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Abstract. The hexagonal circle-packing rigidity constants s, are known to satisfy
s, = O(1/n). In this paper it is shown that

lim ns, = 23/202(4)/3T%2) = 4.45165....

n—w

Introduction

The hexagonal circle-packing rigidity constants s, were defined in [RS] as follows.
Consider all circle packings in the plane which have the combinatorics of n
generations of the regular hexagonal circle packing. Given such a configuration,
choose any circle y of generation 1 and let p be the ratio of its radius to the radius
of the circle of generation 0. The supremum of |1 — p| over all possible choices
for y and all such n generation hexagonal circle-packing configurations is denoted
by s,.

The sequence s, contains valuable information. The convergence s, — 0 is a key
ingredient for establishing the relationship between circle packings and conformal
mappings—that the correspondence between two circle packings with the same
combinatorics is close to conformal if the radii are small [RS]. The convergence
s, = 0 also answers purely geometric open questions about circle packings [BFP].

The order of convergence s, — 0 was found in [H] where it is shown that
s, = O(1/n) (see also [Ah1] and [Ah2]). One consequence of this estimate is that
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in the convergence of circle packings to conformal mappings, the ratio of the radii
of corresponding circles converges to the modulus of the derivative of the limiting
conformal map. This estimate also gives information on the rate of convergence
of circle packings to conformal mappings [H], [R], [DHR].

In this paper we show that

lim ns, = 23/22(3)/3T3) = 4.45165....

n-w

The outline of the proof is as follows. Let P be a regular hexagon centered at the
origin and having sides of unit length. Let H, be the regular hexagonal circle
packing of P by circles of radius 1/2n. A circle packing H;, which is combinatorially
equivalent to H, and which has its generation O circle normalized to be
{Iw| = 1/2n} is viewed as the image of H, under a mapping g,. We show that {g,}
is a normal family and that each limit function ¢ is a normalized conformal
mapping of P. The limit of ns, is shown to be the supremum of |¢"(0)| for all such
limit functions ¢. Explicit circle packings H, are constructed so that the corre-
sponding limit function ¢ is the Koebe function but with domain transferred
conformally from the unit disk to P. The classical Bieberbach inequality is
then used to show that this limit function yields the desired supremum
¢"(0) = 4/R = 4.45165..., where R is the conformal radius of P.

Preliminary Results

Throughout this paper H, ., (with n > 2) denotes n + 1 generations of the regular
hexagonal circle packing in the complex plane C, normalized so that the circles
have radii 1/2n, the generation O circle is centered at 0eC, and 1/2neC is the
point of tangency between the generation O circle and a circle of generation 1.
Note that 1 € C is the center of a circle of generation n.

Similarly, H, . ; denotes any circle-packing configuration which is combinatori-
ally equivalent to H,,, and which is normalized so that

(a) the generation 0O circle has radius 1/2n,

(b) the generation 0 circle is centered at 0 e C, and’

(c) the point 1/2ne C is a point of tangency between the generation O circle
and one of the generation 1 circles.

The circles of H, ., will not, in general, have equal radii, and we explicitly allow
the case that a circle (=disk) of generation n + 1 is a half-plane.

Given H,, , and an H, . , configuration, let P, (resp. P;) be the polygon whose
boundary consists of line segments joining the centers of pairs of tangent circles
of generation n in H,, (resp. in the H, ., configuration). Note that P= P, is a
regular hexagon of side length one.

We make use of several results from [DHR]. For convenience we restate them
in Lemma A below in the form in which they will be needed. Parts (i)(1ii) are
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from Lemmas 1.2 and 1.3, part (iv) is from Lemma 1.4 of [DHR], and part (v) is
from Lemma 1.8 of [DHR]. In [DHR] the possibility that a circle in H,,, of
generation n + 1 is a half-plane was not explicitly considered. However, the more
general situation is merely a limiting case and so the results of [DHR] apply.

Lemma A. Given H,,, and an H,,, configuration, there is a K-quasi-conformal
homeomorphism g,: P — P, with the following properties:

(1) g,(0) =0, K is independent of n, and the subset of P where g, fails to be
conformal has area < C/n for some absolute constant C.

() g, maps circles of generation < n — 1 onto corresponding circles of the H,, .,
configuration, and arcs of circles of generation n onto the corresponding arcs
in Hy .

(i) If Q is the closed region bounded by three mutually tangent circles of
generation <n — 1 in H,,, (i.e, an interstice), then the restriction of g, to
Q is a Mobius transformation which is uniquely determined by the three
tangency points on the boundary and their corresponding tangency points in
the H,, , configuration.

