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Abstract. — In this paper we are concerned with the existence and multiplicity of radial solutions to the

BVP

{V-(a(|Vu|)Vu)+f(|x|, #)=0 in B
u=0 on 0B,

where B is an open ball in RX and w—>V-(a(|Vu|) Vu) is a nonlinear differential operator (e.g. the p-
laplacian or the mean curvature operator). The function f is defined in a neighborbood of u =0 and
satisfies a «sublinear»-type growth condition for u— 0. We use a degree approach combined with a ti-
me-map technique. Multiplicity results are obtained also for nonlinearities of concave-convex type.

1. — Introduction.

In this paper we study the existence and multiplicity of radial solutions, with prescribed
nodal properties, to the boundary value problem

(1.1) {V'(ﬂ(quIWqu(le,u>=o in B

=0 on IR,
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where 8 = {x e RX, |x| <R},K>1landa:[0,e,]—>[0, +®), (e, >0),and f: [0, R] X
X [—¢&,5,8,1=R, (g, >0), are continuous functions.

The existence of radial solutions satisfying various boundary conditions has been investi-
gated by many authors, starting from the classical situation where 2 = 1: we quote, among
others, the works of M. J. Esteban [16], E. W. C. Van Groesen [35], A. Castro-A. Kurepa
[91, C. K. R. T. Jones [26], M. Grillakis [23], Z. Guo [24], A. El Hachimi-F. De Thelin [15],
Y. Cheng [10], A. Ambrosetti-]. Garcia Azorero-I. Peral [3], F. I. Njoku-P. Omari-F. Zano-
lin [30].

In what follows, for ¢(s) = sa(|s}) and F(r, 5} := ff(r, u#) du, we shall assume:
0

(Hy) ¢:[—¢€;, e,1=>[—9(e;), ¢(e;)] is an odd increasing homeomorphism such that

¢(os) S

(1.2) lim inf 1, Vo>1
s=>0 ¢(S)
and
(1.3) lim sup 9(os) <+, Vo>1;
s—0 ¢(S)

these assumptions are clearly satisfied by the p-laplacian operator.

Moreover, we assume

(Hy) The function f is such that f{r, 0) =0 and

(1.4) lim fr, s) =+ o0, uniformly in re [0, R];

50 ¢(5)

(Hg) F(r, s) is differentiable with respect to e [0, R] and there exists a continuous
function a:[0, R] = R* such that

JoF
1. — (7,
(1.5) e (r, 5)

<a(r)Fl(r,s), Vrel0,R], VYsel—e,,¢,].

The so-called «lower/upper» g-conditions stated in (1.2)-(1.3) are typical for such kind of
operators (see [18], [19], [20], [21]); they can also be found in [22], where it is assumed that
the limits in (1.2)-(1.3) exist. Apart from the (classical) case of the p-laplacian, where
a(|s|) = |s]?~%, p> 1, these conditions are satisfied e.g. by the «mean curvature» operator,
where a(|s|) = (1 + s2)~!”2, and by even more general ones like a(|s|) = (1 4 5%)7¥25™ 2
az20,m>1,m=a+1 (see [17]). We point out that a special feature of our approach is
that we do not need, as it is frequently found in the literature, any homogeneity assumption
on the nonlinear differential operator. In particular, we can achieve our results without pas-
sing through the study of associated eigenvalue problems.

An important consequence of assumption (H,) is stated in Proposition 2.2 and is ap-
plied in the proof of Proposition 3.7.
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When dealing with radial solutions to (1.1) on a ball, one is led to study (setting |x| = 7)
the BVP

(K—1) IARY; (K-1) =0
1.6) { (r op(u’)) +r Fr, u)

#'(0) =0=u(R)

and a singularity appears for » = 0. Beside this (intrinsic) aspect of (1.1), assumption (H;) re-
presents a singularity in the variable # which, for 4 = 1, means that f has a sublinear growth
at # = 0. Hence, in particular, when one tries to develop some shooting argument, global
existence and uniqueness to initial value problems associated to the equation in (1.6) are not
guaranteed. This is one of the reasons why a (relatively) small number of results for «subli-
near» problems is available in the literature: we refer to the earlier works of G. J. Butler [6],
H. Jacobowitz [25] (for the periodic case), M. A. Krasnosel’skii-A. 1. Perov-A. 1. Povolot-
skii-P. P. Zabreiko [27, Section 15], B. L. Shekhter [34, Section 15] for a more classical ap-
proach in the ODE’s case. For other results, in the PDE’s setting, we also refer to V. Moroz
[29], P. Omari-F. Zanolin [31], E. W. C. Van Groesen [35], M. Willem [36], mainly for the
case ¢ = 1.

We stress the fact that the «direct» methods of shooting type used by some of the au-
thors quoted above require stronger regularity assumptions than (Hy)-(Hg), which turn out
to be sufficient to treat (1.1} by means of an abstract continuation theorem. Assumption
(Hp), indeed, is a well-known condition for the uniqueness of solutions to
some Cauchy problems related to (1.6} (cf. the papers of Y. Cheng [10, p. 289], W. Rei-
chel-W. Walter [33, Th. 4-(6-ii)]). For more comments on (Hz) we refer to Remark 3.1 in
Section 3.

Qur main result (Th. 3.2) guarantees that under (H¢)-(Hf)'(HF) there exists a positive
integer #, such that for all # > # there are u, and »,, radial solutions to (1.1), with #,(0) >0
and v,(0) <0, both having exactly # zeros; moreover, we prove that ) Erilm |2, ()| +

+ |u, (r |=0= lim |v.(r) | + |v, ()|, uniformly in »e [0, R]. We point out that no as-

sumption on the behav10ur of f at infinity is required; f can even be defined only in a nei-
ghborhood of # =

The proof is developed through a (new) variant of the continuation theorem in [7,8]
(Th. 2.1), suitable for the application to nonlinearities satisfying only the local conditions
(Hy)-(Hg). The needed estimates (2.2)-(2.3) in Theorem 2.1 are obtained via a time-map te-
chnique; some of the arguments are similar to those in [7] and to the ones developed in
[9,21] for the situation when f «grows faster than ¢» at infinity. More precisely, Proposition
3.6 and Proposition 3.7 are upper and lower estimates (reminiscent of Sturmian theory) on
the number of zeros of the solutions of a parameter-dependent problem associated to (1.6)
(cf. the paper of E. Yanagida [37]). One might say that, on the lines of Remark 5.3, we show
that the presence of the strongly nonlinear operator ¢ does not affect the properties of the
number of zeros of solutions to #onautonomous problems when this number is consldered as
a function of the initial data.

