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The Number of Extreme Triples of a Planar Point Set*

E. A. Ramos'
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Abstract.  An extreme triple or 3-set of a finite set S in the plane is a subset of S of size
3 of the form § N A, for some half-plane k. We establish an upper bound [112/6] + 1 for
the number of extreme triples of any S with |§| = n > 10. This almost matches the known
lower bound | 11n/6].

1. Introduction

Let S be a set of n points in R?. For a half-plane h, S’ = S N A is called a k-set of S
where k = |S’|. Without loss of generality we can consider only half-planes determined
by lines that do not contain any of the points in S. Let ¢, (S) denote the number of k-sets
realized by S, and define ¢; (n) = max{e;(5):S € R%,|S| =n}forl <k <n-1
For the importance of these numbers in combinatorial and computational geometry,
and for references, see [1] and [4]. We also say extreme pairs and extreme triples, or
pairs and triples for short, instead of 2-sets and 3-sets. Edelsbrunner and Stockl [6], [2]
determined that e, (n) = [3n/2] for n > 4, and they found a construction that shows
that e3(n) > 11n/6, for n a multiple of six, which can be extended to e3(n) > [11n/6]
for n > 15, n # 19. In this note we prove a corresponding upper bound {11n/6] + 1.
As defined, k-sets are determined by half-planes bounded by (straight) lines, so we
can say that the k-sets are determined by an arrangement of lines. Our upper bound is
actually for k-sets determined in the same manner on a set of points S by half-planes
bounded by an arrangement of pseudolines C, that is, a collection of topological lines in
which every pair intersects exactly once at a crossing point (and no point in S incident to
a pseudoline in C). For a point set S and a pseudoline arrangement C, let g, (.S, C) be the
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number of k-sets determined by C on S, let g, (S) be the maximum of g, (S, C) over all
arrangements of pseudolines C, and let g; (n) = max{g;(5): S € R?,|S| = n}. Clearly,
er(n) < gr(n). There is another definition of k-sets, based on k-levels in an arrangement
of psendolines, which is equivalent to the definition based on circular sequences [1], [4].
Because of a duality principle for arrangements of pseudolines [3], the k-sets in both
definitions are related; we do not elaborate on this relation.

Our proof of the upper bound for g3 (n) is essentially a (somewhat tedious) case anal-
ysis of the possible configurations which concludes that the lower-bound construction
is.optimal. We believe that |11n/6] is the correct upper bound for n > 7, but we have
avoided a more careful consideration of configurations with few points which would
settle the matter.

There are difficulties in extending this to larger values of k. First, we note that g; (n) <
lagn| where a;, = sup{g;(m)/m: m > 1}. The upper bound proof for g3(n) is possible
because the sup defining a3 is achieved and the extremal configuration is periodic. It is
not clear that this is the case in general. Second, even if this is true, the corresponding
case analysis already becomes too difficult to handle for k = 4. A possible alternative
would be to devise a systematic approach that could be implemented on a computer.
More importantly, the real interest is to estimate ¢, (n) and g, (n) for k = ©(n).

In Section 2 we explain the approach and illustrate it by proving that g (n) < |3n/2]
(essentially the proof in [2] but using our framework); Section 3 contains the proof of
the upper bound for g3(n).

2. Framework and Upper Bound for g-(n)

Layers. For j > 0, let the j-layer L; be the boundary of the j-hull of S and let the
Jj-vertices S; be those points of S on L; (L; is the boundary of the convex hull of 7; where
Ir=Sand7T; =S~ U{;Ol S; for j = 1). The edges between consecutive j-vertices are
called j-edges. Any line crosses L; twice or not at all, but crosses any j-edge at most
once. Hence, if a k-set contains a j-vertex, then it contains an i-vertex for i < j. Thus,
we can assume that §; = @ for j > k.

A similar situation can be obtained when we consider k-sets determined by an ar-
rangement of pseudolines. Let the layers Ly, Ly, ..., Ly—1 be nested closed simple
curves in order from outside (for example, concentric circles), and let p be a point inside
Ly—,. The j-vertices and j-edges are defined as before. The k-sets are determined by an
arrangement of curves C such that:

(1) Each C € C is topologically a line that starts and ends outside L.
(if) Each pair C, C’ € C intersects once at a crossing point.
(iii) Each C € C crosses each L; twice or not at all but not in points of S; and not
more than once in any j-edge.

