Symmetric Spinors in k-Dimensions (*).

B. Dopps (Edinburgh, Scotland)

Summary. ~ In his paper, explicit formulae are given for any irreducible spinor, in any number
of dimensions, which is symmetric in its suffices. The method employed in determining these
formulae is immediately applicable to the task of obtaining explicit jorms for spinors which
are unsymmelric in their suffixves.

1. — Introduction.

Given a set of & anticommuting 2’°-rowed matrices X,, X,, ..., X, with squares
=+ I, corresponding to any orthogonal matrix 4 = [a’] in k= 2» variables, there
i8 a matrix U which is unique apart from sign such that

a!X,=U"'X,U

where ¢=1,2, ..., k. The matrix U is called the basic spin matrix, For % =2y -1
variables, there is a slight modification for transformations of negative determinant
and the equation is

4/ X,= o} U X,U.

The matrices U form the basic spin representation of the orthogonal group. A 2’-
rowed vector, which, in the orthogonal transformation corresponding to the or-
thogonal matrix A, is transformed by the basic spin matrix, is called a basic spinor.
The spur of the basic spin matrix is called the basic spin character and is denoted
by [(3)"]. The basic spinor is said to be of type [(})"].

There are other spin representations of the orthogonal group besides the basic
spin representation, and correspondigly there are other spinors besides the basic
spinors. The spin representations in fact correspond to partitions (A, 4, ... 4,) into
» parts, in which each part is equal to half an odd integer and 1,>1,> ...>1,. The
basic spin representation corresponds therefore to the simplest case, namely the par-
tition ( (3V). A sequence of spin representations is obtained by taking the direct
product of a true representation of the orthogonal group with the basic spin repre-
sentation. This produet is found to be reducible as witnessed by the character equa-
tion given by LiTTLEWooD [4], p. 304. This character equation together with the

(*) Entrata in Redazione il 22 maggio 1971.

22 — Annali @{ Matematica



338 B. Dopps: Symmetric spinors in k-dimensions

fact that every representation of the full linear group is neecessarily a representation
of the orthogonal group, either simple or compound, contain the method which is
to be used to obtain explicit forms for any symmetric spinor in k-dimensions.

2. — Consider an orthogonal transformation
f ; .
@, = ax,, (=1,2y ..., k).

Let W be a basic spinor. Suppose that & is a tensor of rank one, i.e. a quantity whose
components transform as the coordinates #,. The direct product of n such tensors,
& i 51»2, iy isa complete tensor of rank n, i.e. a quantity whose components transform
as the product of » eoordinates. A complete tensor of rank » may be expressed as
a sum of gsimple tensors, LITTLEWO0OD, [1], the symmetric one, &, , say, being of
type {n}. Considering then the direct product of &, , and W, one writes &, .
W=W,, , say,is of type {n}[(3)’]

A representation of the full linear group, of fype {l} say, is reducible under the
orthogonal group (LITTLEWO0OD [2], p. 238 et seq.). Thus, since n is a positive in-

teger, one has that
[21+ 01 if n is even;
= —2
n}=[n]+n I+ +{ [3]+ [1] if » is odd:

Hence the product {n}[(3)’] can be expanded, the character equation being

M@=+ 3, @71+ =3 714+ 13, G+ I

both when n is even and when # is odd. Thus, if the direct product of a simple tensor
of type {n} and a basic spinor is considered, on removal of the various contractions an
irreducible symmetric spinor of type [n-- %, (})""'] remains. Note that there are
two modes of contraction, LIrTLEWoOD [3], namely with the metric tensor and with
a matrix of the set X,, and it is assumed that for an irreducible spinor each mode
of contraction gives a zero result.

The 3-dimensional case is considered first. Suppose that V,, . is an irre-
ducible spinor of type [n -+ ). In order to obtain V,, , explicity, a number of
particular examples are considered whence the form taken by V,, . becomes evi-

dent. Thus suppose that V, is an irreducible spinor of type [$] and that W, is of
type {1}[1]. One has the character equation

{BB= 131+ 31,
and removing the basic spinor contraction gives

Vi: W;’ - %‘X@'.Xq Wq
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where X*V,= 0 as required. Since a basic spinor in three dimensions is taken to
have two complex components, a spinor of type [£] has four components which may
be taken as being any two of the three linearly dependent 2-vectors V,, the de-
pendency relation being X°V,= 0 of course.