Our continuation theorem needs also the degree condition (2.4), which is shown to be
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satisfied through the study of a suitable autonomous problem of the form

1.7) { (pu")) +g(u) =0
#'(0) =0 =u(R),
where
. &s)
lim =— =
s—0 ¢(j)

More precisely, the multiplicity result developed in [7] for the two-point BVP can be
adapted with no difficulty to the boundary condition in (1.7); it is based on the notion of
«generalized Fudik spectrum» introduced in [8] (cf. Proposition 5.1) and on the asymptotic
behaviour near zero of the «time-maps» (cf. Proposition 5.2).

A combination of our main theorem with the results due to M. Garcia-Huidobro-R. Ma-
nasevich-F. Zanolin in [21] enables us to consider a differential operator defined on the
whole real line and satisfying conditions of the form (1.2)-(1.3) at infinity too and functions
satisfying at the same time (Hy) and

Ar,s)

1.8
1.8) ot e g(s)

=+, uniformly in re [0, R].

In the above situation, we can prove (Th. 4.1) (under suitable conditions of subcritical gro-
wth at infinity for f) the existence of four sequences of radial solutions #,, v,, w, and z, with
#,(0) >0,0,(0) <0, w,(0) >0and z,(0) <0, all having exactly # zeros in [0, R). Moreo-
ver, we have

(1.9) liril |, (#) | +|u, (r) |=0= lirP |v,(r) | +|v, ()|, uniformly in re [0, R]
and
(1.10) lirP |w, ()| + |w, ()| =+ o= lirP |2(r)| + |2,(#}|, uniformly in re[0,R].

Combinations of conditions at zero and at infinity have been considered, among others, by
H. Dang-R. Manésevich-K. Schmitt [13], H. Dang-K. Schmitt-R. Shivaji [14] when dealing
with the existence of positive solutions.

In particular, as a consequence of Theorem 4.1, we can prove that the Dirichlet problem
on the ball associated to

(1.11) A u+ay|u|*Puta|ul’ ?u=0

has, for each # sufficiently large, at least four radially symmetric solutions with # zeros in
[0, R) for any a,, a, positive constants (cf. Remark 4.2), whenever

l<u<p<v<p*,

If p = 2, these are nonlinearities of «concave-convex» type; starting from the seminal paper
by A. Ambrosetti-H. Brézis-G. Cerami [1], they have been widely studied (see also A. Am-
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brosetti-]. Garcia Azorero-I. Peral [2] for a general p > 1 and T. Bartsch-M. Willem [4]). In
particular, as far as radial solutions which are positive in zero are concerned, for fixed 4; we
can obtain a diagram similar to Figure 4 in [1]. We also notice that, for the particular case of
equation (1.11), the existence of infinitely many pairs of radial solutions with prescribed no-
dal properties follows also from the bifurcation result in [3, Th. 3.1].

The plan of the paper is the following.

In Section 2 we give an abstract continuation theorem and some preliminary results on
uniqueness and continuous dependence of the solutions to Cauchy problems associated to
the equation in (1.6).

In Section 3 we give our main result (Th. 3.2) under the (local) assumptions
(Hy)-(Hp)-(Hp).

In Section 4 we treat the case of «superlinear» nonlinearities, and give a multiplicity re-
sult under (Hy) and (1.8).

Section 5 (Appendix) is devoted to the study of the autonomous problem (1.7). We
point out that ¢ need not be surjective on R.

In the sequel, we will use the following notation: R* = {xeR: x>0}, C4([0, R]) =

={ueC'([0,R]):4'(0)=0=u(R)} and ;= max u(#? +u'(r)* for every

ue C([0, R]). Moreover, degg and deg will denote the Brouwer and the Leray-Schauder
degree, respectively.

2. — Preliminary results.

In this section we first study an abstract equation of the form
(2.1) u=Nu, 1)

where X is a Banach space and N: dom NcX % [0, 1]—X is a completely continuous
operator. Moreover, we shall consider two open sets A and B such that AcAcBc B and
(B\A)cdom N.

Let X be the set of the solutions of (2.1), i.e.

S={(u, A u=Nu, A)}

and, for any subset DC X x [0, 1], let us denote the section of D at Ae [0, 1] by D; =
={xeX:(x, 1) eD}; we also set N;=N(-, ). We have the following abstract theorem:

THEOREM 2.1. — Let k: = N (B\A) = N be a continuous function; suppose that there exists
a positive integer n satisfying the following conditions:

2.2) ne k(3((B\A) N X))
and

(2.3) EYn) is bounded .
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Then, for an open bounded set U such that (&~ (n))oc Ugc U§ ¢ (B\A), and T,N U} =
= (2" (n))y, the Leray-Schauder degree deg (I — N, UZ) is defined. If

(2.4) deg (I — Ny, Uf) =0,
then there is a continuum C,C% with
{A€l0,1): ueX: (4, M) eC,} =1[0,1]
and such that
(u,)eC, = (u,Aye (B\A) and ku,r)=n.
In particular there is at least one solution u € (B\ A); of the operator equation
u=N(u,1)
with
ku, 1)=n.

Theorem 2.1 is a variant of the continuation theorem in [7] (see also [21]). A version for
a coincidence equation Lu = M(u, A1), where L is a linear Fredholm operator of index zero
and M is L-completely continuous [28], is valid as well.

Now, we introduce some notation and properties which will be useful in the sequel. Mo-
re precisely, assume

(Hy) For some ¢,>0, ¢:[~&,, e, 1= [~¢l(e,), ¢(e,)] is an odd increasing ho-
meomorphism such that

(2.5) lim inf 9(0s) >1, Vo>1
s—0 ¢(S)
and
2.6) imsup 2% < vw, Vo1,
=0 @ls)

Then, let

@.7) Bx) = [p)ds,  V|x| e,
0

(2.8) P, (x) =j¢—1(s) d, VY|x|<e,,
Q

and

2.9) L£(x) =xp(x) — P(x) = D, (p(x)), V]|x|<¢g,.
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As far as (2.9) is concerned, we observe that the functions @, @, and £ are even and, when
restricted to R*, strictly increasing. Hence, the right inverse of £ is defined and (without
ambiguity) it will be denoted in what follows by £7!; the same meaning will be given to @}

Now, we state some consequences of the lower/upper o-conditions given in (H,); these
are variants of similar results obtained in [20,21] where, in the upper/lower o-conditions
(3.2)-(3.3), the limits are taken for s— o instead of s—0.

ProrostTiON 2.2. — (i) There exist C>1 and >0, € S &y, such that
(2.10) Ep(&) sCe(k), V& =<=E.
() Vd,>13d,>1:V¥d>d, ;> 0, ¢,< &y, such that
(2.11) ¢ HdE)=dig ), V|E|se,
(iii) Vey, >1 3, > 1: Ve >, 36, >0, e, <&y, such that

(2.12) DM k) zPHE), V| <e,.

