
The  Ricc i  ident i ty .  

by ~.S.  bIISaR~ and It .D. P ~ D E  (Gorakhpur, India} 

S u m m a r y . .  The Ricci identities have bven estqblished by C.I. I spas  [1] (~) and H. R u n d  [2] 
in  a Fins lcr  space. Here ~t,e shal l  discuss some identities based on the principle  of  
ma themat i ca l  induct ion  [3], [~:]. 

Introduction. 

1 . -  For  a covar ian t  vector  

zero in it 's d i rec t ional  a r g u m e n t  m ~, we have  [2] 

- -  I F ~X~ A ~ X k ~ Dl h z F (1.1) D X ' - -  + kh(X, X) 
E; ( ) 

where  

X'(x,  x) which  is homogeneous  of degree 

x~ ~." ~'), (~), 

(1.2) v i  d~t 3X ~ 3X ~ 3G ~- - p , i  --i~ ~ ~ +  ~(~, ~)x  ~ 

and 1 t is a uni t  vector  in the d i rec t ion of the e lement  of suppor t  and 

(1.3)a ~ x) def " &h(x, F(x, ~) Ckh(x, x), 

(1.3)b 

F u r t h e r m o r e ,  we put  [2] 

(1.4) X~I a*f~, 3Xt A i j h ~  x---/+ ~,h(x, ~)X k. 

W e  get the commuta t i on  fo rmulae  cor responding  to the repea ted  appl ica t ions  
of the opera t ion  (1.4}, which  is given by 

i (t.5~ x % k  - -  x ' t ~  = { F ~  x , j ~  - F;h X'l~ } + Sikh(~, ~) X;, 

(~) Numbers  in brackets  refer  to the references at the end of the paper. 
(.2) Greek  indices run from I to n. 
(8) Repeated indices a lways  imply Summation. 
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where  

(1.6) = - -  ~ - -  ~ " 

This  tensor  is the f i rs t  of Car tan ' s  c u r v a t u r e  tensors  (2]. 

Second ly  we get the commuta t i on  fo rmu lae  involv ing  both  11.2) and (1.4 t 
p rocesses  

(1.7) 

and  

(1.8) i x:'~l~ = F ~ (x~'~) + .4 ~ x ~  - ~ i ~  xf~.  

W i t h  the help  of the equa t ions  (1.7) and (1.8), we obta in  

- -  Pjkh XJ + X~[i A~h ~ IY + XI] Ahk, (l.9t 

where  [2] 

(1Ao) P~khiX, ~) a~f F ~ r *i ~ "~ ~- Aihlk • 3~ h jk ~ Aim Ahkl~ l~ - -  

2. - TI-IEORElVl 2.1. - Le t  Aq(x, ~c) be a second order  eovar ian t  tensor  

depend ing  on the e lement  of suppor t .  Then  the RIooI iden t i ty  for Aii(x, ~.) is 

g iven by  

- -  ~ = - -  - -  A ~ z  S i k h  - -  z i  S i k h  , (2.1) At/h~ A~if~h t F;~k Aq]h F~h Aq[k } ~ A 1 

where  S~kh(x, ~c) is the f i rs t  c u r v a t u r e  tensor  of CARaMel [2]. 

P ~ o o ! ~ . -  Le t  XJ(~v, x) be an a rb i t r a ry  con t r ava r i an t  vector .  

p roduc t  of X~(x, x) and  Aq(x, x) is a cova r i an t  vector ,  g iven by  

(2.2) T~ aof Aq(x, ~) Xi.  

The  inner  

W e  know that  [2] 

- -  = T i (2.3) T, Ih~ T&h { F~.~ T, Ih - -  F;~, T,]k } - -  jS, ka . 
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With  the help of (2.2), the equation (2.3) reduces to the form 

(2.4) X¢[A,,,~ - -  A , ~  {F:~A,~!~ -~;J~A,~I,~ } + A , S ~ h  + ~&,:~] = O. 

Since X q x ,  x) is an arbi t rary  vector, hence we have the Theorem. 

T~tEOREM 2.2. - The RlCCI identity for a covariant tensor Ah,  ..., ~ (x, x) 
of order p is given by 

(2.5) Aq , q ,  ..., ,~]h~ - -  A q  , q ,  ..., ~]~---- { F ~  A q ,  q,  ..., 91~ - -  

P 

PROOF. - Let us assume that the identity is true for a covariant  tensor 

of order m. Let  A i r , . . . ,  i , i  (x, ~) be a (m + 1) order covariant tensor and 

X~(w, x) as before be an ordinary contravar iant  vector. The inner  product of 

Xq~c, a~) and A q ,  ..., %, ~ (~, ~c) is given by 

(~.6) 

We have [2] 

T,,  , ~ A (x, ~) Xi .  • . . ~  i m  ~: .......... ~i ~ " " ,  i m ~  ] 

