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Summary. - One of the most useful results in introductory topology is the theorem that i f  S 
is connected and C is a connected s~cbset such that S -- C ~ X (J Y,  separate (. 0 ~> means 
union), then X U C and Y U C are connected. In this paper a study is made of other 
set properties satisfying a similar theorem. That is~ i f  P c S both have a property 
and S ~ P ~-- X 0 Y separate, then P U X. and P 0 Y have this property. Furthermore, 
many properties have corresTonding localizations, for example local connectedness, and 
it is determined under what conditions the corresponding local property satisfies the 
abovs theorem i f  the original property does. 

Throughout  the paper we assume the sets to be imbedded in a space 
that  is at least ttAUSDORFF. In  those theorems involving homology properties, 
we shall assume the space is compact and that the cycles are those defined 
by CECm 

THEOBEM A. - I f  P C S, P a n d  S both have  the p r o p r t y  $ a u d  S - -  P - -  X [J Y 

separate ,  then  X [J P a n d  Y U P both have ~. 

DEFINITION. - S is sa id  to be locally $(15) i f  for  every po in t  p ~ S a n d  

open set U relat ive  to S, p ~ U, there ex is ts  a n  open set V re la t ive  to S, such  

that  p ~ V c U, a n d  V has  ~. 

DEFInitION. - S is said to be s t rong ly  local ly  ~(sl$) if for every P C  S 
such that P has ~ and open set U relative to S such that  P ~ U, there exists 
an open set V relative to S such that  P C  V ~  U, and such that V has ~. 

DEFINITION. - Any property ~' that is enjoyed by every set consisting of 
a single point, is called a po in t  proper ty .  

The following theorem is clear from the definitions. 
T~[EOREM 1. - I f  $ is a p o i n t  proper ty ,  a n d  S is slY, then S is l$.  

TH~ORE~ 2. - I f  S /s I$, sl$, a n d  ~ satis f ies  theorem A, then I$ satisf ies 
theorem A.  

Proof. Consider P C S where /)  and S are 15, and S - P ---~ X [J ~Y sepa- 
rate.  Suppose x ~ X U P  and p ~ U ~ X ( J  P where U i s  open in X U P .  There 
exists an open set U' relative to S such that U----- U' [7 (X [J P). If  p e X, there 
exists an open set l ] ' ~  U' such that p ~ V ' ~ X  (J P since X is separate from ]7. 
Since S is l$ there exists an open set W' of S such that p z W ' ~  V'  and W' 
has $. Next suppose p~P,  and let U ' - ~  t ) (j U'. Since P is l~, there exists 

(*) Pervenuta in redazione il 15 aprile 1950. 
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an open set V" of P such that p ~ V " c  U", V" has ~, and there exists a 
set V' open in S such that V " = : P n  V'. W e  can suppose V ' C U  ) since 
P ~  V ' ~ _ P ~ ( V ' ~ U ' )  where V ' ~  U' is the required open set. Since S 
is sl~ and V" ~ V', there exists a set W' open in S such that p~ V" ~ W' C F '  
and W' has ~. Fur thermore  V"----- V' [-1P implies V " :  W' n P. If  W ' C X  U P, 
we have found the desired set. If W'cI= X U P,  then W' - -  V" ~ W~' U W~,' 
separate,  where  W~' ~ W' ~ X, I;I~' ~ W'  n ~. Since 3 satisfies theorem A, 
and W' and V" have gO, it follows that V " U  W~' and V " U  Wu' have ~. 
But  Wx 'U V " , = ( W ' ~ X )  U ( W ' ~ P ) - - - W ' [ 7 ( X U P ) ;  thus Wx'U V" i s  open 
in  X U P and has $. Since the same arqument  holds for p $ Y, we have 
shown that 13 satisfies theorem A. 

COROLLARY 2.1. - I f  S iS sl~ were ~ is a point properly satisfying theo. 
rein A, then 1~ satisfies theorem A. 

COROLLARY 2.2. - I f  ~ iS a property satisfied only by open sets, and 
satisfies theorem A, then 13 satisfies theorem A. 

Proof. S is automatical ly sl$ for if P ~  U has $, then P must  be open 
and V - -  P is an open set vith ~ such that / ) ~  V ~  U, and the resul t  follows 
from the theorem. Final ly  we note that it is possible for such  a property ~' 
to satisfy theorem A, since if P and S are both open, then X U P and Y U  P 
are open {this is stated in theorem 5). 

The following is a list of fundamental  propert ies which have meaningful  
local properties.  For  the meaning of any property not defined here see 
G. T, W~):BVB~, Analytic Topology, ~ Colloquium Series )). 

1. To be connected. 
~' 2. To have a closure that is compact (i. e. every covering by open sets 

has a finite subcovering). {We state the property in terms of the closure so 
that the local property will have meaning). 

3. To have a boundary  that is compact.  
4. To consist of a finite number  of points. 

$ 5. To consist of an at most countably infinite number  of points. 
6. To consist  of an uncountable  number  of points. 
7. To have a boundary  consist ing of ~ finite number  of points. 
8. To have a boundary  consist ing of an at most countably infinite 

number  of points. 
9. To have a particub~r point p as a ~lon-cut point. 

