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Summary. - In  his paper, explicit ]ormulae are given ]or any irreducible spinor, in any number 
o/dimensions, which is symmetric in its su]]ixes. The method employed i~, determining these 
]o~nulae is immediately applicable to the task o] obtaining explicit ]o~ms /or spinors which 
are unsymmetrie i~ their su/]ixes. 

1 .  - I n t r o d u c t i o n .  

Given a set of k anticommuting 2"-rowed matrices X~, X~, ...,X~ with squares 
± I, corresponding to any orthogonal matrix A----[a/] fll k = 2v variables, there 
is u matrix U which is unique apart from sign such that  

a/X~ = U -~ X ,  U 

where i = 1, 2, ..., k. The matrix U is called the basic spin matrix. For ]~ = 2v + 1 
variables, there is a slight modification for transformations of negative determinant 
and the equation is 

The matrices U form the basic spin representation of the orthogonal group. A 2% 
rowed vector, which, in the orthogonal transformation corresponding to the or- 
thogonal matrix A, is transformed by the basic spin matrix, is called a basic spinor. 
The spur of the basic spin matrix is called the basic spin character and is denoted 

1 v 1 v by [(~) ]. The basic spinor is said to be of type [(~) ]. 
There are other spin representations of the orthogonal group besides the basic 

spin representation, and correspondigly there are other spinors besides the basic 
spinors. The spin representations in fact correspond to partitions (41 ~2 ... ~) into 
v parts, in which each part is equal to half an odd integer and ~1~ ~2~ --.~ ~ .  The 
basic spin representation corresponds therefore to the simplest case, namely the par- 
tition ((1y). A sequence of spin representations is obtained by taking the direct 
product of a true representation of the orthogonul group with the basic spin repre- 
sentation. This product is found to be reducible as witnessed by the character equa- 
tion given by IJtTTLEWOOD [ 4 ] ,  p. 304. This character equation together with the 

(*) Entrain in Redazione il 22 nmggio 1971. 
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fact that  every representation of the full linear group is necessarily a representation 
of the orthogonal group, either simple or compound, contain the method which is 
to be used to obtain explicit forms for any symmetric spinor in k-dimensions. 

2. - Consider an orthogonal transformation 

f 
x~ = a~xj,  ( i :  1, 2, ..., k). 

Let W be a basic spinor. Suppose that  ~ is a tensor of rank one, i.e. a quantity whose 
components transform as the coordinates x~. The direct product of n such tensors, 
~ ,  ~ ,  ... ~ ,  is a complete tensor of rank n, i.e. a quantity whose components transform 
as the product of n coordinates. A complete tensor of rank n may be expressed as 
a sum of simple tensors, LITTLEWOOD, [1], the symmetric one, ~...~. say, being of 
type {n}. Considering then the direct product of ~ . . .~ ,  and W, one writes $~.~...~ 
W =  W~,~,..,. say, is of type {n}[(½y]. 

A representation of the full linear group, of type {~} say, is reducible under the 
orthogonal group (LITTLEWOOD [2], p. 238 et seq.). Thus, since n is a positive in- 

teger, one has that  

[2] + [0] if n is even; 
{n} : [n] + [n -- 2] -~ ... ~- [3]+[1]  if n is odd: 

Hence the product {n}[(½) ~] can be expanded, the character equation being 

{~}[(½y] = In ÷ ~ (~)'-~] + [(½)~], ~, (½y-'] + I n -  ½, t!~,-~i , 2 ,  ~ ÷  ... + [~, 

both when n is even and when n is odd. Thus, if the direct product of a simple tensor 
of type {n} and a basic spinor is considered, on removal of the various contractions an 
irreducible symmetric spinor of type In ~-½, (½)~-1] remains. Note that  there are 
two modes of contraction, LIT~LEWOOD [3], namely with the metric tensor and with 
a matrix of the set Xo and it is assumed that  for an irreducible spinor each mode 
of contraction gives a zero result. 

