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One hundred years ago, Konovalov developed and tested the rule that at a congruent 
transformation the phase boundary reaches an extremum. An important equation for the 
slopes of phase boundaries,  derived by Gibbs five years earlier, provides the underlying 
theoretical basis for the rule, which is still commonly  ignored. Applications of the Gibbs- 
Konovalov equation to congruent transformations, retrograde solubility, phase boundary 
inflections, and solid-liquid equilibrium are discussed. 

Basic thermodynamic principles, such as the phase 
rule, put constraints on the possible configurations of 
phase diagrams. One thermodynamic rule developed 
and tested experimentally by Konovalov 1 one hundred 
years ago fixed the slopes of coexistence curves of vapor- 
liquid equilibria of binary solutions. Gibbs gave a more 
general expression for the slopes of phase boundaries 
five years earlier. 2 The specialized form of the Gibbs- 
Konovalov equation that  we will use appears in a text- 
book by Schottky, Ulich and Wagner2 This equation is 
generally applicable and does not depend on any as- 
sumptions such as special solution models. It is dis- 
cussed here to show that  a variety of phase diagram 
features are accounted for by a single equation and to 
point out its applications, which are often overlooked in 

research papers,  data  compilations and textbooks. 
Because the Gibbs-Konovalov equation is a general 
thermodynamic  relat ionship,  a significant  consid- 
eration in evaluating phase diagrams is the adherence 
of phase boundary slopes and curvatures to this thermo- 
dynamic requirement. 

Frequently, more limited or more awkward equations 
for special applications are proposed. In the classic text- 
book by Darken and Gurry, 4 for example, there is a 
useful discussion of the slope of the liquidus at a congru- 
ent transformation. The equations used, while correct 
and derivable from the Gibbs-Konovalov equation, con- 
tain too many variables giving the sum of the slopes but 
not the individual slopes. Even as recently as 1980, 
Gokcen 5 felt obliged to use a more limited equation in 

Konovalov, Dmitry Petrovich 1856-1929 
Konovalov graduated from the Institute of Mines in St. Petersburg in 1878. A few years later, he became 
a professor in the Department of Inorganic Chemistry of St. Petersburg University, where he studied 
under Mendeleev. In 1904 he became Director of the St. Petersburg Institute of Mines and, in 1907, 
Director of the Russian Department of Mines. He was deputy minister of trade and industry from 1908 
until 1915. From 1922 until his death in 1929, Konovalov was president of the Bureau of Weights and 
Measures in Leningrad and a member of the International Bureau of Weights and Measures. In 1923 he 
was elected a member of the Soviet Academy of Sciences. 

Konovalov's basic works are in the physical chemistry of solutions, kinetics, and catalysis. Konovalov 
investigated the pressure-temperature-composit ion relationships for multicomponent vapor-liquid 
equilibria. In his dissertation (1881, Leipzig) and a later publication in 1884, he established that,  
compared with the solution, the vapor contains an abundance of that  component which, when added to 
the solution, increases the general vapor pressure of the latter. At the points corresponding to the 
maximum and minimum of the pressure-composition curve, the vapor has precisely the same composition 
as the liquid. These laws entered the chemical l i terature as Konovalov's laws and confirmed the 
theoretical predictions of Gibbs. This work in the basic thermodynamics of solutions provides a scientific 
basis for the important industrial process of distillation. 
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a discussion of r e t rog rade  solubil i ty.  For  these  and 
other applicat ions,  i t  is j u s t  as easy to use the  Gibbs- 
Konovalov equation.  

We propose to sketch out  the  der iva t ion  of the Gibbs- 
Konovalov equat ion for tempera ture-composi t ion  vari-  
a t ions and to show its appl ica t ion  to var ious  phase 
d i a g r a m  fea tures ,  i nc lud ing  congruen t  t r ans fo rma-  
tions, Van ' t  Hoffs  equat ion,  phase  boundary  inflec- 
t ions,  r e t r o g r a d e  solubi l i ty ,  and  f reez ing  r anges  in 
alloys. Final ly ,  we discuss in deta i l  the  shape of a co- 
existence curve for sol id- l iquid equi l ibr ium.  