10. To consist entirely of non-cut  points. 
11. To be arc-wise  connected. 

$ 12. To be an open connected set whose closure is a dendri te  (a den- 
drite is a locally connected cont inuum that contains no simple closed curve. 
Again we state the proper ty  so that the local property is significant t. 

T:~:~OI~E~ 3. - All of the properties $1 to ~ 12 listed above satisfy theorem A. 
Proof.  The resul t  is well  known for 1. It  follows for 2 and 3 trivially, 
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since any closed subset  of a coral:act set is countably compact. The result  is 
obvious for 4, 5, and 6. 

The result  follows for 7 and 8 as follows. Let  P and S both have either 
property 7 or 8 and be such that S - - P : X [ J  :Y separate. It is readily shown 
that B(X[J P)CB(S)[J B(P) where B(A)= the boundary  of A relative to a 
universal  imbedding space;  thus if B(S) and B(P) are both finite or at most 
eountably infinite, then B(X [J P) enjoys the same property. 

To prove the result  for 9, we consider a par t icular  point p $ S and P C S 
such that p is a non-cut  point of P and of S, and such that S- -P=:  X[_J Y 
separate. Suppose p is a cut point of X [J P, i. e. IX [J P} - - p  ~ X~ [J X, sepa- 
rate. Since P - - p  is connected, we can suppose P - - p C X ~ ,  and thus X ~ X .  
~'ow S - p -~ X~ [.J (X~ [J Y) is a separation which contradicts p ' s  being a 
non-cut  poit~t of S;  therefore, p is a non-cut  point of X[ J  P and likewise 
of :Y[J P. The resul t  now follows for 10 by repeated application of 9. 

To show the result  for 11, let P and S be arc-wise  connected, where 
P ~ S  and S--P---~X[J Y separate. Consider the points x~ and x~ 2 s X U P  
and any are A of S with end points x~ and x~. Let p, ~ A be the last point 
on A such that the open subarc from ~ to p~ lies in X. Either p~ e X or P, 
since no point of Y is a limit point of X. If  p~ ~ P (*) then it follows from its 
definition that there exists a point q~ in the arc from p~ to x. such that 
q~ s P, and arc p ~ q ~ X ~ P .  If p~ ~ p ,  define q~ = p ~ ,  then in either ease 
the arc x~ to q~ lies in X[ J  P. Similary there exists a point q, e P such 
that the arc x, to q.~ lies in X [J P. Since P is arcwise connected, there exists 
in P an arc from q. to q~. We can now extract  an arc in X [ J P  from the 
union of the three arcs x, to q~, q~ to q2, and x~ to q.2 which all lie in X[_J P. 
Thus  X [J P and similary, Y [J P are arc-wise  connected. 

To show the result  for 12, we observe that X [ J P  is an open connected 
subset  of S by $ l, and X [J P ~ S  implies that X[ J  P is a dendrite since S i s .  

The 13 propert ies corresponding to the 12 propert ies listed above are as 
follows : 

13 1. To be local ly connected. 
l$ 2, To be locally compact. 
13 3. To be locally per ipheral ly  compact (this is a concept introduced 

by R. L. WILDER). 
13 4. To be locally finite. 
13 5. To be locally countable infinite. 
l~' 6. To consist entirely of condensation points. 
15' 7. To be regular  curve. 
13 8. To be a rational curve. 

{ $ ) means << not contained in ~. 
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l~' 9. To 
15' 10. To 
13 1"1. To 
l$ !2. To 

have a par t icular  point p as a local non-cut  point. 
consist entirely of local non-cut  points. 
be locally a rc -wise  connected. 
be locally a dendrite. 

THEOREM 4. - I f  S is 1~, it is slY' for each of the above 12 properties. 
Proof.  Let  P be a subset  having ~ of S having 13 and le~ U be an open 

set relative to S such that F ~  U. Cover P with open sets t Vpl such that Vp 

has 3 and V r cL-_ U' 
Proof. for 1. Let  V--- U ~ V~, then P ~ V ~  U, where  V is open and con- 

nected. 
2. There exists a finite subcovering t V~I since P is compact and 

V ~  [ j ~ l  Vi is an open set C U such that V( is compact. 
3. There exists a finite subcovering t Vit of B(P) (the b o u n d a r y ) s i n c e  

B(P) is compact and V =  U~=l V~)[J P ~ P  is an open set c U such that 
B ( V ) ~ U ~ B ( V i ) .  Thus B(V) is compact since it is a closed subset  of a 

compact  set. 
4. There are only a finite number  of I V~I since P is f ini te ;  therefore, 

Ui=l Vi is an open finite set v-- U. 
5. There are at most a countable  number  of sets I V~I since P is coun- 

table ;  therefore, [J~?=l V~ is an open countable set C U. 
6. V-= Up V ~ P  is uncountable  since P is an open subset  of U. 
7. Since B(P) is finite, there exists a finite sub-cover ing  of it. Now 

V==(U~-I Vi)U P ~ U  is an open set ~ / )  with a finite boundary,  since 

c.U~=.~ B(V~) ---- a finite set. 
8. Since B(P) is countable,  there exists a countable  snbcovering of it. 

