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S u n t o .  - l:tispondendo ad un~a questione posta da A. Orsatti i'~ [8], si dh esempio di dualit&, non 
soddis/aeente alte propriet~ di estensione di caratteri, sopra un anello di valutazione discrete 
complete e si ottiene una caratterizzazione dei domini noetheriani per eui una tale dualit~ esiste. 

Le t  R denote  a commuta t ive  ring wi th  1. Atl modules considered in this note  
are uni ta l  R-modules.  

I n  his paper  [8], ORsAmmI considers, for any  R-module  E~ two classes of R-modules:  
~ (E )  consists of all R-submodules of products  of copies of E~ while C(E) consists of 
all closed R-submodules of topological products  of copies of E where E is viewed in 
the  discrete topology. A character  of M e ~ ( E ) I s  C(E)] is an R-homomorphism 
[continuous R-homomorphism] of M into the  discrete module E. 

The dual  M* of M is the  R-module of characters of M; if M e ~(E) ,  it is given the  
topology of simple convergence and M * e  C(E), while if M e C(E), t hen  M* carries 
no topology and belongs to ~(E) .  There  is a canonical homomorphism o~ :  M -+ M** 
act ing via x~-~ ~ (x e M) where ~: ~ i-+ ~(x) (~ c M*). I f  w ,  is a (topological) isomor- 
phism for every  M in 9 ( E )  and in C(E), we then  sgy tha t  the  pair (R~ E) defines a 
duality. 

This dual i ty  has been  invest igated by  0 r sa t t i  in order  to get  a general  sett ing 
for several dualities studied previously (see the  bibl iography of [8]). His main con- 
cerns were dualities with the recalled extension p rope r ty  of characters,  and he raised 
the  question of existence of dualities wi thout  this proper ty .  Our purpose here  is 
to show tha t  there  is such a duali ty,  namely  (R, R) where R is a complete  discrete 
valuat ion ring. We complement  this by  showing tha t  if R is a noether ian  domain 
and  (R~ R) defines g duali ty,  t hen  R has to be ~ complete  discrete valuat ion ring. 

The au thor  wishes to  express his gra t i tude  to  Prof.  A. O~SAmmI for his numerous  
comments  and suggestions, and to Dr. Clgudia M E r c i  "for the  simplified version of 
the  second par t  of ~he proof of Theorem 1. 

Le t  R be a complete  discrete valuat ion ring ~nd let  R p  be its unique maximal  
ideal. The  field Q of quotients  o f / ~  as well gs K -~- Q/R are inject ive R-modules.  
E v e r y  r ank  1 tors ion-~ee R-module  is isomorphic ei ther  to  R or to Q. 

(*) Entrain in Redazione il 17 maggie 1977. 
(**) This paper has been written while the a.u~hor was visiting professor in Dept. of 

)/f~thematics of Universitk di Padova. 
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I t  is easy to  see t h a t  for a comple te  discrete va lua t ion  r ing R~ the  class ff)(B) 
consists of all  t o r s ionJ ree  R-modules  which are reduced  (i.e. t hey  do not  contain  
a n y  copy of Q). /~ is a cotorsion R-module  (see B I ~ z I S  [6]) whence  we deduce  t h a t  

every  finite r a n k  pu re  submodule  H of an  B-module  M e ~)(B) is a free s u m m a n d  
of M (H pu re  means  M/H torsion-free).  

I n  order  to  get  acqua in ted  wi th  our  class ~(B), le t  us no te  t h a t  eve ry  M e ~(R) 
is algebraical ly isomorphic  to  a p roduc t  of copies of B.  To ve r i fy  this,  we consider R 
b o t h  in its discrete topology and  in its p-adic topology;  we use t h e  nota t ions  B and  Ro, 
respect ively,  ~o distinguish be tween  these  topologies. Bo th  topologies m a k e  R lineaxly 
compact .  I~ow any  M ~ ¢(R) can ulso be  considered as a topological  submodule  Mo 

of ~ p roduc t  l~ Bo wi th  the  re la t ive  topology.  Clearly, 1~: M -* Mo is a continuous 
map ,  and  since M is l inearly compact ,  so is M0. K a p l a n s k y ' s  dua l i ty  [~] implies 
t h a t  Mo is topologicully isomorphic  to H o r n ,  (N, K)  for some discrete R-module  N. 
Since M is reduced  torsion-free,  ~ cannot  have  ~ny summands  isomorphic  to B, 
Q or R/Rp ~ for any  n ~ 1. Hence  N is ~ direct  sum of copies of K whence M alge- 

b ra ica l ly  is i somorphic  to ~ p roduc t  of Hom~ (K, K)  -----R. 
We  now exhibi t  an  example  for an  Orsat t i  t y p e  dual i ty  wi thout  the  extension 

prop  e r ty .  

