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The exterior solution of the Einstein--Maxwell equations, describing all static axisym- 
metrie problems, has been found by WEYL [1]. This so-called Weyl solution has been specia- 
lized by BON•OR [2] with respect to a point singularity interpreted a s a  magnetic dipole, 
which in certain cases induces a mass dipole. In this papera special calculus of delta functions 
[3] is used to obtain information about the structure of the singular part of T~ of the point 
source of the field. 

w 1. Field equations and the dipole solution 

Let  us use the  me t r i c  

ds  2 - -  e~(z,r) (dz 2 ~-  dr 2) ~-  e-e(z,r)  r2dO2 _ eO(Z,r) c2dt  2 

( a b b r e v i a t i o n s :  

z =  x 1, r =  x 2, O =  x 3, c t =  x 4, V ~ =  e~'r ; 

(1) 

Greek  indices  r u n  f rom 1 to 3, L a t i n  ind ices  f rom 1 to 4) w i t h  the  i n f i n i t y  

c o n d i t i o n s :  
--~ 0, ~ --~ 0, if  (z ~ -t- r 2) --~ c~ 

The  field e q u a t i o n s  are 

{ 1 / 
RT, = u TT, 2 g"m Tr ~ , (2a) 

1 
_ .m (2b) H m n  ; n - -  J , 

r 

B<mn;~ > = 0.  (2c) 

We  spl i t  t he  e n e r g y - m o m e n t u m  t e n s o r  in to  two pa r t s  

Tren = Eran -~- Oran. (3) 

Eran eor responds  to  the  pu re  m a g n e t i c  f ield w i t h o u t  p o l a r i z a t i o n ,  O , , n  to the  

m a g n e t i z a t i o n  a n d  the  a d d i t i o n a l  m a t t e r  in the  p o i n t  s i n g u l a r i t y .  
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T h e r e f o r e  Em,~ can  be w r i t t e n  as 

1 
Eran = B m i  Bin -4- ~ g r n n  B q  B ii . (4) 

4 

T h e  t e n s o r  (')ron consis ts  o f  t w o  p a r t s :  

0 , . .  = S i n .  _r  u~. (5) 

Smn desc r ibes  the  m a g n e t i z a t i o n a l  and  m e c h a n i c a l  s t ress  p a r t  in the  s ingu-  
l a r i t y ,  o/~ r e p r e s e n t s  the  r e s t - m a s s  dens i ty .  I n  a r e s t - s y s t e m  ( u l =  u2=-  
= u 3 = O, u 4 u  4 = - - c  2) 07n  is e x p r e s s e d  in t he  for ro  

if we use t he  n o t a t i o n  

( z r O 0  

(0~)  = ~ ~ 0 0 
o o ~ o  

0 0 0 , u c  2 

1 

C 9 

(6) 

T h e  m a g n e t i c  dipole  m a y  be  o r i e n t a t e d  in z -d i rec t ion .  Now we i n t r o d u c e  the  

f o u r - p o t e n t i a l  Aro and  use B12 ~ B o  = O. T h c n  wc need  on ly  A 3 = ~ (z ,  r) ~ O. 
As a (non  essent ia l )  c o n s e q u e n c e  of  the  line e l e m e n t  chosen ,  we o b t a i n  ~ = ~. 
Us ing  the  t r a n s f o r m a t i o n  

q~,l = r e -  e X..�91 (7) 

q~,2 = - -  r e -  e X,1 

a f t e r  s o m e  ca lcu la t ion  we ge t  the  fol lowing s y s t e m  of  E i n s t e i n ' s  e q u a t i o n  

(a)  �91162 = x e  -~- [(Z,,)" -4- (Z,2)21 -}- xe ~" (gc 2 - -  t i ) ,  

1 2 (b) y,,,, + 7,2,2 -4- ~ -  [(~,1) -~- (t~,,.) 2] = x e - e  [(/Ÿ + (Z,z)2] _ 2 • ~ t i ,  

(c) (e,,) 2 - -  (r 2 -}- 2 r - '  7,2 = 2 . e - ~  [(;~,~)2 _ (Z,2)2] _}_ 4 ze ~ : t ,  

- - I  (d) ~ , l Q , 2 - - r  Y , l = 2 ~ e - " ; ~ , l L 2 + 2 ~ e  Ac 

(8) 

( a b b r e v i a t i o n s :  

AQ = e,l,t + ~ + r-1 ~,2, 7 = 2 + 0- 

T h e  t en so r s  H ron and  B ron are  c o n n e c t e d  wi th  the  m a g n e t i z a t i o n  t en so r  M m n :  

H ron =: B mp + M ron. (9) 
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The tensor M mn has the structure 

M~~ = ies~.x M a , M~, = 0 (e~,.x : 3-dimensional Levi-Civita pseudotensor).  (10) 

The non vanishing Maxwell equation (the Lorentz condition is fulfilled iden- 
tically) is 

A Z  - -  ~,1 Z , I  - -  9,2 Z ,2  ~ -  eo (e-Q/2 Mx) ,~ . (11) 

Outside of the singulari ty the system for equations (8a,b,c,d;  11) is a lready 
solved (cf. 1, 2). 