Consider next an irreducible spinor of type [§], V.; say. Suppose W, is of type
{2}{3]. The required character equation is

2331 =814 31+ 4],
and removal of the two contractions gives
Vi=Wy—3&X X W+ X, X W) — 39,0 We

where XV ;= 0= ¢V, as required. Note that in the removal of the two contrac-
tions, the two formulae

XX XWy,=2XW,— X, X' XW,, and X' XW,=g"W,

have been used. The formulae follow from the properties of the X, and the symmetry
of W,;. Similar formulae are used in higher order cases., The spinor V,; consists of
8ix 2-vectors of which only three, as required, are independent because of the two
zero countractions.

It is convenient here to introduce the set of permutation operators P, , , the
operators being defined as follows: A permutation operator P, , operating on
a tensor @, , . denotes the operation of taking the sum of the n! tensors obtained
by permuting the suffixes of ,, , in all ways.

In the light of this definition, the formula for the irreducible gpinor V,; is re-
written as

V“-= Wz'i - PM(QM) H
where

Q= (X XWo)((5-1) + (9,67 Wer)[(5-2-1101) .

Higher order spinors are obtained in a similar manner. Thus i Vi, Vi Vi
Viiwars 804 Ve, are respectively irreducible spinors of types [7/2], [9/2], [11/2],
[13/2] and [15/2]7 and if Wz‘ﬂ‘m Wiines Wimpary Wispgrs 304 W05, are of types {3}[%]7
{4131, {5}[41, {6}[] and {7}[1] respectively, then explicit forms for the spinors are
as follows:

Vie= Wiin—Pip(@iss) »
Ve‘izw= Wia’m““Pi:rm(Qia‘m) ’
V:‘iwr= Wﬁpar—Pﬁﬁw(QiiTW) ’
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Vz:fp«zrs: Wiipars'—-Piqurs(inmrs) 3

— W
Vz‘:i:oarsz— W M‘x)qrst_Pwpcrst(Q:wqrst) s

where
Q= X, X W) [(T-21) + (9597 Wap) (T2 -1111) — (X, 0, X292 W o ) (T5-2-1101),

Qirne= (X: X W) [(9-31) 4 (0597 Wanpo) [(9-2-1121) —
(X G X G Waped (9T 2111 — (910509 9% W anea) (97 -22:2101) ,

Qia‘prrr == (JYz'-Xu W7aJ‘zwr‘)/(ll A1) (g[ig”b I'Valfnorzr)/(ll 2-113 ,) -
— (X105 X9 W apeqr) [(11-9-2-1121) — (0,000 9 97 W spear) /(11 -9 -22-2111) 1

(X500 X0 GG W anea) [(11-9-7-22-2101)

Q-‘imr‘s:‘: (—Xz'-Xa 1“rajpaf‘9)/(13 -5 ') + (gu'gab ‘VabMTS)/(lg 2-114 ’) -
A X 0 X W inears) [(13 1121131 — (15 00c 9P 9% W apoars) /(1311 -22.2121) 1

+ (939009797929 W anoaes)[(13-11-9-2%-3101)

Qiiparse = (Xe X Wospars) [(15-61) + (959" Wanpers)[(15-2-1151) —
A X g X G W aneors) [(15-13-2-114 1) —(9,:0509° 9% W apearss) /(1513 -22-2131)
FAX G509 0r XG0 G" W apoaeet) [(15-13-11-2%-2121)
+ (915 Gars 0997 W apeaose) (15131123 -3111) —

(X Ginlar G X0 G G2 GV apeness) (151311 -9-93:3101) .

Both modes of contraction give zero results for each of Vi, Visay Vimery Visvars
and Ve as required, which consist of 4, 5, 6, 7 and 8 independent 2-vectors re-
spectively.

A distinet pattern in the coefficients appearing in the @, is discernible, from
which it is possible to deduce the explicit form taken by an irreducible spinor of type
[n- 1]. The two cages n an even positive integer and » an odd positive integer must
be treated separately: Suppose that V,, , is an irreducible spinor of type [n + }]
and that W_,  is of type {n}[}]. Then,

f1ig.atn

(i) if » is an even positive integer, 2m say where m is a positive integer,

v

Gyipeecds

=W, —P, (Qisionior)

{3ig-s.fom Z1ig.0-tom
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where

Q o m~1 ( )erlg““ gzz,—igrﬂlegjz“ . gi ardarsn ‘{/V“ e tar ettt +
wirein = 2 (i 1 1) (dm — 1) ... (4m oy T 1)@m —2r—1)1 27!

