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Summary. - Th i s  p a p e r  genera l i zed  MINKOWSKI f o r m u l a s  for a closed orientable  hyper sur face  
i n  a I~rEMANN space ~vith cons tan t  c u r v a t u r e  w h i c h  have  been in t roduced  by G. G. HsIuNo, 
a n d  s tud ies  on some proper t ies  o f  the hypersur face  whose the v - th  m e a n  c u r v a t u r e  is 
constant ,  on m a k i n g  use o f  the genera l i zed  fo rmulas .  

I n t r o d u c t i o n . -  We consider  an ovaloid F in a Eucl idean  space E 8 of 
three dimensions,  and let H and K be the mean curva tu re  and the GAUss 
curva ture  at a point P of F, then as wel l -known formula  of MI•KOWSKI We 
have 

(0.t) f f (Kp + H)dA = O, 

where  p denotes the or iented distance from a f ixed point 0 in E 3 to the 
tangent  space of F at P and dA is the area element  of F at P. 

As general izat ion of this formula  for a closed or ientable  hypersurface ,  
C. C. t t s Iu~G proved the following three theorems. 

TI~EOREI~ 0.1. - Let  V m be a closed orientable hypersur face  twice diffe. 
rent iably  imbedded in a Eucl idean  space E m+~ of m + 1(~ 3) dimensions, then 

V ~ Vm 

for v - - O , . . . ,  m - - l ,  

where  k~, k2, .... k,, being the m pr incipal  curva tures  at a point P of V m, H~ 
is the v- th  mean curva tu re  of V m at the point  P which is defined to be the 
v-th e lementary  symmetr ic  funct ion  of kl, .... km divided by the nnmber  of 
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terms, that is, 

(7)H  ... "-" E klk2, ... k~ v = 1, , m,  

and H o - - 1  ([1]) (~). 

THEORE)~ 0.2. - Let  V ~ be a closed orientable hypersurface twice diffe- 
rentiably imbedded in a RI~[A~:N space R "~+~ of m + 1(~ 3) dimensions, then 

(0.3) f...f H pdA + f...f dA--O, 
Vm Vm 

where p is the scalar product of the unit normal vector of the hypersurface 
V "~ at the point P and the position vector of the point P with respect to 
any orthogonal frame in the space R m+~ ([2]). 

THEOREm[ 0.3. - Let V m be a closed orientable hypersurface of class ~ C ~ 
imbedded in an (m + 1)-dimensional Riemann space R "~÷~ of cons tan t  RIEMA~ 
curvature,  then 

V~ V ~ 

The purpose of this paper is to generalize more these formulas of 
HsItT~@, in a RIEMA.NN space. In § I generalized ),/[I~KOWSKI formulas are 
expressed and the special cases which inclose these formulas of HSlU:~  are 
discussed in § 2, and in § 3 some properties for the closed orientabte hyper- 
usrface are obtained on making use of the generalized )/]~INKOWSKI formulas. 

§ 1. On a generalization of  ]llinkowski formulas .  - 
(m +~l)-dimensional  RIEMA~N space R ' n + l ( m  + 1 =~ 3) of 
which admits an infini tesimal point t ransformation 

0 .1)  x = + 

and assume that the paths of the infinitesimal t ransformations cover 
R m +  1 

We suppose an 
class C~(v ~ 3) 

simply 
• Let us choose a coordinate system such that the path of the infini tesimal 

(i) l~urnbers in brackets refer to the references at the end of the paper. 
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t ransformation is a new x ~ coordinate curve, that is~ the coordinate system 
in which the vector ~ has the components ~ ,  where a symbol 8} denotes the 
KROlgECKER'S delta, then (L1) becomes as follows 

(1.1)' x ~--- x i -I- ~ x  

and R ~n+~ admits a 
given by 

one-parameter  continuous group G of t ransformations 

02)  ~ = x~ + ~ 

in the new special coordinate system. If the vector ~ is a KILLING vector, 
a homothetic KILLING, a conformal KILLING etc., then the one-parameter  
continuous group G of t ransformations has been called isometric, homothetic, 
conformal etc. respectively ([3]). 

We now consider a closed orientable hypersuperface V m of class C ~ im- 
bedded in R ~+~ which does not pass through any singular point of a tangent  
vector field of the paths, wri t ten in the expression 

zi--- tvi(ua) 
i -- 1, 2, ..., m -}- 1, 

- -  1,  2 , . . . ,  m .  