(2.7) T q ,  ..., ~,~[h~- Tq ,  ..., %lk~ = I.F/~kTq, ..., , , , I h -  

Substi tut ing the value of T~ . (x, x) from (2.6) and using the equa- 
tions {1.5} and {1.6), we obtain 

(2.8) X~[A~,, ,,,, jlhk - -  A,~ il~h 

+ A~, . . . .  , ~ ,  z S~h + ~v A~,, , S~kh] ---- 0. ~ = t  "'" i ~ _  1 ,  t ,  i ~ +  1 ,  i r a '  j 

Since Xqx, x) is an arbi t rary vector, then we get from (2,8) by replacing 
the index j by imp: t 

(2.9) 
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The equation (2.9) shows that it is t rue for a covariant  tensor of order 
(m-l-1) also. Since the identity is t rue for a covariant  vector  of order two, 
hence it must  be true for all the indices that is for order p also. 

Hence  we have the Theorem. 

TI-IEOREI~I 2.3. - The RICCI identity for a mixed tensor of eontravariant  
order p and covariant  order q is given by 

(2.10) A q  . . . . .  i], ~ A ~" .. . . .  ~P ' { ~ k  A i~ ... . .  ~ i~ ... . .  iq[ h ~ - -  h ... . .  ] ~ - ~  h .. . . .  ]~lh 

¢t l " . . .  ~ ~ ¢ - - 1 ,  1', i c , - t -1 ,  "" ,  ~'p ~ i ~  
• ""' ~ 1~ } + ~ A " '  :, . . . . .  i~ ~ ' ~ - -  

A t- P ~' 

PaooF.  - The proof of the Theorem (2.3) follows the pat tern of the proofs 

of Theorems (2.1) and (2.2). 

3 . -  TItEOI~E~I 3.1. - Let A~/x ,  x) be a second order covariant  tensor 
depending on the element of support.  The RIccI identi ty for this tensor is 
given by 

- -  # ~ ~ A ~  t3.1) A~lh~k A~jtk]a = Aa i ~  + A,~ P ~ a  + A~I ~ A~,e ~ ~* + Aol~ 

where P}kh(X, ~ ) i s  a second curvature  tensor of CARTAN [2], tV is a unit 
vector  in the direction of the element of support.  

PROOF.-  Let  X~(x, x ) b e  an arbi t rary contravariant  vector. The inner 

product  of X~(x, x) and A~j(x, x) is given by (2.2). We  know [2] 

(3.2~ T,l~k - -  T, iklh = T~ Pi th  + T,I~ Ai~k:.¢ tY + T, 4 Aih~. 

Subst i tut ing the value of T~(x,, x) from (2.2) we get 

t3.3) X~iAoif~lk - -  A,jlk[h) -4- A,j(X'~]alk - -  X~lk[h) ----- AtJP~k hX~ + 

-t- A~k(A . , j  X ~ + A .  Xtlj) + (A,[j X ~ + A .  X~b) A jakl~ t~. 

By arranging (3.3) and using (1.9) the above equat ion reduces to the form 

Al~ P~kh - -  (3.4) X~ [A~jlhI~ - -  A~/~!h - -  

- -  A,:t P ~ k h -  AoltA~£k;.¢t ~ - -  AolzA~k] = O. 
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Since XJ(x,  x) is an arbi t rary  vector, then we get the result. Hence we 
have the Theorem. 

TKEOREIVI 3.2. - The R~cc~ identity for a covariant  tensor of order p is 
given by 

(3.5) A~, ..., ~[hl~ - -  A~,, ..., ~pl~]~= Ai,, ..., i~l~A~e n u 

-t- ~ A~,, ..., ~_~,  ~, ~+~, ..., ~ P * , ~ a - t -  A ~ ,  ..., @ A*a~l~tv. 

P R O O F .  - Let us assume that the identity is true for a covariant 

tensor of order  m. Let A h , . . . , ~ , j ( x , x  ) be a (m-~-l)  order covariant 

tensor and X~(x, ~) be an arbi t rary contravar iant  vector. The inner  product 

of X q x ,  x) and A ,  ..., %?~(x, x) is given by {2.6). 

With  the help of {1.9} we get 

(3.6) Tq .... , i,~l~!~ --  Tq, ..., ~,~[ela = Ti~ .. . .  , i,l~A'h~ -1- 

- t - T ~ ,  ..., 'm'~" i A~a~:~t~-{- Z T q ,  ..., ~_~,~,~+~,~,~. P ~ .  

In view of the equations (2.6) and (3.6) we obtain 

(3.7) X~tAi , ,  ..., ~,, ~thE~ - -  Ai , ,  ..., ~ ~[h)  + A~,• . . . .  , ~ ~ j ( X ~ I ~  - -  X~i~!h)=. 

