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S u m m a r y .  - .Let X be a Banach space and {A(t)[t ~ [0, T]} a ]amily o] closed linear, densely 
defined m-accretive operators in X .  This paper is concerned with the additive perturbation 
o] (A(t)It ~ [0, T]} by a continuous family o] nonlinear accretive operators {B(t)lte [0, T]}. 

t 

Namely solutions are provided lot the integral equation u(t, T, x) = W(t, ~)x - - fW( t ,  s)B(s). 
7; 

• u(s, ~, x)ds, u(~,T, x ) =  x where W(t, s) is the linear evolution operator associated with the 
linear differential equation v'(t, s, x) + A(t)v(t, s, x) = O, v(s, s, x) -= x. 

1 .  - I n t r o d u c t i o n .  

Let X be a Banaeh space and {A(t)[t~[O, T]} be a family of linear accretive 
operators defined in X. We shall be concerned with the additive perturbation of 
{A(t) It e [0, T]} by  the continuous, nonlinear accretive family {B(t)It e [0, T]}. Namely 
we provide a solution to the integral equation: 

t 

T, x) = W(t ,  3 ) x - - f W ( t ,  s )B(s)u(s ,  3, x) ds; u(% % x) = x ,  (1.1) 

where W(t,  s) is the linear evolution operator associated with the homogenous linear 
differential equation 

(1.2) v ' ( t , s , x ) - ~  A ( t ) v ( t , s , x ) : O ;  v ( s , s , x ) = x .  

I t  is not difficult to see that  solutions to, 

(1.3) u'(t ,  3, x) -~ A( t )u( t ,  ~, x) + B(t )u( t ,  7, x) --~ 0; u(% T, x) = x ,  

satisfy (1.1). Thus using the terminology of F. B~OWDE~ [1] one may consider solu- 
tions of (1.1) to provide <( mild )) solutions to (1.3). 

In  1953 T. KATO [7] solved (1.2) vi~ the method of product integration; for 
latter studies on the linear equation the reader is referred to [3], [4], [8], [9], [10], 

(*) Entrata in Redazione il 30 luglio 1975. 
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[13], [20]. In 1963 I. SEGAL [17] considered (1.1) for locally Lipschitz B(t). More 
recently G. F. WE]3B [18] solves (1.1) in ease A and B are independent of t; D. L. 
LOVELAD¥ [12] obtains solutions to (1.1) for the case of time independent A and 
time dependent B{t). K. 5~AURO and 1% YA~A])A []6] and the author [4] have con- 
sidered the case of time dependent A(t) and B(t). 

2. - Definit ions and Preliminaries.  

Throughout our paper X shall denote a Banach space with norm [[. 1[ and dual 
space X*; the pairing between ] s X* and x E X shall be denoted <x, ]}. The oper- 
ator A is said to be accretive provided that  

II(x-+-2Ax)--(y+2Ay)l l>llx--yH, for x, y e D ( A )  and 2 > 0 .  

I t  is well known that  this definition is equivalent to the statement that  Re <Ax-- 
- -Ay ,  f>>O for some ] 6 F ( x - - y )  where F is the duality map from X to X*. An 
operator is said to be strongly accretive if < A x -  Ay, ]>>0 for all ] ~/~(x--y). An 
.accretive operator is said to be m-accretive provided that I t ( I +  ) .A)= X for all 
2.>0. 

I t  is well known (c.f. [20]) that  a closed~ densely defined~ linear accretive operator 
is strongly accretive and B . H .  )L~mi_~ [14] shows that  a continuous~ nonlinear, 
accretive operator is strongly accretive. Thus, if A is ~ closed, densely defined, 
linear m-accretive operator and B is ~ continuous accretive operutor the observa- 
tion that  

<(A + B)x -- (A + B)y, ]) = <Ax -- Ay, ]} + <Bx -- By, ]) > 0,  for all ] ~/~(x, y~ 

insures the strong accretiveness of A +  B. Martin also shows that  if A is strongly 
accretive then 

(2.1) limlh(l[x--y--h(Ax--Ay)l ] --ltx--y][)<O for x, y~D(A). 
h--~0 ÷ 

The foregoing property of strongly accretive operators will be used in conjunction 
with the following technique for computing the one sided derivative of the norm 
of a vector valued function. 

L~za~A 2.1. - Let q be a function (a, b) to X and define p(t) : tlq(t)II for t e  (a, b). 
If  q'+(t) exists then p'+(t) exists and 

(2.2) 
] 

p'+(t) = lim~(Hq(t) + hq'+(t)ll --  ]]q(t) ll). 
h--->0 
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A proof  of the  above l emma m a y  be found in [3]. I t  is now convenient  to place 
res t r ic t ions  on our t ime  dependent, fami ly  of l inear accret ive operators  {A(t)It ~ [0,/~]}. 
These conditions are essentially mild well-posedness conditions for (1.2). 