Now V-= (U~I V~) U P C  U is an open set ~ P  with a countable boundary.  
9. This property implies local connectedness,  for corresponding to each q 

(whether -=:p or not) an open set U ~ q ,  there exists and open set V such 
that q C  V ~ U  and such that p is not a cut point of V. Thus in any case 
(even if p ~ V), V must  be connected. Thus V :  U q V q ~ P  is connected 
and V ~ U .  Suppose V - - p  is disconnected, then since P - - p  is connected 
and C V ~ p ,  it lies in one component  V~ of V -  p. ~Now V r - - p  is connected 
and V~= V~ U V ~ P  is an open connected subset  of U. V ~ - - p - - ( V ~ - - p )  U Vi 
is connected s i n c e p  is a limit point of V~; thus { V r - - p ) ~  V ~ 0 .  

10. This follows by successive application of number  9. 
11. Let  V-~ [Jr V~__~ t ), then V is a connected subset  of U. 5Tow consider 

points q and r ~ V, then there exists a finite chain chosen from ~V~f 
joining q to r;  i. e. {V~I i : l , . . . ,  n s u c h  that q $ V~, r ~ V, and 
V~ [-] V~+~ :4:0. Choose q~ ~ V~ ~ V~+~ for i ' - - 1 , . . . ,  n ~ 1, then there exist 
arcs joining q to q, in V~, q~ to q~ in V~, ..., ff~, to r in V,~. W e  can now 
extract  a sabarc  from q $o r in V from the union of these arcs ;  thus V is 

a rc-wise  connected. 
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12. Let V--~ U~i V~ be a finite subcovering of the boundary of P, 
then P U V c  U is an open connected set such that P U V is a dendrite. 

THEORE~ 5. - The properties 15'i (i----1, ..., 12) satisfy theorem A. 
Proof. This follows directly from theorem 2 af ter  applying theorems 3 

and 4. 
The following is a list of fundamental  properties which either have no 

meaningful  corresponding local property or one that does not satisfy theorem 4. 

t3. To be closed (relative to some fixed space S'  in which both F 
and S of theorem A are imbedded). 

~' 14. To be open (relative to some fixed space S'  in which both P 
and S are imbedded). 

3 15. To be countably compact (i. e. every infinite subset of ,S has a 
limit point in S). 

16. To be compact. 
17. To be complete. 
18. To be everywhere dense. 
19. To b e  nowhere dense. 
20. To be perfect. 

~ 21. To be separable (i. e. ~o have a countable dense subset). 
22. To be perfectly separable (i. e. to have a countable number  of 

open sets equivalent to the collection of all open sets). 
$ 23. To have (M]~C~]~-UnYso]~N) dimension n, 
$ 24. To be cyclicly connected. 
$ 25. To be a l inear graph (i. e. the union of a finite number  of arcs 

having at most end points in common). 

T ~ o n E ~ [  6. The properties ~ 13 to $ 25 satisfy theorem A. 
Proof. The result  follows for 3 13 to 3 20 with little or no proof. 
For  ~ 21 le t  D and E be the countable dense subset of S and P 

respectively, where S - - P - = X U  Y ,  separate, Let D ~ - - ~ D A ( X U  P) and 
consider  $ e X  if x ~ D ,  then x, e D. Now X N  : Y = 0  implies ~c z D,,  and 
if x ~ P, then x e E. Thus D~ U E ~ X  U P and D~ U E is a countable dense 
subset of X U P. 

The result  is trivial for $ 22 since any subset of a perfect ly separable 
set is perfect ly separable. 

The result  follows for $ 23 since X U P ~ S  implies d im(X [.J P ) ~  n 
and dim P---~ n implies dim (X [j P ) ~  n. 

To prove the result  for $ 24, consider points x~ and x~ e X [J P, and a 
simple closed curve of S ~ w ~  and x.,. Let  A and B be the two arcs from x, 
to x. 2 which make up S. Now we can apply the argument  of theorem 3 used 
in connection with ~ 11 (are-wise-connectedness)  to each of the arcs A 
and B. This gives sub-arcs  x~p~q~ and ~c~p~q~ of A and sub-arcs  x~p~'q~ ~ and 
x~p.~'q~' of B, where no two arcs have points in common, q~, q~, q~', and q~'~ P, 
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and p~, p~, Pl', P~' are defined as before. Since P in cyelicly connected, 
there exists  a simple closed curve in P through q~ and q, .  Let  r~ and r: be 
the first points on ares Piq~ and p.~qz that lie on this simple closed curve, 
then there exist  arcs R~ and R.2 from r~ to r~ lying in (A (J St n P having 
only r~ [Jr~ in common. Now let R be the one of the arcs R , ,  R~ that does 
not pass thr(mgh either p (  or p (  if such exists. If this is not possible, 
then R~ must pass through p, '  but  not p~' and R.~ must pass through P2', 
but  not p~', or visa, versa, and i~1 either ca~e, of course, Pi' and p.~'~ P 
faro x ~ p ~ ' ) ~ p ~ ' ~ X ,  (arc x ~ p ~ ' } - p ~ ' ~ Y ,  l~ow the arcs x~ to r~, r~ to P-2' 
oa R:~, p,' to x~ jo in  to form an arc x~ to x.~ that is disjoint  except  for x~ 
and ,x.~ from the one formed by joining the arcs x~ to r.2, r~ to p~' on R~, 
and p,' to x~. Thus we have a simple closed curve in X [.j P through x~ 
and xz. l~ext consider R defined above and let A'----the are from x~ to x.~ 
in X [ J P  formed by joining the arcs x, to r~, R, and r~ to x.~. R may 
intersect arc p, '  to q,' or p~' to q~' or both, but  since p~', p~' ~ B, hence ~ R, 
there exist  points r~ $ P oa a rep~ '  to q~' and r.~' e P on arc p~' to q j such 
that arcs x~ to r, '  and x~ to r (  do not intersect  R. Since P is cyclicly 
connected, there exists a simple closed curve through r~ '  and r.2' consisting 
of the arcs C and D from r~' to r2'. Let  s and t be the first and last points, 
respectively,  on the arc A' from x~ to x~ th , t  lie on C (J D. If  s and t both 
lie on C (or D), then the arc formed by joining the arcs x~ to s on A', s to t 
on C, and t to x.~ on A' is disjoint except for x~ and ~ from the arc formed 
by joining the arcs x~ to r ( ,  D, and r 2' to x. 2. Thus we have a simple closed 
curve through x, and x~ i~ X [J P. If  s lies on C and t on D (or visa versa), 
then the arc formed by joining the arcs x~ to s on A', s to r:[ on C~ and r~' 
to x~ is disjoint except  for x, and x.~ from the arc formed by joining the 
arcs xl to r~', r~' to t on D, and t to x~ on A'. Thus  in every case we obtain 