(iv) There is a constant C such that, for all n > 2 and all z with |z| < 1/2n,

lgu(z) — 2| < C/n’.

(v) There are constants C and & > 0 such that if M is the restriction of g, to
one of the six interstices adjacent to the center circle of H, ., then, for all
n > 2 and all z with |z| <9,

lgn(z) — M(2)| < C|z]* + C/n*.

The hexagonal packing constants s, are related to the derivative of the Mobius
transformation M defined in Lemma A(v). M maps the generation O circle of H,, ,
onto the generation 0 circle of the H,,, configuration. It also maps the six
generation 1 circles of H,, , onto six circles tangent to the generation 0 circle in
the H,,, configuration (two of these six circles will coincide with generation 1
circles in the H, ., configuration). Consider the radii r of the largest and smallest
images under M of the six generation 1 circles of H,, . Then

s, < sup{|1 — 2nrl}, 1)

where the supremum is taken over all choices of M for all H, . ; configurations.

These extremal radii r under M can be estimated in terms of |M(0)]. The
calculation is simplified if we consider the conjugate transformation T(w) =
2nM(w/2n) which leaves |w| < 1 invariant. If M has the form

M(z) = e*(z — B)/(4n*Bz — 1), @
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then T has the form
T(w) = e*(w — )f(@Gw — 1) (= 2np). 3)
We may assume {a| < . Set y, = {|w| = 1}, v, = {iw| = 3}, and y, = T{y,). Then
T(y,) = 7. The largest and smallest circles which are mutually tangent to y, and
¥> have radii (1 — |x|)/1 + 3|a}) and (1 + ||)/1 — 3|a|). Thus
|1 — 2nr| < 4|a] + [terms of higher order in|al]. (3.1)
By (v) of Lemma A, we have | 8| = O(1/n?). Therefore
la| = O(1/n) @
and we obtain
s, < sup{4|a|} + O(1/n?). )

Note that the result of [H], that s, = O(1/n), is a consequence of (4) and (5).
From (2) and (3) we obtain

IMO)=1—laf, [M"0)=4nfa|(l —|af?). (6)
Formulas (5) and (6) give ns, < sup{|M"(0){} + O(1/n).
Lemma B. The hexagonal packing constants s, satisfy
ns, < sup{|M"(0)|} + O(1/n),

where the supremum is taken over all Mabius transformations M corresponding to
generation 1 interstices of H, ., configurations.

Let us denote the interstice of H,,, which has vertices {1/2n, €™3/2n,
(1 + €™/3)/2n)} by Q, , ;, and the generation 1 circle of H;, ., which passes through
1/2n by ¢, ,,. Suppose we have a sequence M, of Mobius transformations such
as M above, and such that M, corresponds to the generation 1 interstice Q,. .
Assume further that M,(0)— 1 and M,(0) — C > 0. It then follows that na, =
(C/4) + o(1) and so arg a, — 0. In this case the argument which established (3.1)
can be sharpened by observing that y, and y, are furthest apart in the direction
of o, and therefore

n|1 — 2n radius(c,+ 1)} = C + O(1/n).

This proves
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Lemma C. If the Mobius transformation M, corresponds to the generation 1
interstice Q,,,, of H, 1 and if M,(0) = 1 and M(0) - C > 0, then

ns, > C + O(1/n).

Schlict Functions

Let {y,: n > 2} be a sequence of the quasi-conformal mappings in Lemma A, and
let M, be a Mobius transformation which is the restriction of g, to a generation
1 interstice.

We first show that the mappings g, are equicontinuous on the unit hexagon
P. It is clear that they are equicontinuous on the punctured unit hexagon P — {0}
since they omit 0 and oo [LV, Theorem 11.5.1]. To show that they are equicontin-
uous at O we use the fact that s, = O(1/n). Two adjacent circles of generation < m
in H,, { have radii whose ratio is < 1 + s, where k = n — m. Since the generation
0 circle of H, ., has radius 1/2n, every point w in a circle of generation < m in
H, . satisfies

wl<@2n1 + (1 +s)+--+ 1 +s)™
=((1+s)"*! — 1)/2ns,
< O(k/n)exp(O((m + 1)/k)) — 1).

Thus if |z| < d < 3, then |g,(z)] can be estimated from above by the modulus of
points w in circles of H,, ; of generation < m = [2dn]. In the above inequality for
[w), (m + 1)/k < 2d/(1 — d) and k/n < 1; thus |g,(z)] = O uniformly in n as d — 0.