The set of points of S in the half-plane not containing p bounded by a pseudoline C € C
is a (pseudo) k-set if its cardinality is k. Note that if a k-set contains a j-vertex, then it
also contains an i-vertex fori < j.

We need to argue that the curves L; and the point p exist for a given arrangement of
pseudolines C determining k-sets: p is guaranteed to exist for n > 3k + 1 by Helly’s
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theorem. To obtain the curves L;, start with a large pseudocircle C that contains the
point set S and intersects each C € C twice; then sweep with C over C toward p (in [5]
it is shown that this is possibie). Let Tp = Sand T} = § — U{;(} S; for j > 1. Sweep-
ing as far as possible but without going beyond any of the points in T results in L;;
§; is the set of points of S on L ;. Under the assumption that each point in S is in some k-set
determined by a curve in C, then S = f;é S;.

By removing p, we can view the curves L; as nonintersecting curves on a cylindrical
surface wrapping around once. In our figures we draw the curves L; as horizontal lines
in the plane and assume that they wrap around and close outside of the window in the
figure; thus, the pseudolines in C start and end below L, and the half-planes determining

k-sets are those below the pseudolines.

Conventions. For the purpose of the presentation, a j-vertex is labeled with a letter
with subscript j. The labels of consecutive j-vertices are consecutive letters from the
end of the English alphabet. For example, the vertex u; is on L; and its neighbors to
the left and right are #; and v;. Greek letters are used when we do not want to make
an implicit statement about the relative positions, and subscripts omitted when its hull
index is undetermined. Pairs and triples are written as (¢f) and (¢fy) where a, 8, y are
vertices. For the purpose of referring to figures, the vertices with label u (in each hull)
are drawn as a square (rather than a circle).

Proof Structure. 'The goal is to prove by induction that g; (n) < gn/p + C where C is
a constant. For the basis, we check exhaustively all the possible configurations for point
sets with less than some D points and find that g (n) < gn/p + C forn < D. For the
inductive step, we consider an arbitrary configuration with n > D vertices and show
that either it is not maximal (k-sets can be added) or it is reducible, that is, it is possible
to modify the point set and arrangement locally, so that p’ vertices are removed, and the
number of k-sets is reduced by at most ¢’ (some k-sets disappear, some new ones are
introduced) with p’ and ¢’ satisfying q9'/p’ < q/p. This is called a (p’, ") reduction.
Thus, we have

g < grn—pH+q <qn-pH/p+C+4q
=qn/p—qp'/p+q' +C<qn/p+C,

where we have used the inductive hypothesis for the second inequality, and ¢’ /p’ < g/p
for the last one.

For convenience of exposition, the inductive step (the fact that amaximal configuration
with n > D can be reduced) is presented as a sequence of properties that a maximal
irreducible configuration must satisfy. The conclusion that no maximal configuration
with n > D is irreducible proves the inductive step (D is the smallest n for which the
reductions apply). The proofs of these properties consider a window of the configuration
consisting of some constant number of consecutive vertices in each of the layers, and
assumes that the pseudolines that determine k-sets on the vertices in the window do not
wrap around. See Fig. 1. This is easily justified for k = 2 but more care is needed for
k = 3. Within a window, we can regard the vertices in the j-layer as linearly ordered
from left to right. Two possible k-sets (sets of points of cardinality k) are said to conflict
if there are no curves that determine them and satisfy conditions (i)-(iii) above.
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Fig. 1. Pseudoline wrapping around.

Upper Bound for g>(n). Only two types of extreme pairs are possible: An H-pair is
of the form (ugvy), and a V-pair is of the form (uqu;). The initials H and V stand for
horizontal and vertical. See Fig. 2. Within a window, two V-pairs (aga;) and (838;) are
in conflict if either

(i) a; = B; and oy and By are not adjacent, or
(i) ay is to the left of By and ¢ is to the right of B, or vice versa (this assumes no
wrapping around).