Derivation of the 
Gibbs-Konovalov equation 
The GK equat ion for the  slope of the  coexistence curve 
between the phases  ~ and ~3 for b ina ry  al loys of com- 
ponents A and B at  constant  pressure  is~: 

d T  ) (X~  - X~A ) T G2~ 
~ A  . . . .  = AH~p Eq 1 

X~ is the  mole fract ion of A in the  ~ phase.  G2~ is the 
second composit ional  der iva t ive  of the  Gibbs energy of 
the a phase,  ( ~t~G '~ / 0(X~) '~ ) r .  AH~p is the molar  en- 
tha lpy  of f irst  prec ip i ta t ion  of an  inf in i tes imal  amount  
of the  13 phase from the a phase.  Various equiva lent  
forms of AH~p have been given; Schot tky et al. 3 and 
Wagner  e use Eq 2a, Cahn et al. ~ use Eq 2b, and Van der  
Waals  and K o h n s t a m m  s use Eq 2c: 

hH~p = X~ (H2 - H~ ) + X ~  (H~ - H~ ) E q 2 a  

A H ~  = H ~ - (X2H~ + X~H~ ) Eq 2b 

( 0H~'] 
AHOy = H ' - H  " -  ( X ~ - X s  E q 2 c  

where H ~ is the molar  en tha lpy  of the  a phase,  and H2 
is the pa r t i a l  molal  en tha lpy  of component  A in the  
phase,  eva lua ted  at  the  equ i l ib r ium X% The H ~ and H~ 
are eva lua ted  at  the equ i l ib r ium X ~. 

The equat ion for ( d T  / dX~A ) can be obtained from Eq 1 
and 2 by in te rchang ing  (~ and [3. 

d T  ~ (X~  - X 2  ) T G~  
) . . . .  = AHyp Eq 3 

Note t ha t  the magni tudes  of G~  and AHrp are  different  
in the two phases.  

We sketch the  der ivat ion  of Eq 1 in order  to reveal  i ts 
scope and l imita t ions .  The basic condit ion of thermo-  
dynamic  equi l ib r ium for  a f irst  order  t rans i t ion  is t ha t  
the chemical  potent ia l ,  GA, of component  A in the  a and  
[3 phases  are ident ica l ly  equal  a long the coexistence 
curve. The equat ion for component  A (and a s imi la r  
equat ion for component B) is: 

- -  m 

G2 - G2 = 0 Eq 4 

Assuming  tha t  the der ivat ives  exist  and are  finite, the 
total  dif ferent ia l  of Eq 4 for the  var iab les  T and X is: 

- § (0v /dx _ T \ ~X2 / \ OX~ / T dX~A 0 

Eq 5 

Mul t ip ly ing  Eq 5 by X 2 ,  and a s imi la r  equat ion for B by 
X~, adding the r e su l t an t  equat ions  together,  and sim- 
pl i fying with  the  Gibbs-Duhem relat ion:  

(and a s imi la r  Gibbs-Duhem equat ion for B), yields 
Eq 1, or in t e rms  of act ivi t ies ,  

27 \--o2?- )~ 
d - ~  . . . .  = X~AAHA + X#AHs  Eq 7 

The GK equation,  Eq 1 or 7, describes genera l  phase  
equi l ib r ium in b ina ry  systems; i t  is only l imi ted  to f irst  
order t ransi t ions .  Note t ha t  the  da ta  r equ i r emen t s  for 
appl icat ion of Eq 1 are the  pa r t i a l  molal  en tha lp ies  of A 
and B in the  two coexist ing phases,  i.e., AHA and Ar t s ,  
and the second composit ional  der iva t ive  of the  Gibbs 
energy of the  same phase,  GI.. 