By the equicontinuity, any subsequence of g, contains a subsequence which
converges uniformly on compacta of P. By (i) of Lemma A, the limit mapping is
conformal or else constant. Let {g,} be a convergent subsequence and denote the
limit mapping by ¢. Clearly, ¢(0) = 0. We find that |¢'(0)] = 1 (see Lemma C) and
therefore ¢ is nonconstant.

From (2) and the fact that | 8| = O(1/n?), it follows that the second and third
derivatives of M, are uniformly bounded in a neighborhood of the origin. Thus
there are constants C, 6 > 0 such that, for all |z} < 6,

IM,(2) — [M,(0) + M,(0)z + (M, (0)/2)z*]] < C|zP’. (7

Combine inequality (7) with part (v) of Lemma A, use the fact that | | = |M,(0)| =
0(1/n?) from (4), and obtain

|9.(2) — [M,,(0)z + (M(0)/2)z"]]
<1guf2) — M, (2)| + |M,(2) — [M,(0) + M,(0)z + (M(0)/2)z*]| + |M,,(0)|
< Clz]® + C/n} + C|z)® + O(1/n})
< Ciz|® + C/n}. (8)



110 P. Doyle, Zheng-Xu He, and B. Rodin

We also have |¢(z) — [¢'(0)z + (¢"(0)/2)z%]| < C|z]? for |z| < 8. Together with (8)
this gives

I[gn(2) — @(2)] + [¢'(0) — M, (0)]z + [¢"(0) — M (0)]2%/2| < C|z[> + C/nf. (9)

If we fix 0 < |z| < ¢ and let n; - co we conclude from (9) that M, (0) converges to
¢'(0) and M (0) converges to ¢"(0). (This result is closely related to the convergence
of the first and second derivatives of circle-packing approximations to the Riemann
mapping [DHR]. We do not appeal directly to that result for the present case,
however, since the contexts differ slightly—mappings from a variable bounded
region to the disk in one case, and mappings from a fixed hexagon to variable
regions which are not necessarily bounded in the other case). By (6), | M, (0)|
converges to 1. Therefore |¢’(0)| = 1 and we have '

Lemma D. Let {g,,n=>2} be a sequence of the mappings in Lemma A.
Any subsequence contains a subsequence {g,} which converges uniformly on
compacta of P to a conformal mapping @ which satisfies ¢(0) = 0, |@'(0) = 1, and
¢"(0) = lim M,(0).

Let h be the conformal mapping of the unit disk D onto P with #(0) = 0 and
K'(0) > 0; the quantity R = h'(0} is called the conformal radius of P. The value of
R is (see p. 196 of [N] or p. 411 of [He])

R = 33/4T@)r(}) = 0.89854. .. (10)

If ¢ is a conformal mapping of P satisfying ¢(0) =0, |¢'(0)] =1, then
f(@) = o(h(2))/(Re’(0)) = z + a,z> + -+ is a normalized schlict function on D.
Bieberbach’s inequality |a,] < 2 holds with equality only for rotations of the
Koebe function (e.g., Theorem 1.5 of [P]).

Since h: D — P is an odd function, h"(0) = 0. Hence f"(0) = Rg"(0)/¢’(0). The
Bieberbach inequality yields

l@"(0)] < 4/R. 1y

Apply Lemma D to subsequences where | M, (0)| has modulus approaching its
supremum. Lemma B and inequality (11) then imply

Lemma E. lim sup{ns,} < 4/R.

In the next section we prove the following lemma by constructing circle-packing
approximations to the Koebe function.

Lemma F. For each n > 2 there is an H, ., configuration (to be denoted K|, . ,)
such that the maps {g,} (to be denoted k,) associated to these configurations by
Lemma A converge uniformly on compact subsets to the conformal mapping ¢ (to
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be denoted k) of the unit hexagon P onto the complex plane minus the slit
{—o0 < x < —R/4} with ¢(0) = 0, ¢'(0) = 1, and ¢"(0) = 4/R.

If we apply Lemmas C and D to the configurations K;,,, of Lemma F we
conclude that lim inf{ns,} > 4/R. We therefore have

Theorem. The hexagonal packing constants {s,} satisfy

lim ns, = 4/R = 23/2I'*(3)/3T1Q).

