
Pseudo-Differential Operators (*) (q. 

S. Z ~ I ~  (Montreal, Canada) 

Summary. - We present here a number o] results on some aspects of Kohn-Nirenberg's theory 
o] pseudo-dif/erential operators. We hope that some parts o] I£ohn-~Yirenberg's paper [1] a ~  
presented here in  a more detailed and explicit form; this could help a larger audience to under. 
stand their ideas and methods. 

l .  - P r e l i m i n a r i e s .  

We assume basic knowledge of distributior~ theory ;  the  spaces S, S ' ,  H s ;  the  
Four ier  t r ans fo rm in these spaces;  we use the  usual  notut ions:  

D~ D = (D~, D,~), D ~ ~- ~'' ~ ~ - ~  ~ ~'~ - ~ - - i  ~x ~, . . . ,  D~ , . . . ,  D~ , ~ , . . . ,  ~ , ~ = - ~  , 

..., I l l ° =  

We s~y tha.t the  l inear  opera tor  L,  f rom S i~lto S '  is of order r, if IILull ,< CI!u[l~+,, 

Vu ~ 8 and  for ~ny real s. 

We define the  Friedrichs opera tor  ~(D);  ~ ( D ) u - ~  5-~(~(~)~(~)). 

We assume t h a t  ~(~) applies S in S ' ;  5 u ~  ~ is the  direct  Fourier  t ransform,  
~-1  the  inverse Four ier  t rans form.  

EXA:M:PLE 1. - Le t  us consider a measurab le  funct ion ~(~) such tha t ,  V ~ e R -  
]~(~) l<c(1-~I~l~)° ;  i t  m a p s  s into s ' .  

I f  u s S ,  ~ e 8  and  1~(~)5(~)I4C~(1+1~[~) ~-~, V p = l , 2 ,  .. . .  Hence  

y-l(~(~)~(~)) = (2~)-,z~:fexp (ix .~)~(~)a(;) a t  

is an absolute ly  convergent  integral ,  and  q~(D)u is continuous and bounded  on x e R ". 
We have  es t imates :  

Hence ,  the  opera tor  ~(D) is of order 2a. 

(*) Entrata in Rcdazionc il 3 giugno 1971. 
(1) This research is supported by a grant of the N.R.C. of Canada. 



346 S. ZA~])~Aa': Pseudo.di]ferential operators 

EXA~rLE 2. - I f  9(}) has compact  support  in R" and is continuous, then,  
v } e R -  and p = 1, 3 , . . . ,  ~ ( 1 +  I~l~)~i~(~)l < c ~ .  I f  fonows Ii~(D)ull~<C~.~tl~It~-,, 
p = 1, 2, .... Hence,  the  inf. of the orders (named t rue order) is - - c o .  

Another operator i~ S; if a(x) e 8, t hen  a(x)u(x) ~ 8, V u e  8. Moreover, we have 
the estima¢e lIau l]~ < Cl] u tl~, which shows tha t  this mult ipl icat ion operator  is of or- 
der 0. In  order to prove this est imate,  we see first tha t :  

~ ( ~ )  d r .  

Therefore:  

H 

We know the inequMity:  

] _L I ~t 2\ ~n 
~ /  <21,~(1+ I~-~1-'),*~; 
± P  I~1 / 

fur thermore ,  if I7(~)t <lg(})l ~ lT?lI0< IIgllo. Consequently,  as 

i t  follows that 

(1.1) [Ia~ II,< (2~)-~'P2'+;' f ( l +  1 ~-- ~1 °)H'~ 1~(}-- ~)l (1 + I,~t °)~'~l'~(~)l d~ 0 . 

I~et us remember  Minkowski~s inequal i ty  for integrals 

Changing the variables:  ~ - - ~ =  ~' in (1.1), we have obviously 

~< (2~)-n~12I ~lrz ' f  (1.3) Ilaull (1 + t V'I ~)I+'~15(V')I (1+  1 } - -  ~'1 ~)"~l~(~-- V')I dr'I:0 • 

Let be t(~,v])= ( z ÷ ! v / @ i ' ~ I g ( v ) l ( l ÷ l $ - v I ~ ) " ~ t ~ ( ~ - v ) i  ; w e  have then, by (1.2)-(1.3) 

(1.4) ! Ia~ t t l .<Q( f ( f f (~ , , )d , )~d~)½<c . f ( fP ( ' , , ) d~ )½d ,  = 
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Finally, an other example o] operator which maps $ into 8. 

Let  ~ , ( D ) u :  5-~($(~)1~[~4(~)), V u e  8, where ~(~)e C~(R ") is -~ 0 for I~] < ~, 
and is --~ 1 for 1 ~l >~ 1. Then obviously, ~(~)l~f °~ C ~ ; furthermore, ~s ~--> 0% i t  
increases polyaomially and we remark also tha~ all derivatives ~(~(~)I~I °) have 
the same property. 

This shows tha t  ~(~)l~["~(~)e8 if f ie  S; consequently, ~,(D) maps 8 into 8. 
This operator is useful in the successive s tudy of pseudo-differential operators 

of a more general form (see [1]). 
We see also t ha t  !~(~)I~<C(I÷ !~I~) ~ ,  V~e/~" (~(~)~-~(~)!~t~). Hence, oper- 

ator ~,(D) has order < a .  

2.  - S y m b o l s .  

Let  a(x, ~) be a complex valued function defined for x~/~  ~, ~ R ~ - - { 0 }  and 
assume a(x, ~)e C~(R~×R~--{0}).  Suppose tha t  a(x, t~)-~ a(x, ~) for t >  0, and 
assume also t ha t  lira a(x,~)-=a(c~z,~) exists for ~ e / ~ - - { 0 }  and a(c~,~) is a 

C~-function; define then a'(x, ~)-~ a(x, ~)--a(c~,  ~), and assume the estimates 

(2.1) (1 + Ixt~) ~ ID:~a'(x,  ~)t < C~.~.~, Vx e 1¢", 

and ~ such tha t  I~t = 1  (~); here p : 1, 2, ..., ¢ =  (~,  ..., a~) , /3=  (fi~, ..., fi~)-arbitrary 
multi-indexes. We see some corollary of Definition (2.1), which are remarked 
without  proof in [1]. 

TttEOI~E]i[ 1. 

a) We ha~e ta(~ ,~)- -a(~ ,~) l<U(( l~--~l ) / ( l~t+lv)) ) ,  V~,V a,b~trary ~ 
R" --  {0}: The estimates 

b) (l÷ikl'Fja'(k,~)l<c~, VkeR-, ~en,--{0}, p = 1 , 2 , . . . ;  

c) (1+  lkl ~)~l~'(k, ~) --~'(k, v)l <¢~i~--vl(t~l + iv[ )% Vk e~ , ,  ~, v e n"--{o}, 
p = 1, 2, ... being 

g/(Z, ~) = (2~)-'~ (exp ( - - ix .g)a ' (x ,  ~)dx,  V~e/~ '~, ~ e ~ " - - { 0 }  

are veri]ied. 

P~ooF o~ a ) . -  a(cc, t ~ ) = a ( c ~ ) ,  V t > O ,  ~ R " - - { 0 } ,  as easily seen. Hence 
a(cx~,~) is also homogeneous of order 0, and by hypothesis is also C~(R" - -  {0}). 
Le t  us pu t  ~/t~I = ~, ~/I~I = #;  we have t~l -~ lttl ~- 1, a(c~, ~) ~- a(cx), ~), a(c% ~)-~ 
- -a (c~ ,  #), and on the other hand 

I~-v l  _ l ~ l ~ l - # l v I [ _  I~l ; Ivl (_~)  . (2.2) 

(1) Remark that D:a'(x, t~) : D~a'(x, ~), Vt > O. Then, from (1 • Ixl~)~l D~a'(x, ~)t< C~.~ 
valid for x ~ R  n, I~1 =: 1, it follows that same estimate is valid for x~t~ ~, ~ R " - - { 0 } .  
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Immedia te ly  i t  can be seen, considering rain I05+  (1--0)(--¢)1, or geometrically 
0<0<1 

t h a t  [O~+(1--O)(--#)f>~½t~-F(--,u)l, for t ¢ 1 = I # t = 1  a.nd hence is, as we have 
i~l/(l~l ÷ I~l) + tVl/(1~1 + lVi) =-- 1, the est imate 

(2.3) 

if we show here tha t  

l ~ - v t  ] 
!~} + Ivl > ff I c : - z l  ; 

(2.4) I a(oo, ~) - a(oo,  ~)[  <~1 ~ - ~ I ,  v~', 

on the uni t  sphere in R% we will have shown a) for C = 2y. 
Let  us suppose hence, reasoning ad absurdum, tha t  there  are tWO sequences 

~ I~ . I - -1~.1 = ] ,  n =  x, 2, ~n, /~ ,  ... SO tha t  

(2.5) la(oo, ~ , ) - a ( o o ,  ~.)t > n l~ ' . . -~ ,d ,  W~,= 1, 2, . . . .  

Now we can assume, choosing two subsequences, t ha t  

(2.6) l im ~ - -  ~ --  ~o, l im # ~ =  #0, [~0l = ]/x~I = 1. 

With  use of (2.5) we shall get now: 

1 
- '  sup t~(oo, ~)t. 

IC~--#,d < n  ~ I¢I°, 

This gives ~o = ,no, as the  continuous funct ion a(c~, ~) is bounded on the unit  sphere 

in R ~. On the other  hand,  i t  results tha t :  a(c~, ~,~)--a(c~, #,,) = ( ~ - - / ~ ,  grada(oo,  zn))- 
scalar product  in R ' ;  here z. = 0~ .+  (1--O,),u~, 0 < 0,, < 1; this is t rue for n large 

enough. 
( in  fact ,  for these n, the  vectors ~ and /x~ belong to same small neighbour- 

hood:  I~--~0I < 6 where a(oo, ~) is of class C ~, the origin being outside of this 

neighbourhood).  We have  then:  

la(c~z, ~ , ) - - a ( c o , / ~ )  f < 1 ~ - - / ~ 1  sup lgrada(cxbz) I ~<MI~--~t~I • 
Iz-GI<0 

I t  can be deduced tha t  is valid the  inequal i ty  

(2.7) nt~_#.I<~ta(c~,¢.)_a(c~,#.)l<Ml~,--#.l, n =  1 , 2 , . . .  

which is impossible. Hence  est imate  a) is satisfied. More precisely: we proved tha t  
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a(co, S) is in the  Lipsct~itz class on the  uni t  sphere, i.e. 

The~ we obta.ined tha t  

la (~ ,  S) - a ( ~ ,  v)[ sup = y < co 

1'~(oo, S) - ,~(co,7)] <2~JS - vl, v~, 7 ~ - ~ - -  {o}. 

P~oor  oP b). - Obviously, we have equali ty 

(2.s) (1+ I ;.t ~)~x(;., s )=  (2~)-,,~fexp (--ix.;.)d--~)~a'(x, ~)dx, 

) . e n - ,  ~e i~ - - - { o } ,  A , =  
i = l  

and therefore is verified the  es t imate  

(2.9) [(1 + I~I ~)~X(~, S)I < 
t" dx < cJO+ Ixi q ' t ( z -  ~) , 'a ' (x ,  ~)1(1 + I xl ~)-~dx< c,J (7,, (1 + Ix l~ )0 -  

for q large enough. 

PROOF OF e). - Obviously, we have the equali ty 

(2.~o) (1+ i~l~)~[a,(~, s ) - x ( ) .  7)] = 

: (2~)="I2fexp ( - - ix  . ~ ) ( [ -  A~)~'[a'(x, S ) -  a'(x, ~7)]dx = 

= (27~)-"'~fexp (-- ix.  ~)(1 -~ l xl ~)q ( I - -  z]~)~ [a'(x, S) - -  a'(x, 7)](1 -F I xi 2)-~dx • 

Le t  us put  now 

(2.11) b~.~(x, S ) =  ( 1 +  lxl~)q(I--A~.)~a'(x, S), x e / g  ,~, S e R ' - - { 0 } .  

We obtain thell  the estimate 

(2.12) (1 + I ~I ~-)v I5'(;., S) _ X(~, 7)1 < 

<(2~)-"'"f(l+lxl~)-~lb,,,~(x,S)--b,.~(x, 7)ld~, V X ~ " ,  S, ~ R ~ - - { O } .  

Consequently, i t  will be sufficient to show here tha t  

with a constant independent of x E R "  we have, ]or 2 ~ R %  S, 7~R'*~{0},  the 
estimate 

(2.t3) I b~.~(x, ~) - -  b~.q(x, ~)I < Ct ~ - -  7I (t SI Jr" I Tl )-~ . 
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Let  us observe tha t  b~,q(z, ~)c  C~(R~--{0}) and is also homogeaeous of order 0 
with respect  to ~, as follows wi thout  aay  difficulty f rom (2.1.1) and properties 
of a'(x, ~). 

I t  will consequently be enough, by  repeating the reasonings in a), to show tha t  
we have the inequali ty 

(2.14) Ib~Ax, ~)--b~Ax, ~)1 <~l~--~J, 

for $,/x on the unit  sphere, and x ~ R  n, because this will imply est imate (2.13) 
after  use of (2.3), and then c) is proved if we use (2.12) for q large enough in 
order to have f(1 + 

Ir~ the opposite case, (i.e. if (2.14) is ao t  true) there arc three sequences 
X ~o ( ~)~, (~)~,  (#k)~ °, such tha t  (x~)~ ¢ R  ~, [~t-----[/t~{-----1, k =  1, 2, ... and the following 

holds: 

(2.15) ]b,.q(x~, ~)--b, .Q(xk,  ltk)l >.>-kl~--t~[, V k =  1, 2, ... 

we m~y suppose,  by  ext rac t ing  subsequences,  t ha t  

(2.16) l im ~ ---- ~o, lira tt~ -~ #o, 
k - - > ~  k -->co 

exist, where ]~0t-~]#o] = 1. Hence,  from (2.15), 

1#~- -~ ]<-~2  sup Ib,,~(x, ~)] - - ~ 0  

x ~  R n 

with k -~  c~ (as easily seen) and consequently ~o ~--/~o. 
On the other hand,  we have 

(2.17) b~.~(x~, ~7~) - -  b~.~(x~, #~) : (~: - -  #~, grad~ b,.~(x~, z~) ) 

where z~=  0 ~ - ~  (1 - - ~ ) # ~ ,  O <  0~< 1. 
~ o w  we remark  Sha.~ for ~ ,  tt~ (and heace z~) in a small neighbourhood of ~o 

we have 

(2.18) I grad~ b~.~(x~, z~)] < C. 

In  fact,  first of all, we see that ,  for any multi-index ~== (~ ,  ..., ~,) 

(2.]9) [ ~b~,~(x, ~)1 < C ,  Vx  ~ R", I~] = 1, holds.  

Thereafter,  for any ~ e R ~ { 0 } ,  we get:  

t ~ . o ( ~ , ~ ) t =  ~)~.o x, t~l = ~ ' ~ °  ~'I~l, ~ < t - ~  <c~ if ! ~ 1 > ~ > o  

(as in the  neighbourhood of ~o which we have considered). 



S. ZAID~/IAS~: Pseudo-di/ferential operators 351 

We have  used here the fact  t ha t  ~,b~.q(x, ~) is homogeneous of order - - 1  in 
respect  to ~. Having then,  from (2.15), (2.17), (2.18), the estimates 

(2.20) k] ~,~ --/~1 <l b~.~(xk, ~k) -- b~.~(xk, /~)l < CI ~ --#,~I 

we arrive at  a contradict ion,  q.e.d. 

