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Summary. - This paper generalized MINKOWSKI formulas for a closed orientable hypersurface
in a RIEMANN space with constant curvature which have been introduced by C. C. Hs1uxneg,
and studies on some properties of the hypersurface whose the v-th mean curvature is
constant, on making use of the generalized formulas.

Introduetion. - We consider an ovaloid ¥ in o Euclidean space E® of
three dimensions, and let H and K be the mean curvature and the Gauss
curvature at a point P of F, then as well-known formula of MINKOWSKI we
have

0.1) f f (Kp + H)dA =0,

F

where p denotes the oriented distance from a fixed point O in £°® to the
tangent space of F at P and dA is the area element of ¥ at P.

As generalization of this formula for a closed orientable hypersurface,
C. C. Hsiuxne proved the following three theorems.

THEOREM 0.1. - Let V™ be a closed orientable hypersurface twice diffe-
rentiably imbedded in a Kuclidean space E™** of m + 1(> 3) dimensions, then

(0.2) I'"fHH'lpdA + If H,dA =0 tor v=0,.., m — 1,
Vm Vm

where %, k., ..k, being the m principal curvatures at a point P of V"™, H,
is the v~th mean curvature of V™ at the point P which is defined to be the
v-th elementary symmetric function of %, .., k, divided by the nnmber of
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terms, that is,
OVH, = Zkiks, .. E, v=1,.., m,
and Hy, =1 ([1]) ().

TrueoreM 0.2. - Let V™ be a closed orientable hypersurface twice diffe-
rentiably imbedded in a RiEMaNN space R™** of in -+ 1{Z> 3) dimensions, then

0.3) f f Hypdd + f f A =0,
-

Vm

Where p is the scalar product of the unit normal vector of the hypersurface
V™ at the point P and the position vector of the point P with respect to
any orthogonal frame in the space R™** ([2]).

TaEOREM 0.3. - Let V™ be a closed orientable hypersurface of class C°
imbedded in an (m - 1)-dimensional Riemann space R™+* of constant RIEMANN
curvature, then

(0:4) f J H,pdA + f f HyrdAd =0 @)
v Vi

The purpose of this paper is to generalize more these formulas of
Hs1oX¥e, in a RIEMANN space. In § 1 generalized Minkowskl formulas are
expressed and the special cases wWhich inclose these formulas of Hsrone are
discussed in § 2, and in § 3 some properties for the closed orientable hyper-
usrface are obtained on making use of the generalized MINKOWSKI formulas.

§ 1. On a generalization of Minkowski formulas. - We suppose an
(m +'1)-dimensional RIEMANN space R™+(m -4 12>3) of class (v =3)
which admits an infinitesimal point transformation

(1.1) wt = a0t + Eio0)Br

and assume that the paths of the infinitesimal transformations cover simply
R™+*, Let us choose a coordinate system such that the path of the infinitesimal

(Y} Numbers in brackets refer to the references at the end of the paper.
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transformation is a new x'-coordinate curve, that is, the coordinate system
in which the vector £ has the components 3;, Where a symbol 5; denotes the
KRONECKER’s delta, then (1.1) becomes as follows

(1.1y w = i 4 335t

and R™** admits a one-parameter continuous group G of transformations
given by

(1.2) x = oof 4 Bl

in the new special coordinate system. If the vector & is a KiLLiNe vector,
a homothetic KinrLineg, a conformal KirriNe efe., then the one-parameter
continuous group ( of transformations has been called isometric, homothetic,
conformal etc. respectively ([3]).

‘We now consider a closed orientable hypersuperface V™ of class C® im-
bedded in R™+* which does not pass through any singular point of a tangent
vector field of the paths, written in the expression

i=1 2., m+1,

ot = w(u) w1 2
=1, 2,..

, M.

‘We shall henceforth confine ourselves to that LATIN indices run from 1 to
m -1 and GREEK indices from 1 to m.

Let us consider a differential form of # — 1 degree at a point P of the
hypersurface V™, defined by

(n, &, de, ..., dx)) = Vg(n, 3., dex, ..., dx)
m—1
(1.3)

- o R o .
- v9<”; 01, m, ey W) dual /\ e /\ du®m—1

where 7¢ is a unit normal vector at the point P of the hypersuperface V'
%

and do® a displacement along the hypersurface V™, i. e., dak = g%(

g denotes the determinant of a metric tensor g; of R™+. and let g, and]bug

be the first fundamental metric tensor and the second fundamental tensor of

the hypersuperface V™ respectively, and 5° means bayg®. Then the exterior

differential of the differemtial form (1.3) divided by m ! becomes as follows,

du®, and
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(on making use of the formula for the covariant differential of the unit nor-

mal vector along the hypersurface: on'= — bﬁg%; du®)

1
md({n, 8, do, ..., dx))

(1.4)
=(—1)m ] HndidA + é%@ g*”‘fgucd/{ ,

where £¢ix is the LIt defivative of the tensor g With respect to the infinite-
simal point transformation (1.1), and ¢*™* = g'* — nln*,