We shall henceforth confine ourselves to that L_~TI~ indices run from 1 to 
m - t - 1  and G]~EE~: indices from 1 to m. 

Let us consider a differential  form of m -  1 degree at a point P of the 
hypersurface V ~', defined by 

(1.3) 

(( ~, ~,, d~, ..., d x  ))= V~(~, ~ ,  dx ,  ..., dx)  

m - -  1 

- -  n, ~i, ~ u ~ , . . . ,  ~ du~, A ... A du~'m-~ 

where n ~ is a unit  normal  vector at the point P of the hypersuperface V 'n 
~X k , 

and d x  k a displacement along the hypersurface V 'n, i. e., d x  k -  ~ a u %  and 

g denotes the determinant  of a metric tensor gii of R 'n+~, and let gas and]ban 
be the first fundamenta l  metric tensor and the second fundamenta l  tensor of 
the hypersuperface V m respectively, and b~ means b~gva. Then the exterior 
differential  of the differential  form (1.3) divided by m!  becomes as follows, 
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(on making use of the formula for the covariant  differential  of the unit nor- 

_ b ~ ~x~ du~,) mal vector along the hypersur face :  ~n ~ -  ~ - ~  

(1.~) 

1 d ((n, ~ ,  d x , . . ,  d x ) )  
m !  

= H~n~ ~dA + ~m 

where  £g~k is the LIE derivative of the tensor gzk with respect  to the infinite- 
simal point t ransformation (1.1), and g , m _  g Z k  n~n~. 

In tegra t ing both members  of (1.4) over the whole hypersurface  V m and 
applying the STOKES' theorem, we obtain the formula 

i f  f l ffg,,  ¢ dAl ' m !  (( n, ~ ,  dx ,  ... , d x  )) - -  ( - - 1 )  'nl "" H~n~i~dA + ~  '" 

where  3V m means the boundary  of V m. On making use of that the hypersur-  
face V m is closed, it follows that 

= o.  
(:.~) ~ +__1 

V m V,,~ 

If the space R m+~ assumes of constant RIE~AN~ curvature  which 
includes a Eucl idean space, we consider the following differential  form of 
m - -  1 degree 

(( ~, ~ ,  ~ ,  . . . ,  ~ ,  dx ,  ... dx))~°~ V~(,~, ~ ,  ~ ,  ...,  ~ ,  ~x, . . . ,  dx) 

for a f ixed integer v sat isfyng m -  1 ~ v ~ 1, and different iat ing exteriorly,  
we have 

d ((~, ~ ,  ~ ,  . . . ,  ~ ,  dx ,  . . . ,  d x ) )  

O.G) = (( ~ ,  ~1, ~ ,  . . . ,  ~ ,  dx,  ...,  ~x )) 
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because of ~ n ~ - - 0  for the space of constant  R r E ~ A ~  curvature.  On substi- 

tuting ~n i - -  - - b = ~ d u  ~ into the first term of the r ight-hand member  of (1.6) 

we obtnin 

(( ~n, ~ ,  ~n, . . . ,  ~n, dx ,  . . . ,  dx)) - -  m i ( - -  l ) '~-~H~+~n~dA. 

And from that the vector n X ~n X ... X ~ X d x  X ... X d x  is orthogonal to 

v m - -  v - -  1 
- ~ ~ x  ~ 

the normal  vector n and ~ --  - -  O" ~U~ du~-' the second term of the r ight-hand 

member  of (1.6) becomes as follows 

(( n, ~(~,), ~n, . . . ,  ~n, dx ,  . . . ,  dx)) - m ! (--1)'~-'~ ~m H~a£g=~ , 

where  z =~. . .= , -  being the z-symbol of the hypersurface  V ~ ,  

and 

t 
( m  - -  t )  ~=~''" = , ~ - l s ~  -.. a~-~b=~a~ ... b% a~ g=,~+~ ~ +  ... g= ,~_ ,  ~ _ z  

Accordingly we have 

~g=~ d~_~f ~X ~ ~ XJ 

OU ~ ~Ua £~gq" 

1 d ( ( n ,  8 , ,~n , . . .  8n, dx ,  dx  )) - -  ( - - 1 ) " - ~  l 8' 1 £ 1 - -  ... H~+~n~ ,dA + H~ ~ g=~dA m !  ~ ~ 

In tegra t ing  the above expression over the whole hypersurface  V "~ and 
applyirtg the STOKES' theorem, it follows that 

• J J m : j  j ~ ! 

