
Periodic  So lu t ions  and H o m o g e n i z a t i o n  
o f  N o n  Linear  Var ia t iona l  P r o b l e m s  (*)(**). 

PAOLO 1 K ~ C E L H ~  (Firenze) 

Summary. - W e  prove an homogenization formula for some non linear variational problems that 
extends the analogous one l~nown i~u the linear case. Narn~ly the solution u 8 o/ the l~roblem 

D 
where the boundary data are independent of e amt /----](x, ~) is periodic in  x,  converges 
in  some L~ space as s goes to zero to the solution o] an analogous variational problem whose 
integrand can be evaluated #ore ]. 

1. - Introduction. 

L e t  us recall  what  homogenizat ion means  in the  simplest ease. 
Le t  [a~j(x)] be a L ~ symmetr ic  mat r ix  such tha t  ~ a ~ ( x ) ~ > ~ [ ~ [  2 for some 

i.J 
~. > 0 and any  ~ e R  N. Assume [a~j(x)] to  be  Y-periodic, where 17 : {x ~- (x~) eRN:  
0 < x ~ < ~ }  and ~ - ( ~ )  ( ~ / > 0 )  is fixed in RN~ name ly  for any  x 

a,j(x ÷ ~) : a,~(x) Vi, j .  

I f  Y2 is an open bounded  set in R ~, ~ e L2(~9) and e > 0, we denote  by  u~ the  
unique var ia t ional  solution of the  Dirichlet  problem 

(1.1) --~ ~ a,j\~]~]-~q~ in t~, u~----0 on 3Y2. 

I t  can be  proved tha t  the re  exists a constant  symmet r ix  positive-definite ma t r ix  
[~j ]  such tha t  u~ converges in L2(Y2) as e--> 0 to the  funct ion u, solution of the 
problem 

(1.2) - - - . -  ~ ~x~ ~ in ~9, u = 0  on ~zP. 

(*) En t ra t a  in  Redazione it 27 april¢ 1977. 
(**) Lavoro esegui~o nell 'ambito del Gruppo Nazienale per l 'Analisi Funzionale e Appli- 

cazioni del Consiglio Nazionale delle Ricerchc. 
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The matrix [a~] is generally different from the matrix 

Y 

~nd can be eva, lusted using the formula 

(1.3) ~: ~,~,~, = F )  meas (Y) ~ + ~' ~ + ~¢ dx 
Y 

where ~ is the unique (up to an ~dditive constant) Y-periodic solution of the equa- 
tion 

The procedure of going from (1.1) to (1.2) is said homogenization. I t  has been 
introduced by SA~OEEZ PALE~CI~ [20], [21] to give a scheme of composite physical 
structures by means of homogeneous structures with (( equivalent ~ characteristics. 
l%r a more detailed physical motivation of it see also BABV~KA [21, [3]. 

This mathematical problem has been studied, besides B_~v~KA and SA~o~Ez 
PAL]~OIA, by BE:NSOUSSAI~-LIO~S-PAPAI~IOOLAOU [7], D]~ GIOICGI-SPAG~OLO [13]~ 
LIo~s [14], [151, MAIICELLI~I-SBoI~DONE [171, SPAGNOLO [25], TARTA~ [26]. Some 
variants have been considered; for instance: non symmetric matrices [71, [151, [26]; 
semi-definite matrices [17]; higher order operators [8]; non linear lower order terms 
[1t, [81, [15], [16], [22]; quasilinear operators [21; systems [4]; obstacle problems [51, 
[9], [10], [14], [19]; evolution problems [6], [11], [12], [14], [22], [24]. 

In  this paper we give ~n approach to the study of homogenization of non lineal" 
wriationM problems. We describe briefly the situation. Let ]: R ~ x R ~ - - + R  be 
function such that  

(1.5) 

](x, ~) is measurable in x, strictly convex and C 1 in ~; 

~1~ - ~0[~ < / (  x, ~ ) < A ~  + A~]~I~ Vx, ~; 

where p > 1, 2, As, L >  0, At>0  and $ o e R  ~. We also suppose that  ] is Y-periodic 
in x, that  is 

/(~ + 9, ~) = ](x, ¢), Vx, ¢. 

