ERRATA TO:
FIRST ORDER THEORY OF PERMUTATION GROUPS'

BY
SAHARON SHELAH

Lemmas 4.1, 4.4 (of [1]) are incorrect, hence 0.1 and 4.2, 4.4, 4.5 fall. We give
here a correct version.

DEerFINITION 1. (A) For any « there is a unique representation

v = dew 4o+ Q"cc[,,] + -+ Qa[l] + RS Q.
Let

1 + cfofn];cfa[n] < Q
d[n] = Qwaw + -+ Qn+1a[n+1];a["] = {0

(B) Define K'° by

otherwise.

15 0 .
Ma = <Uasa[0]""sa[n]a"'sa[ ],"',(X["],"',"'R”(Aa),"', <>

where 4, = U, U U, ., 0, U U, <, in abuse of notation; this is a disjoint
union.
Note that |Aa

(C) Define K'® by

< 2%,

Mal6 = <a + 1, Ua,'-',R?((d + 1)U U“)’.“; <>

RemaRk. In M.° instead of one order sign <, we should have many: one
for each o,;,o!". Also we should have separate each R,(d4,) according to which
place (in the relation) is designated for which domain.

Our main result is:

TreoreM 1. K',K'5, K'® are bi-interpretable.
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Hence instead of conclusion 0.1 we have;
COROLLARY 2. (P,;0) = (Py;0) iff
<Uas Aoy A1y ""fx[O], (X[“, s <> =p, <Uﬁs ﬁ[O]’ﬁ[l]: "ty B[O]’ ﬁ[l], s <>'

REMARK. A natural question is: in what is K° better than K7 or even K!?
A possible answer is

(1) Comparing the cardinals of the union of the domains, we get for K!,
2% for K7 <o)+ 2% and for k'3 < 2™,

(2) In Corollary 2 the second part of the equivalence speaks on a well-known
logic — L,.

(3) In M.° much irrelevant information on o is thrown.

So for many «’s we get isomorphic M!*’s hence it is clear that they have the
same first-order theory of {P,;0).

LemMa 3. K!',K'® are bi-interpretable.

PrOOF. Trivially K'¢, K7 are explicitly bi-interpretable. So by [1] 3.3 K*, K¢
are bi-interpretable.

LemMa 4. K'°is explicitly interpretable in K'S.

PrOOF. Clearly there are formulas in L(K'®) which define for fea + 1; the
following (in M}6):

B=o,|B| 2Q Bis divisible by Q, B is divisible by Q? (i.e. {y: y <8, y di-
visible by Q} has an order-type divisible by Q), g is divisible by Q™;

y < Q is the cofinality of 8; B is the maximal y £ « which is divisible by O*
(for any fixed n).

From this the lemma is clear.

MAIN LEMMA 5. K6 is interpretable in K '°.

DerINITION 2. For any ordinal i and set of ordinals I let y(i,I) = order type
of {jLi:(VaeeD(a<i—a<jl.

DEFINITION 3. A k-representation of (4,b,7) = {ay,---,by,**, 7y, >, Where
a;e(a+1), b;e U,, r,e Ry((¢ + 1) U U,) is a sequence,

<A,Bag’ < *’ d’, B’: f’> = <A’B’goy "',gk,go, ks < *’ aiy oty blly '-',7',1, >
such that, for some function F:

(1) A, B are disjoint subsets of U, [more exactly 4, Be R,(4,)].
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(2) ajeA, bjeB,rieR,, (AUB) s R,(a+1)UU,), <* a well ordering
of U,, the g,, g"’s are one-place functions from A4 into U, .
(3) F is one-to-one, with domain 4 U B and range = (« + 1) U U,,
(4) the a;, b;’s and « belong to the range of F, and U, and the domains of the
r;’s are included in it,
(5) F(a}) = a;, F(b;) = b;, F maps r; onto r;, F maps A into (x + 1), B onto
U,;and fora, be A4, a<*bif F(a) < F(b),
(6) foranyacA,
order type of {ce U,: ¢ < *g(a)} = y(F(a), F(A))y
order type of {ce U,: ¢ < *g'(a)} = y(F(a), F(a))".

ReMARK. The definition depends on a.
DEFINITION 4. o~ if apy = By, o = g for 1 < k.

LeMMA 6. A) ~, is an equivalence relation between ordinals; for each o
there is B<Q* 2such that a~,B; and if a~p, then a<Q " ef<Q**'= o= p.

B) Ifo;~,f for i<y, thenoa =% Zicy ¥~ Li<y By = p.

O) If a~1 B, Aca, |A| <Q then there is an order-preserving F: A — B
such that for every ac AU {a} y(a,A4) ~,y(F(a),F(A)) (where we stipulate
F(@) = p).