DEFINITION. -- A fami ly  of closed densely defined m-accretive l inear operators 
{A(t)lt6[O , T]} is said to  sat isfy condition E provided tha t  the  following are t rue  

i) There  exists  a dense l inear  manifold ~ su c h t h a t  OCD(A(t)) for  all t e  [0, T]. 

ii) There  exists a unique fami ly  of l inear  operators W(t~ s): X--> X for 0<~s~< 
~<t~< T with the  following proper t ies  

a) W(t, s) is joint ly  continuous in s and t; W(s, s) = I and W(t, r) W(r, s) -= 
= W(t,s) for  O<~s<~r<<t<~T. 

b) I f  x e  ~ then  D+(W(t, s)x) = --A(t)W(t ,  s)x for t>s  and this  der ivat ive  
is weakly continuous in t and s. 

We remark  tha t  condit ion E is sufficient to guarentee  tha t  if x e ~D then  

(2.3) 
t t 

A(t)fw(t, 

3 .  - L o c a l  e x i s t e n c e  o f  s o l u t i o n s .  

In  this we present  a resul t  which will insure the local existence and uniqueness 

of solutions. 

THEORE~ 3.1. -- Le t  {A(t) lt e [0, T]} be a fami ly  of closed densely, defined, l inear 
m-accretive operators which sat isfy condit ion E and {B(t)It c [0, T]} a fami ly  of non- 
l inear accret ive which are defined and continuous in a neighborhood of (T, xo) 
e [0, T] × X. Then there  exists a T~o> v and unique funct ion u( . ,  % x0) : [% T~°] -~ X 

so t ha t  u ( . ,  ~, x0) : xo and 

t 

(3.1) u(t, ~, Xo) = W(t, ~)Xo-~W(t, s)B(s)u(s, ~, Xo) ds , for t @ IT, Tj.  
T 

The proof of the  foregoing theorem will be presented in two pieces which guarentee  
existence and uniqueness respect ively.  The proof is obtained via a modification of a 
technique employed b y  G. F. WE]~B [18] for t ime independent  A and B. The method  
has subsequent ly  been employed  b y  MAIJRO and YA~AI)A [16] and the  au thor  [4]. 

:EXISTENCE PROOF. -- For  nota t ional  convenience we shall assume tha t  ~ ~ 0. 
Le t  V be a neighborhood of (0, xo) such tha t  the re  exists an ~/I> 0 so t h a t  IIB(s)vlt < M 
for  all (s, v )e  V. Making use of the  cont inui ty  proper t ies  of W(t, s) and B(t)and 
t he  denseness of ~ we choose T~o> 0 and sequence {x~}~=l contained in the  inter- 
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section of ~ with the  X-projection of V such tha t  x~-~xo and if u-= W(t, O)x .+ w 
where 0<~t~< T~o and llwlt ~< Tz°M then  (t, u) e V and so IlB(t)ull < M. Let  n e Z+ and 
define t 0 -  0 and un(t ~, Xo)-----xn; define ~x to be the largest number  so tha t  

(3.2) 0 ~ 1) 431 and t ~ +  ~l<Y~o. 

2)  i f  li ~ - u~(t~, Xo)tl < ~ M + o  m ~  , ll(W(t, t~) -- I)  u~(t~, Xo)tI, then 
t ~ t ~ t  o , ~ 

o ~ 1In for n~  liB(t) z-B(tn)un(to,~o)ll<< , to~t<~t~+ ~ .  

~-- t~+  3~ and if te( t~,  t~) let Set tx-- 

t 

ua(t, xo) = W(t, t~)u~(t~, xo~ - - jW( t ,  s)B(t])u~(t~, Xo) ds.  

(3.3) 

Having defined u,(t~_l, Xo) apply the foregoing procedure to define ~ ,  t~. 
and for t~(tk_~,tk] let 

t 

un(t , xo) = W(t, t~_~) u~(t~_l , x o) - - f  W(t, s) B(t~_z)un(tk~ , ~o) ds . 

I t  is readily seen tha t  for te[t~_l,  t~] we have, 

(3.4) 
t i  

k ~ l  f u~(t, xo) --- W(t, O)x.--  ~ W(t, s)B(t~_l)u.(t~_l, x.) ds 

f w(t ,  ~ - -  s)B(tk_l)u.(t~_l, x.) ds 
tkn l 

From (3.4) we are able to show tha t  (t, u,,(t, xo)) e V and hence IIB(t)u.(t, xo)ll 4 M  
By vir tue  of the  fact  tha t ,  

t 

t,"_l) -- I)u,(t~_l, Xo) -- f W(t, s)B(t~_l)un(t~_1, x)dsll tl(w(t, 

< H ( w ( t , ¢ _ l ) - r ) ~ ( t S X o ) ] l + ~ ,  for te[t~_~,tT] 

we have 

(3.5) llB(t)u~(t, xo) -- B(t~_~)u~(t~_~ , xo)II < 1In.  