:For ~ bounded open set in R N, e > O, 9 ~ L~'(-Q) (p - l+  p,-1 = 1), let u~ be the 
unique solution of the Dirichlet problem 

t J t ~ - -  ] , ,l  
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(other var ia t iona l  bounda ry  conditions are also considered).  We p rove  t h a t  there  
exists  a funct ion  g - ~  g(2) independen t  of ~ and  ver i fy ing  (t .5) such t h a t  u~ con- 
verges in L~(~), as e goes to zero, to the  unique  solution u of the  p rob lem 

f {g (D~)  -- ~(x)u} dx = m i n i m u m  on H~'~(~2). 

The  funct ion g can be eva lua ted  b y  solving a var ia t iona l  p rob lem re la t ive  to the  
in tegra l  of ](x, Dr) over  the  per iod  Y whose Eu le r  equa t ion  is of the  t y p e  (1.4). 
Such a resul t  (Theorem 4.4), a l ready  a n n o u n c e d  in [18], generalizes the  known  theo ry  
re la t ive  to the  l inear  case descr ibed a t  the  beginning.  

To ob ta in  the  homogeniza t ion  T h e o r e m  4.4 we are led to  s t udy  some prop-  

ert ies  of periodic solutions of var ia t iona l  problems,  l~oughly speaking,  if ]( . ,  2) and  
~0 are Y-periodic,  a n y  solut ion u to  

.f{](~ , Du) -- ~(~) q~} dx = m i n i m u m  on v e Hl~o¢ ~ , v Y-per iod ic ,  
Y 

is also a solution to 

f{](x, D~) -- ~(x)u} dx = m i n i m u m  on v e H I ~ ,  v # Y - p e r i o d i c ,  
k Y  

for a n y  in teger  # > 1. This  m a t t e r  is thorough ly  inves t iga ted  in section 2. 
I would like to t h a n k  Prof.  E.  DE GIoRGI for his useful  adviees.  I a m  indebted  

~tso to C. SBO~DO~E for  s t imula t ing  conversa t ions .  

2.  - P e r i o d i c  s o l u t i o n s .  

I n  th is  sect ion we consider  real  funct ions  ] = ](x, u, 2) with  x e R N, u e R ,  
2 e R z¢ such t h a t  

](x, u, 2) is measu rab l e  in x, convex  and  C 1 in (u, 2); 

(2.1) ](x ÷ 9, u, 2) = l(x, u, 2) , Vx, u, 2; 

, t12- 2op'</(x, u, 2 )<A, .+  A~( lu l"+ I21 '~) , Vx, u, 2; 

where ~ ( ~ ) e R  ~ (#~>0) ,  2 0 e R  ~, p > l ,  2, A s > O ,  AI>O. 
For  a n y  bounded  open  subset  ~ of R ~ let  

v) = f / ( x  , v, Dr)  dx , Vv e HI"~(~) . (2.2) /v(Q, 

F is a real  convex  lower semicont inuous  funct ional  on Hl'~(/2). 
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I f  Y- - - {x -~ (x~)eR~:  O~xi~Yi } w e  denote  b y  W(Y) the  complet ion of the  
set of CI(Y) F-periodic  funct ions wi th  respect  to  the  no rm 

Y 

We may  assume a funct ion v e W(Y) defined all over  R ~ by  periodicity.  
F inal ly  if k is u posi t ive real  n u m b e r  we p u t  k Y - ~  {x ~ (x~)eRN: 0 < x~< k~}. 

T H E 0 ~ ] ~  2.1. - Zet F be as in (2.2) with ] veri]ying (2.1). / ]  u minimizes F(Y,  v) 
on W(Y)  then u minimizes •(kY, v) on W(kY)  for every integer k>~l. 