REMARK. This lemma is not new, in fact, see e.g. Kino [2].

ProoF. A) Trivial.

B) We prove by induction on 7.

() Fory =0, 1 there is nothing to prove.

(I) For y+1, if a, = Q**! then B, = Q**' (and vice versa) and then
o« ~y 0, B ~B, hence a ~, B. So assume o, < Q**! 50 o, = B, and it is easy to
check that o ~ f.

(I v a limit ordinal.

We can assume each o;, B; is # 0, hence cfa = cf f. If {i <y:o; = Q**1} is
unbounded, so is {i < y: B; = Q"+'} hence « and B are divisible by Q**!, together
this implies o« ~, . So we can assume that there is iy <y such that iy S i<y
>0, <Q*! hence op=p;. S0 X,.iniBi=Z,sip;% hence a =3,
+ (Zysisio®) ~iZigigBi + (Zy5i5i,8) = B.

C) As an~y B, a=a' + &8 =B +¢ af, are divisible by Q*+? and
have equal cofinalities or cofinalities = Q. It suffices to prove for the case =0,
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because we can define fora! < i < o, F(i) = + (i —a!).If A = cfa = cff < Q,
thena =2, o, 8 = Z,.,B:, each o,f; is divisible by Q*+? and has cofinality = Q.
We can now, for each i < A, define F on
AN{é: Z o; SE< X o}into {&: X B, ¢< X B}
j<i jsi j<i jsi

So we reduce the problem to the case cfa, cf § = Q. In this case define F inductively,
so that for each a € A4, y(a, A) ~,y(F(a), F(A)) and y(F(a), F(4)) < Q*** As Q is
regular | 4| < Q, this implies, by induction, that F(a) < Q**? < .

CLaM 7. In L(K'5) there are formulas ¢, such that M'® k ¢,[4, < *,5,b]
iff <* is a well-ordering of U,, A = U,,

g =490 99% 9,
di,g" are one-place functions from A into U,
and if A={a;1i<ig}, U, ={b(j):j<jo}, b=Db(j,), i<j=a;<*a;, by<*b;
and o; is an ordinal and b((x)yy) = g/a), b((a)™) = g¥(a)) for each i < i,,
I £k then

Zi<zo°‘i = ji.
REMARK. Remember 6B.

ProOOF. Just formalize what was said in the proof of Lemma 6B. As we have
second order quantifiers, in fact, on U, (in M!®) this is easy.

CLAIM 8. For every kind of sequence {a ", by, 7, ) (i.e. the number
of a;’s, b;’s and r;’s; and the number of places of each r)) for every k;

(A) there is a formula W, e L(K'®) such that for any sequence {A,B,3,
<*,a,b',F) of the right kind (for being a suitable presentation)

ML Ey,[A,B,g <*,d,b,#] iff (4,B,8, <*,a,b',F)y is a k-represen-
tation (in M:S).

(B) Similarly there is a formula 0,€L(K°) saying that two k-represen-
tations have a common source.

PrOOF. (A) Just go through Definition 3 and see that it can be done with
the help of Claim 7.

(B) Go through the representation with minimal 4: that is let 4’ = {a},---,}
U {last element of A} U {the domain of the r;’s intersection with 4}.

Lemma 9. For each formula ¢(%, 7,2) in L(K'®) we can effectively find
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k() and ¢* € L(K'®) such that for any «, and any a;,---,ea+1, by,---,eU,,
€ Rf,’i ((¢+1)w U, and any k())-representation {A4,B,3, <,d’, b’ 7y, M:®
F d’* [A’ B1g9 <, d,: b’, f,] iff M;6 F ¢[a19 "'Jbla T }

ReMaRK. The proof is similar to 3.2, except the added parameter k.

PrOOF. We prove it by induction of ¢. For atomic formulas conjunction and
negation there is no problem (remember that from k,-representation we can get a
k,-representation, if k; > k,, by omitting some g’s). So we are left with the case
of existential quantifiers. Now note that two k-representations may have a com-
mon source, but nevertheless not all their sources are common. But by Lemma
6(C) if two (k + 1)-representations have a common source, then any source of
one is k-represented by the other after omitting the suitable g’s. Now the proof
should be clear.

ProOOF OF LEMMA 5. By Lemma 9 it is immediate.

REFERENCES

1. S. Shelah, First order theory of permutation groups, Israel J. Math. 14 (1973), 149-162.

2. A. Kino, On definiablity of ordinals with infinitely long expressions, J. Symbolic Logic 31
(1966), 365-375 (correction in 32 (1967), 343).

INSTITUTE OF MATHEMATICS
THE HEBREW UNIVERSITY OF JERUSALEM
JERUSALEM, ISRAEL