a simple closed curve in X [J P through x~ and x~. 
The result  follows immediately  f,~r ~' 25 since any closed connected 

subset  of a l inear graph is another graph. 
We  shall now consider some higher dimensional  p~'operties involving 

CEC~ cycles and homology. As previously stated, we shall apply these 
propertes  only to compact  spaces, l~or a s tatement of most of the concepts 
connected with CEC~ cycles to be used here see, for example, E. G. BEGLE, 
Locally Connected Spaces and Generalized Manifolds, ~ American Journal  of 
) fa thematics  )), vol. 64 (1940), pp. 553.574. Before stating these properties, 
we give five lemmas that will appear in R. L. W~LDEn'S Colloquium book 
that will be useful  in the following. 

L E ~ A  7. - I f  L is a closed subset of  S (compact) and ~ is a covering 
of  S, then there exists a covering 7.0, a refinement of  o'~, such that i f  the 
nucleus o~ a cetl (the intersection of  the open sets ~vhich are it vertices) ors ¢71) 
~neets both L and S ~ L, then it ~neets F(L), the boundary of L. 
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LEM~tA 8. - I f  Z ~ is a cycle rood K on M, then collection { Szr(e2g) I is an 
( r -  1)-cycle on K, which we denote by ~z r. Evidently Sz • c,zO on M. 

L~.~MA 9. - I f  z r is a cycle on K such that z re,cO on M, then there 
exists a cycle z r .~i mod K on IK such t]mt ~z r+¢ c,zzr. 

L~MMA i'0. - I f  Z r is a cycle rood K on l~I such that ~zrc-~ 0 on M, then 
there exists a cycle ?r on M such that z r c,z yr meal K. 

LE~MA 11. - I f  z r is a cycle rood K such that z r c,z 0 ,rood M, then there 
exists a cycle T r rood K on M such that zrc-z T r rood K. 

$ 26. To be simply-i-connected; i. e. S has ~ 26 if every / -dimensional  
C:Eclt cycle on S is c,z0 on S. {S is also compact by the above stated 
assumption). 

27. To have the point p as a non-i-cut  point relative to S: i. e. every 
/ -dimensional  cycle on a closed subset of S - - p  is c,z0 on a closed subset 
of S - - p  (where p does not necessarily bslong to S;  i. e. if p ~ S, this 
means that S is simply-i-connected).  

28. To consist entirely of non- i -cu t  points. 

29. To be locally-i-connected at a point p;  i. e. corresponding to eve ry  
open est U such that p ~ UI there exists an open set V such that p $ V ~ U  
and such that every i -cycle on V is c,z0 on U. (Again p need not belong 
to S, in which case the condition is vacuously satisfied since no U exists 
with p s U). 

3 30. To be locally-i-connected; i. e. to be local ly- i -connected at each 
point. 

~' 31. To have a point p as a local non-i-cut  point;  i. e. corresponding 
to every neighborhood U such that p ~ U, there exists an open set V such 
tha~ p ~ V ~  U and such that every /-cycle on a closed subest of V - - p  is 
c,z0 on a closed subset (~f U - - p .  

3 32. TO consist entirely of non- i -cu t  points. 

33- To be co-locally-i-connected at p;  i. e. corresponding to any open 
set U such that p ~ U, there exists an open set V such that p ~  V ~ U  and 
such that  if z ~ is any /--cycle rood S -  U, then z~c-z 0 rood S -  V 

34. To be co-locally-i-connected; i. e. to be co-local ly- i -connected at 
each point. 

35. To have local i-betti number 1 at a point  p of the interior of  S 
(relative to some fixed imbedding space S') ;  i. e. S is not co-local ly-i-con.  
neeted at p, and corresponding to any open set U such that  p ~ U, there 
exists an open set V such that p ~ V ~ U  and such that if z~ ~ and z~ ~ are 
cycles rood S - -  U on S, then there exist integers n~ and n~, not both 0, such 
that n,z,~c,zn.z, ~ rood S ~  V on S. 