Now, for some &, >0 and for ﬁry le[O 11, let £;:[0,R1 X [—¢,,6,]—R be a
continuous function; we denote F;(r, s) fﬁ(r u) du for every re [0, R], for every
se[—e,, £,] and for every A€ [0, 11]. We assume:

(Hg,) Fylr, s) is differentiable with respect to re [0, R] and there exists a conti-
nuous function a:[0, R1—R"* such that

oF
—(r, ) | <al(r)F,(r,s), VrelO,R], Vsel—¢,,¢,].
’

(2.13)
We refer to the Introduction and to Remark 3.1 for comments on the verification of the abo-
ve hypothesis. We only observe that, by (2.13), we deduce that

(2.14) F,(r,s) =0, V(r,s)e [0, RI X [—e,, £,], VA€ [0, 1]

Next, let Ke N, K> 1, and let ¢, = min (e, &,) (so that (Hy), (Hg,) and (2.14) hold with
g, instead of &£, and ¢,); consider the equation

(2.15) (FE V")) + XV, u) = re (0, R).

We prove some continuous dependence and uniqueness results for certain initial value pro-
blems associated to (2.15), under assumptions (H,) and (Hp,). They will enable us to define an
operator £ suitable for the validity of conditions (2.2), (2.3) and (2.4) in Theorem 2.1.
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LemMma 2.3. — For every e< e there exists d,e€ (0, €] such that if u is a (local) solution of

@16 { (=D "))+ KV, 1) =

w(0)=d, «'(0)=

with |d| < d,, then u can be defined on [0, R] and |jul|; < e.

Remark 2.4, — We observe that for every de[—d,, d.] there exists at least one (local) solu-
tion of (2.16). For a proof of this result, see e.g. [17,33] and references therein.

Proor. — Let # be a solution of (2.16), and assume that, for some £ >0,
(2.17) |u(r)| <e, |u'(r)|<e, Vrel0,pl,
with 0 < ¢ <R. We introduce the functions
(2.18)  Eilr,x,9;d)=L(y) +F,(r,x) Vre[0,0], Vx,yel[—¢,el’, Viel0,1]
and
(2.19) v,(#) =Ey(r, ulr), u'(r); d), VrelO,o]l.
From (2.14) we deduce that
(2200 L) <Ei(r,x,y;d), Vrel0,0]Vx,yel[—¢,el?, Viel0,1].

Moreover, from (2.15) we infer:

iv,l (r) = ( (' (") u'(r)+ A(r u(r)) + fi{r, ulr))u' (r) =
dr or

AMK -1
=—(i——)¢(u’(r))u (r) + 2F—(r w(r))].
r Ir

From (2.13) we obtain

v (r) <alr) Fi(r, u(r)) < alr) v,(r), Vrel0, o]
and, integrating on (0, r), we get
(2.21) 0,(r) < 1;(0) ej""’(‘)d‘SHFl(O, d),

Ra(s)ds
where H=¢
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Now, let us consider (#;, 4;) € (0, 1)? such that

a, + Rdz <

N~

(2.22)
< 1
s =
272
(observe that, for every R > 0, a similar choice of ¢, and 4, is always possible). Then, for
every € < g, let d, >0 be such that

d,<a e
and
L Y(HF,(0, d)) S ay¢, V0 < |d|<d, Viel0,1]

(this is possible since }in%o@'l(HFl(O, d))=0 uniformly in A€ [0, 11).
Now, for |d| <d,, from (2.20) and (2.21), we deduce:

£(u' (7)) < v,(r) < HF,(0, d)

and

1
(2.23) |u'(r)| < L7 (HF,(0, d)) Saye s S€ vre [0, ol.
Hence, from (2.23), we have:

(224)  |u(r)|<d+ [|u'(9) |ds<d+RETHF(0,d)) <
0

1
<age+Rae=(a; +Ray)e < Es, Vre [0, o].

Since (2.23) and (2.24) hold independently on @, we can extend # on [0, R] as a
Clfunction,
Finally, (2.23) and (2.24) imply that:

lely = max V|u(r) |2+ |4 (n|Ps —e<e. ®
re[0,R]

Lemma 2.5. — Let u be a solution of

{ PV o(u")) + MDD L(r ) =0

(2.25)
wlrg) =0=u'(ry), roe (0, R].

Then u=0 in [0, R].
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Proor. — Let C> 1 and & > 0 be as in Proposition 2.2; let # be a solution of (2.25) such
that

(2.26) |ulr) | <€, |u'(r)|<E, Vre(0,RINI[ry—n,rn+nl:=1,

for some 5 > 0, with 7, — 7 > 0. Let us consider the function v; defined in (2.19). We have
already proved that

aF,

[vi(r) | < | ==

or

AK-1
+¥|¢(u’(r))||u’(r)|;

using (2.13) and (2.10), we obtain:
227) vl ]| <alr) Fi(r, ulr)) + CE L' (r) SEr) v(r), Vrel,
r

where &(r) = max{a(r), CK—_l-} We observe that €e L. ((0, R]).

r
Now, integrating (2.27) on (7, #), for reI,, we obtain
2(r) S v3(r0) + [E() 04(s) ds
ro

and, as a consequence,

o &E(s) ds
w) <u) e P04 g

i.e., since v;(ry) =0,
v(r) <0, Vrel,.

We deduce that #=0in I,. =

3. — The main result.

Let us consider the following boundary value problem:

{V-(a(|Vu|)Vu)+f(|x|,u) =0 in B

(3.1)
: u=0 on 0B

where B is the open ball of center 0 and radius R >0 in RX (K> 1) and 4:[0, ;] —
— [0, + =) for some £; > 0; we also set ¢(s) =sa(|s|), for se [—¢&;, €11, and F(r, 5) =

= ff(r, u) du.
0

Let us assume the following hypotheses:
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(Hy) ¢:[—¢,, &,]1=>[—¢(g,), ¢(£;)] is an odd increasing homeomorphism such that

(3.2) lim inf 9(0s) >1, Vo> 1
s—0 ¢(:)
and
(3.3) lim sup 9(0s) <+4+o, Vo>1.
s=0  ¢ls)

(Hp) For some £, >0, f:[0, Rl X [~&;, e,] =R is a continuous function such
that f(r, 0) =0 and

(3.4) Lim 1, 9) =+ o, uniformly in »e [0, R].
s—0 ¢(S)

(Hg) F(r, s) is differentiable with respect to € [0, R] and there exists a continuous
function a:[0, R]1—-R"* such that

(3.5) %E (r,s)

y

<a(r)F(r,s), Vrel0,R], Vsel—g,,e,],

Remark 3.1. — As it was already mentioned in the Introduction, condition (Hg) can be
found also in [10,33]. We observe that it is satisfied by functions F of the form F(r, u) =

=p(#) J g(t) dt, being p(-) positive and continuously differentiable and g a continuous function

0
satisfying the sign condition g(u) u >0 for every u in a neighbourbood of the origin, u # 0.
We point out that some regularity for p is crucial in order to avoid the difficulties which may
arise (as it 1s shown, even for the case a = 1, in [5,11]) when continuability of solutions to the
ODE in (1.6) is studied.