COI~OLLAI~Y. - -  With  an absolute constant ,  we have:  

e IL-_ J (2.21) la(x' ~)--a(x'r /) l  < 15l-F-[~l 

for x ~ R% ~, ~ ~ R " - -  {0}. I n  fact ,  we have 

(2 .22)  a (x ,  ~) - a (x ,  ~)  = a ( ~ ,  ~) - a ( o ~ ,  ~)  + a ' (x ,  ~) - a ' (x ,  ~)  = 

--~ a(oo, ~)--a(oo, ~) Jr- (27~)-"/~fexp (ix.2)[5J(~, ~) ~)]d~ 

from where we get the  inequalities 

(2.23) i~(x,~)-~(~,v)l<Cl~l+lv----71+ Gl~ l+ lv  I (X+lal~)-~a;~< 

<C~l~-vl(l~:l+Ivl) -~, v ~ . ,  ~,VeR"--{0). q.e.d. 

O~Sg~VATZO~. -- We have  implici t ly proved,  considering in (2.13) b~.~(x, ~) with 
p-----0, t ha t  the following inequal i ty  

(~.24) (1+ ixl~?l~,(x, ~)- ~,(x, v)l < ci$-vl( l~l  + Ivl )_1, 
VxeR" ,  ~ ,~eR"--{O},  q =  1, 2, ... 

is also satisfied. 

3. - The operator A(x, D). 

Let  a(x, ~)=a(c% ~)+  a'(x, ~) be a symbol,  and,  as previously,  V ~ e R  -, ~ER' - -{0}  
a'(~, ~) = (2a)-"'~fexp (--ix.)~)a'(x, ~)dx. Obviously, i t  results t ha t  d ' ( t ,  ~) e 8(R~) 
uniformly for $ E R" - -  {0} (~). 

Le t  us define, for any  u ~ 8  and xeR" ,  a funct ion v(x)-~ (A(x,D)u)(x),  by 

(3.1) A(x, D ) u :  (2~)--'-~fexp (ix.~)G(~),~ 

(1) Use for that the formula 

( 1 + J~.l 2) D ~ ' ( ~ ,  ~) = (2~)- , l ' fexp (-- ix.  ~)(X - A~)~ ( ( -  ~x)~a'(x, ~)dx, 

and tile definition of a symbol. 
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where, V~eR"--{0},  the function G(~) is given by  

(3.2) G(~) = a(cc, ~)5(~) + (2~)-"r'fS'(~-- ~, ~)~(~])d~. 

Evidently, it has to be proved that G(~) is Fourier transformable; in fact, we have 
G(~) e LI (R ~) as 

Ja( , < m a x  e -nl 
1¢1=1 

theI~ obviously, it is sufficient to show that  

we have in f~ct, Vp-----1, 2, ... 

This last expression is the convolution between (1+}~I2)-~ a.nd iz~(~)l both inte- 
grable for p sufficiently large. 

Hence A(x,  D)u  is continuous and bounded on R'~; we can say then that 

f (3.3) A(x ,  D)u---- a(c~, ¢)~(¢) -~ (2~) -~-~ a ' (¢--~,  ~)4(~)d~ 

is verified the Fourier transform being t~ken in S'. 
Another formula of representation is given in 

P~0POSITIO~ 1. - I /  a(x, ~) is a symbol, we have 

/or every u e 8, x ~ R ~. 

I t  will be sufficient to show that 

1) The integral fexp (-- ix .~)a(x,  ~)u(x)dx is absolutely convergent. 

2) We huve G(~)= (2z) -~(exp  ( - - iy .~)a(y ,  ~)u(y)dy, V~R'*- -{0} .  

We have 1). In fact, as a(x, ~) -~ a(c~, ~) ~- a'(x, $), it is sufficient to prove the 
absolute convergence of 

which is obvious, ~nd gives a(c~, ~)i~(¢) for u e  8, and of fexp ( - - ix .~)a ' (x ,~)u(x)dx ,  
for qt~ 8. As [a/(x, ~)[ <C~(1+  ix]:) -~ for every p, we have 

dx .  
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In  order to prove the 2), i t  is sufficient t ha t  

(3.5)  (2~)-~fa'(~-~, ~)~(n)a~ = (2~)-'~°fexp (-~x.~)a'(x, ~)u(x) dx 

be verified. By  Fourier 's inversion tormula (valid in the case which is considered 
here) We have 

(3.6) a'(x, ~) = (~)-~'~'-fexp (ix').)Sr(~, ~)d)., x v R  "~, ~ R " - - { O }  

the integral being absolutely convergent. 
Or, the (( double )) integral,  for u ~ 8 

(3.~) ~fexp (-ix.~) e~p (ix.~)~'(~, ~)u(x) dxd)~ 

is absolutely convergent:  

(3.S) 

Hence, by  Fubini 's  theorem, we have 

(2~)-~t~exp (-- ix .~)a '  (x, ~)u(x)dx = (3.9) 

--  (2~)-,~ ix . (~--  ;.)]~'(), ~)d;~] U ( X ) ~ X .  

By making in the internal integral the snbstintion 

(3.10) }~ --  ~ = / ~ ,  ..., }~ --  A~ = / t ~  

we arrive at  equali ty between (3.9) and 

(3.11) (2~)-~f(2~)-"'-(fexp(--ix.~)a'(~--#,$)d~)u(x)dx= 

q.e.d. 

A fundaments l  property  of the operator A(x~ D) is given in 

THEOtCE~ 2. - We have the inequality IIA(x~ D)ul l ,< C, II.ull,, Vu  ~ 8, s being real 
arbitrary. 

We have in lact  the immediate  decomposition: 

A(x,  D) : A(c~, D) + A'(x ,  D) . 

We must  remark tha t  ~or u e  8, we have by definition: 

A(~,  D)u(~)  = a ( ~ ,  ~),~(~) , A ' ( x ,  1))u(~) = ( ~ ) - ~  '(~--~, ~)~(~)~ . 

23 - AnnaH d~ ~Iatema~ica 
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Then we see first of ~Ii 

(3.12) , Id (~ ,  D)ull~=f(l÷ ] ~[ ~)~la(oo, ~)~($)i"d&< ( sup Ia(oo, ~)t )"llull~, 
I~I=l 

(3.13) HJ(oo, D)ul!,< ( sup t a(c~, ~)I )IlutI~ • 

Less tr ivial  is the  est imate for A'(x, D)u. I ts  Fourier tra.nsform (in S') equals 

And then (using the  definition of HD, we will have to estimate the norm 5 2 of 
the  expression 

(3.14) (2aO-"~( 1 ÷ l}I "-)'~/~fa'(~ - -7 ,  ~)~(7) d7 

which is equal to 

(3.15) 

Now, the proof is similar to tha t  given in Preliminaries for a more special case. 
Again we shall use the est imate (some t ime credited to J. PEETRV.) 

We observe first of all tha t  

(3.16) ~ u~(~)l 

< c.j(~ + 1~-71 ~)l,ln-~(1 ÷ 17t ~)*/-) ]~(7) l d7. 

Then, m~king the substitution ~--~/:-=7' we arrive ~t the inequaJity 

7')d~' 

where 

(3.18) K(~, 7') = (1-}-t~/'I ~)1~t~:-~(1 + I~ -7~I2)~21~(~-~)1 - 

.ence I~T~(~tt 2< c~(f~(~,,'t~7') 2 and (f I~(~)l ~ )  ~ < c . (X(/~(~ ,  , ' ) ~ , 7 ~ )  ~ whioh 
is, by Minkowski~s inequali ty for integrals, est imated in 

I3.~o) it ~.ll0 < v.f(fg'-(~,  7') ~ ) % ' =  

(when we t~ke p sufficiently l~rge). 
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Now Theorem 2 is a consequence of the relation 

[[(A(oo, D) ÷ A'(x, D))~l[=,< l[A(oo, D ) u l l , . ÷  I[A'(x, D)u l l , .<  Gllull~. 

I t  proves tha t  the  operator A(x, D) is of order <0 .  
By  density arguments we m a y  extend A(x, D) to a linear continuous map of H '  

in H% und this for any  real s. 
In  the next  Chapter we define a similar, bu t  different operator associated to 

given symbol a(x, ~); we s tudy  its properties and relationship with A(x,D). 

4 .  - T h e  o p e r a t o r  A(x, D). 

Let  a(x, ~) be a symbol;  we define an operator A(x, D) of S in S' by  means of 
the formula 

(4.1) A(x, D) u -~ (2:r)-'J2~exp (ix. ~)H(~) d~ 
5 

where, for u e 8, the function H(~) is defined by  the relation 

(4.2) H(~) = a(~, ~)a(~)÷ (2~)-"'~fX(~--~, V)a(V)@, ~ e R"--{0}, u e 8. 

With the same proof used for A(x, D) we have:  the func.tion A(x, D)u is conti- 
nuous and bounded, for x eR". Besides, we see tha t  if the symbol a(x, ~) does 
not  depend on x, we have A(D)= A(D). 

Another formula of representation is given in 

PROPOSITION 2. - We have: 

i. 

A(x, D)u = (27e)-~/2J exp (ix.~)a(x, ~l)~(~)d~ , Vu e 8. 

P~ooF. - As a(x, ~) = a(c~, V) ÷ a'(x, ~7) and ~(~) e 8, the integral is absolutely 
convergent.  

We have, then:  

(4.3) (2=)-,"~fexp (ix.~)[(2=)-"'~fx(~-v, V)a(v)dv]a~ 

is absolutely convergent because 

f f ta' (~--V, V)I~(,)I dVd~ < (4.4) 

< 

for p large enough. 
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Furthermore  we see tha t  (4.3) equals 

(2~)-~,f-~a'(~, r]) .exp (ix .~)~(r]) dr]. 

This will prove Proposition 2. 

E X A 3 I P L E .  - -  AS an useful a.loplieation of Prop. 2, let ns take a fixed f~net.ion 
u(x) ~ C2, and then the  sequence 

~(x) - ~ o - ~ ( ( x -  xo)~) exp (i(oO.~o)~,), ~ = ~, 2, ..., 

where xo~Suppu,  <~nd I$oI = :l. Then it  follows 

(o~(~, D) ~,)(x)  = ~,-" ~,,((,~-- .%)~,,~) e~p (~(~. $o) ~) ,  

where v~(x) <~re defined by 

v,.(x) = (2~)-~s~fa(xo -7- ~-'~, ~o + ~P'-~)/~(r]) exp (ix.~7)d~ 7 . 

We see theft (v~(x))~'_~ ~s an uniformly bounded sequence, and it can be proved tha t  

lira v~(x) = a(Xo, ~o) u(x) 

holds~ uniformly on bounded se~s in R ~. 
In fact, we get easily that 

.~f[ ( x r~o~_~/~)_a(Xo,~o)]~(~)exp(ix.~])d~" v,(x) - -  a(Xo, ~o)U(x) = (2z) - ~  a Xo ~- ~/-~, 

5[oreover we have, being a(xo, ~o)~ a(xo,r~o), v =  1, 2~ ..., the  estimnte 

-I- l(a(Xo, ~ o ÷  ~,I~)--a(Xo, ~ o ) i <  IXlsup Igrad~ai + 

(we use here (2.21) and (2.1)). 
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Consequent.ly we hgve 

c ix i ( fly I l (v)c _ 

which proves  t he  result .  
I t  can be  shown, exac t ly  as wi th  the  opera tor  A(x,D) tha t ,  V real s, the  

es t imate  

[] 4(x, D)ul l .<  Col[ull., u e  8, 

is verified. 
Considering only the  case s = 0, and  b y  the  densi ty  of 8 in L% we can ex tend  

A(x, D) ~nd A(x, D) b y  cont inui ty ,  to  l inear  operators  of L ~- in L -~. 3~ow we h~ve 

P~OPOSI~ION 3. - Let a(x, ~) be a symbol, and ~(x, ~) its complex con}ugate, oper- 
ator A(x, D) associated to a(x~ ~), operator A(x, D) associated to -d(x, ~). Then we have 
the equality: 

(A(x, D)u,  v)s.-~ (u, A(x, n)v)L., Vu, v e L  2. 

I t  will be sufficient to  show t h a t  for u~ v E 8. We  have  first of all: 

(4.6) ;4(x, D)v = (2~)-o'~fexp (ix.v) ~(x, V)~(V)@, Vv E (Prop. 2). 

Hence  we get,  when (u, v)~.-~fu(x)~(x)dx, the  equal i ty  

:Now, b y  PL~ZCItE~EL'S formul~ we obtain~ using Mso Proposi t ion 1 

(4.s) 

• a(y, ~)u(y)~(~) d~ dy 

which is exac t ly  (4.7). 

R E ~ I ( .  - Le t  a(x, ~) be ~ symbol  of special t ype :  

a(x, ~)-~ a(x)b(~). 

Then we h~ve 

(4.9) A(x, D)u -~ a(x)b(D)u, A(x, D)u -~ b(D)(a(x)u(x)), Vue 8. 
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In  fact ,  we see t ha t  

~(x, D)u = (2~)--~2fexp (ix .~)a(x)b(u)(e(~l)d v -- a(x)b(D)u 

D )~u = (z=)-,.~fexp ( -  iy.~)a(y)b(~)u(y)ay = b(~) a~(~)  = b ~ ( ~ )  A (x, 

and this gives the remark .  
Now we ~re able to prove  the  following 

1)~OPOSZTIO~ 4. - We have the relation 

(4.10) II(A(x, D ) -  A(x, D))u[1,< C, llull,-~, 

I t  is known tha t  A(x, D)ue  8' ~nd tha t  

- 

Au(~) = a(~o, ~)~(~) ÷ (2~)-.'~ '(~--~, ~)~(~)d~ 

{Fourier t ransform in 8'). The  same is valid for A(x, D)u and 

.~(x, ~)u(~) = a(oo, ~)~(~) + (~)-~,~ a'(~--~, ~)g(~)dr~. 

Hence,  we obtain,  wi~h Fourier  t ransform in 8' 

(~J_l) (A-- ~)u(~)= (2~)-~'~ c~'(~-- ~, ~)--a'(~--~, ~))~(~)a~. 

Therefore,  we will have  to  est imate the norm L ~ of the expression 

~7))~(~)d~ 

We have 

(4.13) 

VU @ 8~ 

V u e  8. 

I~1 
Vp : t ,  2, ..., ~, ~ eR"- -{O}  

(we used here Theorem 1, e)). 
We  have  now the  following 

LE~i-~A. - For every ~, ~ e R"--{O} we have the inequality: 

(4.14) I ~-,~1(1~1 + I,fl)-l< c (1÷  i ~-,;1~)~(1+ I,fl~) -~ 
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I n  fact ,  we have ,  for ~ , ~ e R " - - { O } ,  the  evident  re lat ion I$--~1 +i~-,; l lvl < 

<[al + Ivl ÷ lv] l~-v l  ÷ I~ l l~ -v l ,  w~ch  is equivalent  to 

I ~ - v l  ~ ÷  I ~ - v l  < , ~, n e R. - {0}. 
l a l+ lv l  1-I- Ivl 

Now, i t  will be  sufficient to observe that~ for 0 < c < C, we have  

and  to subst i tu te  

~ <  ( 1 +  t~t ) (~+ 1¢1~)-~ < c ,  V t z R "  

( ~ ÷  !~--~1)< ¢(1-I- t~--~t~) ~ , ( ~ +  tvt)> c (~+ tVP) ~ . 