R]~)IAlCK 2.2. - B y  (2.1) the re  exists a (not necessarily unique) funct ion u tha t  
minimizes F (Y,  v) on W(Y). We use the  conditions p > 1 and ](x, u, ~)~>2]~-- $o]" 
on ly  at  this point ,  so t h a t  i t  m a y  be replaced by  any  other  coercivi ty  condit ion 
which assures t h e  existence of a min imum on W(Y). 

Before proving Theorem 2.1 we s ta te  two lemmas.  

LE)I~A 2.3. - We suppose that ] verifies (2.1) and ~ is defined by (2.2). I] u mini- 
mizes ~'(Y, v) on W(Y)  then ]or every integer k > 0 we have 

P~ooF. - As F ( Y  ~- y, v) = F(Y,  v) for any  v e W(Y) and any  y e R ~ we have 

F ( Y + y , q ~ ) < F ( Y + y , v ) ,  V v e W ( Y ) - - - : W ( Y ~ - y ) ,  V y e R  ~. 

The corresponding Eu te r  equat ion  is 

In  par t icular  (2.3) is t rue  for ~ H I ' ~ ( Y  ~-y) .  H cpeH~'~(II ~) we can find a 
finite n u m b e r  of vectors y~ ~ R ~v such t h a t  supp ~ c [.J (Y + y~). I f  {N} is ~ par- 

t i t ion of un i ty  on supp ~0 subordinate  to the  cover {Y-t-Y,}, pu t t ing  ~, ~--~h,~ e 
eH~o'~(Y ~-y,) in (2.3) and ~dding up  with respect  to  r, we obtain 

Fixed k ) l ,  by  the  convexi ty  of F(kY,  v) on W(kY), for any  v ~ W(kY) we have 

k I  r 
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N o w  if ~ e H~'~(kY), f r o m  (2.5) w i t h  v = u ~ ~ a n d  (2.4) t h e  conclus ion  eas i ly  

fol lows.  

L E P T A  2.4. - Assume that ] veri]ies (2.1) and IF is as in (2.2). I] u and v belong 
to W(~) ,  ]or any positive s there exist a positive integer k and a ]unction q~ e H~'~(kY) 
such that 

I F ( k ~ ,  v) - -  F(k:Y, u ~- ~)[ < e m e a s  (k:Y). 

PnooF .  - F o r  each  in t ege r  k ~ 3  we cons ider  t h e  se t  f 2 k =  (x ~ ( x ~ ) e R ~ :  y~< 
< x ~ < ( k - - 1 ) y i ) .  kK~f2~ is c o n t a i n e d  in t h e  u n i o n  of k N -  ( k - - 2 )  ~ se ts  o b t a i n e d  

f r o m  Y s o m e w h a t  t r a n s l a t i n g  it .  W e  d e n o t e  b y  Y '  a gene r i c  of  such  sets .  L e t  
~ ~-- v - -  u on $2~. As v - -  u is Y-per iodic ,  i t  is poss ib le  to  e x t e n d  ~ to  b Y  so t h a t  
~ 0 on t h e  b o u n d a r y  of k ~  a n d  !l~l[m.~(y.)< llv--utlm,~(~. ). W i t h  th is  choise we  
have 

(2.6) T~ 

k Y \ ~ k  

~ o r e o v e r ,  as v ~ u ~ F~ on ~k, 

(2.7) ;F(k Y,  v ) -  F(k~ ,  u -~ ~ )  ----- ~ {](x, v, Dv)--  ](x, u -}- q~k, D(u -~ ~ ) ) }  dx.  

