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Sunto. - I1 co~tenuto del presente lavoro trovasi riassunto nel seguente capoverso. 

In  a recent  paper  (~) the author has generalized CALONGI~I'S theorem ("), 
concerning the mean curvature  of a surface in ordinary space, to a three-  
dimensional FI~S~ER space. The geometrical definition of the  mean curvature  
thus obtained is independent  of the choice of the element of support of the 
space. The object of the present paper  is to give an extension to an 
m-dimensional  subspaee F,~ of an n-d imensional  FI~SLE~ space F,, .  For 
clearness, we shall begin by investigating the mean curvature  of a hyper- 
surface, and then consider the general  case. 

1. The mean curva ture  of  a hypersurface  F,,_~ in F , .  
Let F,  be an n-dimensional  FINSLER space  with the element of support 

(x, w'), along which the contravariant  components of the unit  vector are 
denoted by 1 ~ ( i - - 1 ,  2,..., n). Let g~k (x, ~c') (i, k----l, 2,..., n) be the 
covariant components of the metric tensor. We consider a hypersurface F,._~ 
of equations 

~ - ~  x~(u~) : 

hereaf ter  Lat in i n d i c e s  i, j,  k,... are in the range 1, 2,... ,  n and Greek 
indices )., ~t, v,.,. in the range  1, 2~..., n - - i .  For  a tensor in F,_~ of 
components T~, the components in F ,  are given by the equations 

where  

We assume that all the functions throughout the following discussion are 
analytic. 

(t) EHA~G MI~G YNG, Die mit#lere Kri~mmung elner Flache im dreidimensionalen 
Finslcrschen Raum~ ¢ Science l~eeord~ .&eademia Sinica  ~ n e w  ~eries 9 vol.  1 (1950)~ n. 1. 

(e) ~i. CALO~GHI, Sulla curvatura media delle superficie, • Rendie .  dei L i n t e l  ~, (6) 11 
(1930)~ 554-558. 
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It  is known that the normal curvature  N of a curve in F,,_~ at a 
po in t  P with the tangent  vector t ~ is given by 

D t ~  . Dn ~ 
N = n --~ = - -  t~ -~-  - -  Qx~txt~, 

where  D denotes covariant  differentiation, s is the a rc- length  of the curve 
and n ~ is the normal vector of F ._~ .  Then the mean curvature  M of F,,_~ 
at P is 

(2) M = 

In  part icular ,  when the direction of the element of support (x, x') 
coincides with n ~ or with the tangential  direction of F , _ ~ ,  we obtain the 
mean curvature  of CAIC~AN (s) or that of BERWALD (a) respectively. 

Consider in F ,_~ a variable closed hypersurface F ._~ conta ining P and 
denote by w~(Q) the contravariant  components of the normal  unit  vector 
of F ._~ in F,._~ at a generic point Q of F ._~ .  I f  w~(Q/P) are the components 
of the vector obtained from w~(Q) by a parallel  displacement  with respect 
to F,, from Q to P, along an arbi t rary arc C in F ._~,  and the complementary 
of the angle between w~(Q/P) and n~(P)is taken as the angle (} between w~(Q) 
and the tangential  hyperplane  E._~ of F ,_~  at P, then we have the following 
theorem : 

THEOREM 1. - The mean curvature M of  F ._ ,  at P is given by 

/0d-c._~ 

M = lira ~'~-~ 
F~__~ ~ P fdT~_ i 

~vhere Rn-i  denotes the domain of F._, enclosed by F,_~, and d%_~ and  d~,_~ 
denote the volume elements of  R,_~ and F , _  2 respectively. 

PROOF. - Without  loss of generality,  we can assume that the coordinates 
of P and Q in F,_~ are (0, 0, . . . ,  0) and (u~,. u =,..., u "-~) respectively. 
Denoting the infinitesimal vector on C by ~ - - ~  ~x~u , oriented by the sense 

(3) E. CART.AN, Le8 eSp~g8 de .~i~sle~', ~ Actualit4s scientifiques et industrielles ,, 79 
(193~), Hermann~& Cie., Paris. 

(4) L. BEI~WALD, Uber die K a u p t k r i ~ m m u n g e n  e ther  F ldche  i m  dre id imens iona len  

E ins le r schen  R a u m ,  • ~4onatsh. f. Math. u. Phys.  ,,, ~3 (1936), 1-14. 
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from Q to P,  we have 

(3) 
P 

f* w~(Q/l:') = w~(Q)- ~(x,, z')~vj(®, x')~z'~ 
Q 

P 

Q 
.p I J 

= ~ I P ) -  ~ ' ~ ° ' ~  - -  ~ , (~ ,  ~')~v~(~, ~')~z~ 

/, 

P 

- -  ~o~(P) + . f  D~(~e, ~'), 

where  we have placed 
P 

w,(P) - -  w,(Q) - j ~ - ~  x ,  o) a = Dl ~. 
Q 

Since F,, is of a Eucl idean connection, 
components  of a unit  vector. Hence  from (3) it follows that 

P 
(4) sin 0 = .,(e)~,(0/P) = . ,(e)/~,(e) + j  D.~, 1 

Moreover, w , ( P ) i s  a eovariant  vector  in F , ,_ l ,  so that 

n~( P)w~( P) - -  O, nqP)Dw~( P) - -  - -  w,(P)Dn~(P). 