36. To have local i-bett i  number 1 at such interior point. 

Annal i  di Matematiea 14 
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g 37. To be the closure of an open generalized-n-manifold timbedded is 
a space S ' ) ;  i. e. is the closure of an open genera l ized-n-manifo ld  if 

t) dim S = n 
2) S is local ly- i -connected  (0 _<_ i _< n) 
3. S is co- loca l ly- i -connected  (0 ~ i <~ n - -  1) 
4) S has local n-bet t i  number  1 at every point p interior to S relative 

to S'. 

(This definition has more significance if we require  S' to be a space with 
respect  to which S has interior points although this is not necessary in the 
fdl lo~ing proof.) (see E, @. BEe, LE, Duality Theorems for Generalized l~lan~folds, 
(< American Journal  of ~Iathematics >>, vol. 67 (1945), pp. 59-70). 

TEEOI~EM 12. - The properties ~' i (i = 26, ..., 37) satisfy theorem A. 

Proof. $' 26. Consider P ~ S each with property $ 26 such that 
S - -  P== X [J Y, separate. Let z [ be any / -cycle  on X [J P / t h e n  z ~c-z0 on S. 
:By lemma 9, there exists a cycle z ~+~ rood (X U P) on S such that ~ + *  c,zzt  
By lemma 7 we can eonstruet  a cofinal family of coverings with the property 
that if the nucleus of any cell formed from one of these coverings intersects 
both "]~" and S - - Y ,  then it intersects.  F(Y). We Shall confine the coordinates 
of all chains to this family. Let z~+'(~g)===z~+~i~)-~-z,J+~(~g) for each 
covering eLg, such that z.J+~(e'~i is the collection of cells of z~+~(Og) on Y 

~+' ' " z~ ~+ X U P = S - -  Y. and z~+~(e~) is the remainder  of z (e~), hence ~(6~) is on 
Now ~z.~t+~(~)---7~(e]~) is a cycle on Y since z~+~(e~) is on Y. By lemma 8, 
{~z~+'(e'~)l is a cycle on X [ J  P ;  hence Vz~+~(e~) :~z~+~(~) -  8z~+~(elg) is 
on X [J P----- S - -  Y. The choice of the eofinal family then implies that ~,~(e~) 
is on F(Y) for all ~g of the family. To show that / ~'~(el~) I is a CEcl:[-cycle, 
We recall  that z ~+~ is a CECE cycle mod X [ J P ;  i. e. for any e ' ~ > ~ )  there 
exists C~+~(~)) such that ~C~+:(~)) -= ~ z ~ + ~ ( ~ ) - -  z~+~(e~))-t -~'~+~(e])) where 
y~+~(e;)} is on X [j P. This gives ~C '+~(~ ' ) ) ) - - rz~z~+ ' (e t0 -  z~'+~(~ )) + 
+ ~ z  t+~(e~}_ z~+~'; ) )+ y~+~(e))) where  the last three ~erms of the right 

hand side are all on X [ J  P. Let C*+'z(~))) ~ C,*+'~(~'/))+ C~i+~(e2) where  
C.~+~(e/)) consists of the cells of C~+~(e))) on Y and C~+~(e)) of those not on Y 

- -  z~ (e))))~__VC, (~09) + (~:e~ ~ ~'~} - z, (e;))) + ? (ep) Where the left 

hand side is on Y and the right hand side is on S - -  Y; thus both sides ~ a 
chain X'+~(~l )) on F(Y) .  By taking boundaries,  we obtain 8X~+~(e;)} - -  8~C~+~(e2) - -  

_ , +  , ( @ )  ), x ,  +,(@)] = - t h u s ,  

{'(~+~(~)1 is a CEC~ cycle on F ( Y ) ~ P .  Since P has 3 26, y~+~oo0 on P ;  
hence, there exists a chain z~+~(~) on P for each elg such that Fz~t+~(~)-~-- 
~_ %,~(~) ~ 8z/+~(~'~). It follows that g ( e ~ ) ~  ~g+,(e/~} _-- F(z,+~(e~) -t- z~ (elf)t 
=--- ~(z~+~(el~) 4- z.~ (o'~)) ; i . e .  c,z 0 on X U P. From this we conclude that 

X U  P and similarly YU P both have $ 26. 
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27. The proof for ~ 27 is entirely analogous to that for $' 26. Here 
we consider a cycle z ~ on Ci, a closed subset of ( X U P ) - - p .  C~ is also a 
closed subset of S - - p ;  hence, z~c,,~0 on C~, a elos~d subset of S - - p .  The 
cycle ~,~ is now established on F(Y)N C~ which is a closed subest of P - - p  
and is c o o  on C3, a closed subset of P - - p .  Final ly  we show that z~¢,o0 
on C~N{XU P}U C~, which is a closed subset of ( X U P ) - - p ,  This shows 
that X O P and similarly Y U P have $' 27. 

28. The result  follows by repeated application of the result for ~' 27. 
$ 29. L e t  U be any open set in X U P containing p (if one exists). 

