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Summary. - In  a recent paper [1] Ezeilo considered the nonlinear third order di]]erential equa- 
tion x ' +  ~p(x')x"+ q~(x)x'+ O ( x , x ' , x " ) :  p(t). He proved the ultimate boundedness o] the 
solutions on rather general conditions for the nonlinear terms ~, % O. These conditions (in a 
little wealcer form) ave also su/]icient i~ order to prove the existence o] leveed oscillations in 
the case when the excitation is e~-periodic. Yov this purpose the IJeray-Schauder ~inciplc 
in a ]orm suggested by G. Gi~sse]eldt [2] is applicable. 

We s tudy  the  differential equat ion 

(1) x" ÷ y(x')x" ÷ 9(x)x' ÷ 0(~, x, x', x") = p(t) 

where the  functions ~, 9?, O, p are continuous and co-periodic with respect  to t. 
According to  [1] we define 

0 0 0 

THEOlCEFL - Suppose, t h a t  

(i) W(x~)sgnx2- ->+ oo as ]x~[ -~ oo 

(ii) IO(t, xl, ...)] ~ / ~  for all values of the independent  variables, 

O(t, xl ,  . . . ) s g n x ~  O for ]x~[ >__h 

(iii) J q~(x~) - -  bx~I g M (b > 0 constant)  
a )  

0 

Th en  there  exists a t  least one m-periodic solution of equat ion (1). 

P~oo~. - Choosing an  a rb i t r a ry  constant  c V: 0 we int roduce the  following first 
order sys tem depending on a p a r a m e t e r / ~ e  [0, 1]: 

! 

~i ~ X2 

(2) x~ = x. + {(bx~- , (x~,  ~ ) ) - ~ ( x ~ ,  ~ ) +  ~P(t)} 
x~ = - -  cx~--  bx~ + ( c x l - -  g(t, xl ,  x2, x3, ~)} . 

(*) Entrata in Redazione il 21 ottobre 1971. 
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These equations are regarded as components of a vector  differential equation 

(3) x ' =  A x  -~ f ( t ,  x ,  #) ;  x = x~ , f =  bxl  - -  q5 - -  gJ @ t t p  . 

a C X l  - -  g 

The homogeneous linear equation 

(~i) x ' =  A x  

admits  only the  trivial  co-periodic solution x( t )  ~ 0 since the characteristic equation 

Dot  ( 2 E - - A ) =  ~- [ -  b).. ~- c =  0 

has no purely imaginary root. 
The following denotat ions are used: 

Xl 

~(x~,/~) = 2- - /~  z - - #  
o 

~(x~) + ~ ~(_  x,), 
q~(xl, #) - -  2 - - #  - -  

[¢(x, ,  O ) =  ½(m(x , ) -  ¢(--x~)} = -  ~ ( - - x , ,  0), re(x,, 2 ) =  ~(x~)], 

T(x~,#)  and ~o(x~,#) are defined in an analogous way,  

Xr 5~z 
g(t, x l ,  x2, x~, # )  = ,uO(t, x~, x~, 5) @ (2 --#)F 1 4  [x~l 

(t, ~ ,  ~ ,  x~, o ) -  1 +  I~1~ 

Evident ly ,  the succeeding relations are valid: 

(5) 

T(x~, #) sgnx2 -~ c~ 

Ig(t, xl, x2, x~, #)I <=#loi + (2--~)~'_<= F 

g(...) sgnxl > (2--~)F 

I~(x~, #)--bxll ~ M by virtue of x1= 2--# 

a s  1~21---->(:~3 (uniformly with respect to # E [0, 1]); 

for # e [ O , l ] ;  

l - - l t  ( - -X l )  • 
2 - - #  

for ~E [0, I); 

System (2) respectively (3) is equivalent  to the third order differential equation 

(6) x'-~ - F(x I,/~)x'~ - ~(x, t t ) x ' +  g(t,  x ,  . . . )  = # p ( t ) ,  x = x l  

which is identical with the original equation (1) i£ # = 1. 
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For  # - ~  0 the  nonlinear terms T ,  q~, g are odd with respect  to x~, x2, x3 (the 
last component  does not  occur); t h a t  is 

f( t ,  - - x ,  O)-= -- f ( t ,  x, O) 

where f( t ,  x, #) is the nonlinear per turbance  te rm in equation (3). 
continuous funct ion of 

(t, x, t~) e [0, co] × R ~ × [0, 1 ] .  

This t e rm is a 

For  0___ t ~  (o the co-periodic solutions x(t) of equat ion (3) can be represented 
as the  continuous solutions of an integral  equat ion of I:IA~fEt~STEII~ type :  

(7) 

or short ly 

t o  

0 

V , x  _~ x ( t )  - T{x( t ) , /~}  = 0 .  

