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Summary. In this note we estimate the rate of convergence in Mar- 
cinkiewicz-Zygmung strong law, for partial sums S, of strong stationary 
mixing sequences of random variables. The results improve the correspond- 
ing ones obtained by Tze Leung Lai (1977) and Christian Hipp (1979). 

1. Introduction 

Let {Xn} n be a sequence of random variables and let S,= ~ X k. Baum and 
k = l  

Katz (1965) estimated the rate of convergence of the strong law for partial 
sums S, of i.i.d., showing that if ~>1/2,  p ~ > l  and assuming EXI=-O if ~ 1  
then 

ElXllV < ~ (1.1) 
is equivalent to 

nV~- 2 P(max I Sjl > ~ n ~) < ~ .  (1.2) 
n j < n  

Motivated by applications to sequential analysis of time series, Lai (1977) ex- 
tended this theorem from i.i.d, case to other dependent cases namely for some 
classes of q~ and strong mixing sequences of random variables satisfying the fol- 
lowing additional assumption: There exists /3> 1 and a positive integer m such 
that as x---, oo 

(c) sup P([X~ 1> x, IXi] > x) = O(P#([X~ 1> x)). 
i > m  

The purpose of this note is to prove that the equivalence of (1.1) and (1.2) 
holds for q~ and p-mixing sequences without the additional assumption (C) and 
under an improved mixing rate (logarithmic). 

We shall denote the L;  norm by I1" lip, the greatest integer contained in x by 
[x], the indicator of A by I A and we shall use the Vinogradov symbol ~ in- 

m . __ stead of O. Denote ~ , - a ( X i , n < i < m  ). 
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and 

We shall use the following mixing coefficients: 

p(n) -= sup 
m 

IE(X - E X ) ( Y - E Y ) I  
sup 

{XeL2(~), geL2(~n~+ m)} II X - EX  El 2' l[ Y - E Y II 2 

~b(n) = sup sup IP(BIA) - P(B)I. 
m {Ae~T,  B e ~ +  m, P(A) 4- O) 

The sequence ( X , ; n > l )  is said to be p-mixing or @mixing, according to 
p(n)~O or r  Bradley (1983) has shown that the p-mixing sequences are 
equivalent with 2-mixing where 

2(n)=sup sup 
m { A ~ t ,  Bcq~+m,P(A)#O,P(B)4-O} 

By Lemma (1.17) of [4], we have 

p(n) <=2ff)l/Z(n) 
and by [2] 

2(n)<=p(n). 

I P(A c~ B) - P(A) P(B)I 
[P(A)P(B)] 1/2 

(1.3) 

(1.4) 

2. The Results 

We shall establish the following result. 

Theorem 1. Let {Xi} i be a strong stationary p-mixing sequence of random vari- 
ables, c~p > 1, a > 1/2 and assume that EX~ = 0 for ~ <= 1, 
if 

0 for 0 < p < l  

where k =  2 for l_<_p<2 (2.1) 

[(~p - 1)/(e - 1/2)] + 1 for p > 2 

~ p2/k(2i) < oO 
i 

then (1.1)~(1.2) 
r 

y, pm(i)< o0 
i 

then (1.2)~(1.1). 

where m={21(PU-1)/(2-PC~) p~>4/31 <pct<4/3  (2.2) 

This theorem, (1.3) and Lemma (5), (ii) of [5] imply: 

Theorem 2. Let {Xi} i be a strict stationary O-mixing sequence of random vari- 
ables, p c >  1, c~> 1/2. 

Assume that EXx =O f o r e < l ,  and Z~bl/k(2i)<oe, 

0 for 0 < p < ]  

where k =  2 for 1=<p<2 

[ ( ~ p - 1 ) / ( ~ - 1 / 2 ) ] + 1  for p__>2 

then (1.1)<=>(1.2). 



Convergence Rates of the Strong Law 309 

In order  to prove Theorems 1 and 2 we need the following: 

L e m m a  1. Suppose {Xi} ~ is a stationary p-mixing sequence of  random variables 
and for some integer k > 2, EIXa[k < oo and 2p2/k(2i)< oO. Then, there exists a 
positive constant K k, depending only on {p(n)}, and on k such that Jor every 
n > l ,  

llS, l[k <Kk(nl/kllX~llk+nU~k-1) llXlllk_i +. . .+nl /211Xl[]z+n[EXll ) .  (2.3) 

Proof  We shall prove this Lemma  by induction on k. For  k = 2  cf. [7] Lemma  
(3.4) there exists a constant  K 2 depending only on {p(n)}, such that  

IIS.[] 2 =< K z(n 1/2 I[Xl [I 2 + n [ g X l  I). 