The goal is to prove that the number of pairs is at most 3n/2 4+ C, so (1, 1) and (2, 3)
reductions are acceptable. We have the following sequence of observations about an
irreducible configuration assuming that there is no wrapping around:

(1 If (ug, o1) and (v, ;) are V-pairs, then «; is not to the right of B8;: otherwise
there is a conflict of type (ii).

(2) A 1-vertex belongs to at most two V-pairs (except if n = 4): otherwise there is a
conflict of type (i).

(3) A 1-vertex belongs to at least two V-pairs: otherwise it can be removed, a (1, 1)
reduction.

{4) A O-vertex belongs to at least one V-pair: otherwise it can be removed, a (1, 1)
reduction.

(5) Two adjacent O-vertices belong to V-pairs with a common 1-vertex: otherwise the
0-edge can be “contracted”, a (1, 1) reduction.

B, o
[ ] ® [ | °
uO v0 a’o Bo
H-pair V-pair type (i) conflict type (i) conflict

Fig. 2. Pairs and conflicts.
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Fig. 3. Optimal configuration for k = 2.

(6) A O-edge corresponds to an H-pair: otherwise it can be added without introducing
any conflict.

Finally, the only configuration possible where neither of these reductions apply is one
in which each 0-edge forms an H-pair and a corresponding 1-vertex forms V-pairs with
each of the two O-vertices of the 0-edge. See Fig. 3. In this configuration, a 0-edge can
be “contracted” and its corresponding 1-vertex removed, resulting in a (2, 3) reduction.
Finally, the possibility of a pseudoline wrapping around only affects a reduction when as
a result two pseudolines would intersect twice. By considering the small configurations
for which this happens, it is found that |3n/2] is a tight upper bound.

3. Upper Bound for g;(n)
3.1. TDypes of Triples

Four types of triples are possible: An H-triple is of the form (ugvowy), a V-triple is of
the form (uou,u3), a D-triple is of the form (ugvou;), and an N-triple is of the form
(uouyv;). The initials H, V, D, and N stand for horizontal, vertical, delta, and nabla,
respectively. See Fig. 4.

Assuming no wrapping around, the triples of types D and N conflict in cases similar
to those of the pairs, as illustrated in Fig. 5.

°=l
<@
K e

Fig.4. TriplesH, V,D, and N.
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Fig. 5. Some conflicts between triples.

3.2. Lower-Bound Construction

The construction in [6] and [2] played an important role in devising the upper-bound
argument; in fact, the proof aims to show that the construction is optimal. The ba-
sic configuration is a sequence of six points. Figure 6 shows eleven straight lines that
determine eleven extreme triples on the six points of a basic configuration. Note that
these eleven triples use the first two points of the next basic configuration. Figure 7
shows the eleven triples of the basic configuration using our framework. For n = 6m,
m > 2, the construction consists in repeating m times the basic configuration wrap-
ping around (wrapping around one basic configuration results in conflicting triples).
This can be extended to n not a multiple of six by removing 2-vertices (note that for
nmod6=1,2,3,4,5,[11(n mod 6)/6] = 1, 3,5,7, 9, respectively). For n > 7, this
failsforn = 7,8, 9, 13, 14, 19. Forn = 7, 13, 19, in the constructions forn = 5, 11, 17,
insert two extra vertices as shown in Fig. 8(a) which introduce three additional triples.
Forn = 8,9, 14, in the construction for n = 5, 6, 11, insert three extra points as shown
in Fig. 8(b) which introduce five additional triples. This shows that gs(n) > [11n/6]
forn >17.

The basic construction in Fig. 6 can be modified by an affine transformation so that
it can be repeated around a circle m times for m > 3, wrapping around. By removing
2-vertices this shows the second part of the following theorem.

Fig. 6. Lower-bound construction.
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we

Fig. 7. Lower-bound construction in our framework.

Theorem 3.1.

() g3(n) > [11n/6] forn > 1.
(ii) es3(n) = |11n/6] forn > 15,n # 19.