Using the abbreviations 

p 2 = z 2 n t - r 2 ,  D = ] /  2 212 
x 4 

the general solution for a magnetic dipole can be writ ten as 

(a) 9 = In - D~ 
2 cos 2 ~ - + arctg 

2 

(b) Z = D tg + arctg ~-/)- 2 

~2 D 2 ~2 r 2 [ 9 r 2 ] 
(~) ~ = - 2 - - e, 

128zt2p 3 [ 4p  2] 

(12) 

where V is the magnetic  potential  for the field of a magnetic dipole in Min- 
kowskian space 

~ z  
-- (13) 

4np  3 

m a (fi is the z-component of m a, being the vector of the magnetic moment . )  
.4 (or D) is a free constant  of integrat ion.  

w 2. The method of  extending the solution 

The 4-dimensional complex of the magnetic moment  we define by 

mk = S M k ,  d f , ,  
where 

~q __ i 8i~ r i j M  ii 
2 

(14) 
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is the dual  tensor of electromagnetic polarization and d.fi the surface element 
tensor. I f  we define the 3-dimensional space by  x 4 ---- const, we get 

afl  = a A  = af~ = 0 ,  af ,  = i V ~ g , ,  d (~) v 

(d (~) V i s  the 3-dimensional volume element). 
This means 

m k = i~ 2Q k' V---g~4d (3) V. (15) 

Observing the relation between )1~ ka and the 3-dimensional magnetizat ion M~, 
namely  

2Q~4 ----- i V ~ g , ,  M a ,  (16) 
we find 

m a : i y g'~ g "  ~ / , ,  V~-~g44 d (~) V = Jg~~ M ~ d ( 3 ) V .  (17) 

In our metric, for a magnetic dipole in z-direction this equation becomes 

m ~ ir = ~ e -~q M l rdzdrdt~ =- 2 zt f e -Q/~ M 1 rdzdr .  (18) 

This equat ion f o r a  point s ingulari ty is satisfied by 

M1 = ~evq �91 (z) ~ (r) _ ~e oq �91 (p)  (19) 
2 zŸ 4 ztp z 

( 7 b (p)  ] (20) 

Insert ing this result into (11) we obtain 

A)�91 - -  % Z.1 - -  ~.2 ~.2 = e~ 

Eliminat ing Z and ~ by (12a,b) we get 

g D  2 
(21) 

This equat ion is solved by 

~v-- ~ O (p) z (22) 
2 zt p3 

Our method to extend the solution (12a,b,c) into the singulari ty is the fol- 
lowing: We use the form (22) for the potential  ~o in all three equations (12a,b,c) 
and find with the help of the abbreviation 
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from (12a,b) 

zfiz DO( p ) A s - -  ~- arc t g - - -  
4 7tp 3 2 D 

(a) ~ = - - l n  ( 2 c ~  . . . . . .  

y. D 2 

A 
(b) z ~ D tg s -- - -  

2 

(23) 

(24) 

A similar, non artificial generalization of Eq. (12c) is not  known. Therefore,  
we now investigate the case D = 0. 

After some calculation we obtain from (12) for D -~ 0 

(a) ~ = - - 2 1 n  1:~ 2~rp 3 ' 

] (25) 
2~rpa --  13, 

(c) ~ + e = 0 .  

Insert ing these results into (8b,c,d) we obtain 

c = ~ = ~ - 0 .  
From Eq. (8a) we get 

(26) 

2 [(X.1) 2 (Z.2)2]. (27) 

By elimination from (25a,b) results 

~ 21nl~~V~~ I ~281 
Insert ing into Eq. (20) yields an expression which we use for elimination in 
Eq.  (27). The result  finally is 

3 r V -  ~-  
/,c2 = • �91 .z (29) 

riO(p) 
47r 1:~ 2 ztp a 

Ah additional calculation shows tha t  the solution (25a,b,c) fulfils the condition 

T n O. (30) m ; / l  ~ 
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