Continuing now the  es t imates ,  f rom (4.13) we have  for ~ e R " - - { 0 } ,  t h a t  

(4.15) I U~(~)l < elf(1 + i~-- ' f l  ~pt,~ *+*(~ + I'~I ~)~'~ ~ i~('~)l @ 

and reasoning as in the  proof  of Theorem 2, we deduce the  result.  

I~E~A~= 1. - The resul t  above  means  t ha t  A -  A is an opera tor  of order 
< - - 1 ;  for any  real  s, A - - A  extends  to a l inear cont inuous m a p  of H ~ into H~+I; 

this implies  t h a t  A -  A has a cer tain <( regularizing ~> effect. The  p rope r ty  is also 
useful in the  following way :  suppose to have  an es t imate  for opera tor  A ;  then  we 
can get  same k ind  of es t imate  for the  opera tor  A b y  wri t ing t ha t  A =  A - - A  + A, 
apply ing  (4.10) and the  known  es t imate  for A. Final ly ,  sometimes we m a y  neglect 
operators  of order 4 - - 1 .  Then we can say t h a t  A ~ A (mod operators  of 
order < - - 1 ) .  

I~n~A~K 2. - Proposi t ion 3 means  t h a t  A is the Z'--adjoint of A;  for real  sym-  
bols A =  A*. Hence  A = A* iff A---- A; this happens  for special symbols  like a(~) 

or b(x); we don ' t  know a necessary and  sufficient condit ion on a(x, ~) in order t h a t  
A(x, D) = A*(x, D). 

L e t  us give now another  proof  of Proposi t ion 3. We  will use the  definition 
(in case ~(~ ,  ~ ) =  o): 

(4.10) Au(~) = (2~)-~,  (~--~, ~)~(~)o~, ~u(~) = (2~)--,~ (~--~, ~)~(~)~ 

and  the  re la t ion to  be  p roved  becomes,  when we use P lanchere l ' s  theorem again 

(4.17) 

or 

(4.1s) 
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Let  us observe here tha t :  

(4.19) 
a( ; ,  V) = ( 2 ~ ) - ~ f e x p  ( - - ix .  ~)~(x, V)dx,  

~(~-, V) = (U=)-"~fexp (ix.X)~(x, V)~Zx = a(--  ~., V) . 

Therefore, the relation to be proved becomes: 

(~.20) 

changing the v~riable: ~ =  ~, ~ ~, it becomes obvious. 
The ease a(c~, $) va 0 does not  introduce any new difficulty. Let  ~(~) e C a ---- O, 

for t~I< ½, = 1  ior ]$]~>1, and ~ ( D ) =  ~--~(~(~)~-), the  assoeiuted operator.  
Define two new operators:  

and 

A:(z, 9)  = ~(Jp) A(x, 1)) 

At(x, D) = A(x, 1))~(J9) , A:(x, D) - -A(x ,  D ) =  (~(D)--E)A(x,  D) 

where $ ( D ) - - E  has t rue  order ~ - - - c ~ ;  similarly A¢(x, D ) - - A ( x ,  D) is an operator 
of order = -  ~ .  I t  follows tha t  

A~(x, D) - -  A~(x, D) ~= A(x,  D) - -  A(x, D) ~ T ,  

where T has order - -c~ .  By  (4.10) we deduce, Vu~  8, relation 

Fur thermore ,  the  L2-adjoint of At(x,  ~ )  is A*(x, D)~(D) = ~(x ,  D)~(~) ~-- ~¢(x, D) ; 
this because ~(JP) is self-adjoint for real-valued ~(~). 

5 .  - P r o d u c t  a n d  c o m m u t a t o r s .  

PlCOPOSITIO~. - Let a(x, ~), b(x, ~) be two symbols. 
is a symbol too. 

As 

Then e(x, ~)==a(x, ~)b(x, ~) 

Obviously,  c(x, ~)~ C~(R~×R"- -{O})  as a(x, ~) and b(x, ~) are in this space. 
Besides, V t > 0 ,  

e (x , t~ ) -~a(x , t~ )b (x , t~ ) -~a(x ,  ~)b(x, ~ ) : c ( x ,  ~), x e R  ", ~ e R " - - { 0 } .  

lim a(x, ~) = a(oo, ~) , lira b(x, ~) = b(cxz, ~) 
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exist, for ~ R  " - { 0 }  the same is valid for e(x, ~); 

lira c(x, 8) = c(c¢, 8) = a(c~, ~)b(oo, ~) 
1~1~ 

which exists for ~ E R" - -  {0}. 
Hence:  if we put  c'(x, ~)= c(x, ~)--c(c~, ~), we have:  

c(x, ~) = (a'(x, 8) -F a(oo, ~))(b'(x, ~) + b(oc, $)) = 

-~a'(x, ~)b'(x, ~ ) +  a(c¢, ~)b'(x, ~ ) +  b(oo,~)a'(x, ~ ) +  a(c~, ~)b(oo,~).-~c'(x, ~) + c(c~, ~) 

where 

c'(x, ~) = a'(x, ~)b'(x, ~) + a(oo, ~)b'(x, 8) + b(oo, ~)a'(x, ~). 

Obviously c(oo, 8) ~ C~(R"--{0}).  
Let  us now remark now tha t :  

(5.1) ( 1 +  Ixl2yIJg:~¢(x,  ~ ) l<C .... ~, 

'exeRt, ~ e R - - - { 0 } ,  p = 1, 2, .. . ,  ~ =  (~1, . . . ,  ~ ) ,  ~ = ( ~ ,  .. . ,  ~ )  

(consequence of Leibniz's theorem). 
Let  C(x, D), A(x, D), B(x, D) be the operators corresponding to e(x, ~), a(x~ ~), 

b(x, ~), respectively. We have 

A(x, D) = A(.~,  D) + A'(x, D),  B(x, D) = B(oo, D) + B'(x, D) ; 

(5.2) A(x, D)B(x, D) = A(oo, D)B(oo, D) - /  

+ A'(x, D)B(ov, D) + A(oo, D)B'(x, D) -+- A'(x, D)B'(x, D). 

We denote a/c~ , ~)b(c~, ~ ) =  y ( ~ ) =  c(cx~, ~); a'(x, ~)b'(x, ~)-~ k(x, ~), a(oo, ~)b'(x, ~ ) =  
= k~(x, ~), b(c~, ~)a'(x, ~)= ko(x, ~). Then, 

(5.3) C(x, D) = y(D) + K(x, D) + Kx(x, D) + K2(x, D) . 

Hence;  we have some simple results: 

L E ~ A  1. - We have y (D)u= A(oo, D)B(ov, D)u ]or ue  8. 

In f~ct, 

y(D)u(~) = y ( ~ ) ~ ( ~ ) :  a(cx), ~)b(oo, ~)4(~)=  

= a(oo, ~)(B(cx), D)u~)(~) = A(oo, D)(B(o3, D)u)(~) ; 

hence, by  Fourier 's  inversion formula,  valid in S', we arrive at  Lemma 1. 
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Ln~A_ 2. - We have Kl(x, D) -~ A(c~, D)B'(x, D). 

In fact, 

K~(x, D)~-"-~(~)= (2~)--~fa(~, ~)~'(~--V, ~)~(v)dv 

(as kl(~, ~)= 0, and kl(~, ~)= a(~,  ~)~'(~, ~)). ~el~ce 

(5.4) K~(x, ~)u(~)= a(~, ~)B'(x, D)u(~)= A(~ ,  D)(B'(x, D)u)(~) 

and this is t rue  for any  u ~ 8; whence the  L e m m a  follows. 

LE~VIA 3. - We have K~(x, D) = B(c~, D)A'(x, D). 

The proof  is the  same,  as in L e m m a  2. ~ e t  us examine  here the difference 

A(x, D)B(x, D ) -  C(x, D) = A(c~, D)B(c~, D) + A'(x, D)B(c~, D) + 

+ A (c~, D)B'(x, D ) +  A'(x, D) B'(x, D)- -A(c~ ,  D)B(c~, D)- -A(c~ ,  D)B'(x, D ) -  

- -  B(oo, D)A ' (x, D) - -K(x ,  D ) =  [A ' (x, D), B(o% D ) ] +  A ' (x, D) B' (x, D) - -K(x ,  D) 

where [ ] means  the  c o m m u t a t o r  be tween  the  two operators ,  and K(x, D) is the  
pseudo-differential  opera tor  associated with  k(x, ~ ) =  a'(x, ~)b'(x, ~). 

Le t  us begin b y  proving  the  

PI~Ol, OSI¢IO~ 5. - We have the relation (*) 

(5.5) II[A'(x, D), B(c~, D)]ull~< C~[lull,_,, V u e  S, V real s. 

I n  fact ,  we app ly  the  formula  

(5.6) A'(x, D)B(oo,  D)u(~)-~ (2=)-~/0" fg ' (~ - -  v, 

(2=)--,~f~'(~-- v, ~) b(~, V)a(V)gV. 
Besides, 

B(oo, D)A'(x, 1))u(~) = b(oo, ~)A'(x, D)u(~) = 5(0% ~)(2~)-~ '(~--~, ~)~(~)~ 

a~d hence 

[A'(x, D), B (~ ,  D)]u(~) = (2z)-~fS'(~-- V, ~)(b(~, ~) ~)) ~(~)d~.  

As b(o% ~) is homogeneous  of order O in ~ and C~(R"--{O}),  we have ,  as seen a t  

the  beginning,  for ~, ~ ~ R ~ - -  {0} 

(5.~) l~(~,~)-~(~,~)]<c[~-~l(l~l+l~l)-~<¢(~+l~-~l~)~(l+Ivl~) -~. 

(*) 0bviously the s~me holds if we replace A'(x,D) by A'(x,D) and B(~:),D) by 
:~(~,  D) = B( ~ ,  D). 
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Hence,  we are obliged to es t imate  the  no rm L ~ of the  expression 

(5.8) U,(2) = ( 1 +  t 2t 2)*J~(2~)-'~=ja'(2-- 7, 2)(b(c~, 2 ) -  b(c~, 7 ) )~(7)dv .  

We have :  

Iu,(2)l 

f rom where we arr ive,  as before,  a t  the  desired est imate .  

A more  refined technique is necessary in order to prove  (*) 

THEOt~E~ 3. -- We have the relation 

(5.9) ll(A'(x, D)B'(x, D ) - - g ( x ,  D))ulI~<C~IluIl~_l, V u e  S, V real  s.  

Le t  us consider the  opera tor  K(x, D) associated wi th  k(x, 2): 

b u t  we have ,  for k(x, 2)= a'(x, 2)b'(x, 2) t ha t  

(5.xo) ~(;~, 2)= (2~)--,~fx(;~-~, ~)~,(~, 2)d~ 
whence we ar r ive  a t  

(5.11) g(x ,  D)u(2) = (~)-~ (7) ' ( 2 - -7 - -~ ,  2)~J(~, 2)d# 47 = 

I n  the  inter ior  i~tegral ,  we make :  7 + # = ~; d7 = d~; i t  follows 

And  once more ,  in the  inter ior  integral ,  we m a k e :  T - - #  = v, dtt = dr. 

(*) Same estimate holds for operator o4"{x,D)~5"(x,D)--J~(x,D) which equals 

(o4'(x, D) -- A'(x, D))~'(x, D) + A'(x, D)B'(x, D) -- K(x, D) + 

+ A'(x, D)(ff~'(x, D) --B'(x, D)) + K(x, D) --~(x,  D) 
as e~sily seen. 
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W e  have  now 

H e , c %  we ar r ive  a t  

(5.14) Ku(~)-~ (2xt)-" '(~-- v, ~)5'(v--~l, ~)(t(~l)d~Tdv . 

On the  o the r  hand ,  we have  

A.'(x, D)B'(X, D~u(~) -~ ( 2 z ) - " ~ f d ' ( ~ - - ~ ,  ~ ) B ~ ( ~ ) d ~  (5.15) 

a a d  besides:  

(5.16) B ' ( x ,  D ) u ( v )  = (2z~) - . ~  b ' (v  ~ ~, V ) ~ ( v ) d v  ; 

a~d  hence  we shall  ob ta in  

B y  mak ing  subs t i t u t i on  ~ ~ v, ~ ~ ~, we ar r ive  a t  

(5.18) A'-(x, n)B'(x, D)u(~)~- ( 2 = ) - - f j a ' ( ~ - -  v, ~ ) 5 ' ( v - - ~ ,  ~)a(fl)dfl dr. 

The  abso lu te  convergence  of t he  (( double  )) in tegrals  here  cons idered  resul ts  f rom 
the  es t imates  

(5.19) I a ' (~ - -  v, ~:)] < C~(1-~- I ~ - -  ~:1 ~) -"  , 

Vp = 1~ 2, . . . .  

There fore ,  we can express  t he  difference (A'(x,D)B'(x,D)--K(x,.D)~u(~) b y  the  
(( double  )) in tegra l  

(5.20) .f ~))~(~)~dv. 

L e t  us examine  he re  t he  n o r m  15 2 of the  express ion  

(5.21) ~(~) = (2=)-.ff(~+ [~i - . )~x(~-~,  ~)(~ ' (~-~,  ~ ) - ~ ' ( ~ - ~ ,  ~))~(v)~v d~ • 
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We huve, first of all, the  pointwise est imate,  V ~ e R " - - { 0 }  

(5.22) ~U#~)i<Cf j`(~-FI~)~'~(~-F~-~i~)-~(1-~-~-~P)~fl~-~(~-~-[~I)-~(~)~dv~ < 

Let  us denote now: 

(5.23) 

(5.2,~) 

We remark  Shut i~ follows, Y ~ e R " - - { 0 }  

(5.25) d r .  

Therefore,  we have only to  prove the inequal i ty  

H(~,  7, "c) = (1 -~ I'c - -~ [  °-)-~(1 ~ - I~  - -  ~'l °')-~+'~ ( 1 -Jr l "r] 2)-½ 

1 2 s12 (1+ l~l')'~ G ,~ ~)d, K,(~,~)---- (l~-lvl,)(,-,),,J re, v ,  • 

V u e  8. 

I n  order to do thu t  we shall prove here a more general result,  which is given in 

LE~I~A 1. - Let  r(~, ~ , T ) >  0 be a /unct ion such that fr(~,~], "r)dT: < oo /or every 
~, ~ f ixed in  .R"--{O}.  

W e  denote 

1 +  I~IQ "P- [" 
_ _ _  ,_, , irt#: 

~,(~, ,7)= ( 1 +  i~i ~),,-1,~3 '~' 'j' ~)a~, 
and we suppose 

(5.27) 

is veri]ied. 

Then,  there is a constant C8 such that the inequali ty  

(f( f f(1 + r ~l .)..',(~. 7.3)t~(,)1 a, a,)-~ a~)-~ < c.lt~ ;r.-.. 

P~ooF o r  LEYr~A 1. - We remark  tha t  in fact ,  we have 

$, VeR"--{o}. 

r u e  8, V real .9 

(5.2s) ffr(~, 7, 3)(1+ I~l')"'l~(~)t d~d~=f~o,(~, ~)(1+ l~l ,) l , -1, , ,I~(~)l  d ~ .  
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Let us put v ( v ) =  (l÷lvl~)(~-l"~l~(v)l • 

(5.29) 

(5.30) 

We remark  t h a t  (*) 

Hence  we have also: 

= L I I - l l , - , .  