Integrating both members of (1.4) over the whole hypersurface V™ and
applying the SToKES’ theorem, We obtain the formula

?-7-1-! f (n, 3, deg, ..., dw)) = (— 1)m} ff Hangidd +‘2%5’i f f g*lkgg”‘dAg,
BVrn Ve Vo =

where 2V means the boundary of V™. On making use of that the hypersur-
face V™ is closed, it follows that

(1.5) f...f Hﬂ’tﬁid/l -+ g;l% f...fg*lk§g1de = 0.
Vm Vm

If the space R™*' assumes of constant RIEMANN curvature Which
includes a Eunclidean space, We consider the following differential form of
n — 1 degree

def | —~
((n, B, 3n, .., dn, de,..dx))= Vg(n, &, 3n, .., 3n, do, .., dx)

—

vy m—y —1 v P o—v — 1

for a fixed integer v satisfyng m — 1>v >1, and differentiating exteriorly,
we have

d((n, B, 31, ., 0, dee, .., doc))
(1.6) = ((3n, 3, 3, .., 31, A2, .., diw))

+ ((n, 3(3), 37, ..., Bn, do, ..., do))
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because of 36n* =0 for the space of constant RIEMANN curvature. On substi-

“g 5 du® info the first term of the right-hand member of (1.6)

tuting & =

we obfain

((3n, 3,, 3n, ..., 8n, da, ..., dx)) = m | (— )" H, n3idA.

And from that the vector n X 8n X ... X 81 X do X ... X da is orthogonal fo
————— .~

v m—vy—1
the normal vector 7 and Sui = — b2 gwﬂ du®, the second term of the right-hand

member of (1.6) becomes as follows

((n, 3(2y), v, ..., on, dx, ..., de)) =m!(— 1) 2;@

H??Qmﬁ 3

Where e%--®m being the ¢-symbol of the hypersurface V™,

wl 1

o (m—1)

OO <o Xy 12 BB -I-Bm—lbmgi e b%ﬁv g¢v+lgy+1 cee g“m-—i B

and
def 3t Jacd
0 S

Accordingly we have
1 m— of 1 af
—d((n, B, B, ., B0, A, ., d ) = (— 1) l HndldA + o B ggagdAz .

Integrating the above expression over the whole hypersurface V™ and
applying the SToOKES’ theorem, it follows that

L (e onen s da) =(— 1y f f Bt f f H335g.4d4 .
pVm T

Thus we have

(L.7) J' f Hopn#ldA4 4 o f f H35g.a0 = 0

Vm Ym

by virtue of that the hypersurface V™ is closed.
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We can see easily that in the general coordinate system, the formulas
(1.5) and (1.7) become as follows

D fj HnEidA + %;@J....fg*ié’fgﬁdA =0,
Vm Vm N
and
(In ff H, anEdA 4 2«% J"'JH?B'EQ“QdA =0 (m —1>v>1),
vm Tm )

We call such the formulas (I) and (II) the generalized MINKOSKI formulas
for the closed orientable hypersurface V™ in R™*t*.

§ 2. The Minkowski formulas concerning some special transformations.

In this section, we shall discuss the formulas (I) and (II) for a special

infinitesimal point transformation. Let the group G of transformations be

conformal, that is, & satisfies an equation: {lgg-]» =&+ &0 = 20945 ((32]), p- 32),
3

then we obtain

g*iSgy =2m@, H,*$gs=2mOH,.
& =

Therefore (I) and (II) are rewritten in the following forms

. f f HpiEd A + f f odA =0,
Vm vm

(D), f f H,,nfEidA + f f OH,dA =0 (m—12>v>1),
Vm Vm

and We can see

(D f f HanEdA + ¢ f f 44 =0,

Vm Vm

(ID)s f f H,pniEdA + ¢ f f Hdd=0 (n—1>v>1)
Vm vm
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in case of ® = constant (= () (G being homothetic), and

(1) f f HyndA =0,
-

(1), J f H,, nEdAd =0 (m—1>v>1)
vm

in case of ® =0 (G being isometric).

Especially if our space R™+' is a Euclidean space /£™+' and if the path
of the infinitesimal point transformation (l.1) is the straight line which pass
through a fixed point 0, x¢ being the coordinate of a point P in E™”*' with
respect to a Cartesian coordinate system with the point O as the origin, let
the position vector a take as the vector &', then We have

L9545 == 294
=S

according to g¢;; = constant and from the formulas (I)» and (II), in the case

C =1, we have
f...J‘*HlpdA + ff dA =0,
V"I

Vi

f. f HyapdA J....ff,HvdA =0 (m—1>=v>1).
Vm Vm

The above results are nothing but the formulas (0.2) given by Hsiuwe.

