B, C and (a, b) of the ellipse
E: Alz—a)’+2B(z—a)(y—-b)+ C(y—b)? < r?,
by Aesi; Best; Cest and (aest;best), TeSpeCtiny;
MAX s err = max{!Aest - AI; !Best - Bi, *Cest - C‘; !aest - at, }be,si - bi}

LAl Bl €1 a] 8] r| MAXabseor |
10 | 049874
75152107 | 57.7| 76.6 [ 100 | 0.02207
1000 || 0.01863

10 0.21307
45|13 5716159 | 8496 ; 100 0.03291
1000 0.01272

10 0.03488
09103 07 6159 | 85.6 | 100 0.02942
1000 0.00311

Table 2.
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4 Comments and Conclusion

Since the ellipses appear very often in practice of computer vision and image
processing, the solution of the problem of their efficient reconstruction from the
corresponding digital picture might be useful. Mentioning that the digitization
of real shapes causes an inherent loss of information about the original objects,
which implies that the precision of the estimation of the original shape from
the corresponding digital data is limited, in previous sections we presented a
constant time reconstruction of the parameters in the equation of the original

ellipse with O (—El:_—:)—rela,tive error and O ( +

rill ril
an arbitrary positive number, and r is the number of pixels per unit, which

means that the errors of such reconstruction tend to zero when the the picture
resolution is high. Consequently, the half-axes of the original ellipse can be
reconstructed from the estimated values of the parameters A, B and C, with
the errors (both, relative and absolute) of the same order as the parameters,
themselves. As a result, the coded digital ellipse can be approximated by the
digitization of the reconstructed ellipse. Five discrete moments, corresponding
to the digitization of the original ellipse, are needed for that purpose.

-

)»absolute error, where ¢ is
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