-- T~o. This s ta tement  We now assert tha t  there is an integer N(n) such tha t  t~- -  
m a y  be verified in the  same manner  as WEBS verifies i t  for of the case of t ime inde- 
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pendent  A and B and the  reader is referred to [18] for detuils. B y  use of the  conti- 
nui ty  of .B(.): V_c[0, T] × X ~ X  ~nd u . ( . ,  Xo): (0, T~°]--->X we insure the  existence 
of a constant  7~ so if v(.):  [0, T j - - > X  and suo.pjIlu~(s, xo)--v(8)l I <7~. Then 
~up ttB(8)u.(s, ~o)- B(8)v(8)ll <~/n . 

s [0,Txol 
We set y'~= min{1/n,  7}. The cont inui ty  of W(t, s) and the  denseness of ~)_cx 
allow us to choose a sequence of points {B~ ~ ~(~.)c . } .  _ ~ such tha t  if we define, 

(3.6) 

we have 

~rt 
1¢--1 

v~(t, xo) = W(t, O)x.-- ~. W(t, s)BL~ 48 

t}~..1 
t 

- f W(t, s)B~_l as, for t e  * t ~ ] , k = l ,  N(n) [tk-1, "",  

(3.7) (i) sup Ilu~(s, xo)--v~(S, Xo)ll <7'~. 
se[0,T%] 

(ii) sup tIB(tr_l)u,(t~_l) - B~_~I 1 < 1/n. 
= 1 . . . I ¢ ( ~ )  

From (3.5) and the subsequent  remarks  we have constructed ~ function ~.(t, xo) 
for e~ch n e Z  + so tha t :  

(3.6) s~.~ti~(8,  xo)-  u~(8, Xo)tl < l /n,  

and 

tlB(t)v,( t, Xo) -- B(t~-l)u,(t~-l, Xo)II < 2 I n ,  for t e [t~_l, t~]. 

Clearly if the  sequence {v~(t, Xo)} converges uniformly to a function u(t, Xo) on [0, T j  
then {u~(t, Xo)} converges to u(t, Xo) on [0, T~°] and u(t, Xo) is continuous on [0, T j .  

I+ t e  (tk_l, t k) Making use of condition E and (2.3) we arc able to compute  % (t, Xo) if n 
then,  

(3.7) v~+(t) =i~o÷lim {.W(t @ h, O)X,--h W(t, O)x~, 

t~ 

,-1 f( - 1 / h ~  1 w ( t +  h, 8)BL1--w(t, 8)BL1) a8 
t?.-1 

= -- A(t)v~(t, xo) -- B~_ 1. 
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We nex t  show the  sequence of functions (v~(t, Xo)} converges uni formly  to a func- 
t ion u(t, xo) on [0, T j .  Le t  m and n be posit ive integers and define p,~(t) = [Iv~(t, Xo) -- 
- -  v~(t, xo)11. I~et t e [0, T~°) and let i, k ~ Z + be such tha t  t ~ [t~_l, t~) and t e [t~_~, t~). 
F r o m  (2.1), (2.2) and (3.7) we m a y  observe 

(3.8) 
÷ p~( t )  = 

÷ 

l im (live(t, Xo) - v~(t, Xo) - h(A(t)v~(t, Xo) + B'~_~ 
h~--O \ 

Xo) - ll) 

IIB~_I-- (t~-l)un(t~-l, Xo)tl -~ l[B(t~_~)u~(t~_~, Xo) 

B(t)v,(t, xo)II + IIBJ~-~ - B(tj~-~)um(tJ~-~, Xo)I1 

llB(t~_~)u~(t~_~, Xo) -- B(t)v~(t, Xo)[I 

3(11m ÷ 11~) . 

I f  we integrate  (3.8) on [0, t] we obtain p~.(t) -~ live(t) -- v~(t)l l <2To(1/m + l /n)  + 
-t-[[x~--x~ll. We there  by  conclude tha t  {v,(t, Xo)} converges uni formly  to some 
u(t, Xo) on [0, T~0]. Equat ion  (3.4) can be applied to see tha t  u(t, x) satisfies (3.1). 
This argument  may  be readi ly  modified to guarantee  a funct ion a local solution 

beginning at ~o~ [0, T]. 
The next  lemma guarantees  uniqueness of solutions by  demonstra t ing the Lipschitz 

continuous dependence of solutions on initial  data.  

LEPTA 3 . 1 . -  Le t  (A(t)[tc[O, T]} sat isfy condit ion E and let  u ( . , % x )  and 
v(. ,  7:, y) be solutions to (3.1) with initial conditions u(% v, x) ---- x and v(v, T, y) = y 
on [% T~] ~nd [w, T~] respectively.  I f  B(.  ) is continuous on neighborhoods contain- 

ing the ranges of u( . ,  T, x) and v(. .  ~, y) we have Ilu(t, ~, x ) - - v ( t ,  ~, y)ll<<. IIx--yll 
for t~  [z, T1] where T~= min{T. ,  T~}. 