We set €9 = min (¢, €,); moreover, &, will be now taken such that, according to (Hy),
f(r,5) s>0, for every 0 <|s|<eg, and for every re [0, R]. Finally, let us define the func-
tion f:[—go, 80] —-R by
sup{f(r,u): re[0,R], ue[0,5]} if 0<s<eg,

3.6 f(s) =
G6) e {inf{f(r,u):re[O,R],uE[S,O]} if —go<s<0.

We are now in position to state our main result:

TrEOREM 3.2. — Assume (H,), (Hy) and (Hg). Then, there exists ngye N such that for every
n>ny problem (3.45) has at least two radial solutions u, and v, with u,(0) >0 and
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v,{0) <0, both having exactly n zeros in [0, R). Moreover, we have:

3.7 lirP |, (r)| + |u,(r)| =0= 1i111 |09 + |0, ()|, uniformly in r&[0,R].

We will study problem (3.1) by means of a degree approach; to this end, we first introdu-
ce a continuous nondecreasing function g:[ —€,, £4] — R such that

(H,) lim £~ e,

¢ s=0 @(s)
we shall also assume (without loss of generality) that g(s) s >0, for every se [ —¢,, €],

s#0. We also denote G(s) = f g(#) du; a possible choice for g is the function f given
in (3.6). 0
Moreover, for A€ [0, 1], we define the functions f;:[0, R] X [—¢&g, 9] >R by

filr, s)=Af(r, s) + (1 —A)g(s) and Fy(r, s) = If,l v, u) du. It is straightforward to check
that, by (Hp) and (H,), we have:

(3.8) lim hilr. 5) =400, uniformly in re [0, R] and A€ [0, 1].

5—0 ¢(_y)

Moreover, we observe that, by (Hz) and the choice of g, for every A € [0, 1], F;(r, s) is dif-
ferentiable with respect to € [0, R] and for a:[0, R1 =>R™* in (Hz) one has:

aF,

(3.9) \-——(r s)| <alr)Fi{r,s), Vrel0,R], ¥Ysel—egy, g5}, Yie[0,1];

we also observe that (3.9) guarantees that
(3.10) Fi(r,5) >0, Vre [0, R], Vsel—¢gq, 0], s#0, vie[0, 1].

We then consider the parameter dependent boundary value problem:

(3.11) { (PFE o) + 0, ) =

#'(0)=0=u#(R)=0.

We already observed that, by our hypotheses, we are in the setting of Section 2. Hence we

are allowed to use Lemma 2.3 and Lemma 2.5, together with the results of this Section, in or-

_der to show that the assumptions of the abstract continuation theorem 2.1 are sati-
sfied.

Now, we prove two results which give some estimates on the «energy» function introdu-

ced in (2.18). To this aim, let us consider the number 4, given in Lemma 2.3 and let us set
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do=d,,; for every deR, 0 < |d| < d,, let u(-; d) be a solution of (2.16). Integrating, we
obtain

¥

(3.12) —¢(u')=r-ajsa,a(s,u(s))ds>o, a=MK-1),

0

for every 7 in a (sufficiently small) neighbourhood of zero; hence, being # decreasing, ar-
guing like in [9], for every 8 (0, 1) we can consider the first point ry(d; 6) such
that

(3.13) ulry(d; 0); d) = 6d .

Moreover, we denote by 7,(d) the first zero of u(-; d).
The following lemma gives an estimate on 7(d; #) as a function of 4:

Lemma 3.3. — For every de(0, dy] and for every 0e(0, 1) there exists A>0 such that

(1-9)

@4 f(d 4)));
7@ 1 ed d(f(d) +gd))

(3.14) ro(d; 8) = A

an analogous result holds for de [ —~d,, 0).

Proor. - For d € (0, d;] and by the definition of 7,(d), inequality (3.12) is valid for every
re(0, 7y(d)); on the interval (0, 7,(d)) we have (being # decreasing)

Als, w(s)) SAF(D) + (1 - 4) gld) < F(d) + gld);

then, we obtain

w267 ) fia g (FEER) e
0
integrating this relation on (0, 7,(d; 6)) we get
ro(d; 8) —~
d
ulry(d; 0)) ~u(0) = = | ¢—1(M,) dr
0 l1+a

and, using the definitions of @, and r,(d; 9),

(1-6)d=

atl ( (F(d) + g(d) r,(d; 0) )
(F(d) +g(d)) 1+a ’
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ie.

a+1 (1-6) d(f(d) + gd)
; 0) = = ¢;1 H
rold; 6) = (F(d) +g(d) 1+a

now, we observe that @ ;! is concave: we thus deduce that

(1-6)

nldi 02 @)

D (d(F(d) + g(d)))

and the result is proved. ®

We now give an estimate on the function E; previously defined:

Lemma 3.4. — There exist d < dy and 6> 0 such that for any solution u of (3.11) with
|#(0) | = d we have E; (r, u(r), u'(r); d) =0, for every re [0, R].

Proor. - As above, let us denote a = A(K — 1); consider the numbers C and # given in
Proposition 2.2 and d; := 4 given in Lemma 2.3. If « is a solution of (3.11) with |#(0) | = d,
then, by Lemma 2.3 ||4|; < e¢ and, by (2.10),

(3.15) u'(r) pu'(r)) <CL(’'(r)), VrelO,R].

