
Dirichlet Problem for a Class of  Linear Second Order Elliptic Partial 
Differential Equations with Discontinuous Coefficients. 

3~AUmZlO CI~tCCO (Genova) (*) (**) 

S u m m a r y .  - I give a su//icient condition in order that a Dirichlet problem is solvable in H2(T2) 
]or a class o/ linear second order elliptic partial di/#rential equations, Such a class includes 
some particular cases for which the result is knowu. 

S u n t o .  - Si  prova una condizione su/]ieiente a]]6wh~ un problema di Dirichlet sia risolubile 
in H2( t~) per nna classe di equazioni di]#renziali alle derivate pa~'ziali lineari ellittiche del 
seeondo ordine. Tale elasse comprende aleani casi particolari per i quali il risultato ~ noto. 

1 .  - I n t r o d u c t i o n .  

(1) 

defined in an open set ~9 of R ". 

problem 

(2) { 

Let us consider the uni formly elliptic operator 

L = -- ~ a~j + e 

Given ] i n  Zz(~9), we want  to solve the Dirichlet 

Zu = ] a.e. in ~Q, 

under  suitable hypotheses  on the coefficients of Z. 

VVhile for n = 2 such a problem has one and only one solution (at least with 

proper  c) even if the coefficients a~ are only in L~(~9), this assumption is not  suf- 

ficient for n > 3 .  In  such cases additioilal hypotheses are necessary, for example 

n 2 

• > n - - 1  (see [12], [2], [3]). 
i ,  

(*) The present work was written while the author was a member of the (~ Centro di 
Matematiea e Fisiea Teorica del C.N.R. ~ at the University of Genova, directed by professor 
J. C~cco~i. 

(**) Entrata in Redazione il 25 febbraio 1971. 
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The aim of the present  work is to find a more general  condit ion for the  coeffi- 
cicnts a,. which assures the solvabili ty of problem (2), at  least for some value of e. 
All the types  of equations ment ioned above satisfy this condition and therefore  are 
par t icu lar  cases of the  class here  considered. 

2. - Notations and hypotheses. 

The following hypotheses  will be assumed in the sequel wi thout  ment ion.  Let  [2 
be a bounded  open set in R ~ wi th  n~>3. We suppose t h a t  ~D (boundary  of ~ )  is 
represented  locutly by  a funct ion with continuous second derivat ives.  Le t  H~'~(~), 
H~'~(~) be the spaces obta ined by  complet ing C~(~), C~(~) respect ively according 

to the  norm 

Ilu[I,~..(~) = Itult~,(a)÷ ~ !Iu:,tt~(a) • 
i = 1  

For  p = 2 we shall wri te  s imply It~(~), H~(D) ins tead of H~'2(~)~ H~'~(~). Le t  H~(~) 
be the space obta ined by  complet ing C:(~) according to the norm 

i , / = 1  

I t  can be proven  (see e.g. [8]) t ha t  in H2(/2)(~ H~(~) a norm equivalent  to (3) 

is the  following: 

I f  u s H l ( f ~ )  and h is a real  number ,  we s~y t h a t  u<h  on 8~Q in the  sense of H~(~) 
if there  exists a sequence {u~}je~ such t h a t  u~sC~(~), u~<~h on 8~Q (j : 1, 2, ...) 
and lira tlu--u,l[,~,~) ..... O. Then  we suppose a , s / % ( f ~ ) ,  a ,  = a,, (i, j = 1, 2, ..., n), 

f a,t,t,>vo]tI2 a.e. in f2 wi th  v0 posi t ive constant ,  b, e L . ( f l )  ( i = 1 , 2 , . . . , n ) ,  
i.1=1 

ceLl( f2)  wi th  q = 2  if  n = 3 ,  q > 2  if n==4,  q=n[2  if n>~5. 
Let  L be the  operator  defined in (1), let  v be a posi t ive real  number.  Le t  us 

denote  wi th  A(v) the  following class of square matr ices  of order n: 

A(~,) = {[~.]: ~ .  e H~.~(.C2), ~ .  
' } 

i,1~1 

Fina l ly  we set 
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3.  - M a i n  resu l t .  