We shall app ly  L e m m a  1 t ak ing  r(f ,  ~], ~) = H( f ,  ~], ~) and  ~o,(f, ~]) = Ks(}, fl). 
We see readi ly  t h a t  (1) fH(f, v, v ) d ~ <  co, and  it  remains  to prove 

L]~M3~ 2. - We have 

(5.31) fK~(f,  ~)df<-..L, fK~(S, ~])dv<L. 

I n  fact ,  

{ld~_ I fl~}~'~ ((1 

~ecause we have the k~own estimate (1 + i~t ~)-~ < 2 q 1 +  I~t ~ H ( I +  If - -  ~i =)~, we 
obta in  

/" 
f/) < t ~-1~-Ii~ 2½_1(1@ I'r--rtl ~')-r(1 --t-t~--~:f~) -~*~dr" < (5.32) K~($, 

< c~(1 + l~-vl ~)'~-~'@~ + l~-vt + TI 

Now we have ,  ( 1 - t - l f - - ~ l ~ ) " - ~ " ~ < C ( l +  I f - ~ l ~ ) " - l " " ( l + l ~ - v l ~ )  ''-~''~, a n a  hence 

(5.33) K, (~ ,  V) < ¢,f(1 -t- I ~ : -  ~1 ~)-~°+~+1~-'['~( 1 -F I-¢ - vl ,)-,+,,-,,,,d~. 

(*) This proof, quite well-known in fact, was communicated to us some years ago by 
the colleague S. TAKAHASHI (see however Seeley's lectures in St,resa, C.I.~.E., 1968). 

(1) For sufficiently large p. 
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We denote at  this stuge: 

: f (  1 + f t -  ul ~)-~+,~-l,,~(:t + jut ~)-~+~+'~-~',~du, t ~ R~,, ;~(t) 

where p is lsrge enough. 
We see t h a t  ~(t) c L ~ us convolut ion of two integr~ble functions ; hence, we h~ve: 

~(~- ~) =~(~ + I ~ -  v - ul ~)-~+,o-~',~(~ + I~I g-~+~+'~-~"~ = 

-~ (by subst i tut ing u : ~ - -  ~) ==j(1 -+- I~--~][ ~)-~+'~-~r~(1 + I~--  ~! 2 )-p+ lWls-lll2 d T  " 

Hellee, we get  

K,(~, V)< ¢,2(~--V) 
und obviously: 

which proves the Lemmu 2. 
Hence,  for Lemma  1 we huve thu t  

( ,  

(5.3~) 

and this proves Theorem 3. 

I] u,(~)lJ-< clluI!,-~, Vu~ 8 

COI~OLI._~¥. - I] A(x, D), B(x, D) arv two pseudo-diHerential operators~ the com- 
mutator [A(x,D),B(x,  D)] is o/ order <--1 .  

111 f~ct, we huve thu t  

A(x, D)B(x, D ) -  (ab)(x, D) = [A'(x, D), B(x, D)] + A'(x, D)B'(x, D) -- K(x, D) 

is of order < - - 1  us by  Theorem 3 uud Proposi t iou 5. 
I n  the  same way,  we can prove  thu t  B(x, D)A(x, D)--(ab)(x, D) is of order 

4 - - 1 .  Hence  we urrive ~t~ the  desired result  (*). 

RE,AlVIn. 1. - ]Jet a(x,~) be u symbol such thu t  la(x ,~) l>~>O,  V x e R% 

V ~ e R ' - -  {0}. Then  one curt see thu t  b(x,~) ---- (a(x,~)} -I is aguin s symbol. Hence 

a(x,~)b(x, ~) = 1 V x e R ' ,  ~ R  ~ -  {0}. The operutor A associuted to c(x, ~) - -1  is 
the  iden t i ty  operutor.  Hence we get 

Fu r the rmore  we have 

'a = u -  ~-A,a + ~ A u ,  

Vq,~, c- S.  

Vu~ 8 .  

(*) Same result holds for the commutator [A(x, D), ~B(x, D)] as follows from footnotes 
to Prop. 5 and Th. 3. 
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We derive inequali ty 

Ilulio<eI[~ll-1 + [i,~ I[~(~*;,,," [1 ~][o<c~([[ ~ul[o + Ilul[-,), ~qt ~ L ~ , 

Same est imate holds when we replace A by A. 
We have also the in teres t ing  

Rn~ARK 2. - Let  a(x, ~) be a symbol and A(x, D) the associated p.d.o. Assume 
tha t  2o e(lY is an eigen-vMue of A(x, D) (in L~(R~)), such tha t  la(x, ~ ) -  ~ol > o~ > 0 
V x e R  ~, [~1~ 1. Then,  any  eigen-vector no(x) corresponding to 2o is a C~-function. 

In  fact,  b(x, $)=(a(x, ~)--2o) -~ is a symbol. I f  B(x, D) is associated to it  we get, 
as in Remark  1, t h a t  B(x, D)(A(x, Z) ) - -2oE)= E +  T, where E is the ident i ty  
operator and T has order < - - 1 .  I t  follows: O=B(A--2oE)uo-- - -uo+Tuo,  i.e. 
no----- Tuo. Beh~g uo e L  ~, i t  follows tha t  Tuo ~ H  ~ and uo e H ~ too. 

c o  

In  the  same w~y we get t ha t  uo ~ ~ H * ,  which implies, as wellknown, t ha t  
no(X) e C=(R"). ~:o 

Let  us consider now the operator I ~ = ( I + ] D I ~ ) ~ ,  defined by  I~u(~)= 
= ( 1 +  [~I~)~4(~), V u e  8. A useful result  is given in 

TH]~0~E~ 4. - Let a(x, ~) be a symbol, A(x, D) the associated pseudo-di]]erential 
operator. We have: 

(5.35) II [A (~, D) ,  Z~] [l~,,~')< C 1t ~ ll-~-~, w e s .  

In fact, we have: 

(5.36) 

and also 

(5.37) 

-t- (2x)-"'2fa'(~--r/, J)(1-~-lr/lg~,~(r/)d~, 

I~A(x, .D).~"~"~(~)= (1-~ l ~ I ~ ) ~ ' ~ A ( ~ ( $ ) =  (~+ l~l 9~'~a( ~ ,  ~)g(~)Jr 

(2s)--'2f~'(~ -- r/, ~)(1 -j- [~] ~),~,2 q2(V ) dr/ + 

and hence i t  can be deduced tha t  

(5.38) [A(x, D), [,]u(~) =(2x)-* '2fa ' (~--  V, ~)[(1-+-lV]'2)'~'2--(1~ - I~i°)s'~]~(r/)dV = v~(~), 

~eR--{o}.  

By est imating the norm L ~ of U~(~) we have first of all the point-wise estimate 

(5.39) I~L(~)I < G f ( l +  I ~--r / ] '~)-~[( l+ I r/l-') ~'~ - -  ( 1 +  [ ~1 ~)~'~J I~(,;)Tdr/. 

Let  us remark here the elementary inequality,  for 0 < 0 < 1 

(5.40) (1+ Iv + o(~-r/)Lg'~-l"2<~'~-l"~( ]-+ [r/I 9¢s-1)'~(1 + ]o(~-r/)l 9 '~-~''~ 
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and therefore, as Is--11/2>0,  0 < 0 < 1 :  ( 1 - ] - ( o ( ~ - ~ ) 1 ~ ) , ~ - . . ~ < ( 1 + 1 ~ - ~ i . ) , ~ - ~ , ~  
whence 

By Taylor~s formula, we have 

(5A2) (1-}- [ ~l")~'-- (1 ÷ IVI")°~" = ((~--V), grad ( 1 +  l ~ l " ) ~ ) ,  $----- V ÷  0(~--~) 

(5.43) l(1+ 1 ~I-'V"--(1+ ]~l"V"l<I~-vllgrad(l+ I~1")%~:[. 

As we have 

~ ( ~ +  i ~1~)~ = ~s(~ + I~l,) ~,~-,, 

it follows tha t  

(5.4~) 

and hence 

igr~d ( ~ +  I ~l'P'i = l~Ilsl(; ÷/~I")"'-'<l, l  (~ + I ~I-'P ''~-" 

(5.~5) t(1+ I ai"),"~--(1-F Ivl")~'~i<la-vl l , l ( l+ lvH- o(a-v)l"P-"~"< 

<lsl ( 1+  I ~-~l"-)~-(1 + I~ + o(~-~)1 ')"-'"~ < 

< l s l ( l +  I ~-~1")~2'~-"~"(~ + I~1,),~-,),o(1 + l a - ~ l , )  ,~-,.. . 

Int roducing (5.45) in (5.39) we shall obtain 

= c , . , f ( l +  I t - ~ i  ~)-~+,,-,~+~,~(1 + {~i ~P-"° I~.(v)l d r .  

From here on the proof finishes as in Theorem 2, when we take large enough p. 

t~E~A~K. - Same proof works for the  commuta tor  [A(x, D)~ I~] (just replace 
in (5.38) 5 '(~--  V, ~) by  5'(~-- V, V)). 

6. - Some inequalities. 

We want  to prove the following (*) 

TttEOI~ESI 5. - Set A(x ,  D), 52-->L ~ be a pseudo-differential operator associated 
with the symbol a(x, ~), such that a:= ~ and 

(6.1) a(x, ~)>7 

{*) Same result holds for the operator A(x, D); also, nonreat valued symbols a(x, ~) such 
that Re a(x, ~) > y can be considered. The proof uses (6.2) and (4.10). (cfr. wi~h our paper [4], 
Th. 3). 

24  - A n n a l i  d i  ~ ] I a t e m a t i c a  
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]or 121--= 1, x~t~.'. Then ]or every e >  0 there is a constant C'(s) such that, /or u e  8 

(6.2) 

is refilled. 

t ie  (A (x, D)u,  u)L. + C'(~)tl u ll~-½ > (y - -  s)Ilu II~' 

P a o o r .  - In  fact,  we have obviously, for a rb i t ra ry  e > 0, the inequal i ty  

(6.3) a(x, 2)- -  y -~  e>s  , 

for  I$1 = 1, x e R  ~. 
Let  be b(x, ~) = (a(x, ~ ) - - y +  s) ~, x e R  ~, t21 = 1; for arbi t rar i ly  2 e R " - - { 0 }  we 

pu t  b(x, ~ ) =  b(x, ~/l~l ). Hence  b(x, ~) is homogeneous of order 0. I t  is (( e a s y ,  to 
ver i fy  t ha t ,  when x 6  R" and 1~I-----1 we have  

(6 .4)  

if we are based on the  same p roper ty  valid for a'(x, ~) and upon the fact  t ha t  

a ( x , ~ ) - - y ~ - e > e  for 2 e R ~ - - { 0 } ,  x~ /~  ~. 
Hence,  b(x, ~) is a symbol  in the sense of KOH~-NllCE~BE~G. We consider hence 

the operators B(x~ D) and 55(x, D) associated with the symbol b(x, ~). We have 

1) The operator A - - ( F ~ s ) I - - : B . B  is oJ order <~--1. 

In  fact ,  B ( x , D ) B ( x , D ) ~ b ° " ( x , D )  is of order < - - 1 ,  as shown in Chapter  5. 
Being be(x, 2) ---- a(x, 2 ) - -Y -~ c, we have tha t  b2(x, D) -= A(x,  D ) - -  ( y - - s ) I ,  and 
hence we deduce tha t  B ( x , D ) B ( x , D ) - - A ( x , D ) Z c ( y - - e ) I  is of order ~<--1. 

Hence:  B . B = A ~ ( ? J ~ e ) I @ T _ t  and 3 3 B = - ( a 3 - - B ) B ~ - B . B ;  here T_ 1 is an 

operatoI  of order <-<--1; whence we get 

(6.5) A - - ( y - - e ) I ~ . B = A - - ( y - - s ) I - - B . B +  ( B - -  ,~)B = 

A - - ( y - - e ) I - - A  + ( y - - e ) [ - - T _ ~ -  ( B - -  : B ) B =  T_~-t- g_~ 

as B - - 3 3  being of order < - - 1  and B of order 0 t~heir product  is of order <--i. 
Hence,  we have  also 

2) Let T be an operator of S in S ~ such that llTulI~<... C[luI!s_l (1). Then T is 
continuous of L °- in Z ~, and we have 

(6.6) ~ e  ( Tu,  u)o >~-- C' llutl~_½ , Vu e 8. 

I n  fact ,  we obtain obviously the est imate 

(6.7) l~e (fu, u)0[ 41 (fu, u)0[ < Ilfull~ll~Ls 

(1) For any real s. 
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b y  SC~WARZ'S i n e q u a l i t y  (general ized)  

I(u, v)0l < llulldvll-~, (6.8) 

H e n c e :  

(6.s) 

we t a k e  s----} a n d  we o b t a i n  

(6.9) 

the re fo re  is 

(6.10) 

t~e (Tu, u)4 < Cdu L-diuf[-., 

I 2 ll~e (Tu, u)oI < C'llu,l-~ 

(6.11) 

or 

(6.12) 

~ e  (~u,  u ) o > -  c' liulI~ • 

B y  c o m b i n i n g  1) a n d  2), we deduce  t h a t  

R e  ((A - -  ( r - - s ) Z - -  :~ .B)u ,  U)o>-- C'llu!l'_ ~ , 

n e  (Au, U)o - ( y -  ~ ) I I  ~ It~ - ~ e  ( a .  Bu, U)o > - c' ti u 11 ~-~; 

as b(x, $) = b(x, $), i t  fol lows t h a t  ~ is t h e  / ~  ad jo in t  of B whence  

l~e (Au, U)o--(~ --s)jlulJ~-- IJBujJo~> - C' llull~-~ (6.13) 

a n d  the re fo re  

(6.14) 

Vu, v ~ $. 

V resl s, ucS; 

Vue 8, 

(6.15) 

]or u e $, is veri/ied. 

RE~Amr .  - L e t  b e  K = m a x  la(x, $)l and ,  V N = - ] ,  2, ... 
X~R n 
!~1=1 

K.v = m a x  }a(x, ~)! . 
]~I=1 

T h e n  obv ions ly  we h a v e  /£1 < K~ < . . .  < K .  
F u r t h e r m o r e  we  can  see t h a t  l i ra  K~v ~ - K .  

27-->a0 

llA(x, D)ullo< (K~- ~)llullo+ C~JIuL1, 

l~e (4~ ,  ~)o + c' tju It~-~ > is - ~)li u g ,  Vu e s. 

By usiag this result, we arrive aB the following main 

TI~OI~E~ 6. - Let a(x, ~) be a symbol, A(x,  D) the associated pseudo-di]lerential 
operator. Zet be K - ~  m a x  a(x, ~)1 • We have that Vs > O there is a constant 08 such 

that the inequality I~1~ 
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P~OOF. - In  fact ,  let  be b=-d.a-~[a[~; we see tha t  b(x, $) is a symbol too. 
We pu t  B(x, D) as the associated pseudo-differential  operator ;  then consider ~(x,  D) 
associated with ~(x, ~); -~(x, D) is the L°--adjoint of A(x, D). 

We have  B - - ~ A  is of order < - - 1 .  
In  fact ,  B - - A A - =  T_~ is of order ~<--1; hence:  

B - -  ~ A  = .dA - -  ~ A  @ T_~ = (A - -  ~) A @ T_~ 

is again of order < - - 1 .  
Hence,  by  2) of Theorem 5 we deduce 

(6.16) 

and therefore:  

:n,e ((B - ~ A )  ~. , u ) . > - -  e' tlu Jli,-~, V u  ~ ,S 

(6.17) Re (Bu, u)z,-- Re (o~.Au, u)z, -= Re (Bu, U)o-- lIAulio~-- e'ltu]l~_~, Vu e 8. 