From (3.5) we can find a constant y = C(K — 1) such that
oF, 14
(3.16) —a—(r, s)+ &F,(r,s) =0, Vre (0,R], Vsel[—¢g, 0], YAe[O0,1].
r r
Then we deduce that:

‘L;iE,{ (r, ulr), u'(r);d) + %Ez (r, u(r), u' (r);d) = ~ %u'(r) o' (r)) +

r

K-1

r

JF
+ 2 4 1£(u’(r))+ l/-1:,1(7, w(r)) =z —
or 7 r

Ceu'(r)+ %f(u’(r)) 20;
by multiplying the last relation by #? and integrating from 7,(d; 0) (which has been defined
in (3.13)) to », we obtain:
Ei(r, ulr), u'(r);d) r* — E;(ry, ulry), u' (ry); d) ro(d; 6)Y 20

and
Ei(r, u(r), u'(r);d) = Ey (ro, ulry), u’(ro);d) 1l RV =

=R (L (u'(ry)) + Fy(ry, ulry))) vy =R YF(04d) 7],
where (recall (3.10)) F°(6d) = min {F,(r, 8d): re [0, R], A€ [0, 11} > 0. Finally, using
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(3.14), we find

B ) (0 2) 2 Ko g | (931 @@ + 4@ (6

f@) +¢d
taking 6 o=Ko (f(@) +g@)) " (@3 (A(F@)+g(d))))’ FO(6d), the result is proved. m

It is easy to deduce the following consequence of Lemma 3.4:

Lemma 3.5. — For d given in Lemma 3.4, there exists 8 > 0 such that if u is a solution of
(3.11) with |u(0)| = d then

|u(r) |+ |u'(r)|*238, VrelO,R].
Now, for every deR, d# 0, let us define
(3.17) 2;={(#,A): (u, 1) is a solution of (3.11) and «(0)>d if >0, #(0)<d if d<0}.
From Lemma 2.5 we deduce that the function given by
n:2;—>N:i(u, A)—>n(a),
where 7(u) is the number of zeros of # in [0, R), is well defined; as in [21], it can be proved
that » is a continuous map.

Moreover, from Lemma 3.1 of [21], using Lemma 2.3 and Lemma 3.5, we have the fol-
lowing estimate from above on #:

PrOPOSITION 3.6, — Consider the number d given in Lemma 3.4. Then there exists n* e N
such that for any solution u of (3.11) we have:

[#(0) | =d = n(u) <n*.
Now we prove an estimate from below on #; the argument is developed through some te-

chniques of [21], where functions f rapidly growing at infinity are treated. However, since
we are concerned with the dual condition near zero, we give the details.

ProposiTion 3.7. — For every N > 0 there exists dy >0, dy < d, such that for any solution
(u, Ay e Xy (for some d) we have

|4(0) | <dy = nlu) > N.
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Proor. — Consider («, 1) € 2. First of all, we observe that for every N> 0 there is
M(N) > 0 such that

d 1
“ , Vis|<eg

1 5
.18 —
C-18) M(N)J ¢ D (D(s) — D(w))) DY

(cf. (5.7) in the Appendix).

Now, using assumption (3.8), we deduce that there is &y > 0 such that
(3.19)  |Alr, )| >M(N)|o(s)|, VrelO0,R], VO<|s|<epw, YAelO,1].

Moreover, from Lemma 2.3, we can consider 4, . :=dy such that for any (#,1)eZX

BN
|4(0) | S dy = ||l S epey -

Now, let us consider (#, 1) €2 with |[#(0)| <dy: the equation in (3.11) can be written as

f_ - ¥
(3‘20) u _¢ l(rl(K—‘l))

y' = —rH¥K=DL(r ).

We shall be concerned with the zeros {;},-,, . rof « in the interval [R/2, R]. More preci-
sely, we first estimate the distance between two successive zeros 7, and 7;, ; of # in the case
when

u'(r)>0, u'(r,y1)<0 and w(r) >0, Vre(r, #:41).

From (3.20) we infer that y’ () <O for every re (7;, 7,4,); since y(r;) > 0 and y(r;,,) <0,
we deduce that there exists exactly one point »* & (r;, 7;, ;) such that y(r*) = 0; again from
(3.20), it follows that

u'(r) >0 Vre(r, r*), u'(r) <0 Vre(r*, ;1) and «'(r*)=0.

Let B= (R/2)*X-1: since re [R/2, R], from (3.20) and (3.19) we deduce

' —ll
u' ¢ (B)

y' < — BM(N) ¢(u).

(3.21)

Now, suppose r & (7, r*); by multiplying the first inequality in (3.21) by BM(N) ¢(«) and
the second one by ¢ ~'(y/B) (which is positive in (r;, 7*)) and adding up, we obtain:

BM(N) ¢p(u(r)) u'(r) +¢_1(y—g)—)y’(r) <0, Vrel(r r*);
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this implies that the function M(N) ®{(u(r)} + @, (y(#) /B) is decreasing in (r;, r*).
Hence

M(N) ®(u(r)) + Q*(%) >M(N)Y ®(u*), Nrelr,r*), u* =ulr*);

an easy computation gives

@' () > D HMN) (D(a*) — D(u(r)))), Vrelr, r*),

where ¢=1/2X"1. Solving with respect to #'(r) and integrating on (r;, r*), we get

r*

u'(r)

I ¢‘1(c¢;1(M(N)(d>(u*) = 2(u(r))))

fi

dr>r*—rs

if we set #(r) = u, then we obtain

*

# du
22 bt '
G.22) s ¢ (c@: (MN) (@(u*) — D(x))))

0

Now, an application of (77), {#Z) in Proposition 2.2 yields the existence of M,{(N) > M{(N)
such that

u* w*

(3.23) f il <J -
' J 07N (@ MN (D) - @) ) Mo(N) ¢~ (@5 (P(u*) D))

0
Hence, by (3.22), (3.23) and (3.18), we can conclude that
|r*_r,'| <1/N

For the completion of the proof, it is now sufficient to observe that a computation analogue
to the one developed above can be performed if we consider the intetval (#*, #;, ) or an in-
terval (7;, ;,1) where # is negative. W

We are ready to prove Theorem 3.2.

Proor orF THEOREM 3.2. — First of all, we recall from [21] that problem (3.11) can be put
into the form (2.1) with respect to the Banach space C;([0, R]).

Now, let #, = max (#*, 2k;) (for the definition of &, see Theorem 5.4 in the Appendix).
Next, let us consider # > #, and the number d, arising from Proposition 3.7. In order to pro-
ve the existence of the solutions with exactly 7 zeros by an application of Theorem 2.1 let us
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introduce the sets
(3.24) B={(u, 4) edom N: #(0) < d}
(d as in Proposition 3.6) and
(3.25) A,={(u, 2) edom N: u(0) <d,}.
Moreover, the functional

£: 2N (B\A,) >N
will be defined by

Ku, A) =nlu).

Let us now prove that conditions (2.2) and (2.3) are satisfied. Indeed, it is sufficient to ob-
serve that

(B\A,) = {(u, 2): u(0) =d} U {(u, A): u(0) =d,};

if (u, 1) € X and #(0) = d, then, by Proposition 3.7 we get (%) > »; on the other hand, if
(#, A) € X and u(0) = d then, by Proposition 3.6, we have n(«) < #*. Hence, being n* < #,
condition (2.2) is satisfied.