3.3.  Proof of the Upper Bound

Reductions. In general, a reduction consists in removing some vertices which results
in some triples lost, possibly adding other vertices (with a net decrement in the num-
ber), and then introducing some new triples that become possible (this requires some
local modification of the arrangement). We mention some examples of reductions. In a
contraction of an edge «f, vertices « and B and all triples containing either of them are
removed, a new vertex y is introduced together with as many as possible of the triples
that contained either a or § but not both, now substituted with y. See Fig. 12 for an ex-
ample. We also contract two or three consecutive edges into one, this requires removing
all but the extreme vertices in those edges. See Fig. 22 for an example (where vertex u;
has also been removed). A collapse is performed when the same configuration appears
repeated consecutively, one of the copies is removed. See Fig. 14 for an example. In some
reductions, as in Fig. 17, after removing some vertices (the black ones), four vertices
(the white ones in layers 0 and 1) become adjacent and new triples can be introduced.

Cutting Open the Arrangement. For k = 3, it becomes more difficult to consider small
configurations for which the observations do not apply, because of pseudolines wrapping
around. We get around by “cutting” the cylindrical surface and the arrangement so that
the layers L; become horizontal lines in the plane (but now they are not assumed to
wrap around and close), the pseudolines begin and end below the lowest layer line, and
the half-spaces determining -sets are those below the pseudolines. We define g; (n) in
this setting analogously to gi(n). The connection between g (n) and g, (n) depends on

o o o o
o . © ')
(a) (b)

Fig. 8. Extending the lower bound to nonmultiples of six.
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Fig. 9. Configurations (2, 2), (1, 2}, and (2, 1).

the procedure for cutting open the arrangement; this is dealt with in the final argument.
All the observations below are for this setting in which there is no wrapping around.
Unfortunately, in this way we do not obtain a tight bound (assuming that the additive
constant is actually zero).

Observations. The proof follows the outline described in the previous section. We have
a sequence of observations that apply, given the assumption of no wrapping around,
to an irreducible maximal configuration (this is just an alternative way of present-
ing the inductive step of the proof). It is shown that a configuration which does not
have the claimed property can be locally modified resulting in a (p’, ¢’) reduction
for p',q’ with ¢’/p’ < 11/6. In particular, any (p’, ¢’) reduction with p’ < 6 and
g’ < 2p' is acceptable. In the proofs, previous observations are often used without
mention.

Observation 3.2. A 2-vertex u, belongs to exactly two V-triples and this can happen
in only three possible configurations (see Fig. 9):

(1) A (2, 2)-configuration [ugvy, uyvy, us] which consists of triples (uguu,) and
(vovyu2).

(ii) A (1, 2)-configuration [ug, uivy, up] which consists of triples (upuu;) and
(uovius).

(iii) A (2, 1)-configuration [ugvy, Uy, uz] which consists of triples (uouuz) and
(vouquz).

Proof. Consider the V-triples that contain the 2-vertex us. If u5 is in a V-triple with
o and in a V-triple with 8; then ¢ and B; must be adjacent. Similarly for O-vertices
in V-triples with u,. So let uy, v, 41, v, be the vertices that may belong to a V-triple
together with u5. This limits the number of V-triples of u5 to four. However, two of them
conflict: (ugv uz) and (vouqus); see Fig. 10(i). Thus, u; can belong to at most three
V-triples: (uouusz), (Vov1u2), and 1, = (vouuy) (or the symmetric one); see Fig. 10(ii)
(we call this a {2, 2)’-configuration). However, 7; can be substituted with 7, = (uvov1)
without changing the number of triples. The reason is that 7; and 7, conflict (so 1, could
not have been in the original configuration) and, as inspection shows, any triple that
conflicts with 7, (other than ;) also conflicts with 7, or with one of the V-triples. See
Fig. 10(ii). Thus we can assume that u, belongs to at most two V-triples. On the other
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Fig. 10.

hand if u, is only in one triple, then it can be removed with a loss of only one triple.
Therefore the only possible cases are those listed in the statement of the observation. [0

Observation 3.3.

(i) A O-edge belongs to at most one (2, 2)- or (2, 1)-configuration.
(ii) A 1-edge belongs to at most one (2, 2)- or (1, 2}-configuration.
(iii) A 1-vertex belongs to at most one (2, 1)-configuration.