W e  e s t i m u t e  s e p a r a t e l y  t h e  a d d e n d a  in t h e  r i g h t - h a n d  s ide:  

(2.s) 
t "  

I ](x, v, Dv) dx -~ (k N -  (k--  2)N)l](x , v, Dr) dx ; 
k Y~Q~ Y 

(2.9) f ] ( x , u + ~ , D ( ~ + ~ 7 : ) ) d x <  f {Al+A~(Iu+~t¢t~+ID(u+q~)]~)}dx<<. 
kY~D~ kY~O~ 

< mess + I1 - 

In (2.9) we  h a v e  used  t h e  i n e q u a l i t y  ( a - ~  b)~<2~- l (a~-~  b ~) a n d  (2.6). 
F r o m  (2.7), (2.8), (2.9) w e  g e t  

m e a s  (k/r)  
m e a s  (:g) ' 

w h e r e  C is a c o n s t a n t  i n d e p e n d e n t  of k. Since 

l ira 1 - -  ~- 0 ,  
k--> + co 

(2.10) g ives  t h e  asser t ion .  
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PROOF OF TttEOREI~ 2.1. -- L e t  k / > l  and  veW(k :Y )  be fixed. We  a p p l y  Lem-  

m a  2A wi th  kY ins tead of 1/. For  each e ~ 0 the re  exist  a mul t ip le  in teger  k' of k 

a n d  ~ e H~o'~(k ' Y) such t h a t  

1 1 
meas  (k' :Y) E(k '  Y ,  v) > meas  (k' Y) E(k'  :Y, u -t- ~) - -  e ,  

and,  b y  L e m m a  2.3, 

1 1 
(2.11) meas  (k' Y) F(k '  Y ,  v) > meas (k' Y) E(k'  Y~ u) e . 

Now, since v ~ W(kY)  and  k' is a mul t ip le  of k, i t  is easy to see t h a t  

1 1 
(2.12) me~s (k' Y) E(k '  Y, v) - -  . meas  (kY) F(k:Y, v) 

F o r m u l a  (2.12) holds also wi th  u ins tead  of v. So f rom (2.11) we get  

1 1 
E ( k Y ,  v) > - -  F (hY ,  u) - -  s .  

meas  (kY) meas  (klT) 

We  have  the  assert ion since e is a rb i t rar i ly  small. 

3 .  - T h e  f u n c t i o n s  /~, 7 °, 7~" 

L e t  ]: R ~ x R~--> R be a funct ion such t h a t  

(3.1) 

](x, ~) is measurab le  in x, convex  und C 1 in ~; 

](x + ~2, ~) = ](x, ~) , Vx, ~; 

) . l~ - -~o l~</ (x ,$ )<Al+ A~t$1~, Vx,$; 

if(p ' ~)~l~_ ](x, ~')1/~ 1 < L I~- -  ~'1, Vx, ~', ~'; 

with  ~ - ( ~ ) ,  17~>0 for i = I ,  2 , . . . , N  and ~o fixed in RN; p > l ;  4, A2, L > 0  

and  A1 > 0. 
Fo r  each e > 0 and  ~ e R N we in t roduce the  nota t ions  (with 1 r, eY  and  W(e:Y) 

defined as in the  previous  sect ion):  

(3.2) l '  f (  x ) } # ~ ( ~ ) ~ m i n  meas(e17 ) ] -~,Dv H- ~ dx: v ~ W(e:Y) ; 
~Y 
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(3.3) 7 ~ ( ~ ) = m i n  ] , Dv + ~ dx: v e Ho~'~(Y) ; 
me (~g) 

Y 

(3.4) y ~ ( ~ ) = m i n { m e ~ ( , ) f ] ( X ,  D v  ÷ ~ ) a x : v e H ~ ' ~ ( Y ) , f D v = O } .  
Y Y 

I t  is easy to see t h a t - - f o r  a n y  s - - # ~ ,  yo and  y~ are posi t ive  convex  funct ions 
o n  R i v ~  o 1 o t y~ ~> y~, and  71 > / q  ~>y~. Our  a im  in this  section is to  show some o ther  
re la t ionships  b e t w e e n  these  funct ions.  