The aim of the  present  work is to prove 

TttEOt~EM 1. -- Besides the above mentioned hypotheses, we assume that 

(4) inf, v-~Iinf inf esssup ~ (5,~--ga~) :} < 1.  

Then there exists a positive constant Co, depending on n, ~2 and the coe]fieients a , ,  b~ 
o] L, such that i] c~co a.e. in ~ problem (2) has one and only one solution. I f  more- 
over is u~H*(Q)(~  H~(Q), Z u ~ O  a.e. in [2, e~co a.e. in f2, i t /ollows u<O a.c. in Q. 

The proof of this theorem is found in n. 5. 
We observe t ha t  condition (4) is certainly verified in the following cases: 

i) a,~HL~(~2): i t  is immediate  wi th  v = v  o, g = 1, 5,. = a~. 

ii) a , . eCo(~) :  again wi th  v-=-vo, g = 1, remembering tha t  HL*(/2) is dense 
in Co(~) in the uniform metric.  

i i i )  Equations (~ of Cordes type  ~ i.e. wi th  ess2nf a ,  - a~. > n - - 1 .  

In  this ease (see [2], p. 704) inequal i ty  (4) is verified wi th  v = l ,  5~,.~--8,., 

g ~ a i i •  a ~  . 
- i .  - 1  

4.  - S o m e  p r e l i m i n a r y  l e m m a t a .  

L]~I~A 1. - Let [ ~ ]  ~A(v) and 0 ~ s ~  r. Zet L be the operator 

(5) L = -  a .  +  lb' + c 

Then there exists a non negative constant 40, depending on e, n, ~ and the eoeMicients 
o] [~, such that i] ~ ~o we have 

lor any u eH=(O) c~ H](~) .  

PI~OOP. - Le t  us s tar t  for example from [8], p. 175-178. Here i t  is foundamen- 
ta l ly  proved what  follows: for any  ~ >  0 there exists ~ positive constant  Kx, 
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depending on ~, n, $2 and the coefficients of L such that  

(6) v ~lu~x,tL.(~) <~] Hu~ttL~(m + ]lLuIIzz~(,) + Kl  {llutI~z,(,, -5 tlu~]l~(m} 

for any u aH~($9)c~ H~(~Q). Using known results (see e.g. [6], p. 122) from (6) we 
get at once 

valid for the same functions u, where the constant K2 depends on ~, n, ~ and the 
coefficients of L. 

5Ioreover it  is easy to get 

(s) !~u + 2ujl~,~, = I[Lull,,,~ + z ~ull~,(a, + 22 ([ ,u)u dx = 
, )  

12 

-~ !lZltiI~,(a, + 2' Iiul!i,~a) -~- 22 a,,u~,it~; + b, -}- ~. (a,,)~ qz~,it + ei~ ~ dx , 
l-~ ' q , i = l  i = l  ~ ;--I a 

i j = l  

where we have written, for shortness~ 

t t / ,  - - - - -  ~ g x l  ~1/2) zl L~tSg) 

Using known properties of the space H~(f2) we find, for any 6 >  0: 

(10) i ~, b~ -}- ~ (a,,)~, + < otit~It~.¢a, -}- K.lIulii.(m 

satisfied for any ueH~(ff2), where the constant Ks depends on n, ~, ~9 and the 

coefficients of L. 
Now, choosing (I = v/2 in (10), from (8), (9), (10) it follows 

From (7), ( l l )  we get 

Let us choose ~ such tha t  0 <  2~1~< 2~--e~; in this w~y the constant K~ also is 
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determined.  Then pu t  ~0 = K s +  (K~+ K2)½: from (12) we conclude 

IIu.lk,, , < + 

valid for any ~>~),o and any uEH~(Q)  r3H~(Q), m 
The following lemmata  are very  similar to the corresponding ones in [3]; 

I repeat  them for readers '  convenience. 