T H ] ~ o ~  1. - For any complete discrete valuation ring R, (R, R) de]ines a duality. 

Before enter ing into the  proof,  let  us note  r ight  away  t h a t  (OM is a lways an alge- 

braical  and  topological i somorphism be tween  M and  epM(M) (see O~SATTI [8]); th is  
is an  easy consequence of the  definitions of the  classes. Thus it  suffices to show tha t  

eo~ is ~lways surject ive.  
First ,  let  M e ff)(R) ~nd ~ e M**. Thus g is a cont inuous charac te r  M * - +  R, 

so its kernel  contains the  annihi la tor  H ± of some finitely genera ted  submodule  H 
of M. Since R is torsion-free,  H can be  replaced b y  its pu re  closure; in o ther  words,  
we can assume t h a t  H is a pure  submodule  of finite r a n k  in M. Then  H is a free 
s u m m a n d  of M, M = H ( ~  N for some submodule  ~T of M. Thus  M* ~ H* G 2*T* 
where  N* ~ H ~. L e t  ~ :  M* -~ H* be  the  project ion m a p  wi th  kerne l  H ~, and  fi 
a charac te r  of H* s~ i s fy ing  ~ = fi~. Dua l i t y  ev ident ly  holds for  H ,  so fi ~ 2 lo t  

some ~ ~ H .  Wri t ing  ~ e M* in the  fo rm ~ = ~ ~- ~ .  wi th  ~H ~ H*,  ~ ~ N*, we have :  

~(~) = / ~ ( ~ .  + ~ )  = / 3 ~ .  = 2 (~ . )  = ~ . (x)  = ~(x) = ~ ( ~ ) ,  

i.e. a is induced b y  some x E H ;  thus  C0M is surjeetive.  
Secondly, let  M E  C(B). W e  p rove  t h a t  ~OM(M) is dense in M**; since ~oM(M) 

aS a continuous image of a l inearly compac t  module  M is closed in M**, this will 

suffice to  establish t h a t  aM is surjective.  
We show tha t  if a a M** and  F is any  finitely genera ted  submodule  of M*, t hen  

some x ~ M satisfies ~ -  ~ ~ Y ~, i.e. ~ I F - ~  ~IF. Wi thou t  loss of general i ty ,  F can 
be  assumed to be  pure  in, and  hence a s u m m a n d  of M*. Le t  j : /~  -+ M* be  the  in- 
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clusion map ,  so t h a t  j* : M** -+ F* is the  res t r ic t ion m a p  ~ ~-> e[/~. B y  the  s tacked  
basis t heo rem  on P . I .D . ,  we argue t ha t  the  free R-module  F* ~ F has a basis ~h, ..., ~ 
such t h a t  for sui table r ~ , . . . , r ~ e R ,  r~7*, . . . ,r ,~* fo rm a basis of j*(oJM). Se t  
~h, ..., ~ .  be  the  dual  basis of /g ,  i.e. ~?~ (~0) = di~ for i, k = 1, ..., n. Then,  for every  i, 
we have  

i*(o~(M))(v,) * 

Observe  t h a t  each ~ is surjeet ive,  since R~]~ is pure  in M* (if I m  V, = p~R(/~--> 1), 
t hen  p - k ~  would again be  a, character  of M).  Consequently,  

j'Co(M)) (w) = {~(w)Ix e M)  = (V,(x)lx e M)  = v , (M)  = n .  

We conclude t h a t  all the  r~ are units  of R, whence j*(~o(M)) = F* follows a t  once. 
This establishes our claim t h a t  ~[F is equal  to some ~[F. The  proof  of T h e o r e m  1 
is comple ted .  