Let  us consider now the  symbol ~(x, $ ) =  K°---~(x, })a(x, }) which satisfies ob- 
viously the conditions of Theorem 5. Hence,  we obtain, tuking y =  0 in Theorem 5, 

t ha t  Ve '>  0, 3c'(e') such tha t ,  for u e 8 

(6.18) l~e ( (K 2 - -  B)u,  u)o + e'(e')Ilu 11~_~ ~ -  ~' Ilu I1~, 

is verified. 
By  aAding (6.17) and (6.18) we arri~e at  the inequal i ty  

l lA~ ItS, - -  (K-' + ~')I lu tI~ < C,(~')II~. II~_* 

(6.19) 

(6.20) 

t h a t  is 

(6.~.~) [IA~llo~< (K~- l  - ~')[lull~,-+- C,(~')llul]L~ , V u e  S, V e ' >  0 

and we m a y  assume C l ( e ' ) > 0 ;  using now ~ v ~ a + b < ~ a + X , / b ,  a, b > 0  we have  

(6.22) [IAuilo < (K  + V'~)I1~, ilo + C~(~')I1~I1-.~ • 

On the  other  hand,  Vdr> 0, 3y(s"), such tha t  iIulI_~ <d;IIulI0 + y(d')[lulI_l whence we 

obtain, f rom (6.22), the est imate 

(6.23) IIAuIIo <~ ( K d- v/~) llutlo + c2(s')d'ltullo + y(e') Q(s') tlu[t_l . 

Le t  s > O be given; we take  e' such tha t  ~/~7<e/2;  and e" such tha t  C2(s')s"< s/2; 
this is t r ivial ly done. We have,  with a constant  F(e' ,  e " ) =  y'(s) 

(6.2~) [ I A u [ [ o < ( K + ~ ) [ [ U H o + "  ~ ~ 
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CO~0LLA~Y. - I f  we have 

K = max In(z, ~)t, 
X E R  n 

i~l=* 

then for every real s and Ve > 0 there is a constant C~.s such that 

(6.25) I[AuH~< ( g  + s)[[ul[~ ÷ c~.~]luIl~_, , 

is verified. 

In fact~ we observe here that~ using some previous results, we obtain 

(6.26) liAuti~-~- i I ( I÷  IDi~-)~AuiIo< i ! A ( I +  IDi2)~UiIo+ 

÷ HfA, (z+ inl ~)~]ulio<(K+ ~)HuH.÷ c4(z+  [DI~)'uH_~÷ 

+ Ciiuil~-~= ( K +  ~)il~Ii~+ cIIlull.-~. 

We will prove now, as a consequence of the foregoing result, the following 

T~mogn~  7. - Let a(x,~) be a symbol; K ~ - m a x l a ( x , ~ ) ]  and A ( x , D )  the asso- 
X ~ R  n 

ciated pseudo-di]ferentiat operator. Then we have 

(6.27) inf ]iA(x, D) ÷ Tll < K  

where ~_, is the class o] operators of order ~ - - 1 ,  and the norm is the one o] 

~n fact, we must prove that  k/e> 0 there is an operator T~ of order < - - 1  
such that  

(6.28) ]! (A ÷ To) u Ho < (K + 8)[Iu ]10, Vu e ~ (R" ) .  

We build such un operator T~ by  considering a function in C~(R~), ~,(~) dependent 
on parameter ~ > 0 ~  such that 0 < ~ ( ~ ) < 1 ,  ~(~)==1 for I~]<R, ~ ( ~ ) ~ 0  for 
t~i > 2 n .  

The operator T,---- - - A ~ ( D )  is of order < - - 1 ;  in fact~ we have for every u e  8~ 
the estimates 

(6.29) tiT, uiI~ : IlA~.,(D)u.H~< C~ll~(D)uil ~ ~_ 

= Q( f (x ÷ I~l~)~-lla(e)l~(l + el-')ae) <(x + ~R')e.llu;I.__~= Q.,llull.-~. 
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By  applying here Theorem 6, we have,  V e >  0 and u e 8, 

(6.30) ll(A--Aq~(D))uI!o= IIA(I--9~(D))uI!o< 

< (K + e)[I ( I  - -  ~n(n)) u ]10 + C, II (~ - vR(D)) ~ t1-,. 

l~emark t h a t  we have 

8 

and also t ha t  

whence we get  

(6.33) [[(A+ T~)uil0< ( K +  ~)liu[Io+ o~(1+ n=)-~llutlo • 

We choose R. such tha t  C~/~/1 + R~<  e; hence we get finally 

(6.34) II (A + T,~)Ullo < ( K +  2~)ItUllo, 

and this proves Theorem 7. 

Vu ~ L ~ 

7.  - S o m e  r e s u l t s  o n  c o m p a c t n e s s .  

I n  this paragraph we will prove the following 

Tm~olc]~ 8. - Let a(x, ~) be a symbol, A(x, D) and A(x, D) the associated pseudo- 
diHerential operators. Then A -  A is compact linear operator, L~(R ") -+ lJ~(R'). 

Let a(x, ~), b(x, ~) and e(x, ~ ) :  a(x, ~)b(x, ~) be three symbols, and A(x, D), 
B(x, D), C(x, D) the associated pseudo-dif]erential operators. Then A(x, D)B(x, D)- -  
--C(x,  D) is a compact operator, L~(t~ ~) -->L2(R"). 

I~E~IA~K 1. -- Le t  a(x, ~), b(x, ~) be two symoois such t h a t  a(x, ~)b(x, ~)= 0 
Vx ~R' ,  ~ ~ R  ~ -  {0}. Then  the  operator  A(x, D)B(x, D) is compact  in L 2. 

In  fact  A B - -  C is compact ,  where  C is associated to a(x, ~) b(x, ~) ~ O. 
So, C is t he  n~ll operator ,  and t h e  resul t  follows. 

1RE~ARK 2. - Le t  9(x), ~p(x) be C ~ functions with disjoint supports,  an4 a(x, ~) 
be a s y m b o l  Then  the  operator  

~(x) A(x, 1)) ~(x) 

is compact~ L 2 __>/,2. 
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We have in fact  ~(x)~o(x) ------0. Fur thermore  

~A~o = (A~)~o + [% A]W = A(~W) + [% Al~o = [% A ] ~ .  

Bnt  [~, A] is eompa,et~ as follows also from Th. 8, because ~(x) is a symbol. 

Pl~oo~ oF THEOICE3[ 8. -- I n  the present case, we use the following 

01~I~EI~ION OF C0~PAOTNESS. -- Let S C.~(~T~ ") be a set, such that 

and 

I ]u(~÷ ~)--u(~)t ~d~= 0 uniJormly Jor u e 8 ,  ]or any ]ixed R >  O. b) lira 

The S is preeompact in L ~, and thereJore a subsequence o/ every sequence in S is 
convergent in J5 ~. 

As a set S is prccompact in L ~ if, and only if, the set ~, of F0VR~E~'s trans- 
forms is precompact i~ L ~, i t  will be suttieient to prove tha t :  

Every set ® which is bounded in -L~I+I¢I.) and is L2-equicontinuous on every sphere 
{~;]~I <R}  is relatively compact in L2(R~). 

This la.st result is a consequence of the well-k~mwn criterion of ]~. t~IESZ. 
A set K in L~(R~) is relatively compact i/, and only i] 

b) lira t'Iv(~-}-v)--v(~)]~d~ : 0 uniJormly ]or v e K  

e) lira f ]v(~)i~d~= 0 uniiormty/or v@J~. 

Let  us consider now the  set ~ which is bounded in L(~+lel.), hence i t  is bounded 
in /5~, and a) is verified. 

Besides, as f(l÷I~I2)lv(~)I2d~<~C, i t  follows tha t  ~(l÷I~i~)Iv(~)l~d¢<O and 
consequently (1 ÷ tt~)f Iv(¢)l ~d¢< C and therefore 

(7.1) f[v(~)[ "~d~< C(1 ÷ R~) -~ , VR > 0, Vv e~; 

hene% c) is verified. 
We observe here the following inequality,  valid for ~ e R% ]Tt < 1 

(7.2) for R > 0 ,  v e. 
I¢[>--R+1 L¢+q~>R I¢I>R 
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In  fact;  for la > R ÷  z, I~1 <1 we get l ~ +  z{ > l ~ t - I v {  > R ÷  1 - - 1 =  R and besides 
we have In--b]'-<2 ial=+ 2 {b I ~, whence we derive first of all 

(7.3) 

As the set {~; {~t > R ÷  1} is included in {~; {~÷ v{ >R}  when I~[ < 1  we deduce tha t  

(7.4) 

and hence we get  

(7.5) 

Vve ®. 

We have,  then,  for every R >  0 and ['~] <1 ,  the estimate 

(7.6) f ly(8+ T)--v(~)l~d#<flv(8+ *)--v(8)l~d~+ ~C(I+R:) -~, Yve®, VR> 0. 

Taken s > 0  let us take R~ such tha t  4C(I+R~)- I<s /2 ,  and then ITI < 6n,., such 
t h a t  

f iv(~ z) v(~)l~d~<£ Vve® + 
' 2 '  

l~i<R+i 

(according to the hypothesis). Hence, we have, for 1~146~ 

flv(~ + v)-v(~) i~d~< 8 , (7.7) Vv e ~ .  

As a), b) and e) have been so verified, the set ~ is precompact for the criterion 

of M. l~iEsz. 
We will now prove the 

TH]~OICE~ 8a. - I] a(x, 8) is a symbol, the operator A ~ A is compact in LL 

We define T =  A - - A ;  let .Q be a set which is bounded in L2(R~). We will 

show t tmt  the set T(.Q) is relatively compact  in L~(R"); or tha t  T(.Q)= {Tu, u e.Q} 
is relatively compact  in L2(R~). 

By a preceding result (l~roposition 4) we have 

(7.8) I] CA -- ~4>,~ b~ < C {> II0 ; 
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hence, fo}: u e ~9, the set {Tu}~¢a is bounded in H ~. Therefore the set T(~9) is 

bounded in L(i+l~l') • 
Besides, we have  to prove t h a t  for every  R > 0~ i t  is 

(7.9) l im ITu(~ + ~) - -  T~(~) I ~d~ = 0 
I~'t-->0 

uniformly for u a ~2. 
The first (preliminary) result  is given here in 

LE~)f_~_ 1. - We have,  in the  case of a symbol a(x, ~) such tha t  a(c% ~ ) ~  0 

(7.10) l im 1Au(~+ v ) - - A u ( ~ ) l ~ d ~ =  0 
1~I--->0 

I~I<R 

uniformly for u ~ D n 8. 
Le t  us remember  the formula which we have proved before (Proposition 1). 

j'exp (7.11) Au(~) = (2~) -~:~  (--ix.~)a(x, ~)~(x)dx, r u e  8 

(the Fourier  t ransform in the sense of 8:, belongs to L~-(R")) and therefore we 
obtain 

(7.12) Au(~ + ~) = (2~)-~:° exp (-- ix. (~ + 7:)) ~(x, ~ + ~)~(x)~x 

and consequent ly  

(7.137 Au(~+ ~) - -Au(~)= (2~) -'/~ "exp ( - - i x . (~+  ~))ct(x, ~+ z)u(x)dx-- 

2 -~is x 

a(x, ~ -~ "~)u(x) dx + (2z)-":'~/exp (-- ix -~)[a(x, ~ ~- ~) - -  a(x~ ~)Ju(x) dx = 

= I~(~, ~) + I~(~, z ) .  

Hence,  we have the  est imate 

I ±~(~, ~)i <cf iexp (--ix.r)--XI Ia(x, ~ ÷  ~:)I tu(x)l dx< (7.14) 

On the  other  hand,  we have :  

Iexp ( - - i x . v ) - - l l~ -~  l c o s x . ~ - - l - - i s i n x . ~ l  ~ 2 ~ 2  c o s x . v =  4 sin~ x2 v 

as: Isin~] <1~1 we deduce tha t  fexp ( - i x . v ) - l l " - < I x l 2 1 ~ I  2 whence we obtain 
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as obviously ]x I [a(x, $ ) I e L  ~ uniformly with respect to ~e/~"--{0} (we remember 
t h a t  we took a(c¢, ~) _~ 0, so a'(x, ~) = a(x, ~)). 

And on the other hand we have the est imate concerning I~(~, v) 

(7.16) I~:, ~)l < cI>lIo(f ta(~, ~ + ~)--~(~, ~)l ~ )  ~ 

Le t  us remember here t ha t  ia the case a(c~, ~ ) ~  0 i t  follows 

(7.17) 

(7.1S) [x]~)'Ia(x, ~ + ~)-a(x ,  ~)I<C~i~t+ [~] (1+ 
l ~ + ~ l '  

x ~ R  '~, ~, z e R ~ - - { 0 } ,  p---- 1, 2, ... 

and therefore we have, for every fixed R >  0 

(7.19) fIA~(~+ ~)--A~(~)I~ =fEZ:,  ~)+ Z~(~, ~)l 2 d ~  

[~I<R I~[<R 

< 2f l~l(e, .)l,ee + 2f I~(e, .)l~ee< 
I~l<a l~[<. 

For  [~] < e ,  we estimute I~(~, z) in the following way (using (7.16) and (7.17)): 

(7.2o) l~,(e,~)l<2½cl>I!o(](l~(~,~+,)l'+ta(x,~)l~)ex)~< 

where p is sufficiently large. 
For  I~] > e  we use the est imate (deriving Irom ~7.18)) 

(7.21) 112(~, ~)I <c.(f(1 + txi~)-~.ax)tlluIloM(I~l) -~, v~en--{o}, ITI41 

and hence we obtain, using (7.19)~ (7.20), (7.21), the  inequal i ty 

(7.22) fIffu(~ + ~)-A%(~)t~< c~l~I~Iluilg + Cll~Itgf~ + 
d~ 

If u e Q n  8 we have [[u][o<H. 

(7.23) 

We take ~ ~ 0, and choose at  first ~0(e) such tha t  
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Once pc(S) fixed, we take vo(s) such that  

We arrive hence for Ivl ~<[wol and V u e z Q n  8 at the estimate 

f ~ 

Lemma 1 is proved. 
Hence, we can observe that :  

(7.25) Tu(~) = A u ( ~ ) -  Au(~) -~ a(co, ~)~(~) -~ 

+ A'u(~) --a(~, ~)~(~)-  ~'~(~)= (A'-- ~')u(~), ~ e R--- {0} 

and similarly for Tu(~@ 3), and it will be henceforth sufficient to prove 

LE~:~A 2. - We have, in the case of a symbol a(x, ~) with a(c~, ~)~_ 0 

(7.26) lira IAu(~ + v) - -  Au(~)I~d~ = 0 
11~ I--'PO 

uni]ormly /or u e [2 (3 8, V ]ixed R > O. 

In  fact, we have 

~ ~ f (  
(7.27) Au(~-~ v)- -  Au(~)= (2~) -"/~ d(~+ ~- -~ ,  ~ ) - -5 (~ - -~ ,  ~))~(~)d~ 

and 

_ ~ ( f  ) ( f  ) 

We a.pply TAYLOI~S formula; we obtain, if 5 =5(), ,~),  the relatiou 

(7.29) a(~--  ~ -~ v, ~) - -  5(~-- ~, ~)--: (v, grad~ 5,(~-- ~ -~- 0v, y) ) ,  0 < 0 < 1  

and therefore the estimate 

(7.30) 15(~--V + v, v ) - ~ ( ~ - v ,  v)l < Ivl tgrad~5(~-- ~ ~- Or, V)]. 