Applications 
A number  of in te res t ing  appl ica t ions  follow direct ly  
from an  examina t ion  of the  several  factors in Eq 1: 
c o n g r u e n t  t r a n s f o r m a t i o n s  when  ( X$ - XA ~ ) = 0, 
re t rograde  points  when the denomina tor  vanishes ,  in- 
flections nea r  where  ( 02G / 0X 2 )T has  a m i n i m u m  and 
spe c i a l  c o n s i d e r a t i o n s  in  d i l u t e  s o l u t i o n s  w h e r e  
( 02G / OX 2 ) r  tends  to infinity.  Other  appl icat ions  fol- 
low from quan t i t a t ive  assessment  of the  factors. 

Congruent Transformations. In  the s i tuat ion of a con- 
gruent  first  order  t ransformat ion ,  the  composit ions of 
the  a and [3 phases  a re  the  same. When  ( 02G / OX 2 ) 
r ema ins  f inite (G~ becomes inf ini te  for a solute in a 
pure component) and the denomina tor  is not  equal  to 
zero, t hen  ( dT  / d X  ) . . . .  = O. Thus,  the  coexis tence 
c u r v e s  p a s s  t h r o u g h  a m i n i m u m ,  m a x i m u m ,  or  
inflection* wi th  zero slope. Also, when ( 02G / OX 2 )T is 
g rea te r  t han  zero and one branch of a coexistence curve 
passes th rough  an  ex t remum,  then  ( X2 - X~ ) = 0; 
the t r ans format ion  is congruent .  Because the  slope of 
the other  branch of the  coexistence curve is also propor- 
t ional  to ( X 2  - XA ~ ), the  o ther  branch too has  zero 
slope a t  th is  point.  Thus, when one branch  of a co- 
existence curve reaches  an ex t remum,  the  o ther  b ranch  
of the  coexistence curve mus t  touch i t  and reach an  
ex t r emum at  t ha t  point.  This was f irst  demons t ra ted  by 
Konovalov for vapor- l iquid  equi l ibr ium.  

*A congruent point at which the coexistence curve has a horizontal 
inflection can exist in binary alloys at a point with no degrees of free- 
dom in T-X-P space and thus only at fixed pressure. On one side of this 
pressure, there will be a pair of congruent points, one a minimum and 
the other a maximum. With changing pressure, minimum and max- 
imum coalesce and thereafter no congruent point exists. Unless pres- 
sure is an explicit variable in the study, it is unlikely that such a feature 
will ever be part of a binary phase diagram. Congruent inflection points 
that are not horizontal have been proposed by Goroshchenko, Russ. J. 
Inorg. Chem., 16(5), p 625 (1971). They are clearly not allowed by the 
GK equation at any pressure. 
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Many phase diagram compilations, textbooks and re- 
search articles are in disagreement with these thermo- 
dynamic arguments.  4 Two examples are taken from 
Hanseng: U-Ni and Th-Zr. Selection of Hansen to illus- 
trate this common error is not meant  to imply that  
these errors are more common in this compilation than 
others. In fact, almost every compilation of phase dia- 
grams has examples of this error. 

Figure 1 gives the uranium-nickel phase diagram. 9 In 
this diagram, the liquidus slope is discontinuous at the 
congruent melting point of UNis, whereas it is required 
by Eq 1 to be continuous with a zero slope at the max- 
imum. Note also that  the U-rich liquidus of UNi5 is 
convex while the Ni-rich is concave; we will return to 
this in the final section entitled "A Detailed Discussion 
of the Congruent Transtbrmation". The solidus comes to 
a point, but because the UNi~ phase is of narrow stoichi- 
ometry, the phase boundary curvature is large. This 
large curvature causes the solidus to appear pointed. 
The final section also discusses the conditions under 
which the coexistence curves can appear pointed for a 
liquid-solid transformation. 

Hansen provides two diagrams for the Zr-Th system, 
one of which (Fig. 2a) shows an incorrect construction of 
the liquidus. This version has a smooth solidus curve 
with a zero slope at the minimum, which unfortunately 
appears displaced from the point of congruency, but 
even more seriously in error the liquidus slope is dis- 
continuous at this point, in violation of thermodynamic 
arguments. The second Zr-Th diagram, Fig. 2b is con- 
sistent with Eq 1. At the congruent melting point, both 
curves flatten out and reach a minimum. 

