
Remarks on an Inequality of  Schulenberger and Wilcox (*)(**). 

L ~ O ~ D  SA~Aso~" (a Seatt le,  U.S.A.) 

Summary, - J .  R. Schulenberger and C. H.  Wilcox [1], [2], have proven a coerciveness ine- 
quality ]or a class o] nonelliptic first-order partial di/]erential operators o] the ]orm A : 
= E-1A~Dj,  where A¢ ( ] =  1, . . . ,n)  is a constant m × m  Hermitian matrix, E = E(x) is 
uni]ormly positive de]inite, bounded, and uni]ormly di]]er¢ntiable Hermitian m × m matrix, 
and where the symbol A(p, x) : E(x)- lA~pj  has constant rank /or all p ~ R n - -  {0} and 
x ~ R ~. They prove coerciveness on N(A) ±, the orthogonal complement o] the null space N(A) 
relative to the inner product 

v} = In(x) .E(x) v(x) d x .  <u, 

Their proo] is rather laag, a simpler and shorter proo] is given here. This proo/ leads na- 
turally to a generalization o] their results to the case where the A¢'s need not be Hermitian. 

L e t  A1,  . . . ,  A, ,  be cons tan t  H e r m i t i a n  m × m  matr ices  wi th  the  p r o p e r t y  t h a t  

the  symbol  

A ( p )  = ~ Ajp~ 

has  cons tan t  r a n k  for all  rea l  p =  (Pl~ . . . , p n ) ~ : O .  Le t  E(x )  be a m a t r i x  funct ion 
of x == (xl, ..., x~) ~ R ~ which is un i fo rmly  posi t ive  definite, bounded,  and with  uni- 

fo rmly  bounded  first der iva t ives  in R ~. Le t  

(1) A = E(x )  -~ ~ A j D j ,  x ~ R  ~, D~ : -  

SCR~_rLEY~BE~G~ and W ~ c o x  define the  space JC as the  complet ion of the  space 
C~ wi th  respec t  to the  n o r m  

(2) ]lu/i~¢ = <u, u> =~u(~) .E(x)u(x)dx ,  
~a 

and  p rove  the  following theo rem:  

Tn:EO~E~ 1. - Le t  N be the  null  space of A. There  exists  c ~ 0 such tha~ if u is 
in the  domain  of A and is or thogonal  (with respect  to the  JC inner  product)  to h r, 

(*) Entrato in Redazione it 31 marzo 1971. 
(**) Work supported in part  by NSF grant GP-17526. 
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t h en  the  first der ivat ives  of u are J¢ and satisfy 

(3) ~ iID'u.il~< c(IIuH~ + liAuli~) • 

We now present  our  shor ter  proof. 
We first observe tha t  because of the  conditions on E, tile spaces JC and/~2(R ~)--H 

have the  same elements  and equivalent  norms, and t h a t  the  operations of multipli-  
cation by  E(x) or E-~(x) are bounded  in JC, H,  and in the space H ~ with norm 

i 

where ![.]I denotes the  norm in L~(R~). Also, one can write 

<u, v> = (u, Ev), 

where ( , )  denotes the  inner  p roduc t  in H. 
Le t  15 be the  operator  

J5 = ~AsDj-~  E / l ,  

and let  N be its null  space. Because of the  above remarks  we can res ta te  Theorem 1 

in the  following form: 

TKEORE~ 1'. -- There  exists c >  0 such t h a t  if ~ is in the domain of L and in 

or thogonal  in H to E_~Y, t hen  ~ is in H ~, and  

(3') !iuil <c(llult ÷ HZul[). 