Thus  we have 

... lt~+ln~ ~dA + ~-~ ... H g,,~dA = 0 

V,~ V m 

by virtue of that the hypersurface  V m is closed. 
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We can  see eas i ly  that  in the genera l  coord ina te  sys tem,  the fo rmulas  
(1.5) and (1.7) b e c o m e  as fo l lows 

ff (I) "'" H ~ n ~ d A  + 2 ;n  "'" g * q £ g ~ j d A  = O, 

V ,~ V ~ 

and  

(II) "'" H ~ + l n ~ i d A  + 2 m  "'" H = - -  = 

V ,,~ V ~ 

W e  call  such  the fo rmulas  (I) and (II) the genera l ized  ~¢fI~KOSKI fo rmulas  
for  the c losed o r i en tab le  h y p e r s u r f a c e  V '~ in R m+~. 

§ 2. The Minkowski formulas concerning some special transformations. 
I n  this sect ion,  we  shall  d i scuss  the fo rmulas  (I) and (II) for a specia l  

in f in i t es imal  point  t r ans format ion .  Let  the group  G of t r ans fo rma t ions  be 
conformal ,  that  is, ~ sa t isf ies  an equat ion:  £gq ~ ~ ; j  q- ~j;~ = 2 0 g q  ([32]), p. 32), 

then we obta in  

T h e r e f o r e  (I) and  (II) are  r ewr i t t en  in the fo l lowing forms 

V ,~ V ~  

and  w e  can  see 

V m V m 

V m V,~ 
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in case of ( I )~  constant ( ~  C) (G being homothetic), and 

(I)~ f...f H~n~dA := O, 
v,~ 

(II)~ f...f H~+~n~idA = 0 ( m -  1 > v  > 1) 

in ease of ( I ) :  0 (G being isometric). 
Especial ly  if our space R ~+~ is a Eucl idean space E "~+~ and if the path 

of the infinitesimal point t ransformation (1.1) is the straight line which pass 
through a fixed point 0, x i being the coordinate of a point P in E m+~ with 
respect  to a Cartesian coordinate system with the point 0 as the origin, let 
the position vector  x ~ take as the vector ~i, then we have 

=£g~i ~ 2gq 

according to gij = constant and from the formulas (I)~ and (II)h in the case 
C - -  1, we have 

f . . f  H~+lpdA A- f...f:Z4 dA--0 
V m Vm 

(m--  1 ~ v ~ 1). 

The above results  are nothing but  the formulas (0.2) given by HsIu~G. 
Next, let our RIEM£1'CN space R m+l have more an assumption to admit 

a special coordinate system y, in which the components  of the vector ~i are 
equal  to the coordinate of the point P, that is, ~ ( y ) ~  yi. Since the quant i ty  
g~(x)~(x)~i(x) is the homogeneous function of two degree with respect  to ~ ,  
it is requested that gi~(y)yiyJ is also the homogeneous function of two degree 
with respect  to yi. Therefore g~¢(y) must be the homogeneous function of 
zero degree with respect  to y~, that is, 

(2.1) ~g~J(Y) y~ -~ O. ~y~ 

Annali  di Matematiea 37 
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On making use of the above relation (2.1), we can observe 

= 2g,j(y) 

in such the special coordinate system y, the formulas (I) and ( I I ) a r e  wri t ten 
in the form 

V m V "  

f...f H~+~niyidA + f f HflA = 0  ( m - - i ~ v ~  1) 
V m V ~  

The formulas (0.3) and (0.4) of ttSlV~(~ are nothing but  a special case of (2.2) 

§. 3. Some proper t ies  of  • eloped or ientable  hypersurfaee .  - In this 
section we suppose again that the group G of t ranformation (1.1) is conformal, 
then we can show the following four fheorems for a closed orientable hyper- 
surface V m in a RIEMANN space R m+l of constant ~:~IEMA]NN curvature.  

T~EORE~ 3 . 1 . -  If  in /~m+l, there exists such a group of canformal 
t ransformations as p~is positive (or negative) at each point of V "~ and if HI 

is constant, then every point of V "~ is umbilic, where  p denotes ~i~i. 