Van't Hoff's Equation. For infinitely dilute solutions (as 
X~ approaches 1), ( a2G'~/OX 2 )T approaches infinity 
(as R T / X ~  ) and Eq 1 becomes indeterminate, but 
( dT / dx ) approaches a finite limit. This leads to the 
Van't Hoff equation: 

limit ( dT ) R T  2 
X• 0 . . . .  
where hHfe becomes the enthalpy of transformation of 
pure B for the ~ to ~ transition: AHFp = A H ~  P, and K 
is the limiting value of the partition coefficient, x~ /x~.  
Note that  for an infinitely dilute solution, the difference 
in the reciprocal slopes of the two branches of the co- 
existence curves depends only on the temperature and 
heat of transformation of the major component and is 
independent of the nature of the solute: ( dX~ / d T  ) - 
(dX~ / dT  ) = ~H~ ~ / RT2o where To is the trans- 
formation temperature of the pure solvent. This equa- 
tion, which is independent of any solution model, can be 
used to evaluate the consistency of a series of phase 
diagrams based on the same component. 

Division of Phase Diagram Error. Another point to con- 
s ider is a common error 1~ presented in many metal- 
lurgical, materials, and chemical textbooks. Complex 
phase diagrams consisting of a series of eutectics be- 
tween line compounds and their components are often 
described as being composed of two independent, simple 
eutectic diagrams. This error leads to diagrams like 
Fig. 3a. The liquidus curve has a nonzero slope at the 
congruent transformation point. Only at the terminal 
solutions (or completely associated or completely or- 

Gibbs-Konovalov Rule 

Fig. 1 Portion of the U.Ni Phase Diagram 
(Shown by Hansen 9) 
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dered phases  tha t  act as a pure  component)  will 
( 02G / OX 2 )r increase without limit for all phases to 
give rise to nonzero slopes. The correct diagram is given 
in Fig. 3b. Even though the solid phase may be a line 
compound, G~x for the solid does not affect the slope of 
the liquidus at the congruent point. The liquidus will be 
smooth unless complete ordering or association occurs 
in the liquid phase. While it may be a useful ped- 
agogical device to divide and conquer phase  dia- 
grams, the correct construction of phase diagrams de- 
pends on a unified structure built on a thermodynamic 
foundation. 

The Relationship Between Inflections in Phase 
Boundaries and Nearby Consolute Critical Points. The 
GK equation can be used to explain an unusual feature 
found in several phase diagrams. The Au-Pt (this dia- 
gram appears in this issue of the Bulletin), Ag-Zr, and 
Cu-Rh systems have an inflection point in the solidus 
near the critical point of a miscibility gap (the consolute 
point). Also, the solubility curve of Ag in A1 has an 
inflection point near a metastable miscibility gap. 11 
These features are readily explained. At the extremum 
of a miscibi l i ty gap, ( a2G / OX ~ )T = 0. For tem-  
peratures and compositions near the miscibility gap, 
the curvature of the free energy will be nearly zero in 
tha t  phase. Because ( d T / d X  ) is proport ional  to  
( O2G / OX 2 )T, all phase boundaries of that  phase near  
a miscibility gap will flatten out and have an inflection 
point. No inflection point is necessary for the other 
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Fig. 2a Portion of a Zr-Th Phase Diagram That Violates the Gibbs-Konovalov Rule 
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Solid line is the solidus; dashed line is the liquidus. From Fig. 671 in Hansen. 9 

Fig. 2b Portion of a Zr-Th Phase Diagram Consistent with the Gibbs-Konovalov Rule 
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So}id line is the solidus; dashed line is the I}quidus. From Fig. 672 }n Hansen. 9 

phase boundary, e.g., the liquidus in Au-Pt, because 
( a2G / aX 2 ) would only tend to zero if the liquid phase 
is also about to separate into two liquid phases. Because 
inflection points can also arise from other factors in the 
GK equation, the converse, inferring a critical point 
from an inflection, does not always hold. 