The Green mat r ix  G(s), s e [ - - c o ,  +c o ]  is continuous for s # 0 ,  and i t  fulfils 
the jump condition 

G ( +  0) - -  G ( - -  o) = E .  

Le t  B be the B~N.~c~ space of continuous vectors x(t), 0 <_ t<_ co with the 
boundary  condit ion x(0)-~ x(co) and normed by  vi r tue  of 

I1... IL = sup  Ix ( t ) l .  
[0,¢o] 

The operator  T generates a continuous and compact  (i.e. completely continuous) 
mapping of the  normed  product  space B X [ 0 ,  1] into the  BA~ACtt space B. The 
periodic solutions of (3) correspond to the  fixed points of T or to the null vectors 
of V~. 

Le t  

S~= {x(t)eB: ][x(t)l] =--R}, B ; =  {x(t)eB: Nx(t)IL<R}. 

On the  sphere S~ we s tudy  the vector  field V,  ( V , x =  x - - T { x ,  tt}) for every  
fixed tt ~ [0, 1]. I f  there  is no null vector  on S~ the vector  fields V0 and V1 are called 
homotopic.  The rotat ions of homotopic  vector  fields are identical.  Since V0 is an 
odd vector  field, 

~o 

- - j G ( t - -  ~ ) f ( ~ ,  - -  x(~), o ) d r  = - -  Vox, Vo(-- X) X(t) 
0 

its ro ta t ion  is an odd number .  The ro ta t ion of V o on the sphere S~ being different 
from zero the ball B~ contains at  least one null vector  of ]7o. This result  is also t rue 
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of all vector  fields V, (0 g # g 1). Consequently,  for every  parameter  value system 
(2) admits  at  least one ~-periodic solution x(t) the  norm of which is less t han  R. 
(For  fur ther  details see [2] and [3].) 

I f  we can show tha t  the  solutions of integral  equat ion (7) on the parameter  
in terva l  0 </~  < 1 are a priori  bounded  (tlx(t) II < R,  t t  a uniform bound)  then  only 
two al ternat ive  possibilities exist :  

a) for  # = 1 there  is a t  least  one solution x(t) with  norm R of integral  equa- 

t ion  (7); 

b) such a solution does no t  occur, the  vec tor  field V~ (0 ~ tt ~ 1) has no null 

vec tor  on the  sphere S~, b u t  a t  least one null  vec tor  within B~. 

At  any  ease the  asserted theorem is proved,  the  differential equat ion (1) has 

a periodic solution bounded  b y  R. 
For  the  purpose of an a priori  es t imate  we consider a periodic solution of system 

(2) where 0 g # <  1. At  first we s tudy  the  components  x~(t), x~(t) with  the aid of 

the posi t ive auxi l iary  funct ion 

1 2 l ~ - b  
W(x~, x.) -~ -~ (bx2 -{- x~) - -  F(]x2i -[-[xa] --] Ix,.,] --lxal]) sgn (x~xa) -f- ~ 2 /~  

tending to  infinity as ]x~ I + Ix~l -+ c¢, ep. [4]. 
Le t  W' be the  to ta l  t ime der ivat ive  b y  vi r tue  of (2); evaluat ing this expression 

(which is depending on t, x~, x2, xa, #) we could easily show t h a t  

this domain  being the  same for all #. The calculations are omi t ted  because they  are 

similar to those carried out  in [4]. 
Now, following LIAPv~ov's  second me thod  we should obtain the estimates 

(s) Ix (t)l < , lx (t)l < 

where the  bounds B2, B3 are determined b y  the system characterist ics (b, m, M, F 
and the  propert ies  of T) .  Of course, t hey  do not  depend on/~.  

I n  order  to  obta in  some informat ion  about  the  component  xl(t) we integrate  the 

differential  equat ion (6) f rom t - - 0  to  t = e~: 

¢.9 

f g( t, at = o . 
0 

This equat ion  contradicts  to relat ion (5) if Ixl(t)l >= h for all t. Consequently,  

l xl(~)] < h for a value ~ ~ (0, ~ ) .  
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On the  in terva l  r ~ t --< ~: ~ co we have  

l x~( t ) - x~(~) l  = ( t -  ~:)lx~(~ + ~ ( t -  ~))I < ~B2, 
(9) Ix~(t)i < B~-~ h-~ (pB~ . 

By  vi r tue  of periodici ty this est imate must  hold for all t. 
Final ly,  in t roducing R = ~/B~ ~- B~ ~- B~ we realise the al ternat ive s tatements  a) 

and b) on which the  proof  of our  theorem is based. 