We assume (2.3) holds for any integer l , l<k .  We shall show first that  we can 
find two positive constants C~ and C 2 depending only on k, such that  for every 
n > l  and m >  1, 

[]Sz.l[k <=2i/k(l +CiP2/k(m))l/kl[S, Hk-t-C2[ISnl[k_l +2mllXal[k . (2.4) 

2n+m 
Denote  by S, = ~ X;. F r o m  the equat ion 

j=n+m+l 

n+m 2n+m 
s~.:s.+ E xj+~.- Z xj 

j = n + l  j=2n+l  
we find that 

lIS2.[Ik~ ILS.-t-S.[Ik+2mllXlllk. (2.5) 

Obviously there exists a positive constant  C, depending on k such that, by 
stationarity, 

k--1 

E[S .+S~Ik~2ELS , , I k+c  y' EIS.IiLg.[ k-r 

Using H61der inequality and then the definition of p-mixing we obtain for 
i __< k/2 

E lS.li l~.lk-i < (E lS.Lk/Z l~,,jk/2)21/k(E l~lk)l 2ilk 

--< [(E [Snlk]2) 2 -~ p(m) E [Sn[k]2i/k(E ISnlk) 1 - 2ilk 

<=p2i/k(m)els,,tk+ [IS~ll k-2i S 1 2i n k--l" 

Therefore:  
[k]2] 

EIS .+S . [k<2( I  +kCpE/k(m))llS.II~,+2C Y~ I[S,112L1 IIS,[I~ -21 
i = 1  

< (2 l/k(1 + k C pN/k(m))1/k 11S, I[ k + 2 C 11S, [I k- 1) k (2.6) 

and (2.4) follows from (2.5) and (2.6). Taking now into account  the induct ion 
assumption, from (2.4) we deduce 

[IS2.1[k < 21/k(1 + C 1 p2/k(m))l/k [ISnl[k 

I ] - t - C 2 K k - 1  Z nl/(k-i)  H X l l ] k - - i + n l g X l [  -k2ml[Xl l l k"  
L i = I  
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Writing this inequality for n = U  -1 and m =  [n 1/(k+ t)], and denoting 
[1 + C 1192/k([2 i/(k+ 1)])]l/k=a i we obtain 

(H 1 
IIS2~llk < ai (2~/k IlXill~ 

i=0  / 

r 2-- 1 [ (k ------~i 
+ 2J/k[CEKk_I 2~-i-ll/~-i)llS~llk_ i 

j=O i 

-k 2r-J- llEXi[) --k 2 x  2(r--J-- i)/(k+ t) [lX1Ukl. 

Therefore there exists a positive constant C depending only on k and {p(n)}. 
such that: 

LISNrllk < C  al 2r/kNX~llk+ Z 2r/~-i) llXallk-~+2rlEXal " 
i i=1 

Since ~p2/k(2i)< CO we have l~I ai < co. 
i i=1 

Writing n in binary form we obtain from the preceding inequality that for 
every n, the relation (2.3) holds. 

We also need the following variant of Theorem 5 in [6]" 

Lemma 2. Let r >= 1 be a given real. Suppose that 

E[Smlr <m2"(m) for all m<n 

where 2(n) is a nondecreasing sequence of positive numbers. Then 

/[log2 n] . \ r  

t L 
Proof of Theorem 1. 

I. We prove first that (1.1) implies (1.2). Let us denote by 
b k = P{k < [X~ I < k + 1}. We note that 

ElXllP < oo<=>ZkPbk < co. 
k 

1. We consider first the case p > l .  Without loss of generality we may as- 
sume that the random variables are centered at expectations for all c~> 1/2, be- 
cause for c~> 1, and n large enough we have 

P(maxlS, l>en~)<=P \(maxi_<-, j~l ( X j - E X j )  >en~-nEtXl[ )  

Let k be an integer as in (2.1). Obviously k>p. For some f l> ( l  +k) / (k -p)  let 
us define: 
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a n d  

X~(1) = X~I~lx, I >.~) - E X f i ( i x , i  >..) 