Let us remember now that 5(~, ~)e  8(R~) uniformly for ~/eR"--{0} and we get 
therefore 



380 S. ZAID3~AN: Pseudo-differential operators 

which gives 

(7.31) I grad~. 5.($--~ 4" Or, ~)1 < C~(1 4 " 1 ~ -  ~ 4" Or] "')-~, Vp = 1, 2, . . .  

and b y  in tegra t ing  wi th  respect  to ~ we arr ive  a t  the  result  (i~ es t imate  (7.28)). 

Now, to  finish the  proof  of Theorem 83, we have  to prove  also (*) 

LE~LS~ 3. - We have in the case a(oo, ~ ) ~  O, that, V R >  O 

(7,32) ,~-+olim j ]Au(~ 4, r ) - -  Au(~)t ~d~ -= 0 

(7.33) l im j ]Au(~ 4- v) - -  Au(~)]~d~ = 0 
izl---~ o 

uni/ormIy /or ueY2-bounded set in L2(R'). 

W e  ha~e a l ready shown this re lat ion for u e D (5 8. Le t  us r emember  t h a t  the  

spece 8 is dellse i a  L h  Given e >  0, and  ~Q a b m m d e d  set  in L2(R~), there  is 
Vu ~ D (1), an  e lement  u~ e 8, such t h a t  l lu--  u~ ]lo < s. Hence,  for u e ~ we have  

Ilullo<z, and 
(7.3t) I[u~[lo < II~e-- u~ 1Io + flu I[o<e 4. L < L  4, 1 .  

and therefore  the  set  

(7.35) {u~; u e/2} 

is a set sr2~ bounded  in L '~ and  included in 8. 

Here  we have ,  for Ivl<t%(e)t  t h a t  in the  case a(c~, ~ ) ~ 0  

(7.36) Au~(~ 4- r) --  Au~(~)] ~d~ < e, Vu~e 9~ , 
I~I-<a 

(7.37) j [Au~(~ 4- ~) - -  ~iu~(~)l ~d~<e , Vu~e f2~. 

Hence,  we deduce the  inequalit ies 

(7.38) a u ( ~  + r )  - -  nu(~) l~d~<3 ~) - -  Audff 4- r)]~d~ 4- 

+ 3 3 !Au~(8 + r ) -  Au~(8)l~d~ + 3, _4u~(~)- Au(~)]~-d~< 

(*) Remember theft for u G L ~ but u ~ 8, the definition of Au m~d i u  is by continuity 
from the definition on u ~ 8. 

(1) At Ieast, obviousIy; we choose a fixed one, ~or any u. 
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For  l~t < l~(s)I the  second integral  is < s and  also 6cI]u-u~ll~<6cs~; the  result  is 

so proven.  
The proof  for A(x, D) is similar. Theorem 8a is herewith proven (see Appen- 

dix to [3]). 
O~r Theorem 8 will be comple te ly  p roved  when we will have  p roven  

T]IEOgE~ 8b. - I] a(x, ~), b(x, ~) are symbols, and their product is c(x, 6), then 
A(x, D)B(x~ D ) -  C(x, D) is compact operator, Z 2 -~-Z 2. 

The opera tor  T = A . B - - C  is of order < - - 1 ( ~ ) ;  hence, if u e ~  where f2 is a 
bounded  set  in L:~ then  T(~Q) is bounded  in 2 L(~+i~i,) , as easily seen. Therefore,  we 
have  to  p rove  t ha t ,  V R >  0 

(7.39) l im ITu(~ + r) - -  Tu(6)l ~d~ = 0 
1~1-->o 

uni formly  for  u a ~ .  
F i r s t  of all, let  us consider the  case a(c<), 6) ~ b(c~, ~) ~_= c(c~, 6) ~ 0. I f  we 

use Theorem 8a we ge~, V R >  0 

(7.40) l im ICu(~ + ~) - -  Cu(~)J 2d6 = 0 

uni formly  for g e f2. I t  is only left  to consider 

L e t  us r e m e m b e r  L e m m a  3. Then,  V ~ >  0, 3~z(e), such t h a t  

(7.42) !Av(~+ ~')--Av(6)l~d~4~, 
I~I<R 

if I~l < ~(~) and [I~[Io<Z. 

l~emark that if u is arbitrary in L -~, u/].u,]o is of norm ], therefore 

(7.43) fi 
(i) By Ch. 5. 
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t h a t  is 

( 7 . ~ )  f ~ ~ 2 4 2 

We app ly  this re la t ion  to ABu,  n e l l ;  we have  then  

(7.~5) !AB~(~ + ~) - -  ABu(~t  l~ d~ < ~ II B,~ IIX, 

B u t  IIBuIIo<clluIto; the  relat ion is p roven  then,  as eas i ly  seen. 

I n  the  case a(c~, ~) ~ 0, b(c~, ~) =~ 0 there  is the  addi t ional  t e rm  A~(x, D). 
• B(c~, D) - -B(c% D)A'(x, D) which is of order < - - 1  (see Ch. 5). 

Moreover,  the  symbol  of B(c% D)A'(x, D) is b(~,  ~)a'(x, ~) which -> 0 as 

Ix l -~  cw. For  the t e r m  A'(x, D)(B(c~, D)) we use t h a t  {B(c~, D)u} is a bounded  
set  in L 2 when  u is in a bounded  set  of L ~. 

I~E~Ar~;. -- As a corol lary  of Th.  8b. we get  ~he following: le t  a(x, $) be a symbol  

associated wi th  A(x, D) and  4o belongs to  t h e  cont inuous spec t rum of A(x, D); 

t hen  I~0]< sup la( x,~)l. 
zeR ~, I~I=i 

I n  fact ,  otherwise,  3 ~ >  0, such t h a t  

in(x, ~ ) - & I > ~ > o ,  VxeR~, l~t= i. 

Apply ing  the  (simple) resul t  in [5], we find a posi t ive  C and a compac t  opera tor  

TA, L ~ -+ L ~, S.t. 

!]u ilL' < C( II (A --  hoE)u IlL~ + I] T~°u i]~') , VU e L 2. 

On other  hand,  f rom 4o ~ (~(A), we deduce a sequence (u~)~ c L ~, of uni t  norm,  

such that II(A--,~oE)u~HL,~ o. 
For  a subsequenee ( ~)~=t we have  also I!~;.°u~[!L,-*0. We obta in  1<c .¢~ ,  

where  ~ ~ 0, contradi@ion.  

8 .  - O t h e r  i n e q u a l i t i e s  (norms o/ p.d.o, modulo compact operators). 

I n  this p a r a g r a p h  we will p rove  the  following 

THEORE~ 9. -- Let a(x~ $) be a symbol, and K :  m a x  In(x, $)1; let A(x, D) be the l~l=l 
2CE~ n 

associated psegdo-di]/erential operator. Let 75 c be the class o/ linear compact oper- 
ators L 2 in L "~. 

Then we have the ~pper estimates 

(8.1) inf IIA(x, D ) +  TI]e(L,;L,)<K, inf ] i (x ,D)  + T[[£(L.z.,<K. 
Te ~ ,  Te 2~ 
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The result  is a consequence of some prel iminary theorems.  

1)I~]~LI)/IINAI~Y TIt:EOt~E~ 98. - Let a(x, ~) be a symbol, A(x ,  D) the associated pseudo- 
di//erential operator. Then, /or every s > 0 there is a semi-norm el l  on L 2, de- 
pendent o] e, such that every L~-bounded sequence contains a subsequence convergent 
in ~I t, such that the inequality 

(8.2) [[A (x, D)u I10 < (K + ~)]lu H° + el u l ,  Vu e ~(R-)  

is veri/ied (*). 

I n  fact ,  let  us pu t  be(x, ~)----(K2--~(x, ~)a(x, ~ ) + s )  ½ which is still a (homogeneous) 
symbol as we can (( easily ~) see, and besides is 

be(x, ~) ----- be(x, ~),  e > O, x e R ~, ~ e R "  - -  {0}. 

Let  us consider the  operators B,(x,  D),  ~B,(x, D) associated with b,(x, ~) and 
~(x ,  D) associated with ~(x, ~). We have  then  the following 

LE1KMA 1. -- The linear operator 

T~ = (K '  + ~)I - -  ~ . A  - -  :~  .B~ 

is compact, L ~ ~ L 2. 

In  fact ,  we have first of all the  relat ion 

(8.3) ~ .B~---~ ( :Be--B,) .B~-~ B ~ :  Ta-}- B] 

where T ~ :  ( ~ e - -  Be) "Be is compact  according to  Theorem 8. So we arrive a t  the  
relat ion 

(8.4) T~ = (K s -+- e) I  - -  ~ .A - -  B e . -  T~. 

On the  other  hand,  we have  the  equali ty 

(8.5) , ~ .A -~  ( ~ - - Z ) . A  + A . A  : T ~ +  A . A  

where T2 is compact ,  L ' - ~ Z  ~, again according to  Theorem 8; and hence we get 

(8.6) Te-= ( K s +  e ) - - A . A - - B ~ - - ( T ~ ÷  T~). 

Finally,  we have:  Be .B~- -  ( K 2 +  e - -  (d.a)(x,  D)) : Ta-compact, L-" - > L  2 and hence 
we derive 

(8.7) Be(x, D) .B , ( x ,  D)----- B~(x, D)---- K~-~ e--(~.a)(x, D)-+- T3 

(*) We have also HA(x,D)ullo <~ (K ÷ e)lluHo + ~[u] -+- II(A(x,D)--A(x, D))u]l o. 
The map u~slu[ + I](A--A)uHo is a semi-norm on L 2 like 8]] because A-A is compact; 

this will imply second estimate in (8.1). 
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(8.x4) 

and therefore 

(8.~5) 

and hence a ]ortiori 

(8.~6) 

and therefore 

(8.8) T~ -~ K2 -~ e - -  A .  A --  (K2-~ s) -~ (~.a)(x, D) - -  

- - ( T ~ -  T~+ T3)= (g.a)(x, D ) - - A . A - - ( T ~ +  T2~- T3)= To 

where To is compact linear, L 2 - ~ L  2 (by Theor. 8) (we have made here good use 
of the notat ion a(x, D) instead of A(x,  D), by an obvious necessity). 

Hence, Lemma 1 is proven. Then we have also the following 

LEPTA 2. -- Given arbitrary s > 0, we have the relation 

ull~>_ 1 
(8.9) R e  (T~u,  u)o -~- e . 4s  II T~ul!o,  V u  ~ L 2 

In  fact  we have:  

1 1 
(8.10) lt~e (T~u, u)ol < i!T,~Ul[ol[ul[o = 2 V~ [l~u[10"-l,° V~l[~[lo<,St]"~ll~ + ~//~'.~11~, 

and consequently 

t 
(8.11) Re (T~u, {~)o>--s H'ttl/~- ~s IIT~uII~ 

follows. 
Now we shM1 give the following 

LE~I~IA 3. - We have the relation, Vs > 0 

] lu 
(8.12) ltA(x, D)ull~< (K ~ -4- 2s)ilutlg + 4st llT'ul]°' Vu ~ L2(R~). 

In  fact,  this results from Lemma 2. We have:  

(8.]3) (T~, U)o (K~ + ~)ll~II~-- TIA(x, D)ul[~--]lS,(x, D)ull ~" 

(T~u, u)o is hence reM-vMued. (We have used tha t  Y¢* = A  and .~: : B~ being b = b). 
Hence, we deduce thereof, using Lemma 2, the est imate 

,2 1 tiT~u[t~ (K~-~ 2~)[iul[~--HA(x, D)u i[~-- [IBm(x, D)u!lo>-- 

1 ,o 
[IAul]~ + !lB~ull-~0< (K~ + 2s) Huil~ d- 4s lI T~uil° 

1 ,~- 2 4 _ I ~lAUi[o<( K , 2s) i[ull~+ ~ fitfullY" 

which proves Lemma 3. 
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E x t r a c t i n g  the  square  roo t  and  for  ~ / a - F  b < ~ a ~  ~/b, a ,  b >  0, we h a v e  

1 11~1to (s.17) IIAuIIo<(K÷ V~)l[ullo + ~ , 

P r e l i m i n a r y  t h e o r e m  9a is p roved  if we  p u t  2ul = c~!lT~ulI o and if we obse rve  
t h a t  T~ be ing  c o m p a c t  in L ~ t h e  s e m i - n o r m  ~lu] = c~!/T~uI[ o satisfies t h e  requ i red  

p roper t i e s .  

19gELIM-£NAI%Y TKEORE3ff 9b. - Let H be hilbertian; on H is de]ined a scminorm 
I [ such that 

1) luI <cl lut l , , ,  V u e R ,  
2) /or every bounded sequence (u.)~ there exists a Cauchy subsequence with re- 

spect to t I. 

Then: Vs > O, there exists H~--a closed linear subspace o] H, such that t tOH~= H~ 
is of ]inite dimension and [ut GsI]uI[H , V u ~ H ~ .  

L e t  us  beg i~  b y  a s s u m i n g  t h a t ,  g iven  s > O ,  we  h a v e  for  e v e r y  u e H ,  such 
t h a t  ] u ] ~ - 1  the  e s t i m a t e  Ilu[]~>l/e. I n  th is  case,  t a k e n  an  a r b i t r a r y  u e H ,  such 

that l u t ~ o ,  we have: tu/lull= 1. 
H e n c e ,  l tu/ lu/!1= (1/l~I)]luli>l/~; hence ,  lul <sllul] and  if u e H  a n d  t~I = o, we 

h a v e  also ]u] <sllulI. Therefore ,  in th is  case,  i t  is f ound  H~--- -H.  
N o w  we  h a v e  to  cons ider  t h e  s i t u a t i o n  w h e n  t h e r e  is a t  l eas t  an e l emen t  

u ~ e H  such  t h a t  lu~l = 1, ]]u~I!~z<<.l/e. Accord ing  to  HAHN-BAZ~AC~'S t h e o r e m ,  we  

can  bui ld  a l inear  func t iona l  on H ,  ]~, such t h a t  f~(u~)= 1, I]~(u)[ < l u l ,  V u 6 H .  
As 1 ul < ClIu II, I]~(u)l < cIIull, hence  ]~ is a con t inuous  lh lear  f unc t i ona l  on H (t). 

W e  def ine  H ~ =  { u ~ H ;  A ( u ) =  0}; H~ t h e n  is ~ closed subspaee  of H .  I n  H~ we 

r ea son  as in H ;  in t he  (~ wors t  )~ case  the re  is a t  l eas t  cue e l emen t  u.,~H~, lull ~ 1, 
Itu~II41/e; a n d  hence  we  can  bu i ld  ~ con t inuous  l inear  func t iona l  on H~, d e n o t e d  
w i t h  ]~ (~), such t h a t  

(8.18) /o_(u.~) = 1 ,  I/~(u)l < lut , Vu a H~ 

and  we deno te  b y  H ~ =  {uaH~, / ,~(u)= 0}; H2 is a closed subspace  of H1. 

W e  obse rve  t h a t  Iu~--u~]>l.  I n  f ac t  u l e H ,  u , ~ H ~ c H ~  hence  

1 (~q-u , ) l  > th (u~-u~) l  = l h ( u O - h ( ~ O l  = ]. 