PROOF. - Multiplying the formula (I)~ in § 2 by / /1 - - eons t . ,  we have 

÷ 
V .,  V ,~ 

and from the formula (II)~ in § 2 

Vm l r~  

Consequently it follows that 

f ..f - o  
V m 

= 0  
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which  holds if and  only  if H~2--H~ = 0, s ince 

(32) 
- 1 )  

Z k~k~ 

1 
- -  m2(m - -  1) y' (k,, - -  k~) ~ ~ 0, 

where  ix, i2 are d is t inc t  and  run  f rom 1 to m. F r o m  (3.1) and (3.2) we obtain 

kl = k2, ... ~ k,n 

at each  point  of V 'n. Accord ing ly  every  point  of the hype r su r f ace  
V "  is umbil ic .  

W e  can  see eas i ly  tha t  if every  point  of a hype r su r f ace  in a R I E M A ~  
space of cons tan t  R I E ) ~ A ~  cu rva tu r e  is umbil ic ,  then  the h y p e r s u r f a c e  V "~ 
is also an  m-d imens iona l  RIEMA:NN space of cons tan t  I:~IEMA~ curva ture .  

Ti~IEORE~[ 3.2. - I f  in R "~+1, there  exists  such  a group G of conformal  
t r a n s fo rma t ions  as p is posi t ive (or negat ive)  at each point  of V m, and  if 
the p r inc ipa l  cu rva tu re  k~  k2, . . . ,  k,, at each  point  of the h y p e r s u r f a c e  V m 
are  posi t ive and  H~ is cons tan t  for any  v ( m - - 1  ~ v > 1), then  every  point  of 
V m is nmbil ic .  

PROOF. - F r o m  the fo rmulas  (I)c and ([I)c in § 2, we obtain 

V m V,n 

V m V m 

because  of Hv = constant .  There fo re  we have  
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which  holds when  and only when  H ~ H , -  H~+x = 0, s ince  

v ! (m - -  v) ! 
mqn ! 

{ E k i  E k~, ... k% 

(3.4) 
(v "4" 1)! (m-- v - -  I)' 

- -  m ! " E k ~  .., k ~ +  x } 

v I (m - -  v - -  1) I E k,1 k~-l(k,~ - -  k%+x~! > 0, 

w h e r e  ix, 
w e  have  

is, ... i++1 are  d is t inc t  and run  f rom 1 to ~;;, F r o m  (3.3) and (3.4) 

kx ----- ks ,  ... , = k m  

at each point  of V " .  Accord ing ly  every  point  of V m is umbl ic .  

THEOREM 3.3. - If  in R re+l, there  exis ts  such  a g roup  G of conformal  
t r ans fo rma t ions  as 23 is pos i t ive  (or negat ive)  at each  poin t  of V "~, for 
w h i c h  [tx'p + ~ >_o(or =<0) at all  po in ts  of V" ,  then  eve ry  point  of V "  is 
umbi l ic .  

PROOF. W e  can  see 

accord ing  to the a s sumpt ion  that  I t lp  + ¢ ~ 0  (or _<__0) at all  points  of V m 
and the fo rmula  (I)~ in § 2: 

f 
V m V m 

On subs t i t u t ing  ~ - - - -  Hip  into the fo rmula  (II)c in § 2, it fo l lows that  

f . . . f  ( H ~ -  H s ) p d A  - -  O. 

Thus ,  we  have  the conc lus ion  f rom (3.1) and  (3.2). 
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TI~EOREM 3.4. - If H~ is positive (or negative) at all points of V "~ and if 
in R ~+~, there exists such a group G of conformal t ransformations as ¢9 is 

positive (or negative), for which ei ther  /~ ~_- -~ -  or p ~ at all points of 

V m, then every point of V"  is umbilie.  

P~OOF. - The formula ([)o in § 2 is rewri t ten as follows 

V ~  

By virtue of the assumptions:  H~ > 0(or < 0 )  and p - ~ 0 ( o r  ~ 0 )  at all 

points of V m, we have the following relation 

--(I)  

- -  (I) into the formula (II)¢ in § 2, we obtain On substi tuting p -  H~ 

f .  f ~ (H~-- H2)dA = 0 • . ~" 

which holds if and only if H ~ - - H 2 ~ 0 .  Thus we can see the conclusion. 
Such the method of calculat ion referr ing to a different ial  form is learned 

much from the paper ([4]) of It. HOPF and K. Voss. 
The present  author wishes to express '  to Professor Dr. H. }{oP~ her  

very sincere appreciat ion for his kind suggetion. 
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