Proof. (i) A 2-vertex cannot be in two (2, 2)- or (2, 1)-configurations, so if (#ovg) is in
two of these configurations, then there is a pair of triples (uo; v2) and (voBiu2) which
are in conflict. (ii) Similarly, if (#;v;) is in two configurations, then there is a pair of
triples (agu;v2) and (Bgvu2) which are in conflict. (iii) Similar to (i) and (ii). O

Observation 3.4. There is no pair of triples (uou1v,) and (vowou,), nor the symmetric
configuration.

Proof. Suppose 11 = (ugu;v;) and 72 = (vowpu1) are in the original configuration.
Then substitute 7, with 73 = (#ovov;). T3 was not there because it conflicts with ,, and
inspection shows that 73 introduces no conflicts. See Fig. 11(i). Note also that 73 does
not introduce a configuration of the type that is being avoided: this could only occur
if either (wou;v;) or (fyvwy) (dotted in Fig. 11(ii)) is present, but they cannot as they
conflict with ;. O

Observation 3.5. There are no (2, 1)-configurations.

e

(ii)

Fig. 11.
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contract

Fig. 12.

Proof. Suppose the (2, 1)-configuration [ugvy, 4, u,] occurs. Then contracting uyvy
and removing u; results in a (2, 3) reduction. (ugvpu,) is the third triple that may be
lost, and no other triples may be lost. Figure 12 shows the contraction. In particular, no
H-triple may contain u vy, no other D-triple may contain uqvp, and it is not possible to
have two N-triples containing the same 1-edge and each of ug and vy. No conflicts are
introduced by the contraction. O

Observation 3.6. There are no (1, 2)-configurations, and there are at most two N-
triples containing the same O-vertex.,

Proof. First, we rule out some configurations to simplify further analysis:

(a) There are no two (1, 2)-configurations with the same 0-vertex ug, adjacent as
[1o, u1v1, uz] and [ug, viw;, v2), or with N-triples in between.

(b) There are no two adjacent (1, 2)-configurations [ug, u;v;, u2] and [vy, vy w, v2].

(c¢) There is no (1, 2)-configuration [ug, u;v,, u2] adjacent to a {2, 2)-configuration
[vowq, viwy, v2], or the symmetric configuration.

See Fig. 13. The first case is taken care with a collapse, shown in Fig. 14, and the others
by contracting ugvg.

The case left is that of a (1, 2)~configuration [ug, ¥ vy, us] which is not adjacent
to any other (1, 2)-configuration, and not adjacent to a (2, 2)-configuration in the form
ruled out above (but an adjacent (2, 2)-configuration [ugvg, viw), v2] is possible, and
similarly on the left). Removing u; and contracting #;v; resuits in a (2, 3) reduction,
except if there are two triples separated in the O-layer by a vertex and containing #; and
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Fig. 14.

vy, respectively (because they would conflict after the contraction). On the left side, this
can be the result of either the N-triple (¢t 1, ), or the D-triple (sofou; ), or both of them (it
cannot be a V-triple because of the cases already ruled out). Similarly on the right side.
If both of them are present (on the same side, say on the left) then substitute (sofou1)
with (fouet,), which is shown dashed in Fig. 15.

Case (ii) only (on one side, say on the left) is taken care of by contracting #uy,
removing u», and contracting u;v;. See Fig. 16. This is a (3, 5) reduction, since the
H-triple (sofouo) may be present (it is not possible to have the N-triple (uf;u;) because
together with (sofou) it forms the configuration forbidden by Observation 3.4).

Finally, case (i) only (on both sides) is taken care of by removing ug, u1, v1, 42 (and 1,
and/or v, if they are in (2, 2)-configurations [fouq, tu, t>] and [ugvy, v;w;, v2]) resulting
in a (4, 7) reduction (or (5, 9) or (6, 11), respectively). See Fig. 17. The figure on the
left shows with continuous lines the seven triples that can be lost: (uouiuy), (ugvius),
(uouyvy1), (touguy), (upvgvy), (fot1u1), (vovwy). The figure on the right shows the four
triples that can be introduced after removing the vertices; they replace the triples (uoti 1),
(uovywy), (Lolgty), (Ugvow,) whenever they were present (if an N-triple is not possible
after the reduction, then the corresponding triple was not present before the reduc-
tion). 0O

Observation 3.7.