X~(2) = X~ I (ix, i <=.=/(loga .)a) - E X i i (ix ,I --<"~/(log2n)B} 

X~'(3) = XiI{n~/tlogzn)~ < IXd <-n~} --EXiI{n~,/tlog2n)~ < Ixd <n~)" 

Let us p u t  S~,(j) = ~ X~'(j) f o r j  = 1, 2, 3. 
W e  n o t e  tha t  i=1 

3 
np~- 2 P ( m a  x i Si[ > en ~) < ~_, ~ n  w -  2 P ( m a x  [S~(j)I > (e/3)n~). 

n i < n  j = l  n i <-n 

i) W e  p rove  first t ha t  for every ~ > 0 ,  ~ n P ~ - Z P ( m a x l S ' ] ( 1 ) l > e n ~ ) = I <  oo. 
n i < n  

I n d e e d  we have  success ively  

I<=~-~n ~ . . . .  aEIXT(1) l~-X~n~ ~-~ ~ (k+l)bk 
n n k > = n ~ - - i  

< = e - l ~ ( k + l ) b k  Z nP . . . .  ~ ( k + l ) P b k  < ~ 1 7 6  
k n < = ( k + l ) l / ~  k 

ii) W e  p rove  n o w  tha t  ~ n p" - 2 P ( m a x  187(2)1 > e n ~) = I I  < oo, for every e > 0. 

T a k i n g  in to  a c c o u n t  tha t  the  r a n d o m  var iab les  X~(2) a re  centered ,  by  Lem-  
m a  1 we have  for every m < n, 

gISt.(2)[ k< ml/(k-OlIX~(2)llk_ i 

k - 2  

U s i n g  L e m m a  2 wi th  2(m) = K k ~ m ilk(k- ~) [I X'~ (2)I[ k-  i we o b t a i n  tha t :  
i=0  

([log2 n] [ k--2 \ ) k  
E ( m a x  lS'~(Z)lk) < n  j~=o . ~Kk i=o2 [n/ZJ+ l]i/k(k-i) l[X"~(Z)lLk-'~ ) 

k - - 2  

n(log2n)  kll " Xl(Z)llk+ Z nk/(k--')llXT(2)ll~-' �9 
There fo re  i=1 

I I  ~ ~, n p" 2-~kE(ma x iST(2)l)k 
n i < n  

k - [ p ] - i  
�9 ~ n  ~(p-k)-2 n(log2n)kl[x~(2)ll~-+- ~ nk/(k--i) NX~(2)k  

n i=1 
k--2 } 

+ ~, n k/(k i)lIXaHp = A + B + C .  
i = k - - [ p ]  

By the  de f in i t ion  of  X~(2) we have  

A ~ ~ n ~(p - k) - 1 (log 2 n) k [n~/(log 2 n)~] g - p ~ ~ n -  a (log 2 n) k p(k - p) 
n 

which  converges  for the  chosen  va lue  of fl, 
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The series ob ta ined  for 1 _< i _< k - 2 appear  only for p > 2. 
For  1 _< i <_ k - [p] - 1 we have 

k - [ P l  - 1 

B ~ ~ ~ n ~ ( p - k ) -  2 + g / ( k - i ) + ~ k ( k - i - p ) / ( k - i )  

n i = I  

k -  [ p ]  - 1 

~ Z  E n a P - - 2 + k ( 1 - - p a ) l ( k - - i ) ~ Z n - - l - - ( P : < - - l ) ( k l ( k - - 1 ) - - i ) '  

n i = 1  n 

which converge because p ~ > 1. 
For  the series ob ta ined  for k - [p] -< i _ k - 2  we have 

C ~ E n  ~ t ( p - k ) - 2 + k / 2  

n 

which converge by the defini t ion of k. 

iii) We prove that  ~ n p~- 2 P(max I S~(3)] > e n ~) = III < oo. 
n i<_n 

By L e m m a  1 we have 

I I ,~2n '~ -2P  [X2(3)l>en ~ ,~2n  p~'-2-k: • n k/(k-~ 
n i =  n i = 0  

x (ElX~(3)lk-i) k/~k-~). 