From (1) it is clear that 

and consequent ly  
- -  Dn~ - -  QxeSuX~, 

so we get from (4) 
P P 

(5) 81110 : ~  ~ ' ( , )D~d,- - ' f~ '~ t )  i Q  -.I-0(, ~) 

P p 

= Q~(Q)w~(Q)u~ + 0(u ~) 

w~(Q/P) remain the covariant  

(u~--O). 
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N o w  suppose  tha t  F . _ ~  is de f ined  by  

then  

(6) 
w h e r e  

d z , _ ~  -= V g  d v i d v  ~ ... d v ' - " ,  

3u ~ 3u~ 

(~ = 1, 2 , . . . ,  n - -  2); 

(~, ,~ = 1, 2, .. . ,  n - -  2). 

By chang ing  the coord ina te s  

17) u~ = v 5  u ~ = ( - -  1)~-'u~, u~ = v~- '  (~ < ), < ~), 

k be ing  not  summed ,  we get  

3U v 3~t'~ 
~ ~ ~V~ - -  - -  W~ ~ O~ 

aU v aU v 
rVt3 ~ W,~ W v -- O~ 

~ - ~  = ~ v ~ - '  - -  
k 

s ince  

eova r i an t  c o m p o n e n t s  of a n o rma l  un i t  vec to r  to F , _ ~ .  

the r e l a t i on  

k 
( s )  - = 

are  the c o n t r a v a r i a n t  c o m p o n e n t s  of a vec to r  in F , , _ 2 ,  and  w~ the 

T h u s  we are  led to 

(). not  summed) ,  

whe re  g ~ ,  g and  g deno te  the t r a n s f o r m e d  express io  n of g~v -g and  g = det  (gze) 

respec t ive ly ,  as it is eas i ly  seen f rom the a s su mp t i o n  

ge~w~w~ - -  g)'Xw~ - -  1 (k not  summed) .  

T h e r e f o r e  f rom (6), (7) and  (8) we d e d u c e  

rv).d':,, _~ ~ w~ V g d v i d v  ~ .,. dv  ~-~ 

= t - -  1 P . - ~ w ~ V ~ a u t a u  - . . .  d u  ~ - j d u  ~'+~ . . .  d u ~ - i  
\ 

:= (-- 1) i - t  Vg-d~t~du ~ ... d u  x-~ du~÷~ ... d u n - L  
k k k k k k 
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By applying the generalized GREEN'S integral  theorem, we obtain from 
(5) and (9) that 

fO&,,_~ = f ~u~w~d.._, + O(u ~'-~) 
~-~ ~-~ 

- -  (__ l)~--'du~du = ... duX-'duX÷ ~ ... d u  "-~ + O(u ~'- ' )  
k k k 

F . - : 2  

= ~ ~ u~ d ~d ~ ... du  ~-~ - -  du~du ~ ... d u " - 3 d u  "-~ 

+ ... + ( -  1)~-*du~du ~ ... duZ-~duX+ ~ ... d u  n-~ 

q- ... -I- ( -  1)"-~du~du ~ ... du  ''-~) + O(u z~-') 
~. k k 

n - - 1  

= f ) < = 1  , 

R n - -  ~ 

O.~(P) f d z , _ ,  + O(uX"-'), u ~ - 0 .  
, 1  

Thus we have eomple.ted the proof. 

2. Mean curvatures  of  an m-dimensional  subspace F , ,  in F . .  
There is n difficulty in extending the same arguments  to the general 

case where  an m-dimensional  subspaee F,,, is considered instead of F,, ~ .  
For  a normal vector n~ to F , , ,  we can similarly define the mean curvature  
M: of F ~  at a point P. Denote, in fact, by F,,_~ a variable closed hypersur- 
face in F,~ containing P and by (}~ the angle be tween  the normal vector  w, 
to /~,, ~ in Fm and the tangential ( n -  1)-dimensional affine space E~ . . . .  
orthogonal to ~ .  Then we have 

Tm~ORE~ 2. - The mean  curvature  M~ of  Fm at P corresponding to n'-~, 
is g iven by 

O ~ d ~ m - i  

M:---~ lim F"- i  
~ - ~  ~ P fdvm ' 

R m 

where Rm denotes the d o m a i n  o f  F~ enclosed by Fm_~, a n d  d~m a n d  d%i_, 
denote the volume elements o f  Rm a n d  F,:_~ respectively. 

COROLLARY: 1. - If, i n  part icular,  /P~,, is << gespannt)>, i. e., if the 
( n -  m)-dimensional  affine space E'~, -'~ orthogonal to E,,  at a point  /)  of /P,,, 
can be determined uniquely, then there exists a normal vector ~,, which we 
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shall call the mean curvature  normal, such that the mean curvature  M 
of F,n at P for n is given by the equation 

•d'gm_ t 
M ~  lira --= M~, 

Fro-- i --~ B fd~m ~ c = m . +  l 

R m 

where  0 denotes the angle be tween  w~ and the tangential  affine space E,,_~ 
orthogonal to n, and the components  of n are 

independent  of the choice of the orthogonal ennuple I n~,/, so that n has 
the length M. 

W e  shall call M the mean curvature  of the (~ gespann t ,  subspace F , , .  
COROLLARY 2. - I f  Fm is (< gespannt  ~ then its mean curvature  is zero 

if its mean curvature  for any normal  vector  is zero. 
COROLLA_~ 3 . -  The mean curvature  of a ~( gespannt  ~ subspace iF,,,, 

for any normal vector  orthogonal to the mean curvature  normal, is zero. 
These corollaries are evident generalizations of some known results  in 

Riemannian geometry (~}. 
The author  wishes  to express  his thanks to Prof. B. Su  for the sugges- 

tions during the preparat ion of this paper.  

(~) Cf ,. for example, L. P. EISE~HAa~r, Riemann ian  geometry~ ¢ Princeton Univ. Press. h 
(1925)7 169.170. 


