
#-Homotopic Maps are Loop Homotopic (*)(**). 

5To~EaT H. SOHLO~IUK (~ontr~al ,  Cunada) 

Summary. - In  [4] we have de]ined a qwtion o] l~-homoto2)y in the category o/simplicial groq~ps 
and q~e have made the eon~ectq/ze that l~-homotoI)y is eqq~ivalent to loop homotopy. The p~x- 
pose of this pa/pev is to prove th~s eojeetq/ze. 

Introduction. 

I n  [4] we have  developed a theory  of principal  cofibre bundles,  dual in the sense 
of E C K ~ - H I T , T O ~  [1] to  the  theory  principal  fibre bundles wi th  group G. We 
have  shown tha t  any  such bundle  wi th  <~ eobase )) A and (~ cofibre ,~ /TK where F K  
is MtL~o~'s  F construct ion [3] over  the  simplieial set  K ,  is induced via  a map  from 
GK into A. Here  G is t he  construct ion of KA~ [2]. The quest ion whether  loop- 
homotopic  m~ps induce equivalent  cofibre bundles remained open;  i t  was only shown 
tha t  if we replace the  usual  definition of homotopy  in the  category (~ of simp]icial 
groups, namely  t ha t  of loop-homotopy b y  an ad hoc not ion of /~-homotopy,  then  
i t  is t rue  t h a t  two maps from G K  into A are #-homotopic  if and only if they  induce 
equivalent  bundles.  We conjectured tha t  # -homotopy  is equivalent  to loop-homotopy.  
We shull prove  (Theorem 1.3) t ha t  this is indeed the case and we conclude t h a t  
two loop-homotopic maps f rom A to B induce equivulent .bundles  und tha t  two 
maps from G K  into A induce equivalent  bundles if and if they  are loop-homotopic.  

1. - Le t  K be a simplicial set which is reduced i.e. i t  has only one 0-simplex ko, 

and let  Ks  represent  the  set of aU simplexes of K of dimension n. Using the same 
notat ions  as in [4] we define the  simplicial group G K  b y  construct ing (GK)~ as the  
group wi th  generators  ~(x), x e K ~ + ~  and relations z(sox)== e~ (the uni t  element).  
The  face and degeneracy operators in K are defined a,s follows: 

~o( ~(x) ) = ~(~oX)-l(~lx) 

= if i ¢ 0  

if i ~ 0  

(*) Entrata in Redazione fl 25 febbraio 1972. 
(**) This work was done while the author held a Visiting Professorship at the Istituto 

Matematieo, Universit~ di Perugia, under the auspices of ~he Italian l~atlonal Research Council. 
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Our notat ions and conventions are different f rom those of [2]; also we would 
like to  point  out  t ha t  there  is an abvious misprint  in the definition of 3o(V(x)) given 
in [~]. 

Given ~ simplicial group G and a simplicial set K,  we shall construct  following [2] 
the  <(tensor p roduc t  >> G Q K gs the simpIicial group genera ted  by  the simbols 
g ~x,  where g 6(7 and x ~ ) K ,  wi th  the  relat ions (g ~ x ) ( h  ~ x ) =  g h ~ x .  The 
face alld degenera, ey operators are defined b y  ~ ( g ~ x ) =  (~g ~ x )  a,nd s~ (g~)x ) :  
---- (s~g @ s~x). The  uni t  Lnterval I is the  simplicial set consisting of one noI~-degen- 
era te 1-simplex 01, i ts vert ices 0 and 1 and thei r  degeneracies. Any  simplex of I 

can be represented as 0~1~, p~-q<.<l, p >~ 0, q~> 0. There are two obvious imbeddings 
of G into G ~ ) I  namely  io defined b y  io(g)~ g ~ 1 ~+~ and i~ defii~ed b y  il(g)--~ 
-----g ~)0  .+~. I t  is obvious f rom the  contract ibi l i ty  of I ,  t h a t  as simplieial sets i~(G) 
~re deformations re t racts  of G ~ I .  

