The Ricei identity.

by R.8. Misgra and H.D. PaxpE (Gorakhpur, India)

Summary. - The Ricci identities have been established by C.I. Ispas [1](*) and H. Rund {2]
in a Finsler space. Here e shall discuss some identities based on the principle of
mathematical induction [3], [4].

Introduection.

1. - For a covariant vector X'(x, «) which is homogeneous of degree
zero in it's directional argument x’, we have [2]

i . .
(L.1) DX* = Fi—},{h + Al x) X"}Dlh + Xinda" (3), (%),
X

where

(1.2) X;hgggjwa_)ﬁs_G_"-
"3 3k amt

+ I}y (w, @) XF

and /' is a unit vector in the direction of the element of support and
(1.3)a An(x, )% Fla, o) Cinl, @),

(L.3)b 264w, )% Yinw, x) o2k

Furthermore, we put [2]

¢ : .
(1.4) thg}f% + Aknfx, ©) X*.
dach

We get the commutation formulae corresponding to the repeated applications
of the operation (1.4), which is given by

(1.5) Klng — Xten = (Fo X4 — Fip X'a | + Sien(e, @) X,

{*) Numbers in brackets refer to the references at the end of the paper.
(?) Greek indices run from I to n.
(*) Repeated indices always imply summation.
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where

(1.6) ben 2 AL A%y — Al and mi’.;iggc
This tensor is the first of Cartan’s curvature tensors [2].

Secondly we get the commutation formulae involving both (1.2) and (1.4)
processes

axX! i i
(1.7) Xpe = F(a_a}h){f Alyie X'+ Apy X
and
i 4 i i i
{1.8) Xiln = 15?m (Xfe) + Ah, X — Abee X[,
With the help of the equations (1.7} and (1.8), we obtain

(L9) Xt — Xjsln = — Pin X7 + X; A I + X A,
where [2]

i -\ def d nai i am g, i
(1.10) szm(a), X} = Fa—x—h Pik -+ Ajm Ahkiy 0 — A;k]k .

2. - TurorEM 2.1, - Let 4w, ®) be a second order covariant tensor
depending on the element of support. Then the Riccr identity for 4;«, x) is
given by

(2.1) Aijlne — Asgien = | Fak Aigln — Fop Aijln} — Aa kah — Ay Shen s
where S;kh(w, ) is the first curvature temsor of CARTAN [2].

ProoF. - Let X*(x, x) be an arbitrary contravariant vector. The inner

product of X', x) and Ajjle, x) is a covariant vector, given by
(2.2) T2 4, o) X,
We know that [2]

(2.3) Tilne — Tiien = | FarTiln — Far T ) — TiSken-
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‘With the help of {2.2), the equation (2.3) reduces to the form
(24)  Xi[Aim — Aijlen — { Fak Aij'n — Far Aili} + Aa Sk + Ay Sken) = 0.
Since X'(x, ) is an arbitrary vector, hence we have the Theorem.

TuroREM 2.2. - The Riccr identity for a covariant tensor 4, , ..., i (e, )
of order p is given by

(25) Ai“ iy 0y iﬁ,lhk - Aiu (PR iplkh= {F;;;kAg‘, gy ey ip|h -

P
. 3 '
—thAiia sy ip‘k} Mail Aila Ty g 12 Gggg e tp‘s'iakh'

Proor. - Let us assume that the identity is frue for a covariant fensor
of order m. Let A'}’ g (®, ) be a (m + 1) order covariant tensor and
X'z, %) as before be an ordinary contravariant vector. The inner product of

o Lo
X', x) and Ay sy, 55 (2, @) is given by

(2.6) Tiyy oo i, Ay ooy i (2, ) X,
‘We have [2]
(2'7) T‘L’ ey lm{hk - Tz'l’ ey im’kh = {F;,;,/leiy ey imfh’"'

AR

. . i
-—-ka ii’ sve s i ey ig"‘]-} 1 i8+1’ i'm Si{ﬂkh'

* wn

Substituting the value of T,
tions (1.5) and (1.6), we obtain

s, (o, x) from (2.6) and using the equa-

(2‘8) Xj[Ai CRELE I f(hk e AQ; ey jlkh —_

i

- {F;ﬂ/ﬂAti’ ey i’h — Fﬂ;,hAti, S j;k} +
; m
1
+ Ai‘7 seey ‘m’l S7kh +5§1Ai1’ sery iB_l, 1 ,'B_{__l, ,‘m,jSinh]:O.

Since X'(x, x) is an arbitrary vector, then we get from (2.8) by replacing
the index j by 4,,,,

i i [hM

2.9 ; e — 4; ; I
(2.9 A4, .., f,1 K 4; ;5 ., zm+i§kh = {ka‘d‘z’ T ey
M1
R 4]
thAi“ MailAii’

1
t t’m.H’k} RN PARE R 2R PREE IILETE SN Siahk.
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The equation (2.9) shows that it is true for a covariant tensor of order
(m 1) also. Since the identity is true for a covariant vector of order two,
hence it must be true for all the indices that is for order p also.

Hence we have the Theorem.

TaEorREM 2.3. ~ The Riccr identity for a mixed temsor of contravariant
order p and covariant order g is given by

il" ""ip . i‘., ""ip\ - . ’i‘,...,ip
(2.10) A e — AT = (Fo A G e —
By ey @ kY By ey ¥ [ R 4 ;:
. i’ v ip 1 PRI q—la s_a,+1a * by Qe
—F 45, .., Qlk} + x4 T s dg Sien —
=1
g £ i
3 g by ' ol
3:1A Tgs »os Ig—10 i ?B-{-],v reey 7(] Siﬁkh'

ProoF. - The proof of the Theorem (2.3) follows the pattern of the proofs
of Theorems (2.1) and (2.2).