Next, let our RIEMANN space R™*' have more an assumption to admi
a special coordinate system y, in Which the components of the vector £ are
equal to the coordinate of the point P, that is, §%(y) = y'. Since the quantity
i5(x)Ei(20)Ei(2e) is the homogeneous function of two degree with respect to &,
it is requested that g;(y)yiy’ is also the homogeneous function of two degree
with respect to 3. Therefore g;;(y) must be the homogeneous function of
zero degree with respect to %, that is,

(2.1) 3giily)

oy V=0

Annali di Matematica 37
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On making use of the above relation (2.1), We can observe
29i1(y) = 2931(y)

in such the special coordinate system 7, the formulas (I) and (II) are written

in the form
ff HynyidA + ff dAd =0,
Vm Vm

2.2)

IJ H, ynyidd + JJ HdA =0 (m—12v>1)
Vm Vm

The formulas (0.3) and (0.4) of Hsrung are nothing but a special case of (2.2)

§. 3. Some properties of a closed orientable hypersurface. - In this
section We suppose again that the group & of tranformation (1.1) is conformal,
then we can show the following four fheorems for a closed orientable hyper-
surface V™ in a RIEMANN space ™% of constant RIEMANN curvature.

TarorREM 3.1. - If in R™**, there exists such a group of conformal
transformations as p is positive (or negative) at each point of V™ and if H,

is constant. then every point of V™ is umbilic, where p denotes £,

Proor. - Multiplying the formula (I), in § 2 by H; = const., We have

ff HipdA + f...f@HldA =0

Vo VvV

5

and from the formula (II), in § 2

J...fHZ}JdA + fj OHydA = 0.
Vm Vm
Consequently it follows that

(3.1) ff (H? — H)pdA =0

T m



Y. Karsurava: Geueraliced Minkowski Formulas for Closed, ete. 291

which holds if and only if g:— g, =0, since

2 1 . 2 5 )
H,— H,= E & k,‘) —m—-—-————(m =7 2 I ki,
(3.2)
1 2
= m{z(m _ 1) Z (k'ix - kiz) 2 0,

Wwhere i, i, are distinet and run from 1 to <. From (3.1) and (3.2) we obtain
bi=1Fk,...=k,

at each point of V™. Accordingly every point of the hypersurface
V™ is umbilic.

We can see easily that if every point of a hypersurface in a RIEMANN
space of constant RIEMANN curvature is umbilic, then the hypersurface V™
is also an m-dimensional RIEMANN space of constant RIEMANN curvature.

TurorEM 3.2. - If in R™*', there exists such a group & of conformal
transformations as p is positive (or negative) at each point of V™, and if
the principal curvature &, ks, ..., k,, at each point of the hypersurface V™
are positive and I, is comnstant for any v(m — 1>v>1), then every point of
V™ is nmbilie.

Proor. - From the formulas (I). and (II), in § 2, we obtain

f . f HH,jdA + f f OH,dA =0,
Vm Vm

j f H, o pdA + f f DH,dA =0
ym ym

because of H, == constant. Therefore we have

(3.3) f f (HAH, — H,)pdd =0
Vm
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which holds when and only when H.H, — H,,, =0, since

v+1tm—v—1)! )
— o Bk ki,

(3.4)

_vim—v-—1)!
- i |

ki, o by, — Fi,, )P >0,

where i, is,..4,4, are distinct and run from 1 to m, From (3.3) and (3.4)
we have

k1=k2,..-,=km

at each point of V™. Accordingly every point of V™ is umblic.

TagoreEM 3.3. - If in R™**, there exists such a group G of conformal
transformations as p is positive (or negative) at each point of V™, for
which H,p 4+ ® > ofor <0) at all points of V™ then every point of V™ is
umbilic.

Proor. We can see
o~ — Ex@

according to the assumption that Hyp 4+ @ >0 (or <O0) at all points of V™
and the formula (I), in § 2:

f f H,pd4 + J' J' odd=0.
ym Vo

On substitating ¢ = — H,p into the formula (II), in § 2, it follows that

fj (H? — Ha)pdd = 0.
Vw

Thus, we have the conclusion from (3.1) and (3.2).
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TarorEM 3.4. - If H, is positive (or negative) at all points of V™ and it
in R™*Y there exists such a group (G of conformal transformations as @ is

H,

L p> at all points of

H,

positive (or negative), for which either ;5 <

V™, then every point of V™ is umbilic.

Proor. - The formula (I), in § 2 is rewritten as follows

f...fm(ia + %’;) dA =0,
Y

By virtue of the assumptions: H, > Ofor < 0) and 73+§20(0r < 0) at all
1

points of V™, we have the following relation

On substituting p = %(13 into the formula (I1). in § 2, We obtain
1

ff Ji% (H? — H)dA =0
Vm

which holds if and only if H}— H,=0. Thus we can see the conclusion.
Such the method of calculation referring to a differential form is learned
much from the paper ([4]) of H. Horr and K. Voss.
The present author Wishes to express' to Professor Dr. H. Hopr her
very sincere appreciation for his kind suggetion.
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