DE]~I~ITIO~ 1.1. [2]. -- Two morphisms re, ]~: G-+H,  G, H e~J are called loop- 
homotopic if there is a morphism F: G Q I - ~ H  such that re----Fie, f~-~ Fi~. 

I t  has been shown in [2] t ha t  if G is free, the  loop-homotopy relation is an 

equivalence relation. 
Le t  G----GK where K is ~ reduced simplici,~l set. 

DEFINITI0~ 1.2. [4]. -- TWO morphisms fo, ]J: GK-~  A, A~@ are called /~-homo- 
topic if there is a map it: K - + A ,  # ( K , ) = A ,  such that: 

= i o 

s ~ ( # ( x ) )  = ~(s~x) , i > o .  

Our main  result  is the following 

TH]~o~]~ 1.3. - I] K is a reduced simplicial set and A is a simplicial group, two 
morphisms from GK to A are #-homotopie if and only if they are loop-homotopic. 

I~  view of the preceding result, Theorem 2.6.5. of [4] can now be rephrased as 

COI~OLI~A]CY 1.4. - Two principal cofibre bundles with cobase A and cofibre F K  
are equivalent if and only if they are induced by loop-homotopic morphisms GK--> A. 

This is ~ dual  of the  classification theorem of principal  fibre bundles.  (For  a 
definition of principal  cofibre bundles see [4]). I n  general if A is uny simplicial 
group and P is a principal  cofibre bundles with cobnse A and cofibre F K  then  nny 
morphism f: A --~ A induces ~ principal  cofibre bundles with cobase B ~ l d  cofibre FK.  
Since P itself is induced by  k: G K - > A  two cofibre bundles induced b y  loop- 
homotopic  morphisms f~, f2: A -+A ~re induced f rom the universal  bundle  b the 
bloop-homotopic  morphisms ]olC, f~k: GK-~  A and ure therefore equivalent.  Thus 

we have:  
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COtmL]~A~Y 1.5. - I /  P is a principal co/ibre bundle over A and /o,/~: A - +  B 
are loop-homotopic, then the induced bundles /oP, / , P  are equivalent. 

Since the  uni t  in te rva l  is not  reduced,  the  car tes ian p roduc t  be tween  a reduced 
simpliciaI set K and I is not  a reduced simplicial  set. This forces us to use the 
following 

D]~FI~i:rioIv 1.6. - The reduced cartesian product K x ' I  where K is reduced, is the 
simplicial set obtained Item I£xi  by identi]ying all the simplexes o] the /orm (s~ko~ x) 
x e I~ with one completely degenerated simplex soyo. 

The nex t  sections will be concerned with the  proof  of Theorem 1.3. 

2. - L e t  Jo denote  the  imbedding  of K into K x ' I  defined b y  ]o(x)-~ (x, 1 ~+~) and  
let ] , (x )= (x, 0"+~). 

L E ~ I A  2.1. - Let /o~/~: GK-->A be two #-homotopic morphisms. Then there 
exists a morphism ~': G(Kx ' I )  -~ A such that FoG]~= /~ i - -  O, 1. 

P~0OF. - Le t  2~: G ( K x ' I ) - , A  be defined on the  free generators  of G(Kx'I)  as 
follows : 

• o > ) )  = 

E( r(x, Oq~) ) = /~( v(x) ) , ,n 4 - 1 =  p 4- q = N , p > 2 ,  

i t  c~n bc checked direct ly,  by  using the  definit ion of # - h o m o t o p y  and tha t  of 
the  face and  degeneracy opera tors  in GK, t h a t  the  m a p p i n g / ~  satisfies our require- 
merits.  

LEPTA 2.2. - I] two morphisns /o,]1: G K - > A  satis/y the conclusions o/ 
Lemma 2.1., they are loop-homotopic. 