Retrograde Solubility. This feature of phase diagrams, 
which is found in the Zn-Cd, Ag-Pb, Cu-Fe, and other 
phase diagrams, can only occur when the denominator 
in Eq 1 vanishes.7'l~ A necessary condition is that the 
quantities ( H~ - H ~  ) and ( H~ - -~% ) both are ze- 
or have opposite signs. In the unlikely event that both 
hH are zero at a given temperature, both coexistence 
curves will have a retrograde point at the same tem- 

perature. Mor_e generally, a retrograde solubility occurs 
when the AH have opposite signs, so that when one 
curve is retrograde at a given temperature the other is 
not. It is apparent that retrograde points have nothing 
to do with phase diagram features that depend on fac- 
tors other than hH. 5 

Freezing Range in Alloys. W a g n e r  13 has used Eq  1 to 
calculate the temperature gap between the liquidus 
andsolidus in the Ag-Au system (see Bull. Alloy Phase 
Dia., 1 (2), p 45, 1980). AtXAu = 0.5, Wagner calculates 
AT = 1.3 K compared to AT = 10 K from early experi- 
ments. Later experiments confirm Wagner's prediction; 
White 14 reports AT = 1.4 -+ 0.08 K. 
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Fig. 3 Schematic Phase Diagram 
of a System with a Eutectic between a 
Compound and Its Components [7] 

A. Diagram consistent with Gibbs-Konovalov rule. 

B. Diagram that violates Gibbs-Konovalov rule. 

A Detailed Discussion of the Congruent 
Transformation 
A problem occurs when there are steep coexistence 
curves associated with narrow composition ranges of 
intermediate phases. In these instances, it might be 
difficult for a draftsman to draw a correct curve while 
using a consistent scale. Although Eq 1 predicts zero 
slopes at the congruent transformation point ( Xo, To ), 
either coexistence curve can appear pointed if the mag- 
nitude of( d 2 T / d X  2 ) is large. 

The derivative of Eq 1 evaluated at the congruent corn- 

Gibbs-Konovalov Rule 
position is found as follows. The derivative of Eq 1 with 
respect to X ~  isiS':6: 

( d2T ] d 
d(X~)  2! .... =(X,~ - X ~ )  ~AA (TG2~/ AH~p) 

d 
+ (TG~ / AH~p) ~ (X?~ - X~A) 

At X~ = X~: 

( d2T ] 
d (X3) 2/To, xo 

= {T G2~ / AH ~ }  

Eq 9 

dX~A. 
(1 - d - ~ )  Eq 10 

Taking the ratio of Eq 1 and 2 yields: 

-'~AAfTo. Xo - -  G~ Eq 11 

The curvature of the coexistence curve, T%x, at the con- 
gruent point is: 

d2T To Gs [ 
- [ 1 - Eq 12 

\ ~ / T o .  Xo AH ' ~  G~/  

For the special situation ofG2~ / G~ ~ 1, which is likely 
when the 13 phase is a line compound, Eq 12 becomes 
independent of G~. This result is given by Wagner 6 in 
his Eq 4 to 6 for the integrated form and by Gaye 
and Lupis TM in their Eq 41 for the differential form. 

The ratio of the curvature of the ~ and [3 phase bound- 
aries is 

Eq13 
TO, X0  

Referring to the liquidus and solidus of UNi~ (Fig. 1), 
because the solidus is convex, Eq 13 demands that  the 
liquidus be convex at the congruent point. Thus, the 
Ni-rich liquidus must  have an inflection if it is to pass 
through the single data point. 

If  on a phase diagram the scale of temperature is r 
(K/ram) and the composition scale is h (mole 
fraction/mm), then the radii of curvature at the co- 
existence points are: 

r~_~b  AH ~ 
A e To / G~ (1 - Gs / G~) Eq 14a 

and 

r~ = r ~ xx Eq 14b 

When r is smaller than the line width (0.3 ram), the 
coexistence curve will appear pointed. All the thermo- 
dynamic parameters in these equations are readily 
measurable. It is important to note that  the curvature 
of the coexistence curves at the congruent point de- 
pends on the second derivative of the Gibbs energy of 
both phases. Gaye and Lupis TM have discussed the effect 
of the Gibbs energy curvature on phase boundaries. 