The 3-dimensional case is considered first. Suppose that  V~...~ is an irre- 
ducible spinor of type [n ~- ½]. In  order to obtain V~,...~. explieity, a number of 
particular examples are considered whence the form taken by V~...~ becomes evi- 
dent. Thus suppose that  V~ is ~n irreducible spinor of type [~] and that  W~ is of 
type {1}[½]. One has the character equation 

and removing the basic spinor contraction gives 

V, -- W~ -- ½ X~X ~ W, 
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where X ~ V~= 0 as reqnired. Since a basic spinor in three dimensions is taken to 
have two complex components, a spinor of type [~] has four components which may 
be taken as being any two of the three linearly dependent 2-vectors V~, the de- 
pendency relation being X ~ V~= 0 of course. 

Consider next an irreducible spinor of type [~], V;¢ say. Suppose W~-~ is of type 
{2}[½]. The required character equation is 

and removal of the two contractions gives 

I % =  W ~ - - ~ ( X ~ X ~ W . ÷  X~X~W~) --~g~g~ ~ .  

where X~V~-~ 0 = g~JV~ as required. ~ote  that  in the removal of the two contrac- 
tions, the two formulae 

X ~ X j X  ~ W~i = 2X ~ W,~ -- X j X i X  ~ W~i and X i X  ~ W ~ i :  g~ W~ 

have been used. The formulae follow from the properties of the X~. and the symmetry 
of W~s. Similar formulae are used in higher order cases. The spinor V~ consists of 
six 2-vectors of which only three, as required, are independent because of the two 
zero contractions. 

I t  is convenient here to introduce the set of permutation operators P;~....~, the 
operators being defined as follows: A permutation operator P~,i,,...,,~ operating on 

tensor Q~...~ denotes the operation of taking' the sum of the n! tensors obtained 
by permuting the suffixes of Q~,. ~. in all ways. 

In the light of this definition, the formula for the irreducible spinor V~.j is re- 
written as 

where 

V . =  W. - -P . (Q~j )  , 

q , =  !) + o !). 

Higher order spinors are obtained in a similar manner. Thus if V ~ ,  V,:j~, Vsj~r, 
V~j~r~ and V , ~ t  are respectively irreducible spinors of types [7/2], [9/2], [11/2], 
[13/2] and [15/2], and if W~.j~, Wij~q, Wij~,, W ~ , ~  and W~j~,~t are of types {3}[½], 
{4}[~], {5}[½-], {6}[½] and {7}[½] respectively, then explicit forms for the spinors are 
as follows : 
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V , j . ~ . =  Wo~,~ , --.Pij.~.(Q~j~q.) , 

where 

p,~ = x,x., w,o~,)/(7.2 !) + (g,go~ woo~)/(7.2.a !1 !) -- (x,%~xopo w,~)/(7.5.2 .~ !0 !), 

Q,J~ = ( X , X  '~ W o ~ ) / ( 9  -3 !) + (g:jg~b W~b~)/ (9 .2 .1  !2 !) - -  

- -  (X ,g j ,  X " g  b° W~0~) / (9 .7 .2 .1  !1 !) - -  (g~jg,~UOg .~ W,~ ,O/ (9 .7 .2  2 .2 !0  ! ) ,  

Qij~o~ == (X, .X~ W , ~ ) / ( 1 1  .~ !) -j- (g,.jg"b W~,~, . ) / (]1.2  .1 !3  !) - 

- -  (~ b 0  v (X~gj~X g ~ ,o~)/(1:l  . 9 . 2 . 2  !2 !) - -  (g ,~g~g"bg 'aW,~) / ( .1]  "9 "2 ~ "2 t l  !) + 

r 
-~- (X~g~go~X~g~,g ~ wo~o~,)/(11.9. 7 .2"- .2 !0 !) ,  

Q:~,~,.,: (X~X~ W,j~,.~)/(13.5 !) + (g,jg~° VV,~q,) / (13.  2 .1 !4!) - -  

- -  (X~gj~X',p~W~b .. . .  ) / (13 .11 .2  .] !3 !) --(g~sg,~g~gcaW,o~,a,) /(13.11.2 2 .2 !2 !) + 