As far as the boundedness of £7!(#) is concerned, if (#, 1) e 2~} (#) cZ N (B\A4,), then
#(0) < d < dy: Lemma 2.3 implies that ||u]|; <&, and so also (2.3) is fulfilled.

Finally, we have to choose an open set on which to compute the degree; to this aim, we
refer to the discussion contained in the Appendix. Here, we only give some details; more
precisely, for every a e (0, £;), let us define

(3.26) Q%= {ueCi(10, R1): £(u’(r) + Glu(r)) < Gla), Vre [0, R1}

and p = [n/2].
In the Appendix it will be proved that there exist a,>0 and >0 such that, when we set

(3.27) Qo=Q2% E\Q% ¢,
it follows that
(3.28) (k™1 (n))oC 2.
Finally, we define
(3.29) Ui =92,n (B\A4,)
and state the following;
Cramv 1. — The degree deg (I — Ny, Uf) is well defined and
(3.30) deg(I— N,, UJ) =0.
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The proof of the above claim (being essentially based on arguments already developed in
[7,8,12]) can be found in the Appendix.

Hence, an application of Theorem 2.1 provides the existence of a solution #, of problem
(3.1) with

wlu,) =n and #,(0)>0.

We stress the fact that for this solution #, we have |ju, |, < &
A similar argument, considering the sets

B={(#, 1) edom N: #(0) > — d}
(d as in Proposition 3.6) and

A,={(u,2) edom N: u(0) > — d,}
shows that there exists at least one solution », of (3.1) such that

n(iv,)=n and 1,(0)<0. L]

4. — Nonlinearities which are supetlinear at infinity.

In this section, we deal with nonlinearities f which satisfy (H) together with a rapid
growth at infinity. More precisely, let us consider the following boundary value problem:

4.1)
on 9%

{V-(b(|Vu|)Vu)+f(|x|,u)=0 in 8B
u=0

where & is the open ball of center 0 and radius R > 0 in RX (K> 1); let 5:[0, + ©)—
— [0, + ) and set y(s) = sb(|s|), for seR, and F(r, 5) Jf(r u) du.

We assume the following hypotheses on v, f and F:

(Ky) w:R—>R is an odd increasing homeomorphism such that

4.2) lim inf Ylos) >1, lim sup ylos) < + o0, Yo>1
s—0 1/)(5) s—0 'l/)(!')
and
(4.3) lim inf wlos) >1, limsup ylos) < + o, Yo>1.
§—> + w(.\' s>+ @ ’(/)(S

We set ¥(x f Y(s) ds for every xeR and, like in [21], we introduce the constant
0
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I'e (0, 1) defined by

r=1li .
2P e

(Kp) f:10,RIxR—R is a continuous function such that

4.4) lim fr, #) =+, uniformly in re [0, R]
u—0 w(u)

and

4.5) fir, =+, uniformly in re [0, R].

im
Jul=>+=  (u)

(Kg) Fl(r, s) is differentiable with respect to & [0, R] and there exists a continuous
function a:[0, R]—>R™* such that

(4.6)

IZ—F(r, s)| <alr) F(r, s5), Vre [0, R], VseR.
r

Now, for every xeR, let us definf F%x) = min {F(r, x): re [0, R]} and, according to
(3.6), let us consider the function f: R— R defined by:

. sup{ f(r, u): re [0, R], ue[0,s]} if s>0
4.7 fis)= { ] )
inf{ /(r, u): re [0, R], uels,0]} if s<0.
Finally, like in [21], for every e (0, 1), let us set
0
Is|=+% sf(s)

We will prove:

TuEOREM 4.1. — Assume (K,), (K)) and (Kg). Suppose also that there exists Z> 0 such that

oF
(4.8) -a—(r, s =0, Vre[O,R], V|s|>Z
y

and that there exists 0< (0, 1) such that 64> 0 and
(4.9) Kég>KIr—-1.

Then, there exists n such that for every n > #u problem (4.1) has at least four radial solutions
Uy, Uy, W, and 2, with u,(0) >0, v,(0) <0, w,(0) >0 and 2,{0) <0, all having exactly n
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zeros in [0, R). Moreover, we have

{4.10) 1ir£1 |#, (P} | + |, ()| =0= ﬁerivn(r)l + .|, uniformly in re[0,R]
and
4.1 Iirix |w, (D] + |war)| =+ o= lirP |27 | + 2., uniformly in rel0,R].

ReMARk 4.2. — Assumption (4.9) is a condition of subcritical growth at infinity on the lines
of [21). In particular, when f(r, s) ~ a(r) |s|”~%s near infinity (with a>0 and a' Z0) and
Y(x) = |x|? %%, p>1, then (4.9) reduces to (cf. [15])

a(R) y< PK__

a(0) K-p

*

For example, if we set A ,u=V-(|Vu|?"?Vu), then Theorem 4.1 guarantees that the Diri-
chlet problem for the equation A, u+ ay |u|* "2 u+ay|u|""2u=0 (a,, a,> 0) has, for each
n sufficiently large, at least four radially symmetric solutions with n zeros in 10, R), provided
that 0 <u<p<v<p*

Assumption (4.8) can be omitted if a stronger growth restriction on f at infinity is
required.

RemARk 4.3. — Note that, by (K,), (K;) and (Kg), we can repeat all the arguments in Section
3 (in particular, the proof of Theorem 3.2).

Now, let us consider a continuous function g*: R—R such that
g¥(x) x>0, V¥x=0

(4.12) fimm 2% (x)

x—0 w(x)

=+w

and g*(x) =f(R, x) for |x| large. Let us define the homotopy
G, x) =2, x)+ (1= 1) g*(x), Y(r,x, ) e [0, RIxRx[0,1].
We consider the boundary value problem

{ (rA(K—l)w(ul))r +f}'(K—1)fl*(7', u)=0

(4.13)
u'(0)=0=u(R).

By the choice of g*, the nonlinearity fi* satisfies the same assumptions of £

Now, as in Section 2, for a solution # of (4.13) with #(0) = 4, we introduce the function
Ei(r, dy = £{u’'(r}) + F7 (r, u(r)); moreover, we use the same notation of Section 3. In
patticular, for every d # 0, X, is still defined by (3.17), according to the new boundary value
problem considered.

In what follows, we present some estimates on solutions of (4.13) which are based on ar-



180 A. Carierro - W. Damsrosio - F. ZaNOLIN: Infinitely many radial, etc.

guments developed in [21]; we point out that in that paper the authors deal with the case
(x|, ) = g(u) — q(| x|, ») (with g growing faster than ¢ at infinity and ¢ bounded). How-
ever, all the computations can be adapted to our more general situation.

