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S u m m a r y .  - The di]]erential equation x "  + tv(x')x" + q~(x) x ' +  ](x) = p(t) is considered where 
the lot t ing term p is an ~o.periodic ]unction o] t. I n  the special cases ~(x) = k 2 respectively 
t~(x') = a the existence o] pe~'iodic solutions is proved on the basis o] the Leray-Schauder ]ixed 
point  technique. The conditions imposed on the nonlinear terms do not include the ultimate 
boundedness o] all solutions. 

I t  is obvious t h a t  the  l inear differential  equat ion  

(1) x'~'+ k ~ x ' =  p( t ) ,  p( t  -~ co) ~ p(t)  

possesses c,~-periodie solutions if the  conditions 

2 % 7 c  
0 < ]c :/: - -  (n posi t ive integer) 

G0 

to 

f p(t)  dt = 0 
o 

are satisfied. 

These conditions p lay  a role, too,  for a cer tain class of nonlinear  equat ions 
which comprises  the  special case (1): 

(2) x~"-[ - ~ ( x ' ) x " - ~  k2x'-~ - ](x)  = p( t )  , p ( t  + o~) ~ p( t ) ,  

[~(y), f ( x ) ,  p( t)  continuous fur/ct ions] .  

The following theorem is val id:  

THE0ZE~I 1. - Differential  equat ion (2) admi t s  at  least  one o~-periodic solution if 

2n~r 
(i) 0 < 1¢ =/: - -  (n = 1, 2, 3, ...) 

CO 

(*) Entrata in Redazione il 18 settembre 1971. 

1 3  - A n n a Z i  d i  : l la temat ica  
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m t 

(ii) is,   oriodi ] 
0 0 

(iii) ' T (Y ) t  g G[¥J(Y)=f~(~)d~] 
I )  

Ixl 

(ivy) ](x) sgnx  > 0 (lxl > h ) .  

The proof by  means of the  LE~AY-Sc~AvDEI~ method is simple. We consider a 
differential equation containing the parameter  /x, 0 g # _< 1: 

(3) x " - 5  k~x' -5 cx --~ #{p(t) - - / (x)  -5 cx - -  %o(x')x"} 

where c is an ~rbitrary positive constant.  For  /~----0 we obtain ~ homogeneous 
linear equation the only ~o-periodic solution of which is the trivial one; for #---= 1 
equation {3) is identical wi th  the original one (2). I t  is a well-known fact  (cp. [2], 
[5], [6]) t ha t  equation (3) admits  at  least one periodic solution for each parameter  
value # e  [0, 1] if for 0 < # <  1 all periodic solutions as well as their  derivatives 
of the first cud second order are uniformly bounded. Consequently the stated theorem 
can be proved with  the aid of an a priori estimate. 

Le t  x ( t ) ~ x ( t + ¢ o )  be a solution of equation (3) and let 0 < # < 1 .  We denote 

R =  tV[axlx(t)l F = F ( R ) =  ~ l / ( x ) l  • 

The derivative y ~--x' fulfils the equation 

y"-5  k~y = ~{p( t )  - - / ( x ( t ) )  - -  V(y( t )  ) y'(t)} --  (1 --  #) cx(t) 

which can be considered as a nonhomogeneous linear one: 

(~) y" + k~y ---- q(t) , q ( t - 5  o~) ~ q(t) . 

In t roducing the Gm~E~ mat r ix  

G ( t - -  ~ )  = 

[g21 = ' ' " gn, g~2 = g1~ 

of the bour~dary value problem 

(5) y ' =  z ,  

y(O)  = y ( ~ ) ,  

g n ( t - -  ~:) gl~(t - -  ~) i  
g ~ ( t - -  ~) g~(t - -  ~)] 

g~l = ~g11, ~ - -  ~ 

z' = - -  ~2y + q(t) 

z (o)  = z ( ~ )  

for O ~ t ~ o ;  
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we obtain the following representation of the solution y(t), z(t): 

(6) 

where 

and 

¢~ ¢,o 

y ( t ) = f g ~ ( t - - ~ ) q ( ~ ) d v ,  z(t) =fg:~(t-v)q(~)av 
0 o 

g~:(t-- ~) = s inki t - -~]  + s i n k ( ° ) - - t t - -  ~:l ) 
2k(1 - -  cos k(o) 

c o s  t~(t - -  v )  - -  c o s  k(o~ - -  t ÷ ~) 
2(1 - -  cos kc~) 

g2~(t - -  v) = 
c o s  ~ ( ~  - -  • + t)  - -  c o s  ~ ( ~  - -  t)  

2 (1 - -  cos k~o) 

[ g ~ ( +  o ) - - g ~ ( - - o ) =  ~]. 

O < t ,  , < o ~  

, O < ~ < t  

, t <  v < : o ~  

Replacing q(t) by  the  te rm v/(y)y '~--(d/dt)T(y)  which occurs in the expression for 
q(t) we obtain instead of (6) 

o 

o 
o.I 

o 

=f go_~(t- ~) T(y(~)) ~ ,  
o 

= [g~(t - -  ~)W(y(T))] ~-o _~ [g~2(t - -  ~)W(y(~))]~+o --  

0 0 

Insert ing the explicit expression for q(t) in equations (6) and having regard to 
the preceding transformations we derive estimates of the type  

ly(t)l <= e(m + ~ + ¢ +  oR), 

Iz(t)l = ly'(t)l <= a(m-~ F-~ G ~- cR) 

where o and a are determined by  the Green matr ix  and therefore only depend on 
k and co. 