PI~OOF oF Tm~o~cE~ 1'. - Denote  the  or thogonal  complements  in H of iV and 

of EZ r by  K ± and {EK) ± respect ively.  
We first prove a coerciveness inequal i ty  of the form (3') for functions 

u e D(L)(~ N ±. Set t ing Zu = ], we take  Four ie r  t ransforms and find 

(4) A(p) ~(p) = ~'(p) 

I f  u a N a, then  for each p e R", ~(p) is or thogonal  to the null space N ( p ) o f  A(p). 
Since A(p) is Hermi t i an  and has constant  r ank  for p ¢ 0, the eigenvalues ;tj of A(p) 
are bounded  above kip I for some k >  0 for all p ~=0. Hence the  res t r ic t ion of A(p) 
to N(p) ± has an inverse -with bound (klpl)- 5 and we conclude immedia te ly  t h a t  

IID, ll = I[p,uit < k- lt/l! = k- l!LuH, 

which implies (3') with c = k-L 
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Next ,  suppose t h a t  u ~ D ( I  d (5 (EN) -t (~ H ~. 
~¥ritc u = u~ 4- uz, w i th  u~ E N and u2 ~ N.  

and  hence 

Thus 

Since u e (EN) ±, we have  

(u1 4- u~., EuD = 0 

(u~, Bus) = -  (u~, EuD . 

where C is a lower bound  for E.  and  we conclude t h a t  

(5) I] u~ il < v-~ I] E II ]1 ~ II. 

We can also es t ima te  the  first  de r iva t ives  of u2 in t e r m s  of ~q and  i ts  first der iva-  

t ives.  As we observed  above,  v e N ± implies  t h a t  v(p) e N(p) ± for all p.  Similarly,  

v e N  implies t ha t  v(p) eN(p)  for all p.  Hence  Dju~ e N ± and Dju2 e.Y, ] =- 1, ..., n. 
If  w e N ,  t hen  w,,  defined b y  

[ ~(p),  lpI < T, 
~ ( P )  = o ,  IpI>T,  

is in N C 3 H  ~, and  D~w~. is in N. Fu r the r ,  as T-->. c~, we have  ED~w~.-->EDjw in 
the  topology  of H -~, the  dual  of H 1. 

Since u ~ H ~ (3 (EN) ±, 

(u, EDjw)  =- lira (u, ED~w~.) ~-- 0 

and we have  

(6) (Dj~, E w ) =  (u, (D,Z)w) + (u, ED, w ) =  (~, (DiE)w). 

Subs t i tu t ing  Dju2 for w in (6) gives 

(7) (D, u, EDjtts) : (u, (D~ E)D, u:) 

which implies, because of the  pos i t iv i ty  of E,  t h a t  wi th  some posi t ive constants  e 

a l l  C 1 , 

(s) cI!D~2lls< (u, (DjE)Dju2) + IrD~ul]] IlEtl J[D~u~JI <cliiulhHD~u~i[ + c~llusll ]lnju~]l. 

Now (8) toge ther  wi th  (5) implies  

(9) TiP~ u~II < c I[u~lll, 
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and (9) together with (5) implies 

(10) Ilu211~<<cllu~]l~, some c > 0 .  

Since u~¢2g ~, we have already shown t h a t  u~ obeys (3'): 

(11) llulll~<c(ilu~II + tILu,/I) = e( . , l l  + i izull) .  

Combining (10) and (11) and using the inequali ty 

we see t h a t  u does sat isfy (3'). 
There remains to drop the  assumption t h a t  u e H h  To do this we use molti- 

tiers, which we now describe. Le t  j e Co(R ~) be and even, non-negative function 
satisfying 

j ( x )  dx  = 1 .  

Then the  mollifiers J~  :H-+H,  defined by 

satisfy 

Ci) lig~ll = 1, 

J~u(x)  = M~f j (N(x  --  y)) u(y) dy 

(ii) J ~ - - > I  strongly as M--~oo ,  

(iii) J ~  commutes wi th  constant-coefficient di~erential  operators, and if L~ 
is a first-order part ial  differential operator wi th  coefficients uniformly 
in C1, then  

J~/51 --  L1J~ 

iv J ~  is self-adjoint. 

Now suppose that u e D ( L ) ~ ( E 2 g )  ±. 
functions 

(12) u~ = E-1J~Eu.  