(i) If the N-triples (ugu,vy) and (vouiv1) occur, then the D-triples (uovou,) and
(ugvovy) also occur.

(ii) If the (2, 2)-configuration [ugvy, uyvy, uz] occurs, then the D-triples (ugvou;)
and (ugvgv)) also occur.
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Proof. If the D-triples are not present, then they can be added because anything in
conflict with them was already in conflict with the N-triples or the V-triples, respectively.
See Fig. 18. a

Observation 3.8. A 0-edge belongs to at least one D-triple.

Proof. If ugvg is not in a D-triple, then contracting ugvp results in a (1, 1) reduction
(one of two H-triples containing ugvy may be lost, no N-triples may be lost because of
Observation 3.7(i)). 0

Observation 3.9. A 1-vertex belongs to at least one D-triple.

Proof. Suppose u, is not in any D-triple. We can assume that %, is not in any V-triple,
for in that case, according to Observation 3.7(ii), a D-triple containing 1, could be added.
Likewise, u; cannot be in the N-triples (uou;v1) and (vou;v1) (or (tot1u1) and (upt u1)),
for Observation 3.7(i) implies that u; is in a D-triple. Thus, u; is in only two triples, the
N-triples (uot1u1) and (uouiv1). Then #1u;v; can be contracted into an edge resulting in
a (1, 1) reduction. See Fig. 19. a

Observation 3.10. A 0-edge belongs to at most three D-triples.

Proof. Let ugvg belong to D-triples with #1, 4y, vy, w;. Then neither of the 1-edges
huy, ujvr, viw;, belong to a (2, 2)-configuration, and the edge u;v; is not in any
N-triple. See Fig. 20. Thus, the edge u;v; can be contracted resulting in a (1, 1)
reduction. O

Observation 3.11. A 1-vertex belongs to at most two D-triples.

Proof. Vertex u; can belong to at most three D-triples because triples (sofou;) and
(vowou;) would conflict. Suppose u; belongs to the three D-triples (fouou1), (Movou1),
and (vowou;). We consider three cases:

(i) No H-triple contains ugvy. Then one of the triples can be eliminated by con-
tracting uqvy into a vertex with a loss of one triple, a (1, 1) reduction. This may
fail only if because of the contraction other triples are lost; but this can only
happen for N-triples using ug or vg and 1-edges t,u; or u;v;. However, because
of Observation 3.4 the only possible N-triples are (ugtiu;) and (vou;v;), and
they remain different after contracting uovy. See Fig. 21(i).

(i1) One H-triple contains ugvy, say (tougvy). Note that i) is in at most one N-triple,
(vou,vy). Then remove u, and contract #yuqvowy into an edge resulting ina (3, 5)
reduction (or (4, 7) reduction if there is u, in a configuration [vowy, 11, Uz]).
See Fig. 21(ii) and the reduction in Fig. 22.

(iii) Two H-triples contain ugvy, (touovg) and (upvowy). Note that u; is not in any
V- or N-triple. Then remove u; and contract fougvowy to an edge resulting in a
(3, 5) reduction. See Fig. 21(iii). 0
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contract

contract

Fig. 16.

Fig. 17.

Fig. 18.

contract

Fig. 20.
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Observation 3.12. Two adjacent O-edges form D-triples with a common 1-vertex.

Proof. Suppose the statement is not true for uovg and vywy, and consider the rightmost
D-triple of ugvy and the leftmost D-triple of vowy. Because of Observation 3.9, the
corresponding 1-vertices are consecutive, so let the triples be (uovou;) and (vowov;). If
(upvpv1) cannot be a triple, then either (voau;) or (xgv; B) is present where o = 1; or u»
and 8 = yy, w1, or v. See Fig. 23. However, 8 # y; or v, because then v, is in three
D-triples. Similarly if (vgwou;) cannot be a triple.