For  i =  0 we have successively 

~np~-~-k~ E IX7(3)1 k ~ n  p~-t-k~ ~ jkb~ 
n n j< n  ~ 

~Ejkbj  E np~- i - k~Z jPb j<~176  
j n>=j U~ j 

The proof  of the fact that  the series obta ined for 1 < i <  k - 2  converge is similar 
with the proof  of the convergence of the series A and B which appear  at the 
point  ii) of this proof. For  i = k - 1 we have 

Z '~ ' -  ~ ~'n~(~lx"~(3)l) ~ ~ Y, n ~ -  ~- ~'+ ~((log2 ~)~/~)~(~- ~) 
n n 

~ n- i -(k- i)(,,- i)(log 2 n)~k(p-- i) < 00. 
n 

2. We consider now the case p < 1. We have 

Sin= ~" Xil{ix,l<=n~}§ ~" Xii{ixd>n~}__ n Fn 
i = i  i = i  

We have 

~np~-2p(max ISTI > ~ n ~ ) ~  -1 ~ n  p . . . .  1 ~ (k + 1 ) b k , ~ ( k  + 1)Pbk < oo. 
n i<n n k<--n ~ k 

We also have 

~np~-2P( maxlSTl>~n-)<=~-p/2~np~/2-1 ~ (k + 1)p/2 b k ~ ~ (k + 1)P bk < o0. 
n i<_n n k>na--1 k 
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We note that for 0 <p  < 1, (1.1)~(1.2) was proved without mixing assumptions. 

II. We prove now that (1.2) implies (1.1). This proof is inspired from Lem- 
ma (5) of [5]. First we show that 

By (1.2) we have 
n P ( I X  1 [ >  ~ n~)---~0. (2.7) 

~np~-  2 p (max lX j l>  en~)< oo 
n j<=n 

for every e > 0. 
Then, as n--, oo, we have 

2 n  

np~-lp(maxlXj]> en~')=O ( ~ kp~-2p(max]Xj[> e(k/2y)) ~0 .  
j<n \k=n j<k  

If p e > 2, (2.8) implies (2.7). If i < p e < 2 we put q = n p~- 1. Then 

(2.8) 

/[n/q] ) 

P(maxlXj[> en~)> P (iU_l IXiql>C, Yl a 
j<=n 

[n/ql 
= ~ P(max  IXj~[ < ~n ~, IX~al > e n  ~) 

i = 1  j< i  

[n/ql 
> ~ {P(max ]Xjq] < en')P(lX1 l> end) -P(q)p1/2(  max ]Xjq[ > en ~) 

i = 1  j<--i j<<-i 

x P1/2(IXa[> ~n~)}. 

The last relation follows from (1.4), taking into account that 

P(A n B) - P(A) P(B) = P(A n Cf f  , - P(A) P( CB). 

Obviously P(max [Xjq[ > en ~) <= iP(]X1]> end). Therefore 
j<-i 

P(max ] X j[ > en ~) > [n/q] P(IX 1 [> ~n ~) {P( max IXj] < en ~) - In~q] 1/2 p(q)}. 
j<n  1 <j<-n 

Because by (2.8) P ( m a x  IXj l<en~)~l  and by (2.2) [n/q]l/Zp(q)-+O from this 
l ~ j ~ n  

last inequality we deduce (2.7). 
By condition (2.2), we also deduce that we can choose an integer r such 

that 
p(r i) < 1. (2.9) 

i 

By (1.4) we have 

P(maxlXj[>en~)>->_[n/rJP(lXal>en=) - ~ P(lX, il>en=,lX, jl >end) 
j<--n 1 <j<i<_[n/r] 

[n/r] 

> [n/r] P(I X l  I> ~ n ~) - In~r] 2 p2(i Xl I> ~ n ~) - In~r] P(I Xa l> e n ~ ) x ~ p(r i) 
i = 1  
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w h e n c e  by  (2.7) a n d  (2.9) we o b t a i n  the  ex is tence  of  a c o n s t a n t  K such  tha t  for  

n sufficiently large 

In~r] P ( I X  1 I>  ~ n ~) ~ K P ( m a x  lXjl > e n~). 
j<=n 

T h e r e f o r e  by (1.2) ~ n  ~ ' -  1P ( iX l l  > ~n  =) < o% which  impl i e s  (1.1). 
t l  
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