P~oo~. - We again allow ourselves the  convenience of considering z = 0 and 
denote our solutions u( . ,  x) and v(. ,  y); we proceed in a manner  similar to the  ex- 

istence argument .  For  each n e  Z+ let  7~> 0 be such tha t  

sup Ilu(s, x ) - / ( s ) l l  < ;~,. and  sup H v ( s , x ) - g ( s ) [ l < m  
se[0,T] seE0,T] 

for ](.), g(.):  [0, TlJ--~X implies tha t  

sup I ]B(s )u(s ,  x ) - - B ( s ) ] ( s ) ] [  <l/n and 
s~[0,T1] 

s u p  lIB(s)v(s)  - -  B(8)g(s) / ]  < 1 / n .  
s~[0,T1] 

r t n hr We set 7~=  min{11n,?.}.  We choose a pa r t i t ion  {~}~=1 of [0, T1] so tha t  

llB(t~)u(t~, x) -- B(t)u(t, x)II < Y'~/3T1 and IIB(t~)v(t~, y) -- B(t)v(t, x)l 1 < 7'~/3T~ 
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for t~< t <  tin+l . We let  B~'(~,~ N(~)(~,oo/j~= ~ and {B$(v)]~] ) be  sequences conta ined in ~ chosen 

so t h a t  l i B , ( u ) -  B(t~)u~(t~, x)l I <7:/3T~ and []B~(v)-- B(t~)v~(t~, x)l I <~,:/3T~; sequen- 
ces {x~},{y~}_c~ are chosen such t h a t  { x . } , { y ~ } c ~ , H x - x . i l < 7 ' . / 3 T ,  and 

IIY~-- Ylt <7' j3T~ • I f  we define, 

(3.9) 

and  

f u~(t, x) -- W(t, O)x~--~_, W(t, s)B~_l(u)ds W(t, s)B~_l(u)ds 
'~=1 , 

t n i--I t~--i 

f v.(t, x) = W(t, O)y~-- ~. W ( t ,  8)B~_l(V) d8 - -  W ( t ,  8)B~_l(~v) d8 

ti~_l t n k--1  

we have  

sup Ilu~(s, x)-u(s ,  x)[I < 7~ 
s~[0,T~] 

and sup live(s, x)- -v(s ,  x)l[ < 7~ 
s~[0,TI] 

and  hence 

and  

sup I[B(s)u(s, x)--B(s)u=(s, x)H < 1/n 
s~[0,T~] 

sup IIB(s)v(s, x ) - -B(s)v~(s ,  x)Ii < 1 / n .  
se[0,T~] 

n t +  Arguing as before we see t h a t  if te[t~_l ,  tk) we have  u ,  (t, x) = --  A(t)u~(t, x ) - -  
--  Bk_~(u ) a n d v ,  (t, y) = - -  A(t)%(t, y) --  Bk_~(v 1. I f  p.(t) : Ilu=(t, x) -- v~(t, x)l I we can  

t ~ use (2.1) and  (3.2) to different iate  p~(t) for t e [ k _ ~ ,  t) and  ob ta in  the  es t imate"  

(3.1o) p',+ (t) <~ IIB~_l(u) -- B(t)u(t, x)l I + []B(t)u(t, x) 

B(t)u~(t, x)~1 -- il -~ lIB'-l(v) - B(t)v(t, x)i 1 

~- IIB(t)v(t, x) -- B(t)v~(t, x)l I 

2 (~ + U3'2d <2(t/n + r'/3~:)<~ 

Thus  {p'.+(t)} converges uni formly  to zero. Since {p,~(t)} converges un i formly  to 

flu(t, x) -- v(t, x)] 1 we can in tegra te  (3.10), to conclude t h a t  

tlu(t, ~) - u( t ,  y)lt < tI~(o, ~) - ~(o, y)ll = I1~-  yl l .  

4 .  - E x t e n s i o n  o f  s o l u t i o n s .  

I n  th is  section we provide  condit ion sufficient to gua ran tee  the  extension of local 
solutions of (3.1) f rom [v, T J  to [% T]. We also indicate  t h a t  we can associate a 

19 - A n n a l i  d i  M a t e m a ~ i c a  
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nonlinear evolution operator equation (3.1). Our first result in this direction in the 
following theorem. 

T m ~ o m ~  4.1. - Let  {A(t)It ~ [0, T]} be a family  of linear m-accretive operators 
which satisfy condition E and {B(t)It~[O , T]} be a family of  nonlinear accretive 
operators such tha t  B(t)O = 0 for te[O, T] and B(.) :  [0, T] × (SR(0) - + X  denotes the 
sphere of radius R about 0) is continuous and bounded. I f  x e S~(0) and ,a(t, % x) 
exists a unique u( . ,  % x) : [% T] --> X such that ,  u( . ,  ~, x) : [% T] -+ X ~ E [0, T) there 
satisfies (3.1) for t e [~, T]. 