~ o w ,  in  H~ we reason  as  in H a n d  H~; in  t he  (~ wor s t  ~> case the re  is a t  leas t  an  

e l e m e n t  %~H~,  such t h a t  I%1 ~ 1~ a n d  !!usll~<l/s a n d  we can  bui ]d  a functiona,1 ]s, 
which  is l inear  c o n t i n u o u s  on H ,  (s), a n d  such t h a t  

(8.19) f~(u~) = 1 ,  I/~(u)l < I*tt , V u  e He. 

(1) And 3c1~H, s.t. ] l ( u ) =  (u, el), V u ~ H .  
(:) And 3e.~l t l ,  s.t. ]z(u)= (u,e~_)Vu~H1; so (%,el) = 0. 
(a) And ~e3EI:I2, s.t. /:~(u)- (u, e3). VucIt2;  so (ca, e l ) =  0 and (e3, e2)= 0, etc. 

25 - A n n a l i  di z]Iatsma~ica 
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We denote  again 

(8.20) t ~  = {u e H~; A(u) -~ 0} ; 

then  H3 cH~ as a closed subspace. 
We observe tha t :  

and in fact  

I u~ - u .  I > 1 / , (u ,  - u , ) l  = I /~ (u , )  - A ( u , ) l  = ]- 

as ]:(u~)= 1 and [:(u~)~ 0 being u3 ~H~cH~ and l : ( u ) :  0 on H:  and besides: 

I u ~ - u ~ l  > t / ~ ( u . . - u ~ ) i  = I / ~ ( u ~ ) - / . . ( u ~ ) l  : t l - O t  = 1 .  

We use successively the same reasonings, always considering the ~( worst )~ case. 
We obtain so a sequence of elements (u~, u2, ...) such tha t  

1 
(s .21)  l u l l =z ,  ilu~l[.<- and lu,-u~l>]- if i=~j. 

This sequence is necessarily finite, according to the p roper ty  of (( relat ive compact- 

ness ~. 
I n  this way we can build a finite number  5T~ of closed subspaces H DIt~DH2D 

... D H,v~, aad  everyone being of codimension 1 with respect  to the  preceding, then  
H~v~ will be of codimensioa N~; hence H~4~ is of dimension N~. 

More precisely:  for  any  ]j the re  is e~EH~_~, such tha t  ]~(u)= (u,e~), VuEHj_~,  

] = 1, 2, .... He re  H o = H .  Fur the rmore :  

~ = {u E H ,  (u, e~) = 0}; H .  = {u ~ H~,  (~, e~) = 0} = 

= {u e l l ,  (~, e~) = (u,  e2) : 0 } ,  . . . ,  H~v = {u e l l ,  (u,  e,) = (u,  e2) . . . .  (u, e~) = 0 } .  

Also we see t ha t  (e~, e j ) =  0 for i =~ ]. 
The space H has then  the  obvious orthogonal  decomposition 

H = Hx 0 Sp [e~, e2, ..., Cv] • 

See also our paper  [3] where ~ similar resul t  is proven.  
Now, in Hg~ is obviously lul<eIluII,, VueH~v~. This proves Prel iminary the- 

orem 9b. 
Finally,  Theorem 9 is p roven  by  the  preceding results and b y  

PR,ELIM:INAt~Y TItE01~E~ 9e. - Let H be a hilbertian space, and A ~ £(H; H).  Let 
us assume that V s >  0, 3 exists a seminorm E I I on H such that It I1~ is relatively 
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compact with respect to ~1 [ and such that ~lul <ej]u]l, V u e H  (*) and 

[IA~II.< (K + ~)llu]l + '[ul, (s.22) 

Then: 

Vu e l l .  

r~l}oi f HA~-T[Ic<.; . )<K (*). 

I n  fact ,  i t  is sufficient to  prove  tha t  for every  e > 0 we find a compact  oper- 
a tor  T~ in H,  such t h a t  

(8.23) ll (A - -  T~)ull < ( g  + e)IlulI, Y u  a l l .  

Le t  be H ~ c H ;  for u e H ~  we have,  ~iul <elluII and H~ of dimension hL-finite. 
Le t  us pu t  i°~ the  or thogonal  project ion on H~; hence, ( I - -P~)  projects oa  a 

space of finite dimension and is therefore compact :  H- ->H.  
Hence,  we p u t  T ~  A { I - - P ~ ) ;  this is obviously compact ,  and besides we have:  

(8.24) i](A - -  T~)ulI = HAP~uII , Vu  e H. 

B y  the hypothesis  of the theorem~ we arrive a t :  

(8.25) [] (A - -  T , )u  H <~ (K -}- e)IlP~u l] -}" *IP* u] , Vu  e H. 

Being now P ~ u e H , ,  we have:  

'lP~uI < ~IlP~ull <~llu]I 
therefore we get,  

(8.26) [I (A - -  T~)u n < (K -}- 2e)II u[l, Vu e H.  

Applying Prel iminary theorems 9a and 9c, Theorem 9 is proven.  

9 .  - S o m e  m o r e  e s t i m a t e s .  

Considering the later  applications, we shall prove here the following 

TttEolcE~I 10. - Y~et a(x, ~) be a symbol de]ined for x~t~",  ~ R  ~ - { 0 } ,  Q an 
open set in the ~ x-space ~), and K z - ~  m~x  In(x, ~)t . Then, ]or every e > 0 there is a 

constant C~ such that i~l=l 

(9.1) IlA(x, n)u i lo<(Ka-}-  s)ilUilo-~ C~l[uIl_½ , VueC•(.C2) (1)(2) 

be veri]ied. 

(*) The class °6, of these semi-norms is obviously a linear space; this applies to the foot- 
note at Preliminary Th. 9.a. 

(1) We can replace II iI-½ by II II-~ using: Vs>0 ,  3C8, such that 

(2) C~(~) means the class of C ~ functions with compact support contained in ~ .  
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We deduce this theorem f rom Theorem 6 (see (6.22)) b y  means  of some addi- 

t ional  reasonings. W e  have  the  following 

LESt3~:A. - Let a(x, ~) be a symbol, ~Q an open set of £% K9 = max  {a(x, ~)I . Tl~en, 

V e > 0  there is a,~ open set D~.C2 such that the relation K . % < K o +  z is veri]ied. 

I n  fact ,  we have ,  for  every  xoGR ~, ia(x,~)--a(xo,~)i<~s if t x - - x~ l<5~  and 
G R " - -  {0}; here d~ is independen t  of x o . 

Le t  us consider here,  if S~(2 is the  bounda ry  of o_, for every  x0 ~ ~ the  sphere 

{x; Ix-~0I <~}.  
Let us t ake  

o =oU( U 
xoe&Q 

Therefore,  if y GD~, we have  y Gf2 or y GS(x*, ~)  for .: certain x*G 8D. I n  the 

first ease, we have  

(9.3) In(Y, 2)1 < m a x  [a(x, ~)l = K ~ .  l~l=: 

I n  the  second ease we have  

(9.4) la(Y, 2)1 <In(Y, $)--a(x*, ~)j + j a(x*, 2)I < e +  K o.. 

Hence,  for every  y e D~, $ G R '~' - -  {0} we have  [a(y, ~)1< e @ K o .  I Ienee  Ko~ < Ko-f-  e. 

Pl~oo~ oF ¢I:E cm~oi~mf. - Given e > 0 ,  and  uGCo(~)  we build D~ given in 

the  Lem m a .  There  exists also, a funct ion ~.,(x)GCo(R~), equal  to t on snppu ,  
equal  to 0 outside Y2~, contained between 0 and  1. Obviously  ~(x)  is a symbol ,  

~nd y~(x, ~ ) =  g,(x)a(x, ~) is ano ther  symbol .  
F u r t h e r m o r e  y~(x, ~ ) =  0 if xG ~D~; hence, we have  

(9.5) m a x  lyJx,  ~ ) { < m a x  la(x, ~)l = Ka<I(-o~-{- s . 
t~i =1 l~l=: 

We define Y~(x, D) the  pseudo-differential  opera tor  associated with  y j x ,  ~). We have  

( 9 . 6 )  

I n  fact ,  

(9.7) 

Fo(x, D)= A(x, 9)(~(x)). 

I'~(x, D)~-~(~)----- (2.~)-~'2fexp (--ix .~)(a(x, 2)~(x))u(x)dx= 
= _4(x, 9)(~~0(~), V u e $ ,  V~eR~--  {o}. 

Hence  we get 

(9.8) Vo(z, .D)u = A(x, D)(~(x)u(z)), VuG .8 

(however ,  no t  necessari ly is l~(x, D) --= ~(x)A(x ,  D)!). 
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N o w  we h~ve  the  d e c o m p o s i t i o n  

(9.9) 

a n d  

(9.10) 

u ( x ) = ¢ ~ ( x ) u ( x ) + ( 1 - ~ ( x ) ) u ( x )  

A(x, D)u = A(x, D)($~u) 4- A(x, D ) ( ( 1 -  $,:)u) = 

= l%(x, D)u + A(x, 1))((1 - $~)u), 

as i t  is 1- -¢~(~)- -~0 on slll0pu , t h a n  i t  is ( 1 - - $ ~ ( x ) ) u ( x ) = 0  oil R ~, a n d  the re fo re  

(0.11) X(x,  D)u  = _.q(x, D)~ , 

H e n c e ,  a p p l y i n g  T h e o r e m  6, we  ge t  

(9.12) 

1 ¢t~1 
< (K~ + 2e)]lCdo + C~IluL.~, 

W e  will  show,  c o m p l e m e n t i n g  T h e o r e m  7, t he  fol lowing 

TI~Eot~E~ 11 (~). - Let a(x, ~) be a symbol, A(x,  D) the associated pseudo-di//erential 
operator; ~3_~ the class o/ operators o/ order < - - 1 ,  K =  m a x  Icb(x~ $)I. We have 

I¢I=1 

(9.1a) i ,~  II/(x, 1)) + TII ~ K  
re 7~_~ 

the norm being talcen here in £(L-~(R'~); L~-(R~)). 

C o m b i n i n g  w i t h  T h e o r e m  7 we deduce  e q u M i t y  

(9.1~) i,~: II~<x, D> + TII = K .  

T h e  fol lowing t h e o r e m  is f u n d a m e n t a l  for  T h e o r e m  11. I n  fac t ,  T h e o r e m  11 
is a s imple  coro l l a ry  of it .  

T~EO~E~ 12. - Let a(x, ~) be a symbol, and la(xQ, ~o)t = co ~or a certain xo~R  % 
I$oF "- 1. Then, Ve > O, 3u~(x) e C~, such that [!u~(x) llo :~ 0 and the estimates 

(9.]5) 

(9.16) 

are satisfied. 

I llA(x, 1)) u~LIo-- ~oI[~o!!0!< ~ ilUjo (~) 

(1) If A is a p.d.o, of order < - - 1 .  we get in (9.13) K = 0  (take T = - - A ) .  
Then a(x, $) ~ 0 and A is the null opera,or. 
('-') In fact the stronger estimate !i[A(x, D)--a(xo, ~o)]U~Tfo< e!lu~[I o holds, as is easily seen 

from (9.27) and the subsequent estimates (see [3], Th. 9.1). 
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]~E)~Ag*(. -- F r o m  foot-note  (~) to Th.  12 we see t h a t  any  va.lue of a(x, ~) belongs 
to (~(A(x, D)). In  fact ,  we find a sequence u~(x)e Co, such t h a t  

li(A(x, D ) -  a(x., ~o)~)u~, [o<~ I[-.Iio 

which implies t ha t  (A(x, D)--a(xo, $o)E) has ao bounded  i11verse. 

C0n0LLAg¥ TO Tm ]2. - Le t  a(x, ~) be a symbol such tha t  es t imate  ]lullo< 
<c([IA(x, D)u[Io q- [[ull-~), W~ a 8, is verified. 

Then,  3 ~ > 0 ,  such t ha t  l a ( x , ~ ) ] > ~ > 0 ,  VxeR% ~ R ' ~ - -  {0}. 
In  fact ,  otherwise we could find ~ seque,lce (x~)~cR ~ and (~)F o~1 the  unit  

sphere, such t h a t  la(x~, ~ ) I < l / p ,  p ---- 1, 2, .... Then.  Vp == 1, 2, ..., ta~ke u~(x) ~ Co 
corresponding to s~ = dip. We get i]u~t!0<c(i]Au~]]o+ ]lu~]]_~) and using (9.15) we 

deduce 

( ) 
(whea (9.16) is also used):  it  follows l<3c/p, p ..... 1, 2, ..., which is impossible. 

Before proving Theorem 12, we indicate how Theorem 11 is a corollary of 

Theorem 12. 
If ,  reasoning ad absurdum, we have:  inf l I A r - T I ] - - - - k * < K ,  there  would be, 

Te'~-x 

t aken  /~ such t h a t  k* < k <:/i:  a t  least one T~:~ ~6_~ so tha t  

(9.17) 

and therefore  

(9.18) 

k*< HA(x, D)-+- T,~II < k <  K 

1 
k* < sup - -  I! (A + T~:)u I[o < k < X 

.~.  IiuIIo 

whence I[(A+ T,:)uUo<Tcliulto, V u e Z  ~. 
Being k < K = m a x l a ( x , $ ) l  we filld a t  least o11e xoeR" and ~o, I~ol = 1  such 

]~1=1 

t ha t  k < [a(xo, $o)[ = Co < K.  
We apply  here  Theorem 12 and we find u,(x)e C~, such t h a t  

(9.19) I l I A u  tl ,~ !~, r I 

or  

(9.20) (Co_e)liu~lto< IIA(x, D)u~II o ----- II(A(x, D) + T~)u~-- T~u, tIo< 
"bt '  < ll(A÷ :r~)u~[]o + t]T~,llo<kII ~L]o + eliu~lI-~< 
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~nd being llu~Ilov~o we get, V e t o  

(9.21) Co--s<k ~ c.e 

and ~s 

(9.22) k < co 

we have ~ contradiction, ~s easily seen. 
We pass now to the 

P~ooF OF THEO~E~f 12. -- Le t  us take e ' >  0; we have la(x, ~)--a(Xo, ~)1 de' if 
I x -xo l<  ~, ,  ~ e R " - - { 0 } .  Consider ~ function cf~,(x)eC~ with support contained 
in the sphere {x; IX--Xol < ~ , } ,  and the sequence 

(9.23) 

where by hypothesis is 

(9.24) 

u~,~,(x) = e x p  (ip(x.~o))~,(x) 

l a ( x o ,  ~o)1 = co a n d  l~ol = 1 .  

Let  be ](~)eC~°: 1 for [~[<1, O < ] < l ,  = O for I~[ > 2 .  Hence we write 

The following est imate is valid: (obviously) 

C 
(9.26) [grady,  l ~ V ~ .  

Let  us consider now the operator ~,(D) and observe the obvious decomposition (~) 

(9.27) A(x, D)u~.~, : a(xo, ~o)u~,,~, -~ y~(n)(A(x, D)--a(xo, ~o)E)u~.~, ~- 

-~ (E--F~(D))(A(x, D ) -  a(xo, ~o)E)u,,,,-~ a(xo, ~o)u,,v-~ 11-~ I~ 

~nd therefore we get 

(9.28) 

and hence 

(9.29) IliA(x, D)u~/tl,--eollu~/l[ol-~ 
_ , I J / ~ I ] 0 <  - -  ]]Ia(Xo ~o)u~,,, ÷ I , ÷  I2]].--l]a(x0, ~o)u~,, ' l tol< I [ I , ÷  []11[[o ÷ []I=1[, • 

We consider hence the expression 

(9.30) ]Iil1[o = ][wa(D)(A(x, D)--a(xo, ~o))u~,,,li o 

(1) 27 being the identity m~io. 
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which is estimated by 

(9.31) tl%(D)(A(x, D)--A(xo, D))%.~ i]o--[- II%(D)(A(xo, D)--a(xo ~o)) J l lo  

where 

(9.32) A(xo, D)u(~)=-- a(xo, ~),/~.(~), 

Hence, we have 

(9.33) 1}~,~,(D)(A(xo, D)--a(xo, ~o))u~,,~,ii o ~- 

By the inequ~tity (2.21) we have 

.<v I~--p~ol <.<c4~-p~oX 
(9.34) la(Xo,~)--~(xo, p~o)}-, t~t+iP~ol p ' 

p = ~ , . % . . . ,  ~ e n ~ - { 0 } ,  l~01=l ,  x~e~,, .  