The Koebe Packings

For the proof of Lemma F we construct a family of circle packings which are
discrete analogs of the Koebe function. Let HL, consist of those points of the
hexagonal lattice

{(a/n) + (b/n)e’™*:a, be Z}

which are contained in the closed unit hexagon P. HL, determines a triangulation
of P by equilateral triangles. The vertices of the triangulation are the lattice points
of HL,. We modify this triangulation to obtain a decomposition of the entire
2-sphere.

For each vertex v on the boundary of HL, other than the two vertices at +1¢ C,
add an edge joining v to its complex conjugate ©. The resulting complex yields a
decomposition of the 2-sphere into triangles and quadrilaterals (Fig. 1). By the
theorem of Koebe-Andreev-Thurston (for a statement see Andreev’s theorem in
[RS]; we have since learned of the earlier proof in [K]) there are circle packings
of the 2-sphere with combinatorics determined by this decomposition. We wish
to single out those circle packings which respect the symmetry v — ¢ of HL,. To
that end we add a vertex to the interior of each quadrilateral, connect it to all
four vertices of the quadrilateral, and thereby obtain a triangulation of the
2-sphere. The circle packings which realize this triangulation are related to each
other by Mobius transformations. We ignore the circles that correspond to the
added vertices and call the resulting circle packings allowable. Figure 2 shows an
allowable realization for n = 2 (the circle of generation is labeled 0; the six circles
of generation 1 are labeled 1.1, 1.2,...,16; the remaining twelve circles of
generation 2 are labeled 2.1, 2.2, ..., 2.12).

For a fixed n, the allowable circle-packing realizations are related to each other
by linear fractional transformations. We now select a particular realization as
follows. We require that the circle (disk) that corresponds to the vertex of HL, at
1 € C should be a right half-plane, the circle that corresponds to the vertex of HL,
at —1 e C should have its diameter on the real axis with left-hand endpoint at
—% and the circle which corresponds to the vertex of H, at 0 should be centered
at the origin (we show later that its diameter is O(1/n)). This particular allowable
circle packing is denoted ¥,. Figures 3(a)-(c) show X at various scales.



Fig. 2. Allowable realizations for n = 2.
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(@) (b)

©

Fig. 3. XX, at various scales.
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X, 4+ fails to be an H,,, , circle-packing configuration only because the radius
r, of the generation 0 circle may be unequal to 1/2n. Let K}, be the image of
X, .+, under the mapping z — z/2nr,. Then K}, is an H,,, configuration and
Lemma A applies. The mapping denoted generically by g, in Lemma A(i) will, for
this configuration K., be denoted k,. We wish to show that k, converges to a
conformal mapping k of P onto the region W=C — {— o0 <z < —R/4}.

We work with 27, , rather than K, ;. Let 2, be the polygon formed by joining
the centers of the generation n circles of .. Let £,: P — 2, be the mapping
£(2) = 2nr,k(z). We show that 2, converges to the Koebe region ¥ =
C— {z: —o0 <z< —}} in the sense of Carathéodory domain convergence;
namely, given #;, = < # we have %, c 2, = # for all sufficiently large n. It will
then follow that £, must converge to a conformal map £ of P onto #.

The following lemma is a spherical metric version of the Length-Area Lemma
of [RS]. A sequence of circles yy, 7,,...,7, from X, ., is called a cross-cut chain
if 7, and y, are of generation n + 1 and each circle other than the first is tangent
to the preceding one.

Lemma G. Suppose there are disjoint cross-cut chains of circles from X,., of
combinatorial length my, m,, ms, ..., m, which together with the ray [ —co, —R/4]
separate a circle y from Qe C. Then the spherical metric radius p of y satisfies
p<Cmit+myt+m3t + -+ m YY" 12 for an absolute constant C.

Proof. Let the jth cross-cut chain consist of circles whose radii in the spherical
metric are pj;, 1 <i < m;. Then, by the Schwarz inequality,

(Boe) =m s
Let s; =2 ), r;; be the spherical length of the jth chain. We obtain
simi ! <4 Z Pk,
Ysimil <4y pf
j ji

In the spherical metric with curvature 1, the area g and radius r of a circle are
related by a = 2n(1 — cos r); therefore nr? < C,a for an absolute constant C,. In
the last term above we have Y p% < 1/n(4nC,) and so

Y sim; ' < 16C,.
i

Thus s = min{s,, s, ..., 5;} satisfies

s2<16C mi  +myt +m3t 4+ +m YL
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We can find a Jordan curve of length <2s which separates the circle y from the
origin and which meets [ — oo, — R/4]. If s is sufficiently small, then y must have
a diameter less than s. This proves Lemma G. O