1)ROPOSITIO~ 3.1. -- For any s :> 0 and ~ ~ R ~v we have y~(~) = y~(~). Moreover, 
i] qt realizes the minimum in (3.2) ]or s = 1, then u~(x)-~ su(x/e) is a minimizing 
]unction ]or any other ]ixed s. 

P~ooF. - To each v e W(:F) we can associate v~(x)-~ sv(x/e)~ W(sY) .  This is 
a one- to-one correspondence be tween  W(:Y) and  W ( s Y )  which does not  modi fy  
the  funetionMs to  minimize .  I n  o ther  words~ wi th  the  h o m o t e t y  x -+x / s  we have  

m e a s ( I  z) ](x, Dv + ~) dX -- meas ( iT) / ~ , D v  ~- ~ dx : 
Y e Y  O x. 

e Y  

L E ~ A  3.2. - lira sup r~(~)<Yx($), V~ e R N. 

PROOF. -- Fo r  fixed ~ e R ~" let  q~ be  a funct ion  which realizes the  m i n i m u m  
#1(~) on W(Y).  I n  view of the  previous  proposi t ion u ~ ( x ) :  su(x/s) realizes the  
m i n i m u m  y~(~). 

L e t  k ~  k(s) be  the  smal les t  in teger  such t h a t  :FC_ksY. Using Theo rem 2.1 
wi th  in t eg rand  ](x/e, Dv + ~) and  domain  of the  in tegra l  e Y  we have  

• I ' f , ( :  ) / (3.5) #~($) = y~(~e) _~ m m  m e a s i k e y  ) , , Dv -~ ~ dx: v E W(ks~)  
ke Y 

and  u~ realizes such a m i n i m u m .  

W e  p u t  

(3.6) ~ = f D u ~  dx , 
Y 

We have  v~ e H1/ ' (Y)  and  f,Dv~ dx = O. 
Y 

v~(x) = u ~ ( x ) -  ( ~ ,  x )  . 

So, b y  definit ion of y~() ,  we get  

1 x \ )~I, 1 x 

Y k~Y 

19 - z i n n a l i  d l  ~ l a t e m a t i c a  
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1 [I/,(x ) l l s ( x  )1] mess  (Y)~/v ~, Dv~ + ~ dx / ~, Du~ + ¢ dx + 
Y 

. , 

k e Y  

and~ b y  Minkowski ' s  inequal i ty ,  

{;( ) ( ) y~(~)~l~__ #~(~)~I~< mess (Y)~/~ ~, Dv~ -F ~ -- / ~, Due --F ~ -F 

+ [(ks);~-~]~,($)~/~<LI~I + [(~);~'-- ~]~,(~)'~. 
Y 

Becsuse  of (3.5) s n d  lira ks = 1, to ge t  the  resul t  i t  is sufficient to show t h s t  

l i m ~ =  0 in R ~r. To this a im,  ss us is keY-periodic,  we have  

Y k e Y  k s Y ~ Y  ke Y ~ Y  

s n d  the  conclusion follows f rom 

I~I< f tDu~tdx< f tDu~Idx= 
?¢eY\  Y k e Y \ ( k - - 1 ) ~  Y 

e Y  Y 

LEtVL~A 3.3. - l im inf 9,°($)~>/~(~), V~ e R ~. 
e---> 0 

PEoo~. - Fo r  ~ fixed in R ~ let  ue be  s funct ion which realizes the  m i n i m u m  
y0(~). We  define us = 0 outside Y. I f  k-----k(s) is the  smsl les t  in teger  such t ha t  

k e > l  we have  u8 ~ H~o'v(ksY)c W(ksY). Then,  b y  Theo rem 2.1~ we can app ly  once 

more  (3.5) to ob t s in  

1 x ~) dx mess (ksIT) f /(p Du~ + /~1(~) < 
/ 

k e Y  

and  there fore  

#~(~) -- r~(~) < - -  CkeY~ / Due -I- ~ dx - -  / ~ ~ dx< mess  (Y) ; ,  Du~ mess  
key Y 

1 

keY\Y 

Since lira ks--~ 1 the result follows. 
8--> 0 

Using Lemmss 3.2 and 3.3 we obtsin in the next section (see l%emark 4.6) more 

precise re la t ions  b e t w e e n  ;ul~ yo s n d  71.. 
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4 . -  Homogenization. 