Therefore, considering too that  

(9.35) %(~) = 0 

~or [~ - -p~ , , I>2v"~ ,  we have 

(9.36) ~]%(/))(A(xo, 1))--e¢(xo, $o))%/[]o< 

Besides, we observe that  we h~vc also estimate 

(9.37) r~,, ~D)(A(x, D)--A(Xo D))%/[!o~< [l(A(x, D)--A(xo D))%.~,![o 

If b(x, ~)=-a(x, ~)--a(xo, ~) is the symbol associated with the operator A(x, D)-- 
--A(xo, D), we have 

(9.3s) Ib(x, ~)t <~' for ]~ -x~ t  < ~(~'), I~1 = ~. 

On the other Stand, the fm)etions u~,/ in (9.23) belong to Co({X; lx--x~,l < d~,}) and 
hence (by Theorem 10), we h~ve, given e '>  0, a constant e~,, such ~ha~ 

(9.39) [/(A(x, .D)--A(Xo, Z)))u~/:[o< (2~')]luSl[o ÷ co.~[U~y L~, Vp = ~, 2, .... 

Up to now, we have arrived at estimate 

/ "  0 ~ I 

Vue 8. 

We will consider the expressiml for re. 
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Obviously, we have 

(9.4~) ~== (A(~, D)--~(~o, p~o))(~-- ~,,(D))%.=.-- 
- -  [A(x ,  D)  - -  a(Xo, p$~) E ,  E - -  %(D)]%.~,. 

On the other hand,  we see tha t  the considered commutator  is equal to the com- 
muta to r  [A(x, D), %(D)], and therefore 

(9.42) I~--= (A(x, D)--a(xo, p~o))(E--%(D))%.=,-I- [A(x, D), %(D)1%.,, = I = +  I , .  

Itenee~ first of all we have (being la(xo~p$o)l <~e) t ha t  

i! .tlo< ..l!o 

Now we observe tha t  we have % ( ~ ) = 1  for I~--P$ol < V P ;  hence 1 - - % ( ~ ) =  0 
for l~--P~01 < ~ / P  and besides it  is 

(9,~) ~,,o,(~) =j'exp (-ix.~) e~p (ip(~.~o))~,(~)~x = 
R u 

=fexp ( -  ix. ( ~ -  p~o) )~,(x) dx = ~ , ( ~ -  p~o) 
Re 

and therefore 

(9.-t5) 

al¢d we have:  

Then we have 

(9.46) 

We see t ha t  

o .t I o,(s 
I~-~,~.1>~/~ " I~I--SV~ 

\ ' }  r /  • } 

I¢1~>,/i ~= 

I ~ , ( ~ ) -  ~,(r])l ~<I~--nl Igrad %(~)] <cP-~(1-1 - I ~--  r]t ~) t , 

Hence we get~ V ] =  1~ 2~ ... 

(9.47) f X ( ~ - -  ~, ~) (~(~) --  ~,~(n)) ~,o,(V) d~l 

from where we arrive easily at  e s t i m a t e  

(9.as) I!X, lo<~/%.. ,1o,  

if p >~ Po(e', ~, ) . 

~ )] ~ R ,~. 

p = 1, 2, .... 
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Adding the different inequalities obtained up to now, we have 

(9.49) lilA(x ' D)u~.~,tlo_eoilU.~/l , ~ c , , , ,o ~ Ilu..o.llo +-%'[lu...,lio + 

e P*~..'ilo + ~o' It u~.o, 11-~ + ~'11 u~.., I/o + v'--~ 

for p >~ Po(e'). 
Now let us prove tha t  

Jot every e"> o there is 15(s", s') such that we have 

(9.5o) Itu..o, ti-~< c.~" [lug.,, lio /or p > ~(~,  ~'). 

In  fact,  we have 

@ [" (1-}-[~I~)-llqT~,(~--p~o)l~d~ for every r >  O. 

l ~ -~ , l  <~ 

Given now e"> 0 there is r*(~", #) such tha t :  

f f~'(~)t ~d~<~"~IIu~.~ ' [l'~. (9.52) 

We observe t ha t  if I$ -p$ol  < r*, i t  results [~[~>p-r*  and therefore, for p > r * ~  1, 

we get 

- ( l + ( p - r  ) )  lIu~.o'l~o--~ llu~/lio ~ if p > max (r* + l ,  i%,) 

and therefore, for p~>P~(e', C), we get 

(9.54) Hu~,0,[I-~<-%~'tIu~/r[o. 

Hence we re'rive ~t inequalities 
e 

(9.55) ]HA(x,D)u~x[Io--eoll%.~,I]o[<~ ll%.~,][o+ 2#llu~,~'l[o+ 2c,'e"l[u~,/i[o 

for p > P(~', s") 

and 

[[u~.~, L I <  ~d tlu..., Ho for p > P ~ ( # ,  s"). 

Let  us take e"(e') small enough to have ee"< ~' and 2c~.e"< e'; hence, for p>~Q(#), 

we have lIu~/tt-1<e'Hu~/Ho and 

C 
!llA(x,D)u~.~,Ho-CoHU~/]]ol<~ilu~.,,lto+a~'llu./ilo<4~'iIu~,~']l° if p>q~(~').  
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Finally,  given s >  0, let us take s'< e/4 ~nd the result is proven (we find 
U sequence of functions ( ~.~)~.=1 verifying Theorem 12). 

We will give now, in ~ddition to Theorem 9 (Ch. VIII)  the following 

THEOlCE~ 13. -- 1/ a(x, ~) is a symbol, A(x,  D) the associated pseudo-di//erential 
operator, ~ the class o/ the compact operators, L~--> L "~, K =  ma,x In(x, ¢)1, we have 

~ E t ~  n 

0.56) K <  inf llA(x, D ) +  Ttl 
Te ~ 

the norm in £(L2; L2). 

I~E)~A~K. - As u simple corollary of (9.56) we get also tile estimate 

(9.56-bis) K < iuf li A(x, D) + T I I £(L,;~.). 
Te 7~ c ' • 

In  fact,  if we take ~n arbi t rary  I:o e ~ ,  we get 

A(x, D) + To = A(x, D) -- A(x,  D) + A(x, D) + To = A(x, D) + T~ 

where T l e 2 ~  (by Theorem 8). Consequently, using (9.56), we ha,ve !IJt+Toli-~ 
ItA+T~it>~K. As To is arbit, r~ry in ~;~, the  desired resnlt follows. 
Combining with  (8.1) (Theorem 9), we obtain equa~lity 

inf '1 

C01¢OLLAI~Y. - -  Combining with Theorem 9 we h~ve the interesting result 

(9.57) inf ]lA(x, D) + TII :-  K .  
Te "~c 

PnOOF. - Firs t  of all, we h~ve the following 

LE~[A 1. - Let a(x, ~) be a symbol, and co= la(Xo, ~o)I /or a certain xoeR"  and 
co  m ]~ol-~ 1. There is then~ /or every e > 0 a sequence u , (x)e  Co (f2.), ~Q.---- (x; Ix--xo] < 1In} 

with Ii  i!o= 1 !IAu, Ho. 

As we have seen ill Theorem 12, given e >  O, the function u,(x) is obtained 
= exp(ip(x.~o))9,(x),  where F , ~ C ~ { x ; l x - - x o I  < $,}. Hence, for n>no we get 
1/n < ~,, and all the functions 

(9.58) u.,~(x)-~ exp (ip.(x, ~o) )9.(x) 

(with p~ big enough, fixed, dependent from , >  0 ~nd from 9.),  verify est imate 

(9.59) (co --  e)liu...l!, < ttA(x, D)u~.,fl o . 
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Dividing by  [iu,~,='l I~o~ we c~n h~ve the sequence of norm I. 

LEIvIS{A 2. - We have:  

In fact  we h~ve: 

(9.60) (u,~.~(x) g(x) dx -= 
J 

~OW we have 

]x-xol <o Ix-xoI>~ 

For  n big enough, u~,~(x)= 0 when lx--xol  > 9 ~nd therefore 

lx-~ol < /  Ix-xol <Q Ix-xol < !  

Hence ,  g i ven  v >  O, we t ake  Q(~) such t h a t  

(9,62) ( f [g(x)12dx)~< v. 
Ix-xol <O(v)  

At lust, we tuke  n big enough to  huve u=.=(x)== 0 when Ix--xol > 1/n. 

PtLOOF OF THE THEOICE)L -- We ~ssume~ ad absurdum~ that 

(9.63) inf IA(x, D) 4:- TI] -= l~ < K .  
Te ~c 

Hence, taken ]/ such that ]~< k~<K there is ~t least a T~, such that 

IIA + TII < k'. Hence  w e  get  

(9.64) !] (A _u T)u l]o </d lu ]lo, Vu ~ L 2. 

Being I / < K ,  we find ~t lea, st one x o e R  ~, ~oeR=- - (0}  nnd 1¢~I=1 such thut  

1 / <  }a(Xo, ~o)I = co< K.  
Hence,  we hay% for u----u,,~ (~pplying Le mma  1), thu t  

(9.65) (co--e)<tA(x,D)u,~,~lo<il(A+ T)u,~,~Ilo + !!Tu,~,~l[o<k'@ ilTu,~.=][o. 

I f  u->co, Tu,.~--+O strongly in L2; hence e o - - s < / / ~  ~bsurd for e smM1 enough. 

tIE~tRK. - There  is ~ different proof of (9.56-bis)--and hence of (9.56), which 

is independent  of Th.  12 (cfr. for ~ more general  ease~ the  paper  [6]). 
I f  K~---- sup ]a(x,~)], t h en  limK~,-=K, ~nd i t  suffices to  see t h a t  

fxI<2z, l~l=X ~'- -~"~ 

K~< inf 1 ~ V N =  1.2 ,  

lira (u=.~(x)g(x)dx= 0, Vg~L~(I~"). 
~----> co 
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Take then  IXol<~o, I$ol= 1, such tha t  la(Xo, ~o)[= K~o; then  a C:(Ix[<No) func- 
ction u ( x ) ~  0 and the  sequence 

~(x) = ~,.~u( (~-Xo)  V~) exp (~(~.~o)~) , v = 1~ 2, .... 

I t  follows lu ,~['~= ]iuI]z~. and weak l i m u , ( x ) =  0 in L'h 
gets 

where 

By direct computat ion one 

~. = ~((x- ~o) V~) exp (~(X.~o) ~), 

;o( ) v,(x)=(2~)  -~/~ x , + ~ x ,  ~,~o-~- ~,v/~ g(~)exp(ix.)~)d~; 

[ - -  y - > c o  
i t  follows [IAU,I]~--]]V~]]L~; some simple estimates give also theft lira l%(x)l~= 
= :~a(xo, $o) [: [u(x) ]", uniformly on bounded sets in R '~. 

Then apply F ~ o v ~ s  lemma to sequence ]v,(x)]h We obtain 

fla(xo, So)l~[u(x)?dx ]a(Xo, ~' ~ " " 
R n 

Take now arbi t rary  T ~  ~ .  Then it follows readily est imate 

2 

and consequently 

u~L..< II ~ + I[ II ][ 

(as weakly u~->0, it  follows ][Tu~[]z,~0 as v->c~) .  We got this way the ine- 
U 2 quali ty la(xo, ~o)]2[[u][~:< ][A+T][~I/ L ,  hence K~.o< I]A~-T[], which gives the desired 

result. 

10. - Non-homogeneous symbols. 

~ o s t  of the previously exposed theory can be extended~ with the pert inent mod- 
ifications, to the ease of certain symbols a(x, ~) which do not  have the properties 
of homogeneity with respect to the variable ~, and besides a'(x, ~) has a more general 
behavior than  the one corresponding to the appartenence to the space 8. 

We will define as non-homogeneous symbol a funct ioa a(x, ~) with complex 
values, defined for x ~ R", ~ a R ~ -  {0} ; the limit a(c~, ~) ---- :lira a(x, ~) exists for 

every ~ e R ' - - { 0 } .  We assume tha t  a'(x, ~)= a(x, ~)--a(c~,  ~) is in 8'(R:), and for 
its Fourier t ransform 5 ' ( i , ~ ) =  £~(a'(x,~)) we admit  tha t  it  ~s a measurable func- 
t ion in ~ R  ~, verifying estimates 

(lo.1) 

(lo.2) Ix (~ ,  ~ ) - x ( ~ ,  v)l < ~(~)(I s - v ]  )([~] + ]v[) -1 , v) .  e R . ,  ~, v e _ n . - -  {0} 
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where k(A) belongs to the class 3L of measurable functions such tha t  ( 1 +  [212) v. 
• /~(2)EL 1 for p = 0, 1, 2, .... 

Fur thermore ,  we suppose to have In(co, ~)l < L ,  ~ #  0 and 

(10.3) la(c~, ~ ) - - a ( ~ ,  7)1 <e ( l~ - -~ l  )(1~1 ÷ ;71) -~ , V~, 7 e R " - -  {0 } . 

Finally,  let  us suppose tha t  for x eR", ~eR"--{0} ,  the formula 

(10.4) a ' (x ,  ~) = (2~)-"'~fexp (ix. ~)~'(2, ~) dl 

is verified. 
We can give an instruct ive example of a non-homogeneous symbol, verifying 

the  preceding hypothesis :  

Le t  us take a(x, ~ ) =  a(x)](z),  where a (x )e  8 and 

(10.5) ] ( ~ ) =  I~] for ]~] < 1 ,  ] ( ~ ) =  1 for [~1 > 1. 

Obviously, i t  will be sufficient to show tha t  

I ~ - v l  ~,v e R " - { o } .  
I/g:) - / (7 )1<  e I~i + 171' 

a) For  [~l < 1  and 17I < 1  we have the desired est imate.  

b) For  151>1 and 171>] we have 

(l~l + lVl )(11(~)--¢(~)1)---- O. 

e) For I~1>1 and 1~1<1, we get 

(lO.6) (l~l + [~ l ) ( I /@- / (~ ) l ) - -  (t~1 + l~1) (1 -1~1)<(1+ I~1)(1-171) • 

We define: s = l ~l - -  1, ~ = 1 - -  [ ~l ; we have 

(10.7) (1+ I~1 )(1--!7l) = (2 + ~ )~ .  

On the other  hand,  i t  is 1~-71>1~1-I~1 = ~ +  a. 
Hence,  i t  is sufficient to prove  tha t  with a constant  c >  0 

(lO.S) 

and in fact  we see tha t  

(2 + e) 
(10.9) e + 0 

( 2 +  e)O<e(e+ ~), 

2 
< 2 + 1 : 3 ;  

Ve>O, 0 < ~ < 1  
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we ge t  h e n c e f o r t h  

(lo.lo) I / (~) -  ](v)l <a  v~, ~ e R . -  {o}. 
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