PI¢oo~. - The proof rests on the fact  tha t  if u( . ,  3, x) is a solution (3.1) on a 
subinterval  of [% T] then  tlu(t, ~, x)ll is nonincreasing in t. I f  the local solution 
guaranteed by  Theorem 3.1 could not  be continued to [% T] there exists a maximal  
interval of existence [~, T') with T '<T .  However, flu(t, % x)l I < Ilu(% ~', x)I I < R. 
The boundedness of B(.) :  [0, T] × S (0)-> X insures the existence of N such tha t  
I]W(t, s)B(s)u(s, T, x ) l lKN for t>s  and t, s e [ r ,  T] this  implies 

l im [II W(t, s)B(s)u(s, % x)l I ds 
t - ~ T "  J 

T 

exists and hence we can define 
t 

Moreover llu(T, v, x)It < R and we could extend the solution past T' via Theorem 3.1. 
This would contract the definition of T' as the least upper bound of the max imum 
interval  of existence. 

We now argue tha t  Ilu(t, T, x)l I is nonincreasing. Let  ~ < T " <  T and suppose a 
X oo solut ionto (3.1) exists on [3, T"]. Let  { ~}~=~c ~D and x~-~ x; let ~t~t ~(~) ,rid ~/~1 ~(')(- q~ ( i ) i  = 1 ~ ( - - i ) i  = 1 ~ 

t a [tk_l,  t~) be a part i t ion of [% T ~) and sequence picked so tha t  if ~ ~ and 

t~ t 

u~(t, x) = W(t, T )x~ - -~  W(t, s)B~-lds - W(t, s)B~-I ds 
i = 1  

t~_l n t i - - 1  

then  the following are t rue:  llu,(t, x) -- u(t, % £ )ll < X ln, iI B L  B(t ) u( t, % x) I I < 1 I n  for 
t ~ t e  ~_~,rt~ t'l~ and I fB( t )u( t ,%x)- -B( t )u . ( t , x ) l t<l /n .  I f  p~( t )=  llu~(t, xtl and t < [ ~ _ l , t )  

we observe tha t  

( 3 . 1 1 )  +' p~ (t) < ~-olim( llu-(t' x ) -  h(A(t)u~(t, x) + B~_~)It - lIu~(t)ll)/h 

= lim(llu~(t , x ) -  0-}- h(A(t)u~(t, x)@B~_~ --A(t)O--B(t)O)]l- }lu,fl, x)It)/h 

< IIB(t)u~(t, x ) -  B(t)u(t, % x)l ] -t- IIB(t)u~(t, x ) -  B~_~I I 

2In.  

Integrat ing (3.11) on (% T), we can conclude tha t  llu(t, ~, x)l I is nonincreasing. 
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Our nex t  theorem states tha t  boundedness  conditions on B(.):  [0, T] × X--> X 
will guarantee  the  ex tendabi l i ty  of solutions and it  wilt be  used to define a nonlinear 
evolut ion opera tor  on X. 

THEORE~ 4 . 2 . -  Let  {A(t)lte[O , T]} be a fami ly  of closed l inear m-accretive 
operators  which satisfy condit ion E and suppose tha t  {B(t): t e [0, T]} is a fami ly  
of nonlinear accret ive operators  such tha t  B(-) :  [0, T] × X--> X is continuous and 
maps bounded  subsets of [0, T] × X to  bounded  subsets of X. I f  x ~ X t h e n  for each 
t e [0, T] the re  exists  an unique u( . ,  ~, x): [0, T] --> X which satisfies equat ion (3.1). 

P R O O F .  - -  Local existence and uniqueness are guaranteed  b y  Theorem 3.1 and 
Lemma  3.1. The local solution can be extended in a manner  similar to the  preceeding 
theorem.  We need only prove  tha t  llu(t, "~, x)l I is bounded.  Computat ions similar 
to  those above indicate t ha t  if u ( . ,  v, x) satisfies (3.1) on an in terva l  [% T']  t h e n  

x)It < tlxlt + sup tIB(t)olt 
t~[0,/~ 

We now tu rn  our a t ten t ion  to  the  construct ion of ~ nonlinear  evolution operator .  
Suppose tha t  {A(t)]te[O, T]} and {B(t)[te[O,T]} sat isfy the  condit ions of Theo- 
gem 4.2. I f  x e X  and ~ e [ 0 ,  T] and u(t ,T,x)  denotes the  solution to the  integral  
equation. We define U(t, ~): X--->X b y  the  equat ion U(t, T)z---- u(t, v, x). L e m m a  (3.1) 
r ives  It U(t, ~)x--  U(t, ~)Yll < II x -  yll. Since the  funct ion 

u(t, r, u(r, s, x)) : U(r, s)u(r, s, x) • U(t, r) U(r, s)x 

will provide  a solution to  the  integral  equat ion with initial condit ion u(s, s, x) = x 
the  uniqueness resul t  yields the observat ion tha t  U(t, r) U(r, s)x = U(t, s)x for 0 < s < 
< t < T  and x e X .  To see tha t  U(t,s) is cont inuous in t and s we examine the  
integral  equat ion and make the  observat ion tha t  for  s>so  we have [tu(t, s )x - -  
-- u(t, so)xtl < I[u(s, so)x-- xlt. We organize t h e  foregoing remarks  as the  following 
theorem.  