- -  X~(Aq ,  " ~1~ A ~  -t- A~ ,  ~]~ A ~ I ~  t~) -~- 

' "  ' ~m 

-t- N Aq, ~_~, ~, ~+~, ..., ~ ,  ~ P~i.~ X ~, 

which yields the form 

(3.8) X J [ A ~ , , . . . , ,  s l h I ~ - - A q , . . . , i  , f k l h - - A ~ , . . . , % , j )  Athk~vt~-- 
m 

- -  Ai~, . ., im, jll A l h k - -  ~ A~ ,  ..., ia_~ : t,~a4_~ ~ ""'  ~m' t P l i a k h - -  

A ~ ,  ..., ~ z P~jkh] = 0 .  

Since Xi(x ,  x ) i s  an arbi t rary vector, we get by replacing the index j by 
im+~ in the equation (3.8) 

(3.9) A~ i, , Fhk - -  Ai , ,  A q ,  • l °'" *m+l ..., ~m+ll~ih ~- ..., ~,+x[tA hg 2r" 
m+l 

i A~hklvt~'. -t- ~ Ai~ . . . .  , i~_1, ~, i=+~, ..., i,~+1 l?Z~h -t- A ~ ,  ..., m+,.~ 
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Equa t ion  (3.9) shows  that  the iden t i ty  is t rue  for a covar ian t  tensor  of 
o rder  (m--}-l) ~lso. S ince  the iden t i ty  is t rue  for  the  covar ian t  tensors  of 
o rders  2 and 3, hence  it is t rue  for the tensors  of all  the orders.  

H e n c e  we have  the Theorem.  

TI-I~ORE.U 3.3. - The  RlCCI ident i ty  for a mixed  tensor  of con t r ava r i an t  
order  p and  covar ian t  ord, er q is g iven by  

(3.10) A~. ~ ..... ~e ]hl~ A~ ..... iv' jklh Ai~ ..... iq 

• ..., ia_ l , l ,  i a +  ~ . . . . .  ~P~kh ~'~"'" '~P AZhk ~ A ~'  &, , j~ Jr- + ~ ~ ..... .~v - - , ~  -.. 

PROOF. - The proof the Theorem (3.3) follows the pattern of the proofs 
of T h e o r e m s  (3.1) and  (3 2). H e n c e  we have the Theorem.  

4. - TI-IEOREI~I 4. I. - The  RIOOI ident i ty  for  a covar ian t  t ensor  Aij(x, x ) i s  

(4.1) Aijlhk - -  Aulkh : - -  Au Rt ~hk - -  Ai~ R~h~ - -  AO;~ K ~  ~, 

where  t~ is a uni t  vec tor  in the d i rec t ion  of the e l emen t  of suppor t  and  

Ktyh~(X, x), R~vh~(x, ~) are the  Oar tan ' s  c u r v a t u r e  tensors  [2]. 

P I i o o F . -  Le t  X~(x, "~) be an a rb i t r a ry  con t rava r i an t  vector .  The  inner  

p roduc t  of X~(x, x,) and  Ao(x , x) is g iven  by (2.2). W e  know [2] 

(4.2) T~t~ - -  T~I~, ----- - -  T~ R ~  - -  T~I~ K ~  tr. 

W i t h  the help of the equa t ion  (2.2) the equa t ion  (4.2) r educes  to the form 

(4.3) X~(A~il~ - -  A~ii~ ) + Ao(X~Ih~ - -  X~I~) --~ - -  A~ X ~ R ~  - -  

- -  A a  X~i~ K ~ y ~  t~ - -  X ~ Ai~I~ K ~ . ~  t~ . 

W h i c h  yie lds  

(4.4) X~[A,~Lh~ - -  A~iI~ + A~ R~i~ + Aiz R~ae + A~t~ K~zh~ H] ~ O. 

Since  X~(x, ~) is an a rb i t r a ry  vector ,  then we get the Theorem.  
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TttEOREM 4.2. - The  R~ccz iden t i ty  for a covar ian t  tensor  of order  p is 
given by 

(4.5) A,~, ..., ~I ak - -  A~ ,  ..., iplkh "-~ 

p 
- -  ~ A ~  . . . .  , ~_~, l, ~+~, ..., ~Rti~hk - A~ ,  ..., ~ti K~T~ t~. 

where R~ijk(oc, x) is Car tan ' s  th i rd  cu rva tu re  tensor  [2] and  t~ is a uni t  vector  
in the d i rec t ion  of the l ine of support .  

THEOREM 4.3. - The  Ricer  iden t i ty  for a mixed  tensor  of con t ravar i an t  
order  p and  c o w r i a n t  order  ff is given by 

(4.6} Ai~ ' "'" " ,h~ - -  A ~ , .." ika = ~=~)3P A i, ..... ~,-x,i, ..... z, i~.+a~q ..... ~ R  ~{hk - -  

q • . 

- -  ?2 A '~ ..... ~e • A ~  . . . . .  ~p 1 tT ~=~ Ii . . . . .  J~--l, t, J~+~ . . . . .  iqt~ti~hk - -  q . . . . .  i~lt K v h k  • 

PRoo:~'. - Tile proofs of Theorems  (4.2~ and  (4.3) follow the pa t t e rn  of 
the proofs of Theorems  (3.2} and  (3.3). 
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