Let  f = f(x, ~) ~ function verifying (3.1) ~nd ~ ~ sequence of positive reM num- 
bers going to zero. I f  [2 is a bounded open set in R ~ let  

(4.1) F~(/2, v) = / , D r  dx, Vv~H~.~(f~). 

We shall use the  following result  tha t  can be deduced from Theorem 1 of [23] 
(of. [18], Theorem 1): 

T~tEOl~]~ 4.1. - There exists a function g = g(x, ~), verifying 

(4.2) 

g(x, ~) is measurable in x and convex in ~; 

~]~-- ~ot~ < g(x, ~ ) < A ~ +  A~I~I ~ , Vx, ~; 

[g(x, ~)~l~_ g(x, ~,)~/~[ < L l ~ _  ~'l ,  Vx, ~, ~'; 

with the same constants as in (3.1), and there exists a subsequence e~,~ of e~ such that, 
for any bounded open set .Q in R ~v, we have: 

(i) For each v ~ H1/~(Q) there exists a sequence (vr} c HIo'~(Q) + v converging 

to v in L~(/2) and such that lira F~ (/2, v~)=fg(x, Dv)dx.  
D 

(ii) For v and vr in Hl/~(/2) with v~ converging to v in L~(/2) we have 
lira inf F~(/2, v~) > ]g(x, Dr) dx. 

~----> + oo 
D 

(iii) I f  V is a closed subspace of H1"~(/2) containing H~'~(/2), w e H1"~(/2) and 
q) e L " ( p  -1 + p , -1  = 1) we have 

(iv) _Let V, w~ q~, be as above; let g be strictly convex in ~ and V ~ (v ~ HL~(/2) : 
Dv = 0)-----(0}. I f  u, minimizes Fh~(/2 , v)-- fq~vdx on V +  w, as r---> + oo the se- 

T2 
quenee u~ converges in  L~(/2) to the unique u that minimizes f(g(x,  D r ) -  q~v) dx on 
V+w. 

Since the  period of the  integr~nd of F~ goes to zero ~s h -> + c~, it  is possible 
to prove thu t  the  funct ion g in the  ubove theorem is independent  of x: 

L E p t A  4.2. - For each ]ixed ~ the function g = g(x, ~) of Theorem 4.1 is constant 
]or almost every x. 
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P~ooF. - Fo r  each y e R ~ we can construct  a sequence {z~} c R ~ such t h a t  

y~. ~ ~hrZr converges  to y and  

(~.3) ](x + z ,  ~) = / ( x ,  2) ,  Vx, 2, r .  

L e t  /2 be  a fixed open ball  in R ~ wi th  radius  R and  Y2~ the  open bal l  wi th  the  
same  cen t re  of ~2 an  radius  R ~ = ~ ( l ~ l / k ) .  I f  v(x)~- (~,x) ($eR~) ,  le t  % be  
a sequence in H~'~(~(2) for which (i) of T h e o r e m  4.1 holds. Since y. converges  to  y 
in R -~, for  each k we have  f2~ + y c ~Q ~- y~ for lurge r. There fo re  b y  (4.3) we have  

(4.a) fg(x, 2)dx= lira (/(x---,Dv.)dx-~lim f ( - ) / x +  y . ,Dv ,  dx = 

.O +Yr ~ + y  17lz~+y 

We have  used (ii) of T h e o r e m  4.1 since v , (x- -y , )  converges  in Z ~ ( ~  + y) to 