T}~EO~EM 4.3. -- Le t  {A(t)[te [0, T]} and {B(t)lte [0, T]} sat isfy the  conditions of 
Theorem 4.2. Then for each t, s such tha t  0 < s < t < T there  exists a nonlinear operator  
U(t, s) : X --> X with the  following proper t ies  : 

t 

mr, s)x = w(t, s ) x - f  w(t, s)xd  for xeX.  
8 

2) ltU(t, s ) x - -  U(t, s)yll< [Ix--yll for x, y e X .  

3) U(t, s) is s t rongly continuous in t and s and U(t, t ) :  I. 

4) U(t,r) U(r , s )=  U(t,r) for 0 < s < T < t < T .  
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5. - The differentiability o f  u(t, ~, x). 

I f  the  Banaeh  space X is not reflexive the  funct ion u(t, ~, x) need not  be differ- 
entiable. WE~]~ [18] provides an example of a non-differentiable u(t, 3, x) in c~se A 
and B are independent  of t. Thus equat ion (3.1) need not provide  a solution to the  
quasi-linear Banach space differential equation,  

(5.1) u ' ( t ,T~x) -~A( t )u( t ,%x)+B( t )u( t ,%x)~-O;  u ( t , ~ , x ) = x e ~ ,  

even in case the  l inear equat ion (1.3) and the  integral  equat ion (3.1) ~re well-posed. 
In  this  section we show tha t  solutions to  the  pe r tu rbed  equat ion (5.1) m a y  be 
guaranteed  b y  ei ther  requir ing the  Banach X to be ref lexive or b y  placing fu r the r  
restr ict ions on A(t) or B(t). 

We now introduce our precise notice of a strong solution to  a Banach  space dif- 
ferent ia l  equation.  

DEFIrCITI0~ 5.1. -- Le t  {C(t)It~ [0 , / ' ]}  be a fami ly  of operators  m~pping a Banach 
space X to itself by  a strong solution to  the  Cauchy initial value problem, 

(5.2) u'(t, 3, x) -~ C(t)u(t, % x) = 0 ; u(% ~:, x) = x ,  

we mean a unique Lipschitz continuous funct ion u(-,  T, x) : [3, T] -+ X such tha t  
u(z, ~, x ) ~  x ~nd u'(t, ~, x) exists and satisfies (5.2) for a.e. t~ [3,/~]. 

Our nex t  theorem per ta ins  to  reflexive B~nach spaces. 

T~EOR.E~ 5.1. -- Le t  X be a reflexive Banach  space and suppose tha t  {A(t)ltE 
e [0, T]} and {B(t)It e [0, T]} are families of l inear accret ive operators  and nonlinear 
accret ive operators respect ively which sat isfy the  conditions of Theorem (4.2) then  
for each x e ~ ~nd z ~ [0, 3) t he re  exists a unique strong solution to  the  C~uchy 
initial value problem:  

u ' ( t ,T ,x ) -~A( t )u ( t , v , x )+B( t )u ( t~%x)=O;  u ( ~ , T , x ) = x ~ .  

PROOF. - Le t  u( . ,  T, x) denote  the  solution to the  integral  equat ion (3.1). Exami-  
nation of the  propert ies  of the  integral  equat ion yields the  observat ion t h a t  there  
exists K >  0 so t h a t  I]u(tl, % x) -- u(t~, 3, x)t t < Itl--t~lg for  t, t~e [% T]. Since X is 
reflexive u'(t, 3, x) is different iable  for a.e. t e [% T]. We now argue tha t  u(t, % x) 
is a solution. 

Making use of the  cont inui ty  propert ies  of W(t, s) and B(.  ) we choose for n e Z + 
IBSeN(n) n n a par t i t ion  ;t ~ ( ' )  and a sequence t ~J~=l so tha t  if te[tk_~, tk) and L i )4=1  

~-' ( ds - -~  n ds for  t n (5.~) ~ . ( t ,  3, x) = w(t, ~)x-~ .  rw(t,  s)B~_~ W(t, 8)B~_~ te l  ~_~ t~] 
tk--1 
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we have 

Ilu.(t, ~, x) - u(t, 3, ~)ll < l / n ,  IIB{~I--B(t)u(t, ~:, x)ll < X/n 

for t e " t~] and [t~_ 1, 

IIB(t)u,(t, 3, x ) -  B(t)u(t, ~r, x)I I < 1/n . 

Clearly there  exists a K ' >  0 so thg t  for all t~, t~e [% T] we h~ve 

I l u~ ( t .  3, x)  - u . ( t~ ,  7:, x ) l  I < I t s -  t ~ l K '  . 