U N P  is an open set in P ;  hence, since P has 3 29, there exists an open 
set V c U A P  such that  p $ V and such that every / -cycle on V is c-z0 
on UN P. We can find an open set V' of S such that V - - V ' N P ,  and the 
choice can be made such that V ' N ( X U P ) C  U. Since S has ~' 29, there 
exists an open set W' of S such that p e W ' c  V' and such that every 
/ -cycle on IV' is ~ 0  on V'. (Of course i f p  e X ,  then W' can be chosen at 
once without first choosing VI. Let W---~ W ' N t X U P ) ,  then W is open in 
XU P. Now consider any /-cycle z ~ on W. Since W D  W' z~c,,~0 on V' and 
there exists a cycle z ~+~ on V' rood W such that ~z ~+~¢-oz~ on W. As in the 
proof for $ 26 we can choose a cofinal family of coverings, such thai  z ~+~ 
intersects V' O/~'(P) D V in a cycle y~. ~Now ~,~c,,D 0 on u n P and we can use 
the chains in this homology, the part  of z ~+~ on X U P, and the chains in the 
homology between ~z ~+~ and z ~ to form chains on U bounded by z~; thus, 
z~c,,~0 on U and XU P has ~ 29. 

30. The result  follows by repeated application of the result  for ~ 29. 

$ 31. The proof is ahnost exactly like that for $ 29. Here V is chosen 
so that  every / -cycle  on a closed subset of V - - p  is coO on a closed 
subset of V - - p  is c-~0 on a closed subset of (UN P I - - P .  Similarly W' is 
chosen so that  every / -cycle  on a closed subset of l .V'--p is c,,~0 on a 
closed subset of V' - -p .  Now an /-cycle on a closed subset of W ~ p  is 
chosen and the procedure previously followed leads to an homology on a 
closed subset of U - p ;  thus p is a local non- i -cu t  point of X U P. 

$ 32. The result  follows by repeated application of the result  for 31. 

33. Suppose P c  S, both P and S have ~ 30 relative to p, and 
S - - P - - X U Y  separate. Suppose p ~ X U P  and let U be any open set of 
X U P  such that p e  U. There exists an open set U' of S such that 
U'N(XUPI~-~U. Since S has $ 30, there exists an open set V' of S such 
that p s V ' c  U' and such that eve ry / - cyc l e  rood S - -  U' is ~ 0 rood S - -  V'. 
Now consider an / -cycle z ~ of X U P rood (X U P ) - -  U; z ~ is also a cycle of S 
rood S - - U '  and is, therefore, co0  on S rood S - -  V'. By lemma 1~, there 
exists a cycle y~ meal ( X U P ) ~  U on S ~ V '  such that z~¢-,~-~ ,~ rood {XU P ) -  U 
on S. As before we will use lemma 7, which allows us to restrict the coor- 
dinates of all cycles to coverings with the property that a cell on both Y 
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and S -  Y is on F(Y}. Let  e'~ be any such covering, then z ~ ( ~ ) -  ?~(e~A~)÷ 
4-~c~{~)-~C~+~t~"~} where  x '{~)  is on (XU P } -  U and C ~ + ' ~ )  is on & 
Let C ~ ÷ t ( ~ ) =  C,~+~(~)--I-C~+'(e']~) where  C~i+~te~f) consists of all cells of 
Ct+~(~) on Y and C~+~(o'~) is the r ema inde r ;  hence, on S - - X .  Similary we 
can wri te  ?~(e]g)_--_ ?l~(e'2~)4-?~(~) where ? ~(e~g) consists of the cells on Y 
and y ~ ( ~ )  consists of the remainder  of y~(~g). Since ~C~+~(6~g)~~C~+~{6"~)q- 
+ ~C/.+l(~} ~ z~(~) _ y ~(6~) .~ .~ ~(~).~) + ~c~(~), we can write ~C~+~(~} q- 
+ 3 ,~ ( e2~ )~ -  ?~ (~ )q -z~ (~ )q -~c~(z )~ ) -  ~C.~+~(e~} where the left side is on ]( 
and the right side is on S - - ] ( ' .  Thus each side is on F(Y) and we will let 
7a~(e~} = 0C~+~(e'~) + ?~'(~) for all e]~. We will show that {~. ,(e~} 4 - , ~ , ( ~ ) t  
is a cycle mod (XU P ) ~  U on X U  P, for consider any 6 ) ) >  @f. W.e have 

__ V(z~C ~-~ ~(o~)) _ C ~+~(~)), but z~(~} is a cycle on X U P rood (X U P) - -  U, 
_~2f,~ ~+~,~,. C~+'(~)  is on X U P. These lx~(e)~)l is on ( X U P ) - - U ,  and u ~ ,  / ~ ! - -  

combined facts tell us that the left side is c o o  on X U P rood (XU P - - U .  

which is on (X U P ) -  U. We also note that (%~-"~} ,  which we shall now 
call $~, is ooz i rood ( X U P ) -  U on X UP.  This follows since z~(6~)-- 
__ (y ~{6")~) + y ~(e~f)) _~ x~(6~) := 0C ~+~(6).~} for all ~ where ~ d ~ )  is on (X U P) ~ U 
and C~-v'(~) is on X 0 P. We must now consider two cases. 