( ~ , x - y )  ~s r - + + ~ .  
We cun pass to the  l imit  as k - - > +  co in (4.4). Using Beppo  Lev i ' s  m o n o t o n e  

convergence t h e o r e m  we get  

fg@, 2) d$ > f g(x, ~) dx ,  
.Q + v  

and,  b y  s y m m e t r y ,  the  equa l i ty ;  t h a t  is 

(4.5) fg(x, 2) = f g(x, ax = fg(x + y, ~) doo . 
12 ~9 + y 

Now we suppose x and  x + y are Lebesgue  points  for all the  integwands g(x, 2~), 
where  ~ is a dense sequence in R ~. I n  this case, since t9 is a rb i t ra ry ,  we get  f rom 

(4.5) g(x, ~ ) =  g(x + y, $~) and,  b y  (4.2), 

g(x, 2) = g(~ + y, $) , V$ e R ~ . 

This proves  t h a t  g(. ,  2) is cons tan t  wi th  the  except ion  of a set  o f  measure  zero. 

Now we consider again  the  funct ions  y0 and  y~ of the  previous  section.  

L ] ~ A  4 . 3 . -  .Let 7o and yl be defined by (3.3)~ (3.4); let g and eh. be as in 
Theorem 4.1. We have 

° 2 1 lim Y~.( ) =- lim ---- V2 e R ~. 
T--~ + oo ¢--> + oo 



PAoLo MA~CwLH~I: Periodic solutions and homogenization, etc. 149 

P~ooF.  - Using L e m m a  4.2 and (iii) of Theorem 4.1 with V = H~o'~(Y), w(x) = 
= ($, x) and ~o ---- O, we have  

(4.6) ~-~lim+ co y~''( ) =~-~lim+ comin [meas (Y)  f -S~ Dv + ~ dx: v ~ H~'~(Y) = 
t~ 

= l i m m i n  m e ~ ( 3 ( )  ] , D r  d x : v ~ H ~ ' ~ ( Y ) +  (~,x) = 

{me I f g ( D v ) d x : v ~ H ~ ' ~ ( Y ) - } - ( ~ , x ) }  (35) 
£2 

= min 

As g is convex, we can use Jensen 's  inequal i ty:  

(4.7) 1 g(Dv)dx>g 1- fDvdx):g( ) 
meas ( Y ) f  (meas (Yi 

Y Y 

for ~11 v e Hlo'~( Y)  + (~, x), since f Dv dx = f  $ dx. As in (4.7) equal i ty  holds if Dv = ~, 
Y Y 

then u ( x ) =  (~, x) realizes the  min imum in the  r ight-hand side of (4.6) and the 
min imum value is g(~). 

The proof for y1($)  is analogous. 

!qow we can prove  the  homogenizat ion theorem. 

T~]~oR]~ 1.4. - We suppose J as in (3.1), ~9 an open bounded set in R N, V a 
closed snbspaee o/Hl'~(tg) containing H~'~(Y2), w a HI'p(f2), ~ eL~'(tg) (p-1 + p,-~ = 1). 
Let us denote by 

(4.s) g($)=min{ ~ f J(x, Dv+ $)dx:ve } w( y) . 
me (Y) 

Y 

Then g is a real convex Junction on R ~ satis]ying (4:.2) such that 

(4.9) lim min 
~--->0 

{/{,(x 
dx: v e V ÷ w} = 

=min{f{g(Dv)--~(x)v}dx:veV +w}. 
,9 

Moreover i / J  is strictly convex also g is strictly convex. In  this case i] {v ~ V: Dv = O} = 
= {0} the junction u~ which minimizes f{f(x/e, D e ) -  ~(x)v} dx on V +  w as e-+ 0 con- 

t? 

verges in Z~(D) to the Junction u which minimizes f { g ( D v ) -  q~(x)v}dx on V@ w. 
t) 
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PROOF. -- Le t  s~ be a sequence of posit ive real numbers  converging to  zero. 
By  (iii) of Theorem 4.1 and  L e m m a  ~.2 we find a convex funct ion g = g(~) and a 
subsequence e~ of % for which (4.9) holds with e~ instead of s. 