RE~AlCK 1. -- The theorem remains t rue  if we assume 

O(t, x~, ...) sgnx~< 0 (instead of ~ 0) for Ix~l > h .  

I n  this ease we should define 

Xt 
g = ~0 - ( 1 - ~ ) F  1 +  tx~i 

preserving the  previous argumenta t ion .  

RE~IARK 2. -- The theorem remains t rue  if we assume 

W(x2) sgnx~ - + - -  oo (instead of + co) as Ix~I -> oo .  

Namely ,  introducing the  new independent  variable s = - - t  and denoting ~ - -  dx/ds 
we derive f rom (1) 

~ - -  ~ ( - -  2) i~ + ~(x)  2 - - O ( - -  s, x ,  - -  ~, ~) = - -  p ( - -  s) 

wri t ten  as 

(10) 

We obtain 

and 

~ + ~(~) ~ + ~(x)  ~ + O(s, x ,  ~, ~) = ~(s) . 

~1 x2 

O o 

T(x~)sgnx~= T( - - x~ l sgnx2-~4:  oo (Ix:l---.~cx)) 

O(s, xl, ...) sgnxl  = - -O(--s ,  xl, ...) sgnxl  ~ 0 (Ix11 >= h ) .  

According to the preceding remark  equat ion (10) admits  a periodic solution x(s). 
Thus, equat ion (1) possesses the periodic solution 

x ( -  t) I x ( -  t + ~) -= x ( -  t) or x ( -  t) =_ x ( -  (t + ~)) ] .  

I f  the  funct ion 0 in equat ion (1) only depends on x the  theorem can be completed 
by  the  following 
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Appendix 1. 

Differential equation (1) possesses a periodic solution, too~ if 

(i) O(x~) sgn x~ ~ 0 (1 x~I ~ h) 

(ii) l~(x~) - -  bx~I g M (b =< o constant) 

(iii) t P(t)l ~ m .  

PROOF. - In  equat ion (6) the funct ion g := g(x, #) is constructed by me~ns of 
~n ~rbi t rary positive 1lumber/7 since O(x) must  not  be bounded.  Multiplying tiffs 
equation by  x' an4 integrating from 0 to ~o we obtain the result:  

zJ x x 

0 o o 
~o 

- - f  x" (x" 4- ~(x, #) - -  tiP(t)) St 
o 

=-0.  

Assmning that x(t) is a periodic solution the result will be simplified: 

and 

Because of 

we huve the equution 

]x,,(x"+ b x +  # ) -  = o 
0 

t q S ( x , # ) - - b x ] ~ M ,  ]P( t ) l~m 

0 o 

0 0 0 

from which we conclude: 

x"~dt <= o~(m 4- M) ~. 
o 

x(t) being periodic the derivative x'(t) must  have a zero on [0, ~o], say r. Then 

• '(t) =f~"(s)~8, 
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and 

(11) jx'(t)I <= re(m÷ M) for ~I1 t .  

Now, following the same conclusion as above (applying condition (i)) we should 
es t imate  

(12) tx( t) l<h@m"-(m@M) i f / ~ e  [0, 1 ) .  

The estimates (Ii) and (12) are already sufficient in order to complete the proof. 
Namely,  the thi rd  component  of the vector integral equation (7) can be omit ted 
simce the nonlinear term f only depends on the components xl = x and x~ = x'. 

Evident ly ,  condition (i) of the Appendix can be modified into 

0(xl) s g n x , <  o (l~ll >__h). 

EXAMPLE. -- The equation 

(13) x " =  p(t), 
~o 

f p(t) dt 
0 

= 0 ,  

fulfils the conditions of the appendie ( ~ ( x ' ) ~  0, ~(x)_=_ 0 and b = 0, 0 ( x ) ~  0). 
Le t  (as above) 

t 

P(t) = f p ( v )  d~ (m-periodic) ; 
0 

moreover, let 

Then 

and 

t 

j 'P(~)d~ = P~(t) + et 
0 

e9 

Pl(t + m) =~ Pl(t) , i.e. c =  - t)dt 
m 

o 

t 

0 

I o~ 
tP2(t @ ~o) ~ P2(t), i.e. c~ = ~ f P~(t)dt I . 

o 

0 0 

et2 
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and equation (13) possesses the general solution 

0 

x( t )=  a t  a~t + ast~ ÷ P2(t) ÷ c~t + - ~ t  2 

(a, al, as arbitrary constant values). 
Choosing 

C 

a l  = - -  f i l  ~ a 2  = 

we obtain a family of co-periodic solutions: 

x( t )  : a ÷ P~(t) . 