P~oo~.  - Le t  W be the functor  f rom ® to the ca tegory  ® of reduced simplicial 
sets defilled in [2]. There  is a na tu ra l  m a p  ~ which establishes a 1-1 correspondence 

between @-morphisms:  GK --, A and ~ - m o r p h i s m s  : K -~ ~;;A. Therefore the  map  

~(/~) is a h o m o t o p y  in ® between ~(]o) and  ~(/~) (see Proposi t ion  10.5 of [2]). B y  

~pplying Theorem 11.1 [2] we conclude t h a t  /o and  /~ are loop-homotopic .  

3. - We now prove  t h a t  l oop-homotopy  imphes  ff -homotopy.  Le t  p:  G G I - *  G 
be the canonical  project ion p ( g @ x ) = g ,  g e G ,  x ~ I ,  G~(~. Then we have  the 
f ibrat ion 

1-*" H -+ G Q I ~> G --> I 
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and  since io(G ) is a deformat ion  r e t r ac t  of G ~ I and  pio = t ,  the  fiber (kernel) H 
has  t r iv ia l  h o m o t o p y  groups.  ( In  fac t  i t  is contractible.)  

L E ~ f A  3.1. -- Given simplexes x~, x~, ..., x ,  in H~_~ such that ~ x ~ _ ~ x ~  /or all 
i <  ]~ there exists a simplex y e H ~  such that ~ y  ~-x~ ]or all i. 

P~ooF.  - Since H satisfies the  KAN extension condition~ we can find z e H 

such t h a t  ~ z  =: xi ~ for i :/: 0. Then Xo8o z satisfies 3~(XoOoZ) = e~_~ for all i. B y  the 

vanish ing  of the  m o t o p y  groups of H ,  there  exists  w e H~ such tha t  h o w =  xo~oz 
and  8~w = e~ for all i :/: 0. We  can take  y == wz-h 

We  shah  now p rove  b y  induct ion  on ~ the  following s t a t e m e n t :  (a~) Le t  io, i~ 

be canonical  imbeddings :  GK --~ GK @ I ,  where K is a reduced simplicial  set. Then 
there  exists  a /z-homotopy #:  K~--> G K  @ I defined for  k < n ,  such t h a t  

i) #(Kk) c Hk 

i f )  = 

~#(x )  = #(~,x) , i >  0 

s ~ # ( x ) = # ( s ~ x ) ,  i > 0 ,  xeK~_~,  k < n - - 1 .  

Pn.oPosITIO~ 3.2. - (as) is t rue  for all n > 0 .  
Assuming for  the  m o m e n t  %he va l id i ty  of 3.2. we obta in  

OOI¢OLLAR.Y 3.3. -- I/two morphisms ]o, ]~: GK--> A are Ioop-homotopie, they are 

#-homotopie. 

P~ooF.  - B y  hypothes is ,  there  is ~ morph i sms  E :  GK(~I--->A such t h a t  f 0 =  F/o, 
]~-~ Ei~. Then  the  composi t ion fi = F # ,  where # has been  const ructed in Propo-  

sit ion 3.2. yields the  r e q u i r e d / ~ - h o m o t o p y  between ]o and  /1. 

P~ooF  OF PgOPOSt~IOl~ 3.2. - Fo r  n =  0, set  # ( x ) = # ( k o ) =  eo and  there  is 

no th ing  to verify.  Suppose t h a t  we have  p roved  (a~_~). I f  x =  s~y, y e K . _ ~  define 

#(x) = s~#(y). Then  # ( x ) e H ~  s~tisfies condit ions i) and  if) of (a~). 

I f  x e K .  is non-degenera te ,  consider the  e lements  

yo  = 

y~ =/~(O~x) , i > 0 . 

Yo = io(~(x))-l(~oX) il(~(x)) 

y, a H , _  1 sat isfy the  hypotheses  of Lemma.  3.1 and  we can define #(x) e H .  as the  
e lement  sat isfying ~ ( x ) =  y, .  This proves  (a,) and  concludes the  proof  of Propo-  

sition 3.2. 
L e m m a  2.2. and  Corollary 3.3 yield Theorem 1.3. 
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