A circle of generation nor n + 1 in H,,,; can be separated from the generation
0 circle by disjoint cross-cut chains of combinatorial lengths not exceeding 7,
10,...,3n + 1. Therefore Lemma G allows us to conclude that each circle y of
generation n or n + 1 in X, , has a spherical metric radius

p<C(7—1+10—1+...+(3n+1)—1)~1/2_’0‘

Therefore, 2, converges to # in the sense of Carathéodory. Therefore £, converges
to a conformal map £ of P onto # = C — {z: —o0 <z < —%} with £(0) = 0.
Recall from (6) that the conformal map h: D — P has h((0) = 0 and #'(0) = R.
Since £-h is the Koebe function with derivative 1 at 0e C we must have
£'(0) = 1/R. Since £'(0) = lim £,(0) = lim 2nr,, we conclude that k = lim k, has
kK(@©0)=1 and maps P onto W=C — {—o0 <z < —R/4}. Since (£-h)"(0) = 4,
k"(0) = 4/R. This completes the proof of Lemma F. O

Acknowledgments

We thank Curt McMullen, Dennis Sullivan, and Bill Thurston for interesting
discussions on these matters, and Ithiel Carter for computing Figure 3. We also
thank one of the referees for pointing out the feasibility of applying these methods
to calculate the rigidity at the origin of circle packings of domains other than P
and with combinatorics other than hexagonal as in [HR].

References

[Ah1] D. Aharonov, The hexagonal packing lemma and discrete potential theory, Canad. Math.
Bull. 33 (1990), 247-252.
[Ah2] D. Aharonov, The hexagonal packing lemma and Rodin-Sullivan conjecture, Trans. Amer.
Math. Soc., to appear.
[Anl] E. M. Andreev, On convex polyhedra in Lobalevskii space, Mat. Sbh. (N.S.) 81(123) (1970),
445-478 (English translation: Math. USSR-Sb. 12 (1970), 413-440).
[An2] E. M. Andreev, On convex polyhedra of finite volume in Lobacevskii space, Mat. Sh. (N.S.)
83(125) (1970), 256-260 (English translation: Math. USSR-Sb. 12 (1970), 255-259).
[An3] E. M. Andreev, On convex polyhedra in Lobacevskii spaces. Math. USSR-Sb. 10 (1970),
413-440.
[BFP] I. Barany, Z. Fiiredi, and J. Pach, Discrete convex functions and proof of the six circle
conjecture of Fejes Toth, Canad. J. Math. 36 (1984), 569-576.
[DHR] P. Doyle, Zheng-Xu He, and B. Rodin, Second derivatives of circle packings and conformal
mappings, Preprint.
[H] Zheng-Xu He, An estimate for hexagonal circle packings, J. Differential Geom. 33 (1991),
395-412.
[HR] Zheng-Xu He and B. Rodin, Convergence of circle packings of finite valence to Riemann
mappings, Comm. Anal. Geom. 1 (1993), 1--10.



116 P. Doyle, Zheng-Xu He, and B. Rodin

{He] P. Henrici, Applied and Computational Complex Analysis, Vol. 1, Wiley, New York, 1974, 682

PP-
{K] P. Koebe, Kontaktprobleme der konformen Abbildung, Math.-Phys. Klasse 88 (1936),
141-164.
[LV] O. Lehto and K. L. Virtanen, Quasi-Conformal Mappings in the Plane, Springer-Verlag, Berlin,
1973, 258 pp.
[N] Z. Nehari, Conformal Mapping, McGraw-Hill, New York, 1952, 396 pp.
[P] Ch. Pommerenke, Univalent Functions, Vandenhoeck and Ruprecht, Gottingen, 1975, 376 pp.
[R] B. Rodin, Schwarz’s lemma for circle packings, 11, J. Differential Geom. 30 (1989), 539-554.
[RS] B. Rodin and D. Sullivan, The convergence of circle packings to the Riemann mapping,
J. Differential Geom. 26 (1987), 349-360.

[T1] W. P. Thurston, The Geometry and Topology of 3-Manifolds, Princeton University Notes,
Princeton University Press, Princeton, NJ, 1980.

[T2] W. P. Thurston, The finite Riemann mapping theorem, invited address, International
Symposium in Celebration of the Proof of the Bieberbach Conjecture, Purdue University,
March 1985.

Received November 25, 1992, and in revised form March 15, 1993, and June 7, 1993.