C~se 1). If  p ~ X, then V' could have been chosen such that V ' ~  X, 
then ~, ~(6"~) is on F ( Y t ~ ( X  [ J / ) ~  V' for all e~f. Also ~. ~(e,~) is on S - - V '  
and on X ( J  P ;  therefore, it is on ( X ~ P ) - - V ' .  This shows that ?~ is on 
(X [J P) - -  V' ; hence z ~ is ~ 0  rood (XU P ) - - V '  on X U P  since z ~c,o~'.~ 
rood [(X [3 P ) -  U] ~ [(X [J P ) -  V'] on X [J P. 

Case 2). If  p ~  P, then let V - = V ' ~ I P  and there exists an open set W 
on P such that p e  W ~ V  and such that every / -cyc le  rood P - - V  on P 
is c, z O mod P - - W  on P. Let  W' be an open set in V [ J P  such that 
p ~  W ' ~ V '  and such that W ' [ - ] P = - W .  We now show that I?~{~)l is a 
cycle rood P ~  V on P. We first :recall that ~.de~g) was shown to be on 
F(Y)  ~ P for all elg. Fur thermore  ~(e l~i  = ~(~C.j+~(~) q- %~(slg)) ~--- ~, ~(e]g), 
where  ~, ~(e'~) is part  of y,~(~) on S - - W ;  thus, ~y.~(e-~) is on both P and 
S ~ V '  and, thus, on P ~ S - - P U  V '~- - -P - -  V. Since !¥~{6)~)+~(~A~)I is a 

cycle on X [.J P mod (X U P) - U, we have for any V ~  U that u~(~,~(V) -I- y~(F)) - -  
__ (~ ~(e]~) + y j ( ~ )  + y~(6~) = ~K~+~(e~!, where y~(~f) is on (X UP) ~ U and 
K~+~(o-'~) is on X U P. Le~ K~+~(e'd) -= K,~'q{@X) + K~+~e-t~) where K~+~(o3A~) is 
on V' and K~'+~(~A~) is on (X UP)- -V ' .  Then ~K~+~(6?X) = ~K~+'(e]g) 4- ~K~+~(zg)----- 
--  (z~ ~ ~,,~(V) --  7 ,~(~))  + (~: ~ ?J(~))) --  ?~ (~) )  ~- Y~(~) ; hence ~K~+'(°2¢) - -  

_ (¢:~,~? ~(~))) _ ? ~(~)) _ ~ ( ~ )  = r~2f2~,a~(~)) t _ ?~(~'~) - -  ~K~+'(~20 where the left 

hand side is on ( X U P ) - - V '  and the right hand side is on P. This tells us 
that the right hand side is on [ { X [ J P } ~  V ' J ~ P = P - - V  (if we restr ict  
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ourselves bv lemma 7 to a suitable cofinal family of coverings) and is, the. 
v ~ O ' ? . ~  , . . 

refore, equal to a chain k~(~) on P - - V ;  thus, (7:~ya~(¢~))- T t~ (~ ) ) -  k'(~) 
: ~I(~+~(~)which implies u~'~(¢)))c,~ T~(~) rood (P~-~Vi on P. This completes 

the proof that 1Yj(~g)I -~ T3 ~ is a cycle on P rood P - -  V. By the choice of W, 
~,,~c~0 rood P - - W o n  P;  hence by lemma 11 there exists a cycle ~,~mod P V 
on P - - W  such that ~'~c~(5 ~ rood P - - V  on P. By an entirely analogous 
argument,  we can show that 1 ~ ' , ~ )  l is a cycle on (XU P) - -  V' rood (XU P ) - -  U; 
thus ~,~-4-'(5 ~ is a relative cycle and it is on (X[J P ) -  W'. Since z~c,,~T~i +~'3 ~ 
mod (X U P t - -  U on X[J P and ya~c,~ys~ mod P - - V o n  P, we  have zlc,,~T,i+ ~'~ 
mod (X U P) -- V' on X[_] P. Put t ing these facts together, we conclude that 
z~c,.~0 mod X[J  P) W'. 

$ 34. The result  follows by repeated application of the result for $ 33. 

3 35. Consider P ~  S ~  S' such that S - -  P ~ - X  (J Y separate and p e X [_] P. 
Since S is not coz-local]y connected at p, there exists an open set U such 
that for any open set V such that p $ V ~  U there exists a cycle z ~ rood S - -  U 
on S not ~ 0  rood S - - V  on S. I f  p e X ,  we can suppose U ~ X .  I f p  e P ,  
then p is in the interior of P and of S relative to S ' ;  hence, we can sup- 
pose U ~  P. In either case, V ~  U ~  X [_] P. There is no loss in assuming z ~ 
is on U, then z ~ is not ~ 0  rood ( X ~  P ) - - X  on X [ J  P since it is not ~ 0  
on the larger set S - - V .  This tells us that (X(.] P) is not co-locally connected 
at p. To show the second part  of the definition holds on X (J P, we apply 
the argument  of 3 35 to n~,~ ~ ~ n~x~ ~ were z~ ~ and z~ ~ are cycles rood (X [j P ) - -  U 
and obtain an open set W ~  U such that n,z~ ~ --  n~z.~ ~ c,z 0 or n~z~ i ~ n~z: i mod 
(XUP~--WonX(JP. 