Thus, if neither (ugvpv,) nor (vpwou;) can be a D-triple, then either of the following
two cases must hold:

(i) The triples (tpt;541) and {xpv,w)) are present.
(ii) The triples (voaru;) and (vyv;B) are present, where o = t; or u; and = w,
Oor V3.

See Fig. 24. In case (i), contracting uovowy into an edge results in a (1, 1) reduction (the
triple that may be lost is the H-triple (#qvowq)).

In case (it), note that u; v is not in a (2, 2}-configuration, and that the triples (fouqu;)
and (wpxov; ) are not present because of Observation 3.4. Thus, removing v, u;, v, (and
u; and/or v, if they form (2, 2)-configurations [ugvg, £, 41, u2] and [vowy, vywy, V1], re-
spectively) results ina (3, 5) reduction ((4, 7) or (§, 9), respectively). The five triples that
may be lost are (ugvou1), (Vowovy), (Vouivy), (ugtiuy), (Wevyw;). Note that four new
triples may be introduced after removing the vertices; they replace the triples (vot; 1)),
(voviw1), {ug¥ghy), (Vowew;). This is similar to the last case in the proof of Observa-
tion 3.6. O

Fig. 22.
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Fig. 23.

Observation 3.13.

(i) AOQ-edge belongs to either two or three D-triples. A 0-edge that belongs to exactly
three D-triples does not belong to a (2, 2}-configuration.
(ii) If (uguyv,) is an N-triple, then (couou, ) and (agugv,) are D-triples where ag = 1ty
or Qg = Vg.

Proof. The first part of (i) follows from Observations 3.10, 3.11, and 3.12 (the number
of D-triples must be at least two). The second part of (i) is easily verified. (ii) is implied
by several already existing constraints. O

Observation 3.14. There are no H-triples.

Proof.  First consider two H-triples sharing a 0-edge, say (ugvowo) and (vowoxo). Then
by Observations 3.11, 3.12, and 3.13(i), there are vertices u, v; such that the follow-
ing D-triples are present: (uovou1), (Vowou1), (vowov1), (woxov:). In particular, vywy
belongs to exactly two D-triples, for the 1-vertex in a third one could be removed with
a (1, 1) reduction or would contradict Observation 3.4. Also, neither u; nor v, are in a
(2, 2)-configuration because of Observations 3.7(ii) and 3.11. Edges ugvo and wyxo may
be in three D-triples; let ; and B, be the vertices forming the middle D-triple containing
ugvg and woxo, respectively, if they exist. See Fig. 25 (in that example there is no «;,
and B = w;). Then a;, u;, v, B1 can be substituted by a single 1-vertex, and vg, wq
removed, resulting in (5, 7), (4, 6) (the case shown in the figure), or (3. 5) reduction
depending on whether two, one, or none of ¢} and 8 exist.

Now, let 7, = (ugvowg) be an H-triple not sharing more than one vertex with another
H-triple. By Observation 3.13, each of ugvg and vowy is in two or three D-triples, and
there is a vertex u; such that the triples (uovou,) and (vowou;) are present. Neither of
ugvy and vywy is in a (2, 2)-configuration. Let ; and B; be as before. See Fig. 26 (in

e T




16 E. A. Ramos

that example there is no «; and ; = v;). Then «, u;, 1 can be substituted by a single
1-vertex, and vy removed, resulting in a (3, 4), (2, 3) (the case shown in the figure), or
(1, 1) reduction depending on whether two, one, or none of ¢y and 8 exist.

Note that we used Observation 3.13(ii) implicitly to restrict the possible N-triples. O

Observation 3.15. No two adjacent 0-edges can belong each to exactly two D-triples,
or to exactly three D-triples.