While the curvature may be readily calculated for any 
system in which experimental values of AH and G are 
available, the magnitude of the factors are easily esti- 
mated. Consider the congruent melting of an ordered 
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compound. The entropy of melting for a pure metal is 
given by Richard's rule as 1.1 R. For an ordered com- 
pound, the entropy of disordering must be added, thus 
hHfus ~ 1.5RT~. 

The curvatures of the free energies are now estimated. 
For an ideal solution17: 

Gi~ eal = R T  / XAXs Eq 15 

For a regular solution: 

G RS i d e a l  ~_~ = Gxx - 8hHf Eq 16 

where AHw is the enthalpy of formation of the phase 
at X = 0.5, relative to the pure components in the 
same phase. 

For a solid phase of limited stoichiometry or associated 
liquids, simple models such as the regular solution 
model are not expected to accurately describe the free 
energy as a function of composition. The Wagner and 
Schottky model of substitutional disorder can be used to 
calculate (02G / 0X2)r for an ordered solid. This model 
may not give quantitative fits to the data for large 
deviations from stoichiometry, but it is useful as a start- 
ing point for estimating the shape of coexistence curves. 
Wagner and Schottky's TM model for an ordered A B  
compound with substitutional disorder can be used to 
derive Eq 17. 

R T  
G ~  s (Xo) = R T  / 4Xoa = ~ exp ( - 2 A H  z / R T  ) 

Eq 17 

where ~ is the intrinsic defect concentration at the 
stoichiometric composition. For a regular associated 
solution Jordan TM has given: 

2RTXAs Eq 18 
GRx~s = G~S + X~X2 (1 - XAB) 

where )(As is the mole fraction of the associated com- 
plex. Eq 18 can be used to calculate the effect of associ- 
ation on the coexistence curve. 

The calculated liquidus is easily plotted as a smooth 
curve on a conveniently sized phase diagram. For a 
6" • 4" phase diagram covering 1500 K and the entire 
composition range, d) = 10 /mm and h = 0,01/ram. 
With T = 1000 K and Xo = 0.5, r(liquidus) is typically 
40 mm, for an ideal liquid. For a regular solution, even 
with large negative deviations from ideality, the liq- 
uidus is broad. For instance, when hHr = -10,000 
cal / g.at and the liquid is in equilibrium with a solid of 
constant composition, the radius of curvature is 4 mm. 
The liquidus of associated liquids have been calculated 
by Sommer, Eschenweck, and Predel. 2~ They find 
that the liquidus is not pointed even for a degree of 
association as high as 0.94. 

The solidus for highly stable or highly ordered phases 
can appear sharp. Using Eq 14, 16 and 17, we calculate 
r(solidus) = 7mm for h i - I t = - 2 0 0 0  cal/g.at and 
r(solidus) = 0.14mm for AH r = -5000 cal/g.at. Other 

models of defect equilibria will give different quan- 
titative results. The qualitative result that the solidus 
curve will be broad for a weakly interacting system but 
becomes needle sharp for strongly interacting systems 
should be generally valid. Thus, even though thermo- 
dynamics requires a horizontal slope at the melting 
maximum, the solidus can appear pointed. 

In conclusion, both phase boundaries of most congruent 
transformations will be rounded. The solidus can 
appear pointed for strongly interacting systems, while 
the liquidus will be smooth for all but the most strongly 
interacting components. In the absence of thermo- 
dynamic data, one can estimate that the solidus will 
appear pointed for phases of very limited nonstoichi- 
ometry, but the condition of Eq 13 or 14 should 
be checked when data are available. Phases of wide 
stoichiometry will have a smooth coexistence curve like 
the liquidus. 

Summary 
The Gibbs-Konovalov equation is presented and applied 
to various phase diagram features. This equation is not 
limited by special assumptions; it can be used as the 
basis for a general discussion of phase boundaries. The 
Gibbs-Konovalov equation should be used for phase 
diagram evaluations. 
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