No te  t h a t  C~As~ [1] has establ ished an  interest ing dual i ty  be tween  cer ta in  mo- 
dules in O(R) and  M1 modules  in C(R) where  R is a P . I .D .  His  correspondence M ~-~ M* 
for M 6 O(R) is canonical,  bu t  this is not  the  case for M ~ C(R). I f  R is a comple te  
discrete va lua t ion  ring, t hen  Chase 's  result  gives a dual i ty  be tween  all of ~D(R) and  
C(R), and  in order  to der ive our t h e o r e m  1 f rom his resul t  i t  suffices to  show t h a t  
our co,s is an  i somorphism for every  M ~ C(R). H e  p roved  t h a t  for each such M there  

is an  N e ~ (R)  Mong with  a topologicM isomorphism ~: iV* -+ M. Thus in the  com- 
m u t a t i v e  d iagram 

N* ~ M 

+1 1+ 
N*** .... + M** 

the  maps  T, T** and wN. are all isomorphisms.  Therefore,  c~Mis likewise an isomorphism.  
Wow we tu rn  our a t t en t ion  to the  converse result.  

TEEO~ ]~  2. - Suppose that R is a commutative noetherian domain such that (R, R) 
is a duality. Then 

either R is a field (and the duality is the one of Lefsehetz's [5]) 

or R is a complete discrete valuation ring (and the duality is the one above). 

To p rove  this, suppose (R, R) yields a dual i ty  and  R is not  a field. We  ver i fy  
T h e o r e m  2 th rough  a n u m b e r  of steps.  

1) R is reflexive in the sense of ~[ATLIS [7], i.e. for all R-modules  M of finite 
r a n k  in ~)(R), (0M is an i somorphism (here no topology is involved  in forming M*). 
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B y  induct ion of the  rank,  it follows readi ly  t h a t  M is finitely genera ted,  hence 
its dual  M* e e (M)  carries the  discrete topology.  We  are therefore  justified in view- 

ing our M** as the  k - m o d u l e  of all R -homomorph i sms  of M* into k .  Thus  if (k,  R) 
is a dual i ty ,  t h e n  R is reflexive. 

2) Let  H be a finite rank submodule of M E ~ ( R )  such that M / H  is torsion-free. 

Then  every character of H extends to a character oJ M.  

The  sequence 0 -~ H o m ~  ( M / H ,  R )  : H :~ --> M*  J-L>H* is exact  where  j :  H - >  M 

s tands  for the  inclusion m a p ;  here  j* is continuous.  B y  dual i ty ,  there  is a finite rgnk  
R-module  C such t h a t  I m  j* = C*, and  the  surject ion f: M* -~ C* induces an injec- 
t ion ]*: C ~ C** --> M (where ], if followed b y  the  injection i:  C* -~ H*,  equals ~*). 
I f  C* h a d  a smaller  r a n k  t h a n  H*, t hen  some non-zero submodule  of H would be 
annihi la ted  b y  all characters  of M, which is impossible.  Thus H*/C*  is a torsion 
module  a n d  i*: H - >  C is an injection. Since M c~nnot contain a n y  submodule  
of the  same r a n k  as H t h a t  p roper ly  contains H,  it follows f rom j ~ ]* i* t ha t  i* 

is an  i somorphism and  j* -~ i f  is surjective.  

Recal l  t h a t  a torsion-free module  M over  an integral  domain  R is called slender 

if every  h o m o m o r p h i s m  

satisfies Sock# 0 for a t  mos t  a finite n u m b e r  of indices n ;  here  e~ e R N denotes  the  
vec tor  whose coordinates  are 0 excep t  for the  n- th  coordinate  which is 1. I t  also 
follows t h a t  FP~  ~ 0 for  some m ~ N where  P~  consists of all vectors  in R N whose 
first m coordinates are 0. I f  these  P ~ ( m  ~ N )  are t a k e n  as a base  of neighborhoods 
for a l inear topology T of R N, then  (k  N, ~) is a non-discrete,  metr izuble  complete  

k - m o d u l e .  

3) R is not slender as an k -module .  