In  order to prove tha t  g is given b y  (4.8), by  Le mma s  3.2 and 3.3 we have 

lim sup y~,(~)<#~(~) < l i m  inf y~,~(~), 
r--> + co  ~'--> + co  

and  therefore ,  by  L e m m u  4.3, g ( ~ ) =  #~(~). This gives (4.8) (see the  definit ion 

of tt~ (3.2)). 
For  g is independen t  of the  chosed sequence eh, with a compactness  a rgument  

we obtain (4.9). 
The last pa r t  of theorem follows f rom (iv) of Theorem 4.1 if we prove  tha t  g is 

s t r ict ly convex if ] does. 
Therefore  le t  us assume ] s t r ict ly convex and choose ~ V= ~ ;  le t  u~, u~ be the  

funct ions in W(Y) which realize respect ively  the  min imum (~.8). Then  Du~+ 
+ ~ ~ Du2+ ~ almost  everywhere  on Y because,  if not ,  we have 

~ meas (Y) =f(Du~ + ~)dx =f(Du~ + ~2)dx = ~ meas ( Y ) ,  
Y Y 

t ha t  is ~ = ~ .  So we can apply  s tr ict ly convexi ty  of ] to  infer  

g(~) + g ( ~ 2 ) - -  i f  meas (Y) {1(x, 9u~ + ~) + ](x, .Du~ + ~)}dx  > 
Y 

> 
meas ( 2 

I 

Y 

The  str ict ly convexi ty  of g is obtained.  

~E~A~.K 4.5. -- I t  is possible to  deduce f rom Theorem 4.4 the  convergence in 
L~(~) of the  minimal  funct ions and  the  convergence of the  min imum values of the  

obstacle problems 

f[(x ) } ] ,Due --q~(x) u~ d x = m i n i m u m  on { v e V + w : v ~ > y ~  on E} 

D 

respect ive ly  to  the  minimal  funct ion and  the  min imum value  of the  problem 

f{g(Du) u} dx = min imum on {v e V + w: v > ~ on E},  ~(x) 

where ~ is a fixed L~(tP) funct ion and E is a closed subset of z9 or all Q (we 
assume tha t  there  exists in V + w a v such tha t  V > ~ on E).  I t  can be proved as 

in section 6 of [17]. 
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REMARK 4.6. - F r o m  T h e o r e m  4A, or di rect ly  f rom its proof,  we c~n deduce 
t h e  l i m i t  v~ lues  ns s - ->0  of  t h e  f u n c t i o n s  #~, 7 °, y l  d e f i n e d  in  (3.2), (3.3), (3.4). 

W e  have  

( 4 , 1 0 )  ~,~8(~) = /~1(~) : l i m  Fo(~) = l i m  y~(~),  V~ ~ R ~v. 
s-->0 ~-¢*0 

As in [25] le t  us define 

_ f'(: ) } (4.11) y~ ( ~ ) = m i n  D v q - ~  : v ~ W ( t  ~) 
e ~  (~ )  ' 

Y 

Since H~o'~(Y) c W(Y) c{v  e H~'~(]Y): fDv dx = 0} we h~ve y~(~) <y~er(~) <yo(~) for 
Y 

Oer e~eh ~ e R ~', ~nd therefore ,  b y  (4.10), ] im y~ (~ )= /~d~) .  
~'->0 

I f  we confine ourselves to the  c~se s = 1/k with  k pos i t ive  integer,  we c ~ n p r o v e  
directly,  b y  using Theo rem  2.1, t h a t  ,~eu~ /~/~ / : #d~') for e~eh ~ e R ~v. 
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