-> 0 strongly as M--> oo, 

Define the sequence of approximating 

Because of (i), lira u~ --- E, -I l i ln  J~(Eu) = E-~Eu ----- u. 
M--~f CO 

Next  we claim tha t  u z ~ D ( L )  (~ (EN) ±. Since J~z(Eu) a H  1, u ~ E H  1 cD(_L). 
show t h a t  u ~ ( E h r )  ±, we let we-~'. Because of (iii), J ~ w  is also in 2~'. Thus 

(u~, Ew) = (E-1J~Eu,  Ew) = (J~Eu,  w) = (u, E J ~ w )  :=- O. 

To 



I~EONAtCD SARASON: Remarks  on an inequality o/ SehuIe~berger and Wilcox  27 

Since u~ ~ D(L)  ~ ( E N )  (~ H ~, %t  satisfies (3'): 

(~3) 

Consider now 

L%~ --  LE-~  J , ~ E u  : J ~ L u  ~- [ ( L E - ~ ) J ~ - - J , ~ ( L E - ~ ) ]  u . 

U~ing (ii) and  (iii), we find t h a t  l im  Lug---- Lu .  Taking  the  l imit  of (13) as M - ~  co, 
M ~ o ~  

we conclude t h a t  u satisfies (3'). 

Theo rem 1' is easily ex t end  to the  following: 

T~E0nE~ 2. - The statement of Theorem 1' remains  true i /  we drop the require- 
ment  that the A 2 s  be Hermi t ian .  

The  proof  of Theo rem  1 carr ies  over  to Theo rem 2 excep t  t h a t  we m u s t  reprove  
the  exis tence of /c> 0 such t h a t  

(14) lA(p)wl >  lwilp I, w e N ( p ) L  p o. 

Because of the  homogene i ty  of A ( p )  i t  sufficies to p rove  the  inequa l i ty  for 

lwt= 1. Because N(p)  has  cons tan t  d imension and  because A ( p )  depends cont inuously  

on p for p r e0 ,  N(p)  and 2¢(p) ~ depend cont inuous ly  on p for p E S  ~-~. I f  there  
did not  exis t  k >  0 as claimed,  we could cons t ruc t  two sequences,  p j ~ S  ~-~ and  
w j ~ S  "~-~ such t h a t  w ~ N ( p ~ )  1 and  such that A(pj)s~->O as j-~c~. 

Because of the  compactness  of S ~-~ and  of S ~-~ and  of S ~-~, and because of the  
cont inuous dependence  of N(p)  on p for p E S ~-~, we could t h e n  find p c S  ~-~ 

and w ~ S  m-~ n 2¢(p) ± such t h a t  A ( p )  w : O, a contradict ion.  Theorem 2 is proved.  

R~An .K.  - SC~VL~'BER~E~ and WILCOX assumed  t h a t  the  m a t r i x  E(x )  tends  to 
a cons tan t  m a t r i x  ~7o as txl-~ co. This  a s sumpt ion  was for convenience in app ly ing  
pseudodifferent ia t  opera tors  and  p lays  no p a r t  in th is  paper .  

REZ~ARK 2. -- Most  of the  technical  work  in the  proof  of Theorem 1' lay  in 
p rov ing  the  inequa l i ty  (10). Ev iden t ly  if  we had  assumed t h a t / ~ ( x )  was un i fo rmly  
in C', we could have  gone on induc t ive ly  to p rove  

Ilu  fie < CIlulll., s a pos i t ive  integer.  

Note  t h a t  if we in t roduce the  or thogonal  pro jec tor  P into N, then  u ~ (EN) ± is equiv- 

a len t  wi th  P ~ u  = O, or u = E - I ( 1 - - P ) E u .  We thus  have  the  following l emma:  

L E ~ I ~  1. - Le t  E(x )  be a m a t r i x  funct ion  of x e R  - which is He rmi t i an ,  uni- 
fo rmly  posi t ive,  and  un i fo rmly  in C ~, s a posi t ive  integer .  Le t  P be  an  or thogonal  
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pro jec t ion  ope ra to r  which  c o m m u t e s  wi th  d i f fe ren t ia t ion :  

P : P*  = P~, a n d  DiP = PDj.  

T h e n  t h e r e  cxist~ e~> 0 ~uch t h a t  ~ll f unc t i ons  ~ H  ~ ~nd  which  sa t i s fy  P t J u :  O, 
also sa t i s fy  
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