Since X is reflexive u,'~(t, % x) exists  for  a.e. t e [3, T] and IIu'~(t, 3, x)} 1 < K ' .  Differ- 
ent ia t ing (5.3) we obta in  

(5.~) un(t ,%x)--- - - -A(t )u~(t ,T ,x  ) -  ~ for a.e. t~[tk_i , tk)  

and hence 

(5.5) u:(t, 3, x) -~ -- A(t)u~(t, 3, x) -- B(t)u~(t, 3, x) -}- B(t)u~(t, 3, x) -- B~_i , 

for a.e. te[t~_ i, t~]. 

From the  foregoing computa t ion  it  is immedia te  

llA(t)u~(t, 3, x)I I < K ' d -  sup ltB(t)u~(t, 3, x)I i -}- 1In.  

Thus the  reflexiveness of X~ the  convergence of us(t, 3, x) to u(t, 3, x) and the  closed- 
ness of A(t) guarantee  tha t  A(t)u~(t ,%x)-- ,A( t )u( t , 'c ,x) .  Applying an a rb i t r a ry  
/~  X* to  (5.5) we obta in  the  integral  equat ion 

t 

(5.6) <uo(~, 3, x), ]>= <x, ] > -  f<A(s)u~(s, 3, x) + s(s)uo(s, 3, ~), ]> ds 
0 

k--1 I + ~ (B(s)u.(8, 3, x ) - -  B L 1 / )  as 
i= l .~ 

t 

+ f <s(s)uo(s, 3, x) S ° - -  ~-l, ] }ds  

tk_l 

Examina t ion  of the  two r ight  most  t e rms  of (5.6) provides the  est imate 

~1,=1 f (B(s)un(s, 3, x)--B~"-I, ]} d s - - f  (B(s)un(s, 3, x ) - -  B~-I, ]} ds ~ 2 T  ]ll/n . 
ttn l ~" tk--1 



290 W . E .  FITZGIBBON: Nonlinear perturbation o/ linear evolution, etc. 

Consequently we take  the  l imit  of (5.6) as n - ~  ~ to observe tha t  

t 

<u(t,  3, x ) , / >  ~- <x, / > - - f  <A(s)u(s7 ~, x)-~ B(s)u(s, ~, x), /> ds 
T 

and hence 

t 

u(t, T, x ) =  x - - f  A(s)u(s, ~, x ) ÷  B(s)u(s, ~, x)> as. 
0 

The fundamenta l  theorem for vector  valued functions insures tha t  

u'(t, ~, x) -~ -- A(t)u(t,  T, x) -- B(t)u(t, ~, x ) ,  for a.e. t e [~, T ] .  

Uniqueness follows by  s tandard techniques.  
In  non reflexive spaces we must  place fur ther  restr ict ions on {A(t)]te[O, T]} 

to differentiate u(t~ 3 7 x). 

DEFINITION 5 .2 .  -- A family  of closed l inear densely defined l inear m-accretive 
operators (A(t)]t e [0, T]} satisfying condition E is said to satisfy condition E'  provided 
tha t  the  l inear evolution operator  W(t, s) has the  p ro p e r t y  tha t  for each x e ~ and 
s t  [0 7 T], W'(t, s)x exists and satisfies W'(t, s ) x + A ( t ) W ( t ,  s ) x =  0 for a.e. t e  [s, T]. 

We have the  following theorem for general Banach spaces. 

TI~nOlCE)I 5.2. - Le t  (A(t)]t ~ [0, T]} be a fami ly  of closed l inear densely defined 
m-accretive operators defined in a Banaeh space which sat isfy E '  and suppose tha t  
{B(t)Ite [0, T]} is a fami ly  of nonlinear accret ive operators such tha i  B( . ) :  [0 , / ' ]  × 
× X - + X  is continuous and maps bounded subsets of [0, T] × X  to bounded subsets 

of X. I f  e i ther  of the  following two conditions hold:  

o r  

i) W(t,s)XC_~D for t > s  and s, tE[0,  T]. 

ii) B ( t ) ~ c _ o  for t e [ 0 ,  T]. 

then  for each x e  ~ and ~e  [0, T] the re  exists a unique strong solution u ( ,  v, x) 
to the  Cauchy initial  problem 

u'(t, 3, x) + A(t)u(t,  ~, x) -t- B(t)u(t, ~, x) -= 0 ,  u(~, T, x) = x .  

PROOF. -- Theorem 4.2 guarantees  the  existence u(. ,  t, x) satisfying u(~, T, x) 
t 

= w(t, 3 ) x - f w ( t ,  s)B(s)u(s, ~, x) ds. To e s t a b l i s h  our as ser t ion  w e  n e e d  to  differ- 
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entiate the right side of the equation. As in the preceeding theorem there exists K '  
so that  

Ilu(tl, T, x) -- u(t2, T, x)l I < Its-- t~tK' . 

Since d/dtW(t, T)X=--A(t)W(t ,T)x for a.e. t and 

t + h  

1}m ; f W(t, s)B(s)u(s, T, x) = B(t)u(t, T, x) 
t 

we only need to compute 

liml f ~-.o; ( W ( t ÷  h), x ) - - (W( t ,  s))B(s)u(s, T, x)ds .  