L E S ~ A  2. - Let us suppose that the coeJjieients a~j o/ L satisJy condition (4). 
Then there exist a junction g ~ G  and two positive constants ~* and K4, depending 
on n, f2, g and the eoe]/icients o/ JS, such that 

/or any u E H2(D) ¢3 H~o(D) and uniJormly /or any 2.>).*. 

PROOF. - Since by  hypothesis  inequal i ty (4) is satisfied, there exist  a posit ive 
constant  v, a function g ¢ O  and an operator L like (5) such tha t  

0 < k < v  ( 1 4 )  

where 

( 1 5 )  k {ess~up ~ a ~½ = (G~ - -  g . v  f . 

From (14), (15), by  proceeding as in [2], it follows 

(16) 
i ~1 (galj--Gj)u~,~ -<. 

ll(g~ + h i ) u - ( L  + ~ z l u l l L , ~ ,  = , . =  ..,~, 

D i d = l  

for any u eH~(D)(~ H~(sg). F rom lemma 1 there exists a posit ive constant  Xo de- 
pending on e, n, ~2 and the coefficients of L, such tha t  

(17) 

for any )~> 4o and any u eHz(~Q)(~ H~(~). Let  us choose now e such tha t  0 < s < 
< v - - k .  F rom (14), (15), (16), (17) and known theorems (see e.g. [5], p. 584) if 
2>~0 there exists the inverse operator ( g Z +  ~I) -1 and inequali ty (13) is satisfied 
with tQ = (v - -  k - -  e) -1. It 

LE:~L~IA 3. - Hypotheses: the eoe]]ieents a,s el L satisJy con&ition (4), g and ).* are 
de]ined as in lemma 2, ),>~2", feL~(Q) ,  z e H2(Q). Conclusion: there exists one and 

2 - A n n a l l  el i  M a l e m a t l e a  
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only one solution w o] the Diriehlet problem 

g L w  + ~w = ] 

w - -  z e tt~(.O) n H ~ ( 9 )  . 

a.e. in D, 

Moreover i / i t  is ] ~ 0  a.e. in Y2, c~O a.e. in D, z ~ M  on ~ )  in the sense o/ H~(Y2), 
then it jollows w < M  a.e. in Y2. 

P~oo~. - Le t  us prolong the  definit ion of the functions ~¢ (i, j = 1, 2, ..., n) 
satisfying (]4) to all of / ~  in such a way tha t ,  denot ing by  the same let ters  the 

prolonged functions,  i t  t u rns  out  

(18) 5~eH~'~(~ ~) ( i , j - - l , 2 , . . . , n ) ,  ~ d,~t,t,>v]t] ~" a.e. in R ~. 
i , i ~ 1  

This is possible because 3D is sufficiently regular:  see for example  [6]. Then  we pu t  

{ ga~ in D 
(19) ~,~ = (i, ~ = 1, 2 , . . . ,  n). 

5~ in R ~ -  D 

Le t  v~ be a funct ion such t h a t  v~e C~(/~),  ~ ( x ) =  0 if IxI> 1 , f O ( x ) d x = l .  
For  any  posi t ive integer  m and for x ~ / ~  p u t  

a,j (x) = m"f  (20) ~( '~ '  O{mx-~my) d~j(y)dy (i, ~ = 1, 2, ..., n) 
It n 

and similarly define e~j(~J. Then  we have,  for m = 1, 2, ... and i, j := 1, 2, ..., n: 

(21) 

~(~' 5 ~ ' ~ C ~ ( R  ~) ~ 5l~'t~t~>~vltl ~ in R", 
i ,  1~1 

max ~ (5~'--~ ')~<~esssup ~ (5,--ga~j) ' .  
Y~ i , i = I  ~ i , j = l  

Besides the sequence ~ ( " ~  converges to ga~ in eve ry  L~(Y2), 1 < p  < -~ c% and 

the  sequence ~5 ( '~  converges to 5~¢ in /P"( t~) .  t i~ ) m ~  

I f  we suppose 0 < s <  v and denote  by  L (~'~ the operators 

(22) /2 ('~ = - -  a~~(~) - - ~ x ~  3xj -t- b~ ~x~ -H c (m = 1, 2, ...) 
i ,S=I 

i t  is easy to prove,  th rough tile proof of lemma 1, t h a t  the  inequal i ty  