+ (g,jg~qg,g"~g~dg~fW,~d~S)/(13 " t l  "9 "2 3 "3 !0 ! ) ,  

Q;~,~ ,  == (X~X ~ W,~+~,,)/(:15.6 !) + (g+jg,b W ~  ..... ~)/(] 5 . 2 . 1  !5 !) - -  

- -  ( X ~ g ~ X o p  , IV,~ ..... t ) / ( 1 5 . 1 3 . 2 - 1 ! 4  !) - -  (g,~g~g,,Og~a W,0~ ,~) / (15 .13 .2  ~ .2 !3 !) + 

-~- (X~g~,g~,X,g~g ~ W , o ~ ) / ( 1 5 . 1 3 . 1 1 . 2  ~ .2 !2 !) d- 

+ (g,.~ g, og,g,~go,~g°~ W , , ~  ~) / (15-13.11.2  ~. 3 ! 1 !) - -  

- -  (X,  g~ ,g~g , tX ,  g~g~ g th W~,~/~,)/(15 .13 .11 .9  .2 ~. 3 ! 0 ! ) .  

B o t h  modes  o f  con t r ac t i on  give zero resul ts  for  each  of I r~.~.,, l : ~ q ,  V , ~ ,  V ~ .  
a n d  V~.~q,~, as requi red ,  which  consist  of 4, 5, 6, 7 and  8 independe~lt  2 -vec to rs  re- 

spec t ive ly .  
A d is t inc t  p ~ t t e r n  in the  coefficients a p p e a r i n g  in the  Q(~.) is discernible,  f rom 

which  i t  is poss ible  to  deduce  the  expl ic i t  f o r m  t a k e n  b y  an  i r reducib le  spinor  of t y p e  

[.n + ~] T h e  two  cases n an  even  pos i t ive  in teger  and  ~ a.n odd pos i t ive  in teger  m u s t  

be  t r e a t e d  sepaxa te ly :  Suppose  t h a t  V~. . .~  is a.n i r reducib le  sp inor  of t y p e  [n-4- ½] 

and  t h a t  g~.~...s~ is of t y p e  {n}[½]. Then ,  

(i) if n is an  even  pos i t i ve  in teger ,  2m say  where  m is g pos i t i ve  in teger ,  
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where 

Qa,,...~,, = ,=o ~ (~m + 1 ) ( I r a - - l )  . . . .  ( 4 m - - 2 r - ~ - l ) ( 2 m - - 2 r - - - 1 ) ~ 2 ~ r !  + 

1 r aJ~ ¢lJ~r+l]2r+~ W " t m-1 ( - -  ) glv, ... giz,,~,+,g "" - ,,..., ............. 
+~,=o (din -~- 1 ) ( i r a - - l )  ... ( d m - - 2 r ~ - ] ) ( 2 m - - 2 r - - 2 ) ! 2 ~ + ~ ( r - ~ l ) !  ; 

(ii) if n is an odd positive integer, 2m-~- I say where m is a positive integer, 

where 

(--l)'X~.g~,,....~.,,.,+,a. Xi~aJ~i, .... gJ--J .... W~- ~..+,~ ....... ~ ..... ÷ 

Q,v ......... = .=o ~ --(~m ~- 3)(4m + i) ... (4m --2r -~ 31(2m--2r)!2"r'. 