~¢ow a te rm by  te rm integrat ion of differential equation (3) (for the periodic 
solution) yields: 

o) 

[x"(t) -~ ltW(x'(t)) -~ k2x(t) --/ tP(t)]~ ~-f{(1 - -#)ex( t )  -~- #/(x( t)))dt  : O, 
o 
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i , e °  

o) 

fMx(t))~t = o, 
0 

Because of 1 - - t t  > 0 we have 

/ A x ) = ( 1 - g ) c x + H ( x ) .  

]~,(x) sgnx----- (1 --#)c]x[ + #](x) sgnx > 0 for Ix] > h .  

Consequently,  lx(t)t ~ h for 0_<t_< (9 is exeluded~ we have Ix(~)t < h for some 

T e (0, (~)). 
Applying the  mean  value theorem to an a rb i t ra ry  in terval  [~, t] c IT, ~-~o)] 

we find 
lx(t)-x(~)i = ( t -  ~)1~(~ + ~ ( t -  ~))i 

G o99(m -~ F + G ~- oR), 

Ix(t)] < h ~- o~e(m -~ F -~ G -~ oR). 

I t  is obvious t ha t  this est imate must  be valid for all t; hence 

5lax lx(t)l = R <  h-~ cog(m+ ~ ~- G +  cR) . 
[0,o)] 

Choosing 0 < c < 1/o9o we obtMn 

(7) l < h ~- ~oe(m + G) i co~ ~(R) 
1-- (o~c  R + ] - o ) Q c  R 

An immedia te  consequence of assumption (ivy) is 

R -+0  (R -+ c~).  

Therefore we conclude from (7): 

R - ~  5I~xlx(t) t ~ R  o ( independent  on t t ) ,  
[o, ~o] 

F(R)  = ~ a x  t/(x) i < G = ~ x  i/(x) t • 

The resulting a priori  est imates 

]x(t)t G Ro , Iy(t)l ~ e(m-~ Fo + G ~- cRo) , ]z(t)I ~ ~(m 4; Fo-~ G + CRo) 

ensure the  existence of a periodic solution of equat ion (2) as we s ta ted in our theorem. 

I ~ E ~ K .  - In the case 

(iv3) ](x) sgnx _< 0 (lxt ~ 1~) 
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we introduce a new independent variable 

and obtain a differential equation of the previous type. 
valid if assumption (iv2) is replaced by (iv3). 

Thus, Theorem 1. remains 

By a similar procedure the following theorem can be proved: 

T~EOEE~ 2. - The differential eqliation 

(8) x"-}- ax"-}- q~(x)x'+ /(x) = p(t) ~ p(t-}- ~o) 

[~(x), ](x), p(t) continuous functions] 

admits at least one ~,~-peliodic solution if 

(i) a ¢ 0 
6O 

(if) tp(t) dt = 0 
0 

0 

(iv) lim [/(x)l = 0 

](x) sgnx > o (ix} ->_ h).  

Again the proof is based on an a priori estimate of the ~o-periodic solutions of 
the system 

(9) x ' =  y ,  y '-~ z ,  z '+  az + cx = #(p(t) - - ~ ( x ) y - - / ( x )  + cx} 

(0 < # < 1, c > 0 properly chosen). 

Considering a periodic solution and writing the last equation (9) in the form 

z'-}- az = q(t) 

the component z(t) can be represented as 

t co 

(lo) ~(t)= (~- ~-o~)-'j'e~p (-~(t-  ~))q(~)~ + (c.co--l)-~j'exp(--a(t--~l)q(z)dv. 
8 t 

Replacing q(t) by ?(x)x' we obtain by virtue of partial integration the term 

° J ~ ( x ( t ) ) -  -e:~p ( - ~ )  e~p ( -  ~ ( t -  ~))~(x(~))d~ 
0 

o) 

aexp(--ao))  f 
- - 1 - - e x p  ( - - a c o ) e x p ( - - a ( t - - ~ ) ) ~ ( x ( v ) ) d v .  

t 
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Inse r t ing  the  expression for q(t) in formula  (10) and  app ly ing  the  preceding 

result  we can  derive ~n es t ima te  of the  t y p e  

(11) ]z(t)] <~ a(m ~- G ~- F Jr e R ) ,  a---- a(a, ~o) 

where 

R =  M~tx( t ) I  , 
[0, ] 

G = ~ a x  l ~ ( x ) ] ,  
I ~l < R  

Since the  t r iv ia l  ease p ( t ) ~  0 is excluded we m u s t  h~ve 

M~xy(t) > 0 ,  Miny(t) ~ 0 .  

T h e  appl ica t ion o~ the  m e a ~  value t heo rem yields the  resul t  

Max y(t) - -  Miny(t)  < co(~(m ~ G -~ F -+- oR) 

f rom which we conclude:  

(12) ly(t)l ~ e (m + G + ~ + ct~) , e = o ~  . 

Following the  s~me a rgumen ta t i on  as above  we fina, lly a t t a in  to  the  required bound-  

edness result .  
The previous  r e m a r k  concerning the  funct ion ](x) is t rue  again. 
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