(23) < + (m = 1, 2, ...) 
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is verif ied for any  ueH~(D)~H~o(.Q) and for any  J > J o  un i fo rmly  wi th  respec t  to 
m ( tha t  is, t he re  exis ts  a cons tan t  2o not  depending on m such t h a t  (23) is sat- 

isfied for  e n y  3~>2.o). Le t  us define the  opera tors  

= - -  -'~ ~x, ~x---~ + b, ~ + e (m = 1, 2, .. .). 

l~emember ing  l e m m a  2 wi th  i t s  p roof  and  (14), (21), (23) we get  

(25) ll,,..I[..,., < g ,  II L`'',u + auh.( , ,  = 2, . . . )  

val id  for  any  u eH~(D) (3  H~(D) and any  2 ~  J*, wi th  ),* and  K4 independen t  on m. 
As Z (~) has regular  coefficients, f rom known theorems  and (25) the  Dirichlet  p rob lem 

(26) 
u (~' --  z ~ H2(f2) (~ H~(Q) 

a.e. in D,  

(m = 1 ,2 ,  ...) 

has one and  only one solution u (~) as soon as 2~>2". F r o m  (25) we get the  exist-  
ence of a sequence ex t r ac t ed  f rom {u(~)}~E~ which converges weakly  in H~(D) to 
a func t ion  w such that 

(27) 
gLw + 2w = f 

w - -  z e l t~ (  s ) )  n i t S ( t ) ) .  

a.e. in /2, 

This can be easi ly verified by  pass ing to the  l imi t  for m - ~ +  co in (26). The  
uniqueness  of the  solut ion w is a direct  consequence of l e m m a  2. 

F ina l ly  let  us consider the  case f<O, c>~O a.e. in D, z<~M on 8~Q. For  known 
resul ts  (see e.g. [11]) we have  

(28) u (~, < M in ~ (m = 1, 2, ...) 

and  since u (~) converges  weakly  to  w we get  w < M  a.e.  in ~Q. • 

LEM~rA 4. - Zet uS suppose that the coefficients a~j of ~ satisfy condition (4) and 
that e > 0  a.e. in Q. Then there exists g ~ 6  such that among a~t the eigenvalues of 
the operator - - g L  there is one, say )~1, with maximum rea~ part. Besides, ~1 is real 
and is the infimum of the real numbers ~ such that: (gZ + ~ I ) u < 0  a.e. in [2, 
u~H~(~)~Hto(Q) implies u~O a.e. in Q. 

Pl~OOF. - Le t  g be chosen as in l e m m a  2. F r o m  l emma  3 if ~ is sufficiently 
large there  exis ts  the  inverse  opera to r  (gZ + ~I) -1 f rom L2(Q) to H2(Q)(~ H~o(Q). 
So the  reso lvent  set  of - - g Z  is not  e m p t y  and  since H~(f2)(~ Ho~(D) is compac t  
in L2(Q) the  spec t rum of - - g Z  is discrete  and  countable.  F r o m  l emma  3 this 
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spectrum has empty  intersection with the set {2: 2e/~,  2~2"} .  Moreover, if we 
set Gt,= ( g L + t d )  -~ when #>2* ,  lemmu 3 proves tha t  i t  turns  out G~]~<0 a.e. 
in to if ]~5~(to), ] < 0  ~.c. in tO. 

F rom known results ([7], Theorem 6.1, p. 262) there exists a real eigenvalue tl 
of G~ having maximum modulus among all the eigenvalues of G~: 

(29) Itl Vt eigenvalue of 0 , .  

Moreover i t  is easy to see t ha t  if 2 is an eigenvalue of the operator - -  gL, the number  
t----(#--2) -~ is un eigenvalue of the operator G, and conversely. Therefore, if we 
pu t  t~ = (/,--2~) -~, (29) yields 

(30) I# --  2] ~>/t - -  2, V2 eigenvalue of --  gL. 