" g .......... g . g W,,...~ ................. 
-~ ,.=o ~ (4m-~ 3)(4m + 1) . . .  ( 4 m - - 2 r d - 3 ) ( 2 m - - 2 r - - 1 ) i 2 " + ' ( r + l )  t" 

Considering next  the ~-dimensional case, it is found tha t  the irreducible symmetric 
spinors obtained are the same as their  counterparts  in the 3-dimensional ease (as just  
determined),  except  tha t  whereas the numbers 3, 5, 7, 9, ... appeared in the coefficients 
in the 3-dimensional case, the numbers  4, 6, 8, 10, ... appear  in the 4-dimensional case. 
For  example,  ff V, and V~ are respectively irreducible spinets of types [~, ½] and 
[~-, ½], and if W ,  and W~ are of types {1}[½, ½] and {2}[½, {-] respectively, then explicit 
forms for the spinets are as follows: 

where 

y,- w,- (x,x,,wg/4., 

v~ = w,j--P,ffQ,i) , 

0 , , : =  ( X ~ X  ~ W~j)/6 + ( g , j g , " W ¢ , ) / ( 6 . 2 . 1  !O !). 

Similarly in five dimensions, the numbers 5, 7, 9, Ii, ... appear in the coefficients 
instead of 8, 5, 7, 9 . . . .  t t igher  dimensional eases follow the same pa t te rn  and one 
can thus generalise the formulae to/~-dimensions as follows: Suppose tha t  the number  
of variables is ~, where k = 2~ or 2~-}-1 depending upon whether  the number  of 
variables is even or odd respectively, v being a positive integer. Suppose tha t  V~.~,...~,, 
is an irreducible symmetr ic  spinor of type  [n~- ~ ~, (½)"-~] and that W~v ...... is of 
type  {n)[(½)~], where .n is a positive integer. Then, 

(i) if n is an even positive integer, 2 m  say where m is a positive integer, 
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where 

tTZ~rt~r+i ~1 " ' ' g  Wyl...2~r+il2r+~...z$r n 

Q~,..~:m =~=o ( d m + k - - 2 ) ( d m + k - - 4 )  ... (dm+lc--2r--2)(2m--2r--1)I2~r~. . 
+ 

• .. g~,+~,~,+,g . . . . . . . . .  

+~=o (dm + k - - 9 ) ( d m  + l c - - Q . . .  (dm + k - -2 r - -2 ) (2m- -2r - -2 )~2~+~(r  + l ) !  

(ii) if n is an odd positive integer, 2m @1 say where m is a positive integer, 

where 

QiZi2,* ,i=m+l 

+ ~=o ~" (Ira + k ) ( lm + I~SL~2~..-.(~m + k - -2r ) (2m--2r - -1 ) !2~+~(r  + 1)!"  

The irreducible spinor V~:~...~ consists of (k -}- n - -  1) !/n~(/~ - -  1) ! 2%vectors of which 
just  (k + n - - 2 ) ! / n ! ( k - - 2 ) !  are independent  because of the zero contractions. 

The above formulae remain valid irrespective of the signature of the metric. 
Thus, for example,  in four dimensions, the metr ic  could be the sum of squares, the 
signature then  being equal to 4, or one could take the metric of space-time, ia  which 
case the signature is equal to 2. 

All irreducible spinors which are symmetr ic  in their  suffixes are thus explicitly 
determined.  Spinors which are unsymmetr ie  in their  suffixes can be determined 
explicitly by  employing the same method.  For  example, in four dimensions, if V~- is 
an irreducible spinor of type  [-~, ~] and W,j is of type  {1:}[½, -}], so tha t  W~j+W~, = 0, 
one has the character  equat ion 

1 + + [½, 5] = 

and correspondingly one has tha t  

V, i = W~ --  (X~XqW~i -- X~ Xq WqJ/2 --  (X~Xs --  X j X ~ ) X ~ X  ~ Wqr/16 , 

where both  modes of contract ion give zero results and thus V ,  consists of just  two 
independent  4-vectors as required. 

3 .  - The author  wishes to thank  Professor D. E.  LITTLEWOOD for his continued 
interest  during the course of this work. During par t  of the course of this work, the 
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