In two further special cases based on the assumption 0 = O(x) the conditions 
of the general theorem can be weakened considerably, too. 

Appendix 2. 

Equation (1) admits u periodic solution if 

(i) O(x~) sgaxl  ~ 0 ( ~  0) for [x~l ~ h 

(ii) ] q S ( x . ) - - b x . ] ~ M  (0 < b < 4-~'2~ co'/ 

(iii) ]P(t)  I ~ m . 

P•oor. - Again, assuming 0 ~= # ~ 1 and x(t) ~ x(t  ÷ co) we multiply equation 
(6) by x' aad integrate from 0 to co:  

~ (1) co 

(14) f x " ~ d t - - b f x ' ~ d t ÷ ~ " { ( ¢ ( x , ~ ) - - b x ) - - # P ( t ) } d t - - - - - O .  
o 0 0 

Let k be any positive integer and 

a'/~ = - ( x" ( t )  cos 2zk td t  = 47~k '(t) s m  2 k 2 ~ k  
co.] co - ~ -  " t d t =  co 

0 0 

oJ t o  

4uk x' (t) cos ak. ,, = 2 x"(t)  sin 2~k td t  cos 1) 
v k CO CO co  CO 

o o 

Applying the PA~S]~VAL equations for x" and x' we obtain the following estimate: 

oJ 

f x  co ~ "  ,,s b~2) "sdt = -~ Z ~a~o ÷ - -  
k = l  

0 

oJ 

47~ f 4~ ~ co ~ k2(a~S + b~S) ~ ~ x,Sdt . 
c o S  2 k = l  

0 
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~ow, we derive from (14): 

b x'2dt < m) 

On the basis of this result the proof can be completed by means of the same con- 
sideration as above (Appendix 1). 

The last Appendix refers to the special case 

0 = O(x) ,  ~(x')  = a # o .  

Appendix 3. 

The equation 

(t6) 

has a periodic solution if 

(i) 0(x~_j)_~0 (1~11-~ ~ ) ,  

(ii) IP(t)l=<m. 

x" + ax" + 9(x)x' + O(x) = p(t) 

O(x~) s g n x ~  0 (~  0) for Ix1] > h 

PROOF. -- This time we define the auxiliary system (3) in the following way: 

A =  (!1i) (0) 
- - a  , f =  - - ¢ + ~ P  . 

- -  0 \ c x l  - -  g 

I t  is evident tha t  the characteristic equation of the linear part  x'-----Ax, 

D e t ( ~ E - - A ) ~ -  $3+ a~2+ v =  0 ,  

has no purely imaginary root. 

The functions q)(xl, ~) and g(x~,l, ) are introduced us above. The constant F 
(in the definition of g) is arbitrarily chosen (as in the proofs of the foregoing appen- 
dices). 

We consider the third order differential equation which is equivalent to (3): 

(17) x " +  a x " +  q~(x, ~ ) x ' +  g(x, [~) = ~p ( t ) ,  x = x l .  

Let  x=-x(t) be a periodic solution and let 0 < #  < 1. 
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Mult iplying this  equa t ion  by x and  in tegra t ing  f rom 0 to  co we obtMn 

(18) j'(#p-~x')~',~t + f g ( x ,  F~,)xdt = o 
O O 

whence we conclude 

:V/ l al f x'~ dt <_ m v ' x'" dt ÷ G ~,/~ x~ dt 
o f O  

if we set 

G : G ( R ) - -  F-~-suplO(x) 1 , R~--suplx( t )  [ . 

A fur ther  calculat ion yields:  

(19) 
r / 0 

r l ~ [  

Taking  into account  t h a t  the  nonlinear per¢urbance t e r m  f in equat ion (3) 
depends on t, xl and  /~ we need only an a priori  es t imate  of x ~ xl in order to 

comple te  the  proof.  
L e t  T be such t h a t  Ix(v)l < h .  Then we have  for T ~ t ~ : - ~ - c o  

t 

f ix'(s) ias 
7: 

f x'~(s) ds, 

hence 

/¢D 

0 

Now, we obta in  wi th  the  Md of the  es t ima te  (19): 

(20) 1 <  h + ~ ] ~ + - - ~  ,~/la]|, ~ " 

W e  could easily show t h a t  condit ion (i) implies:  

G(R) iv 1 
= ~ + ~ sup I0(x)t + o 

R 
aS R --> c<). 
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Thus ,  we  d e r i v e  f r o m  (20): 

sup ix(t)! = R ~ R~ 

~s r e q u i r e d .  

(only  d e p e n d e n t  on a,  m,  co, h) 
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