If  either (i) or (ii) hold we see that 

(5.7) 1 
lim~ ~ ( W(t ~- h), s) -- (W(t, s) )B(s)u(s, T, x) -= -- A(t) W(t, s)B(s)u(s, ~, x) . 

Thus the Lipschitz continuity of u(., T, X) and the boundedness of A(t)W(t, T)x and 
(2.3) allow us to apply the bounded convergence theorem and deduce that  

l + h  

Um~_,o 1-h f (W(t +h), 
t 

s) -- (W(t, s) )B(s)u(s, T, x) ds ~- - - f  A(t) W(t, s)B(s)u(s, v, x) ds 

t 

= --A(t)fw(t,s)B(s)u(s, T,x)ds for a.e. t e [ ~  T].  

v 

Once again the uniqueness of solutions follows by standard techniques. 

M.G. CRA~DALL and A. PAZ¥ [3] have recently studied nonlinear evolution 
equations and many of their results are applicable to perturbation questions. Their 
approach is different than ours and a comparison is difficult. ~qevertheless, a few 
comments are in order. They consider Cauehy initial value problems of the form 
0 e u'(t, x)-~ A(t)u(t, x), u(s, x)-~ x where A(t) is a nonlinear (possibly multivalued) 
operator; (1.3) they provide conditions sufficient to guarantee the existence of a 
nonlinear evolution operator, U(t, s)x-~ l imH~( I+  t/nJ(i(t--s)/n))-lx.  The product 

integral U(t, s)x is shown to be a strong solution of the initial value problem in 
reflexive spaces and to represent solutions to the initial value problem in genera 
Banach spaces whenever such solutions exist,. Interpreting equation (1.3) as 

u'(t, x) ~- Al(t)u(t, x) -~ 0,  u(s, x) -~ x where Al(t) ~-- A(t) -~ B(t) with A(t) 
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linear and B(t) nonlinear indicates the direct applicabili ty of their  work to perturba- 
t ion problems. Their approach requires t ha t  t-continuity requirement be placed on 
the resolvent ( Id-2(A( t )+ B(t)))-~x. Such a condition ean be difficult to check and 
usually corresponds to per turbat ions of the  form A~(t) = A d-B(t) where A is l inear 
and independent of t and B(t) nonlinear wi th  B(t)x well behaved in x. Our methods 
do not  produce the product  integral representation. However, we do not  place con- 
t inu i ty  conditions on the  resolvents; we place well-posedness conditions on the  linear 
equation and require tha t  the  nonlinear per turbat ion be continuous. 

We conclude with an example which will hopefully illustrate the applicability 
of our mgterial  to quasi-linear part ial  differential equations. We consider Cauehy 
problems of the  form 

(5.8) 
U ~ 2 3 u 3u 

= ~, a ~ j ( t ) ~ - ~ +  ~bl( t ) -~x--c( t )u , u(O, x) =/ (x)  
u~ ni,J=l v { u i i = l  u i 

where x =  (x~, .. . ,  x~)6R ~, a~(.), b~(.) and c(.) ( l < i . j < n )  are nonnegative and con- 
t inuous from [0, T] to R+ and for each t ~ [0, T] the  mat r ix  [%.(t)] is positive defi- 
nite and symmetric .  The analysis for the linear port ion of (5.8) comes from J. A. 
GOLDSTEI]N ([5], [6]). We set (5.8) in the  Banaeh space X of bounded continuous 
functions on R ~ t h a t  vanish at c~ and are equipped with the supremum norm. We 
formally define operators L(t) by  the equation 

(L(t))u(~)- ~ a.(t) ~u " ~u ~,~=1 ~ (x) + ~=1 ~" bi(t) ~ i (x) 

and we define a fgmily of operators {A(t) lt e [0, T]} by the  equation A( t ) /o f  = L(t)/ 
for ] such tha t ,  

/ e C~ = {gig, ~g/~xs, 3Sg/~x~ ~xje X,  1 <i, j < n and g hus compact support in R~}. 

I f  / e  2 ) =  C~ we see that. {A(t)tte [0, T]} satisfies condition E' ,  [5]. tVIoreover if we 
define B( t )u= e(t)u 3 we immediate ly  see tha t  B( . ) :  [0, T] ×X-->X is accretive, con- 
tinuous, and maps bounded subsets to bounded subsets. Thus if W(t, s) denotes the  
linear evolution operator generated by {A(t)lte [0, T]}, /~  X and ~ ~ [0, T), there 
exists a unique u(t, %/) so t ha t  

t 

u(t, 3, /) = w( t ,  ~) / - f  w(t, s)B(s)u(s, 3, /) ds , u(~, 3,/) = / .  

We are consequently guaranteed the existence of a unique (~ mild solution ~> for 5.8 
for any  initial function f ~ X .  Fur the r  more it is readily apparent  tha t  the image 
of under B(.)  is continued in if). Thus if the  initial function ] E ~  Theorem 5.2 
guarantees the existence of a unique a.e. solution to (5.8). 
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