B y  way  of contradict ion,  suppose k is slender and  let  a e R be a non-uni t  in R, 

a # 0 .  The  R-modu le  

M -~ a R N - ~  R ~N) 

is a submodule  of k I  t h a t  consists of all vectors  a lmost  all of whose coordinates  are 
mult iples  of a. I t  is evident  t h a t  H -~ R(a,  ..., a, ...) is a r a n k  1 submodule  of M 

such t h a t  M / H  is torsion-free.  The  charac te r  ~: H - + k  which sends (a, ..., a, ...) 
onto  1 extends ,  b y  2), to a charac te r  qS: M -~ R. Clearly @ induces a h o m o m o r p h i s m  
a . R  N - ~ k .  Since a . R  N ~=R N and  k is slender, there  is an m e N  such t h a t  95 aP~ ~ O. 

B y  torsion-freeness,  T has to annihi la te  all vectors  in M wi th  0 first m coordinates.  

Se t t ing  ~(el + ... + e~) = b ~ k ,  we see t h a t  q~(a, ..., a, ...) : q~(ael + ... + ae.~) ~ ab. 

This has  to be  1, in cont radic t ion  to a be ing a~ non-unit .  
Fo r  the  nex t  result ,  see DE MArCo and  OaSA~TI [2] and  HEI~I,  EI~ [3]. 
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4) R is complete (Hausdor]]) in a non-discrete metrizable linear topology ~ where 
a base o] neighborhoods about 0 is formed by principal ideals. 

By 3), R is not  slender, thus  there  is a homomorphism ~: R N - + R  such tha t  
~e~ ~ r~ ¢ 0 for every  n e N. Choose again some a ¢ 0 in R which is not. a uni t  of R. 
There  is an  endomorphism ~ of R N a.cting as 

~7(x~, ...7 x . ,  . . . )  = ( ~ ,  ar~x~, . . . ,  a"-~r~ ...  r . _ ~ x , ,  . . . ) .  

Then  the  map ~ : R N - - >  R also satisfies ~ e .  =/= 0 for every  n. The  ideals I~ = 
= ~ / ) . =  a~-~h...r~_~R form a descending chain wi th  0 intersection (since 
? ~ p .  _c Ra,* and ~ Ra" = 0 in a noether ian domain). I f  R is now furnished with 

n 

the  linear topology a where the  principal ideals I .  form a base of neighborhoods 
about  0, then  ?~ becomes a continuous open map of the  complete R-module (R ~, z) 
into (R, a); hence (R, a) is complete.  

5) R is complete in the R-topology. 

Le t  (R, e) be the  topological R-module  R, furnished with the  R-topology. Then  
the  iden t i ty  map  of R is a continuous map (R, ~) -+ (R, a), thus  1R has a unique 
extension J to the  respect ive completions:  J: (J~, ~) -~ (R, a). We infer t ha t  there  
is an  algebraic direct  decomposit ion ~ = R @ X for some R-module X. Since R is 
a torsion-free R-module,  in view of F~atlis [6], ~ is the  R-topology of /~. Thus the  
last direct decomposition holds in the  topologicM sense, too, and so R is complete  
in the  R-topology. 

Le t  us note  t ha t  I ~ I ~ L ~ I ~  [3] also derives the  completeness of R in the  B-topo- 
logy from the  p rope r ty  s ta ted in 4) ; the  simple proof given here is due to A. O ~ s . ~ L  

6) R is a complete discrete valuation ring. 

B y  5), R is comple te in  the  R-topology~ so b y  MAT~IS [6], R is cotorsion and so are 
its ideals. B y  MAT~IS [7], R reflexive and complete in the  R-topology implies tha t  
every  torsion-free R-module of finite rank  is a submodule of a free R-module of finite 
r ank  provided tha t  it  does not  contain any  copy of the field of quotients of R. Hence  
it  follows by  induction on the rank  t h a t  all torsion-free R-modules of finite rank  
are cotorsion. We refer  agMn to a result  by  5[atlis [6] to conclude tha t  R is a com- 
plete  discrete valuat ion ring. 

This completes the  proof of Theorem 2. 

~eedless  to say, if the restr ict ion to domains in the above discussion is removed,  
then  we can get  more duMities. For  instance, R can be a product  of complete discrete 
valuation rings. 
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