Lemma 4.4 ([21, Corgllary 5.11). — Assume (K,,), (Kg), (4.5), (4.8) and (4.9). Then, given
any My > 0, there exists M(My) = M, such that for any solution u of (4.13) with u(0) 2 M we
bave

lu(r) |* + |9’ (r))|?=M,, VrelO,R].

Now, we state a lower estimate on the number of zeros of solutions to (4.13) which follows
from the asymptotic behaviour of £i* at infinity; this estimate constitutes the counterpart of
Proposition 3.7 where the analogous condition in zero is concerned.

ProrosiTioN 4.5 ([21, Lemma 5.3]). — Assume (K,), (Kg), (4.5), (4.8) and (4.9). Then for
every N > 0 there exists M > 0, Mg > d, such that for any solution (u, 1) € 2 ; (for some d)
we have

|#(0) | ZMF§ = n(u) >N.

Proor or TueoREM 4.1. — First of all, we observe that all the assumptions of Theorem 3.2
are satisfied. Hence, there is #, such that for » > »; problem (4.1) admits the two solutions
(of small norm) %, and v, with #,(0) >0, ,(0) < 0, both having # zeros in [0, R) and sati-
sfying (4.10).

The existence of the pair of solutions w, and z, follows from [21], according to our pre-
vious remarks where we have noticed that the estimates of [21] extend to the class of nonli-
nearities we are treating. However, in order to enter in the setting of Theorem 2.1, we consi-
der # > 2 7 (# as in Theorem 5.5 in the Appendix) and the corresponding M,* given in Pro-
position 4.5; then, take B! = dom N and

Al={(u, ) edom N: u(0) > M} >4d}.

Arguing as in the proof of Theorem 3.2, it follows, by Proposition 4.5, that condition (2.2) is
satisfied. The boundedness of £ (#) (# > 2 #) (as well as (4.11)) follows from the elastic
property stated in Lemma 4.4 with the same arguments already developed in the proof of
Theorem 4.1 in [21] for nonlinearities which «grow faster than ¢ at * cox».

We omit the details concerning the choice of the open set on which to prove the degree
condition (2.4), since they coincide with their analogue in the proof of Theorem 3.2.

Then, take # = max (1, 2 #). The solutions #, and w,, for » > 7, are distinct, since (see
the proof of Theorem 3.2 and the definition of A}) #,(0) < d and w,(0) > 4. Analogously,
we have v,(0) > — d and z,(0) < — &: thus, also v, and z, are different. This shows that pro-
blem (4.1) has at least four radial solutions with # zeros in [0, R). =
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5. - Appendix.

In this appendix we study, with the notation of Section 2 and by means of a time-map te-
chnique, the autonomous problem

65.1) { (p(u’) +g(u) =0
#'(0)=0=u(R).

In the sequel, we follow an approach like in [7,8,12].
Let us assume

(Hy) ¢:[—¢e1, e:1=>[—gle1), ple1)] is an odd increasing homeomorphism such that

(5.2) lim inf 9los)

s—0 ¢)(5)

>1, VYo>1

and

(5.3) lim sup ¢(os) <

+ o0, Yo>1.
=0 P(s)

(H,) g:[—&9,&0]—R is a continuous function such that

. gls)
lim =
s—0 ¢(“')

+

As it was done in Section 3, from (H,) we deduce the existence of &, >0 such that
g(s) s> 0, for all 0 < |s| <e&,. Then, we recall that the solutions of the equation

(5.4) (p(u')) + glu)y =0
satisfy the energy relation

Hu(r), ' () = L(u' (r)) + Glulr)) = const, VreR,

X X

where, as before, G(x) = Ig(s) ds and £(x) = x¢p(x) — jq&(t) dt. Then (recalling (2.9)), in

0 0
the phase-plane (x, y) = (#, ¢(u')) every (nontrivial) orbit of (5.4) is periodic and corre-
sponds to the closed curve defined by the equation

H(x,y) = ®@,(y) + G(x) = Gla)

for some a>0. In particular, for ae(0, ¢g) the (unique) solution of the Cauchy
problem

55) { (@p(u")) +glu)=0

w(0)=a, 4'(0)=0,
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which will be denoted by «(:; a, 0), is defined on R and satisfies the relation

(5.6) H(u(r), u' (1)) = (@,0¢)(u'(r)) + Glu(r)) = Gla), Vrel0,R].

Moreover, we can define the functions T,:(0, eq) = (0, + @) (=1, 2) by

- ds
5.7 T =
o7 @ J (¢~ od:)(Gla) - Gls))
and

0

ds

5.8 T. = ,
G8) () I (¢ Tod;1)(Gla) — Gls))

ay

where G(—a ;) = G(a). It is straightforward to check, integrating (5.6), that they represent
the time needed for a quarter of rotation along the orbit of energy G(a) in the upper (lower)
half plane: from the point (0,(¢ 0@ ;!)(G(a))) to the point (a, 0) (from (a, 0) to
(0, —(¢ "tod;!)(Gla)))) and from the point (—ay, 0) to the point (0,(¢ "1od;!)-
(G(=a,))) (from (0, —(¢ "1 0®;)(G(~a,))) to (—ay, 0)), respectively.

Now, we introduce some notation; let us define the set F= {(x,y)eQ|a,:
2nx+ (2n+1)y=Rorb,:(2n+1)x+2ny=Rorc,: 2ln+1)x+ (2n+1)y=Rord,:
(2n+1)x+2(n+1) y=R for some #ne N}, where Q= {(x, y) eR*: x>0,y >0}. Mo-
reover, let us consider the following open disjoint subsets of Q (see Figure 1):

Ay ={(x,9eQ:2nx+(2n+1)y>R, @n+1)x+2ny>R, 2nx+(2n+1)y<R,
(2n+1)x+2ny <R},

Ay={(x,9)eQ: 2nx+ (2n+1)y<R, 27+ 1) x+2my>R},

Ay, ={(x,9)€Q: 2nx+(2n+1)y<R,2n+1)x+2ny<R,2(n+1)x+(Q2n+1)y>R,
(2n+1)x+2(n+1)y>R}, »

Ay ={(x,9)€Q: 2(n+1)x+ (2n+1)y>R, 2n+1) x+2(n+ 1)y <R},
As,={(x,9)€Q: 2nx+ (2n+1)y>R, 2n+1) x+2ny <R},

Ay ={(x,9)e€Q: 2(n+1)x+ (2n+1)y<R,(2n+1)x+2(n+1)y>R}.
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2n+1

R
In+1 Asn

A4n

R R R
2(n+1) 2n+1 2n

Figure 1. — Some of the regions A,,.