Proof. Letugvghave exactly three D-triples, say with u;, v, w;. Then thereisno (2, 2)-
configuration containing vy, and the only N-triples containing u1, v, w; are (ugu;v;)
and (vov;w;). Thus, a O-edge with three D-triples contributes a total of five triples. On
the other hand, a 0-edge with two D-triples contributes at least two triples; four triples
if in a (2, 2)-configuration, and at most six triples depending on the neighbor 0-edges
(an N-triple may conflict with the N-triples of neighbor O-edges). See Fig. 27. If two
adjacent 0-edges each belongs to exactly two D-triples, then they can be collapsed into
one by removing two or three vertices (two if the O-edges are not in (2, 2)-configurations),
resulting ina (2, 3) or (3, 5) reduction. See Fig. 28. If two adjacent 0-edges each belongs
to exactly three D-triples, then they can be collapsed into one by removing three vertices,
resulting in a (3, 5)-reduction. See Fig. 29. O

‘This leaves as the only possibility a configuration in which 0-edges alternate between
having exactly two D-triples (and possibly a (2, 2)-configuration) and having exactly
three D-triples. Then two adjacent 0-edges (and their corresponding 1- and 2-vertices)
can be removed, resulting in a (5, 9) reduction, or a (6, 11) reduction if there is a (2, 2)-
configuration. This last configuration is precisely the one shown in Fig. 7. This implies
an upper bound 11n/6 4 C for g5(n) where C is a constant.

Lemma 3.16.

() g3(n) < 11(n —2)/6+ 1 forn > 3.
(i) g5(n) <9(m—-2)/5+ % Jorn = 3 if there is no (2, 2)-configuration.

Proof. The proof is by induction using the previous observations. A better multiplica-
tive constant is obtained in case (ii) because (6, 11) reductions occur only if there are
{2, 2)-configurations. The constants % and % appear to take care of some particular con-
figurations in the basis: in case (i), five vertices in a (2, 2)-configuration with a total of
six triples; in case (ii), four vertices (two in the O-layer and two in the 1-layer) with four
triples. O

The proof of the upper bound in the following lemma is similar to that for g»(n). The
optimal configuration is obtained by repeating the following basic configuration with an
overlapping 0-edge: a 1-vertex forming D-triples with three consecutive O-edges, and
each two consecutive 0-edges form an H-triple.

Lemma 3.17. g3(n) < |5n/3] for n = 10 if only D- and H-triples are allowed.



17

The Number of Extreme Triples of a Planar Point Set

Fig, 25.

B it

Fig. 26.

Fig. 27. 0-edges in exactly two and three D-triples.

Fig, 28.

Fig. 29.
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Fig. 30. Cutting open the arrangement.

Theorem 3.18. e3(n) < g3(n) < [11n/6] + 1 forn > 10.

Proof. Recall the constraintn > 3-34-1 = 10to obtain the layers with the point inside.
A 2-vertex is in four V-triples only if n = 5, so this case is disregarded; it is in three V-
triples in a (2, 2)'-configuration (see proof of Observation 3.2, and it is in two V-triples in
configurations (2, 2}, (1, 2}, or (2, 1) (without the no wrapping around condition, it may
not be possible to reduce a (2, 2)’-configuration to a (2, 2)-configuration). We consider
the following cases:

(i) there is a 2-vertex us in a (2, 2)'- or (2, 2)-configuration [ugvo, u1v1, u3]; else
(ii) there is a 2-vertex u; in a (1, 2)-configuration [ug, u;v1, u,J; else
(iii) there is a 2-vertex u- in a (2, 1)-configuration; else
(iv) there is an N-triple (uouiv1); else
(v) there is a D-triple (ugvou,); else
(vi) there are only H-triples.

In case (i) the number of triples using only vertices us, u1, v1, Ug, Vp is at most six.
As illustrated in Fig. 30 the arrangement can be cut open: the six pseudolines are re-
moved and the remaining arrangement is modified so that no pseudoline intersects a half-
line from p (shown dashed in the figure). Then Lemma 3.16(i) leads to the bound
(11 ((n—-1)-2)/6+ %) +6 = 11n/6+ 1 (the open configuration has n — 1 vertices and
six triples were removed). We proceed similarly in the other cases: the arrangement can be
cut open and using Lemmas 3.16 and 3.17 we obtain the bounds (9(n —2)/5+ %) +3=
9n/5 — % for cases (ii) and (iii), (9((n +2) —2)/5+ %) + 0 = 9n/5 + 2 for case (iv)
(in this case no triples are lost as a result of cutting open the arrangement), 5n/3 for
case (v), and n for case (vi) (no need to cut open the arrangement in the last two cases).
Overall, we obtain the bound 11n/6 + 1. O
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