Since (30) is valid for any  sufficiently large/~, we can let # t end  to + c o  in i t  and get 

(31) t~e 2 < 2~ V2 eigenvalue of - -gL.  

I t  remains to show tha t  2~ is characterized as the present  temma claims. 
Le t  us consider the following set of real numbers:  

B = {2: g Z u +  ;~t <0  a.e. in Q, ueH~(.Q) ~H~(~)  ~ u<O a.e. in ~ } .  

This set B has the properties: 

i) B contains the half line {2: 2>2*} (see lemma 3). 

ii) B is open on the left  (for this  argument  sec [10]). In  fact l e t / ,  be in B 
and 0 < # - - 2 <  ItGt, l1-1, then  there exists G~ and 

1=0 

whence 2 ~ B. 

iii) t f  # E/~ and /~ is not  an eigenvalue of --gL,  then  # ~ B. In  fact  in this 
case i t  is easy to verify t ha t  l '~m tlaa--G~H = 0 (see again [lO]). 

This is sufficient to conclude tha t  B is an open half line whose r ight  extreme is 
an eigenvaluc, therefore B = {2: 2 >  2~}. • 

5.  - P r o o f  o f  T h e o r e m  1. 

I t  is sufficient to show tha t  there exists a positive constant  co depending on n, to 
and the coefficients a , ,  b~ of J5 such tha t  if C~eo a.e. in to the operator gL is 
invertible for a suitable geG. In  fact i t  is clear t ha t  problem (2) is equivalent  
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to the  following 

(32) 
{ gLu = gJ 

u eB"( t?)  ~ H~(9) .  

a.e. in D, 

Le t  us choose g as is lemma 2. Consider the  opera tor  

i.e. the  operator  /5 where we set c-~ 0. F r o m  lemma 4 among all the eigenvalues 
of - -gLo there  exists one, denoted  by  ~, wi th  max imum real par t .  Now let us 
suppose e s s i n f c >  ess sup ~/g and let  us show t h a t  in this e~se ~ {i.e. the  eigen- 

value of - - g L  h a ~ n g  max imum real  par t )  is negative.  F ro m Theorem 6.1 of [7] 
there  exists a non negat ive eigenfunct ion w~ corresponding to ~:  w~ e H ' ( ~ ) n  H~(D), 
w~>0 a.e. in D, w~ not identical ly zero in /2, 

(33) gLwl + )~lw~ =--- gLowi 4- gcwi 4- 2~w~ ---- 0 a.e. in D. 

Now choose 2 such tha t  ~ <  2<gc. I f  i t  were 2~>0 we should get f rom (33) 

gLo wi ÷ )~wl = - -  ).i wl ÷ (,~ - -  gc) wl < O a.e. in 12 

and f rom Lemma 4, applied to the operator  L0, this would imply w~ <0  a.e. in ~ ,  
a contradict ion.  Therefore  ),~< 0 and f rom lemma 4 we get tha t  u EH2(D)nH~( t~) ,  
g L u 4 0  a.e. in ~2 implies u~<0 a.c. in tg. 

So Theorem 1 is p roven  tak ing  for co any  number  greater  t h a n  esssup~/g.  • 

REHAn.K. -- I f  n = 3 we can take  a, ny  posi t ive number  as co in Theorem 1. This 
c~n be p roven  exact ly  as in [3]. As far  us I know, the  problem of ex tending  this 
resul t  to n > 4 is open. I t  would be sufficient to know whether  for other  values of n 
the eigenfunctions of the  operator  L are sufficiently regular.  
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Note added in proo]s (December 27, 1971). 

Other boundary  value problems (NEUMANN, oblique derivative) for the same kind of 
equations will be considered in a subsequent paper.  On tha t  occasion condition (4) will be 
expressed differently and its local character  will be proven. In  this  connection the fol- 
lowing work must  be added to the references: 

M. GIAQUI~TA, Equazioni ellittiche di ordine 2m di tipo Cordes, Boll. Un Mat. I tal . ,  (4) 4 
(t971), pp. 251-257. 