Arguing as in [8] and [12], we have the following facts, which are crucial for the proofs
of Theorem 5.4 below and of our main results (Theorem 3.2 and Theorem 4.1),
respectively:

ProposITION 5.1, — Problem (5.1) bas a solution of energy G(a) if and only if there exists
an integer neN, n=0, such that

2nTi(a)+ 2n+1) To{a) =R
or

(2n+1) Ty(a) +24T,(a) =R
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or
2+ 1) Ty(a) + (2n+1) To(a) =R
or

2n+1) Ty(a)+2(n+1) Tr(a) =R.

Moreover, for any solution u of (5.1) with energy Gla) we bave:
(1) u has exactly 2n zeros in [0, R) and u(0) <0< (Ty(a), T>(a)) €a,.
(2) u bas exactly 2n zeros in [0, R) and u(0) >0<> (T\(a), Tr(a)) €b,;
(3) u has exactly 2% + 1 zeros in [0, R) and #(0) <0< (T, (a), T,(a)) ec,;
(4) u has exactly 2n + 1 zeros in [0, R) and #(0) >0< (Ty(a), Tr(a)) ed,.

By the above Proposition, in order to obtain existence and nodal properties of so-
lutions to (5.1), we are led to study the intersections between the support of the curve
T:(0, £0) = R? (defined by T(a) = (T (a), T,(a))) and the set F previously introduced.

Now, we can prove the following:

ProposiTioN 5.2. — For i1=1, 2 we have

(5.9 lim T:(a) =0.

a—0

Proor. — Consider the case 7 = 1 (the case 7 = 2 is similar); for simplicity, we denote by T}
the time-map relative to the equation (¢(x'))’ + g(#) = 0. Due to (H,) and the analogue of
(3.19), for every A > 0 one has (for a small enough) T#(a) < T{"(a). Repeating the argu-
ments in the proof of Proposition 3.7 (in particular, the application of (7) in Proposition
2.2), we deduce that

lim0 T (a) = y(A),

with Alin: x(A) =0. The above facts are sufficient to obtain (5.9). =

Remark 5.3 In the paper [32] it was proved, for the linear operator uv> — u",
that the time-map is infinitesimal for a— + o or for a—0 when g is superlinear
at infinity or sublinear in zero, respectively. For nonlinearities g such that

f |]inl 2x)/p(x) = + o, the former fact has been generalized in [20]; for the case when

lin}) 2(x)/¢(x) = + o, the latter is extended in Proposition 5.2 above.

Now, we prove a multiplicity result for the autonomous problem (5.1):

THEOREM 5.4. — There exists kye N such that for every k = 2k, problem (5.1) has at least
two solutions w, and v, with u,(0) >0 and v,(0) <0, both baving exactly k zeros in [0, R).
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Proor. — The asymptotic behaviour of T; (=1, 2), described in Proposition 5.2, guaran-
tees that the support of the curve T «emanates» from the point P, = (0, 0). In other words,
recalling the definition of the straight lines a;, &, ¢, and d,, there exists £, s.t. the support of
T intersects all these lines, for &£ = &; since each intersection gives rise to solutions of (5.1),
the first part of the statement is proved. The nodal properties of these solutions easily follow
from the second part of Proposition 5.1. ®

Now, assume that g: R—R satisfies g(x) x > 0 for every xe R, x# 0, and

(5.10) im 2%~ 4 e = gim &%)

Jx| = + o ¢(X) x—0 ¢(x) ’

Then, we can prove:

THEOREM 5.5. — Suppose that g satisfies (5.10). Then, there exists n € N such that for every
integer n =2 n problem (5.1) has at least four solutions u,, v,, w, and 2, with u,(0) >0,
v,(0) <0, w,(0) >0, 2,(0) <0, having exactly n zeros in [0, R).

Proor. — According to Remark 5.3 and [21], one has lirE T.(a) =0,7;=1, 2; then, we
a— 4+

can repeat the proof of Theorem 5.4 noting that we have P, = P,, = (0, 0). In other words,
whenever the support of the curve a+> T(a) intersects one of the lines of the set Ffor some
a >0, then it will necessarily intersect this same line for some a,=a; =

We end this Appendix by going back to the fact (used in Sections 3 and 4) that some
«local» degree relative to the autonomous problem (5.1) is different from zero; more precise-
ly, in the proof of Theorem 3.2 we stated the following:

Cram 1. — The degree deg (I — Ny, Uf) is well defined and
(5.11) deg(I— Ny, UZ)#0.

In the proof of Claim 1 we will use the next result.

PROPOSITION 5.6, — Let Q% be defined as in (3.26); if a > 0 is such that T(a) ¢ &F then, for
some n,

+1 i T(a)eA,,
deg (I — Ny, 2%) = degz(r,(—a, a),0) = 0 i T(a)eAd,,UA,,UA;, UA,,
-1 Z_‘][T(a)EAS”,

where T: R—R is the shooting map defined by ©(£) = u(R; &, 0).

Proor or CramM 1. — We give the proof for # even, # = 2p; we also recall that #» > #* and
n>2 ko .
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First, observe that Claim 1 was stated in Section 3 when we were considering functions
4, s.t. 4,(0) > 0. With the notation introduced in the proof of Theorem 3.2, we observe
that, by the choice of the sets B and A, (recall (3.24)-(3.25)) and because T(a yte)ed
T(a,—¢e) ¢ & deg(I— Ny, UJ) is well defined.

By Proposition 5.1 there exists at least a positive real number a, such that
T(a,) €b,.

By the continuity of T; (=1, 2), there exists £ >0 such that (see Figure 1)

Ha,+e)ed,,
5.12) {

T(a,—¢) €45,
or

Ta,+¢e)eA
(5.13) { G E €5

T(a,—¢) €4,
or

Tla,+¢e)eA
(5.14) Fo T ETES

T(a, — &) € As,.

Moreover, following a continuity argument developed in the proof of Th. 5.1 in [20], the
real number & can be chosen such that, for 2, defined in (3.27), we have

(5.15) (&1 (n))oC Qo.
Then, if Uf is defined by (3.29), by (5.15), we deduce that
(BN m))gN Qo= (1)) NUZ.
When (5.12) or (5.13) occurs, from Proposition 5.6 we infer
deg(I—WNy, U§) =1.

When (5.14) occurs, again by Proposition 5.6 and by the additivity property of the degree
we have

2 =deg(I— Ny, 2¢) =degp(r,(~a,—¢, —a,+e)U(a,—¢,a,+¢),0)=
=degp(t,(~a,—¢, —a,+¢),0) +degs(r,(a,— ¢, a,+¢),0).
Hence

degs(r,(—a,—¢, —a,+¢),0)=degs(r,(a,—¢,a,+¢),0)=1.
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Thus, we conclude that, in any case,

deg(I— Ny, Uf) =degp(z,(a,—¢,a,+¢),0)=1. =
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