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A correction to “Definable principal congruences in varieties of
groups and rings”

S. Burris and J. LAWRENCE

In the paper cited above [1], the proofs of Theorems 1.2 and 1.3 are incorrect.
We do not know if the results, as stated, are correct. The error lies in assuming
that for all w(x, y, u, v, Z) in I'" one can claim

Fk‘:w(xv »u v, Zoy .o e Zn)

as at the top of page 154. However for a restricted class of @ in I' this claim
holds, and if one replaces the lemma and‘theorems of § 1 by the following text
then one has a result which is sufficiently strong for the study of groups and rings
as in § 2,3. (The main results, those of § 2, 3, are correct as presented in [1].)

LEMMA 1. If K is closed under ultra products, then given formulas {¢;},.; and
&, we have KEw ¢, <> iff for some finite J= I, KFw ¢; <> ¢.

iel iel
Proof. (Standard.)
DEFINITION 2. Let P be the set of polynomials p(w, z,, ..., z,), n <w. For

P,< P, a variety V has P,-projective principal congruences if, for a, b,c,de A€V,
(a, b)e 8, (c, d) holds iff

Ak3zi[a=ple,, ) & b=ple,, 2)]

for some p e P,, where {e|, e,} ={c, d}.
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Two examples of varieties with Py-projective principal congruences follow:
(1) For rings let Py={p, :n=1} where

n—1

PalW, Zg, ..y Zope1) = Z 23 (W= 22,) " Zags1 + Zopr1-
i=0

To see that this works let a, b, ¢, d€ R, R a ring. Then (a, b)e 0z (c, d) iff a—b is
in the ideal generated by ¢ —d iff for some n <w and some a,,..., d;,_;

n—1
a—b= Z ax(c—d)ay; ..

i=0

But then

a= pn(ca ao," -y ap-1s d’ b)
b=p,(d, ay,..., a._1,d, b).

(2) For groups of finite exponent e let Py={p, :n=1} where
n--1

Pa(W, zo,-..,zn+1)=[ﬂ ZZ‘-(W‘Z:‘)'Zi)]-Zm-
i=0

If G is a group of exponent e and a, b, ¢, d € G then (a, b)e 65(c, d) iff ab™? is a
product of conjugates of cd™', hence iff for some n and ;€ G,

n-1

ab ' =[] a7'(cd Ma;.

i=0
But then

a=p,(c ap...,0,_1,d,b)

b = pn(d7 aO’ cees Ay, da b) .

THEOREM 3. Let V be a variety with Py-projective principal congruences, for
a given P,. Then V has DPC iff for some finite subset P}, of P, there is, for each

pW, 2, ..., 2,)€Py, a q(w, 2, . .., z) € P} and polynomials q,(u, v, zo, - . - , Za)»
0=i=k, such that V satisfies, for suitable {w,, w,} ={u, v},

p(U, 2o, . .5 2,) = q(Wy, Go(, ¥, Zg, -+ ., Z0), - oo 5 G (U 0, 2o, - - - 5 Z2))

p(vr 201 . '.' > Zn) = q(WZ: QO(u, 1)9 ZO’ IR Y Zn)7 ey qk(u’ U, 207 veey Zn.))'



266 S. BURRIS AND J. LAWRENCE ALGEBRA UNIV.

Proof. (=) Suppose V has DPC. Then from Lemma 1 there must be a P, < P,
such that V satisfies

™ w Fi[x=p(u 2) & y=p(y, 2))]

pePy

<> W 32[x=q(wl, 2) & )’=Q(Wz» z)]

qePy’

{wy, wal={u, v}

Given p(w, zy,...,2,)€ P, let F be the free algebra in V freely generated by
U0, 2y, ...,2,. In Flet x=p(u, zy,...,2,.), y=p(v, ¢, - - -, 2,,). As

FEIZ[x=p(u, 2) & y=p(v, 2)]
it follows by (*) that for some q(w, z, ..., z) € P},
FEIZ[x=q(w,, 2) & y=q(w,, Z)]

with {w,, w,} = {u, v}. Thus we can choose polynomials gq;(u, v, z,, ..., z,) € F such
that

Fl:x = Q(Wh q()(ua o, Z()v “eey Z,.), .~ ey qk(“, U, Zo, “ ey Zn)).

Fry=q{w,, qo(t6, U, Zgs -+ .5 Zo)y - - 5 QW U, Zgs -+« 5 Z,)).

Of course if two polynomials are equal in F then the corresponding identity holds
in V.

(&) let a,bc,des AsV with (a,b)eb,(c,d). Then, for some
p(x, zg, - - ., 2,) € Py,

Ar3dz[a=ple, 2) & b=ple,, 7)]

with {e,, e;}={c, d}. Choose q, gy, ..., q. as in the statement of the theorem.
Then, for suitable {&,, &;}={c, d},

Ak:az[a = Q(él’ qO(él’ éZs Z), ey qk(éh éb z))
& b =q(2,, qo(e,, &2, 2), ..., g (&), &, 2))]



Vol. 13, 1981 A correction to definable principal congruence 267
SO
Al:az[a = q(él, Z) & b = 4(52: 2)]'

Thus the formula ¢(x, y, u, v) given by

V Az[x =q(wy, 2) & y=q(w,, 2)].

qePy
{wi, wa}={u, v}

defines principal congruences in V.

COROLLARY 4. Let V(K) be a variety with P,-projective principal congru-
ences. Then V(K) has DPC iff Q(K) has DPC.

Proof. The direction (=) is clear. For (&) just repeat the first part of the proof
of Theorem 3 as Fe Q(K).

PROBLEM: For arbitrary K is it true that Q(K) has DPC implies V(K) has
DPC?
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