3 36. The result  follows by repeated application of the result  for ~ 35. 

$' 37. Let  P and S be the closures of open general ized-n-manifolds  
imbeded i:a S '  such that P ~ S  and S - - P - - X U  Y separate. We see that 
X (_]/) and Y U P are also both closures of open general ized-n-manifolds  by 
applying theorem A for the propert ies  ~ 23, 30, 34, and 36. 

D E ~ N ~ O ~  ~. - We  shall say ~hat a property $ Satisfies theorem A streng- 
thened by ~, if in the hypothesis  of theorem'A,  we require  P to have 3~ as 
well as ~ while S still jus t  has ~. 

The following properties satisfy theorem h strengthened by certain o~her 
properties.  

38. To b e  semi-i-connected at p ;  i. e. corresponding to any open se~ U 
such that p ~ U, there exists an apen sel V such that p e V ~ U  and that 
such that every i -cycle  on V is c,~0 on S. 

39. To be i-avoidable at p;  i. e. corresponding to any open set U such 
that p ~ U, there exists an Open set V s~ch that p ~ V ~ U  and such that 
every i -cycle  on F(U) is ~ 0 on S -  V. 

40. To be locally-i-avoidable at p ;  i. e. corresponding to any open set U 
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such that p 6  U, there exist  open sets V and W such that p s  W C  V c U ,  
and auch that every / -cycle  on F(V) is ~ 0  on S - -  W. 

41. To be completely-i-avoidable at p ;  i. e. corresponding to any open 
set U sueh that p 7 U, there  exists open sets V and W such that p ~ W ~  V C  U, 
and such that every / -cycle  on F(V)  is ~ 0  on U - - W .  

THEOREM 13. - Properties ~ 38, 39. and 40 satisfy theorem A strengthened 
by simple-i-~nnectedness and ~ 37 satisfies theorem A strengthened by 
semi-i-vonnectedness. 

Proof  for ~ 38. Let  U be any open set of X U P  s u c h t h a t  p ~ U. There 
exists  an open set U' of S such that U ' / - I ( X U P ) = / J .  Since S has ~ 38, 
there exists an open set V' of S such that p ~ V ' ~  U' and such that every 
cycle z ~ on V ' i s c ~ 0 o n S .  Let  z ~ be any cycle of x u / )  on V----V'• (X[JP) ,  
then z ~ c,~0 on S. By lemma 9, there exists a cycle z ~+~ mod V on S such 
that 0z~+~o,~ z ~ on V. By methods entirely analogous to ones previously used, 
we can show that z ~+~ intersects  F(Y)  in a cycle 7~ on P which is ~ 0 on P. 
This allows us to replace z ~+~ by a chain 7 ~+~ on X U P such that ~T~+~c,~ z~ 
on V; hence z~c~0 on X [J P,  and X U P is semi- i -connected  at p.  

39. Let  U b e  any open set such t h a t p ~  L~ let U' be open is S such 
"that U ' N  (X U P ) ' - U .  Since S has ~' 39 at p, there exist V' such that 
p $ V 'C  U' and such that every / -cycle  on F(U') is ~,~0 on S - - V ' .  Let  
V ~  V ' ~ ( X [ J P )  and z ~ be any cycle of X ( J P  on F(U),  then z ~c,~0 on 
S - - V ' .  If  p ~ X ,  we can assume U ~ X  and the method of 3 38 leads to 
an homology z~c,~0 on (X U P) --  V. If p ~ P~ we proceed as in ~' 38 obtain. 
i n g  ~'~ on P c,,D0 on P.  However  this homology may intersect  V; therefore~ 
we let V " - - V ~  P and choose ~V', open in P; such that / o~  W " ~ V "  and 
such that every / -cyc le  on F(V") is c,~ 0 on P - -  W' .  :Now the homology 7 ~ ~ 0 
on P intersects  F(V") in a cycle ~'~ which is c ~ 0  on P - -  W' .  If  we choose 
an open set W of x U P  such that W ~ P :  W" and p ~ WC]7, then pie- 
cing these homologies together gives z ~ c~ 0 on (X (j P) - -  W. 

40. This is proved by an argument  entirely analogous to the one used 

in $ 39. 
4t .  Consider the case where  p e P and let U be any open set of 

X U  P such t h a t p ~  U. There exists  an open set V' of P such that p ~  V' 
and such that any / -cyc le  of P on V' is ~ 0  on P.  Let  V be any open set 
of S such that F [ ' I ( X [ J  P ) ~ U ,  and such t h a t p e  V. Since S h~s ~'41 at p, 
there  exist  open sets W and Q of S such that p s Q ~  W ~ V  and such that 
any i -cycle  of S on F ( W )  is ~ 0  on V - - Q .  Since P has $ 41 a t p ,  there 
exist open sets R and T of ( X U P )  such that p ~ T ~ R ~ Q ~ ( X [ J P )  and 
such that any / -cyc le  of~P on F ( R N t ) )  is ~ 0  on (Q ~ P ) - -  (T ~ P). Now 
any / -cycle  of X [ J  P on / 7 [ W ~ ( X U P } ]  is ~ 0  on U - - [ T ~ ( X [ J  P)]. This 
follows from a proof entirely analogous to the ones above. The case p ~ X 

is also handled as before. 