+ Z l)rgll’a * gzzrjxiaw:ghjz g] HIHTHWH Farsploria- fam
)(1m—-1) C(Am—2r + 1)(2m —2r —2)12m1(r £ 1)1

(ii) if n is an odd positive integer, 2m -~ 1 say where m is a positive integer,
T ‘Vi'l?:z'nizm%&n ixiz-v-fzmﬂ(Qixiev-vimﬂ)’

where

m (_.,_1)1‘ Yzlgtzzs b gzsrlzrﬂijgjzja g] wlari -[Vh 12r+xtsr+2 drms1 +
Qutoenrn = 2, (dm £ 3)dm + 1) ... (dm —2r £+ 3)(2m —2r) 127!

=0

mzl (_— i)rgiﬂ'z .t gierﬂizngjlj 932”1] e Wh Jarsaterinesfamyy
S @Am - 3)dm £ 1)... (4m —27 + 3)(@m —2r —1)12rF3(r + 1)1

Considering next the 4-dimensional case, it is found that the irreducible symmetric
spinors obtained are the gsame as their counterparts in the 3-dimensional case (as just
determined), except that whereas the numbers 3, 5, 7, 9, ... appeared in the coefficients
in the 3-dimensional case, the numbers 4, 6, 8, 10, ... appear in the 4-dimensional case.
For example, if V, and V,, are respectively lrredumble spinors of types [%, & and
(%, 4], and it W, and W, are of types {1}[%, 11 and {2}{%, 1] respectively, then explicit
forms for the spinors are as follows:

V=W, — (X, X*W,)/4,
¥ i3 IV,,"“-P@(Q,;) 3

where

= (XX W) 6 + (9,097 Wo) (621101 .

Similarly in five dimensions, the numbers 5, 7, 9, 11, ... appear in the coefficients
instead of 3, 5, 7, 9 .... Higher dimensional cases follow the same pattern and one
can thus generalise the formulae to k-dimensions as follows: Suppose that the number
of variables is k, where k= 2y or 2v-}-1 depending upon whether the number of
variables ig even or odd respectively, » being a positive integer. Suppose that V.,
is an irreducible symmetric spinor of type [n-- %, ()] and that W, , is of
type {n}[(%)”], where n is a positive integer. Then,

(i) if » is an even positive integer, 2m say where m is a positive integer,

Vz‘lig...im: IV:‘,:’,.,.E’M _ Pz‘li,...sm(Qm‘g...a )

am
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where
Q_ o mz—l (—— 1)rX'ilgt'gis e gigrizrﬂXj‘ngjs .es g:"zrizr+1 le"'jzrﬂl'zrn---izm +
ineitn = 20 T Tk — 2)(dm -+ b — 4) ... (4 1 b — 27 — 2)(2m — 2r — 1) 12771
_§_ mz—l (— 1)rgill'2 se gizrﬂizr‘}-zghjz ser gf:r+17'zr+2 Wﬂ'1~-'£ier+zizr+3vn?'2m .
2 [@m £ k—3)(Em + k—4)... (4m + k— 27 —2)@m — 2r — 2)i2i(r 1)1

(ii) if » is an odd positive integer, 2m 41 say where m is a positive integer,

l

iydgeeftmer f1igeritames imiz--'52m+1(Ql'J.l'zmizm+1)
where

A= 1)V X Gisa e Gigging n XG5 i W,

J1ovsJersilerdescetamin +

Vs = S dm - kY(dm + k—2) .. (dm -+ B —27)(2m — 27) 127!

-1 — T i4J. j j
+ mz ( 1) giﬂz e gizr+1igr+zgh]2 "o ngr+1er+z levnnjg{+;_@£+a<¢.i2m+l

= (4m -+ k)dm + k—2) ... (dm + k—2r)(2m —2r — 1) 1271 (p £ 1)1
The irreducible spinor V,, . consists of (k- n—1)!/n!(k—1)! 2"-vectors of which
just (B -+ n—2)!nl(k—2}! are independent because of the zero contractions.

The above formulae remain valid irrespective of the signature of the metric.
Thus, for example, in four dimensions, the metric could be the sum of squares, the
signature then being equal to 4, or one could take the metric of space-time, in which
case the signature is equal to 2.

All irreducible spinors which are symmetrie in their suffixes are thus explicitly
determined. Spinors which are unsymmetric in their suffixes can be determined
explicitly by employing the same method. For example, in four dimensions, if V; is
an irreducible spinor of type [3, 2] and W, is of type {1”}[%, 11, so that W, +W,, =0,
one has the character equation

and correspondingly one has that
Vi=Wy— (XX Wy, — X, XW, )2 — (XX, X, X)X X"W,[16

where both modes of contraction give zero results and thus V,, consists of just two
independent 4-vectors as required.

3. — The author wishes to thank Professor D. E. LirrLEWooD for his continued
interest during the course of this work. During part of the course of this work, the
author was in receipt of a Research Studentship for which he is indebted to the
Seience Research Council.
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