3. — TusoreEM 3.1. - Let A(x, x) be a second order covariant tensor
depending on the element of support. The Ricci identity for this tensor is
given by

43.1} A‘j‘h,]g - Ax”klh - At’l P;kh + AU Pf}gh + Ai}il Af’zk‘.( tT + AUU A%k

where P}kh(ao, x) is a second curvature tensor of CARTAN [2], fr is a unit
vector in the direction of the element of support.

PROOF. - Let XYz, «) be an arbitrary contravariant vector. The inner
product of X', ) and Ay(x, x) is given by (2.2). We know [2]

(3:2) Tinge — Toln = Ty Phen + Tils Abie b ++ Tiy Ahs.
Substituting the value of T, x) from (2.2) we get
(3.3) X9 Ay lmpp — Agln) F A X e — XIppln) = Ay Pien X7 -
+ Al Ay X' A Ao XYy) + (A Xt Ay XY) A b
By arranging {3.3) and using (1.9) the above equation reduces to the form

(3.4) X*{[Aislnpe — Asgieln — Agy Pien —
— Ay P;'kh —_ AuhAli;k;y” - AzﬂlAzhk} =0.
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Since XY(w, ®) is an arbitrary vector, then we get the result. Hence we
have the Theorem.

TaeoreM 3.2. - The Riccr identity for a covariant tensor of order p is
given by

(3.5) Aifyoes slnpe = Aify oes i peln=Ai, oy it At +

i i

F
v ! 14
+ = A;‘, Ty gy Iy Sggs 0t tpP lakh'i" Aily seny ileA hk{“{tT'

o==1

Proor. - Let us assume that the identity is true for a covariant

tensor of order m. Let Ay il x) be a {(m -} 1} order covariant
tensor and Xf(x, x) be an arbitrary contravariant vector. The inner product
of X', x) and A,y sl x) is given by (2.6).

With the help of {1.9) we get
(3.6) Ty vy s e — Loy vees o = Ti s ey s pAlne +

i

m
+ Tiﬂ eees im‘h Alhk;»; i+ ;—‘:‘1 Tiia g2 D igta dy, Pliakh-
In view of the equations (2.6) and (3.6} we obtain

{37) Xj(Aii, vers iy j!h[k — Ai‘, i j‘;k!h) -+ Aii’ veey ‘ims’j(X;Ah;k e Xj{k!k)z

m 7

= XAijy eeyi s g Alnr = Aify o gl Al )
+ A"x’ R AX )y Al + Xy Al 81) +

w
M P . . Z, j
‘ aleti’ fu—q? D dygay s d s g Piakh X"y

which yields the form

€ H
(3.8) X Aiys woes i sine — Aiy ooy iy gkl — Aiy ey iy 4l Ay 17 —

1 1 1

wm
— A . 14 . . . . !,
A”,.-,tm,"]lAhk— Z A“, ..;,,a__1,1,1a+1, evey § ’jPidk'h_
a1 K

— A4; ,

s i
i 7ty g

Plj;m] = 0.

Since Xi(e, x) is an arbitrary vector, we get by replacing the index § by
tm+41 in the equation (3.8)

‘ . ; — A e A . 1)
(3.9) A'l’ cany 'm—}—l’hik Ati’ ey im+1[k‘h-—-- Azi, ey ’m+1[lA hk +
m-+1
M . . . i I . i 4
+ ,)::1 A'&’ g g D dypys tres E— P ikh + Ai&’ ey "m—§—1n Alhki‘(t‘r .
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Equation (3.9) shows that the identity is true for a covariant temsor of
order (m + 1) also. Since the identity is true for the covariant tensors of
orders 2 and 3, hence it is true for the tensors of all the orders.

Hence we have the Theorem.

TaHEOREM 3.3. - The Ricor identity for a mixed tensor of contravariant
order p and covariant order ¢ is given by

i 8, i By
4’ b I? — ‘.7‘ £l I.’ — 4’ b4 q l
.10 A7 e 72 o= A8 A b
i, P i b . d i
4’ H D 1 Al 1 ? Fg—1y ¥ q'_l_lq ey by o
+A“,...,1quz‘1hk— 4 Fys s g, Piin 4+
)

§ Ai” e iy pr
+ b Fyowes Bp—is b fpgay wes 1 5 ggERe

ProoF. - The proof the Theorem (8.3) follows the pattern of the proofs
of Theorems (3.1) and (3 2). Hence we have the Theorem.

4., - TaEOREM 4.1. - The Riccr identity for a covariant tensor A4, x) is
(4.1) Aigne — Aigon = — Agy Bline — A Rhynie — iy Kl 1,

where #r is a unit vector in the direction of the element of support and
K’ e, ), Rlailx, «) are the Cartan’s curvature tensors [2].

ProoF. - Let X'(x, x) be an arbitrary contravariant vecior. The inner
product of X«w, ®) and 4w, x) is given by (2.2). We know {2]

4.2) Tinre — Taxn = — T; Blinx — Ti; Kl pne 7.
With the help of the equation (2.2) the equation (4.2) reduces to the form

4.3) X Aipnre — Asjier) + Aif( Xine — X n) = — Ay X Blinr —
— Ay Xlij Kj\{hk r— Xt Aillj Kjﬂm A

Which yields
(4.4} X”{Agﬂ}z}c —— Aeg[kh + Atj Rtihk -+ Ay szhlc + Ai}tl Kl\'hk ﬁ} =0.

Since X’(x, ) is an arbitrary vector, then we get the Theorem.
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TaeOREM 4.2. - The Ricor identity for a covariant tensor of order p is
given by

(4.5) Aiy s ik — Ai‘, oy 4 e = =

p
R e — A | K
__OE 4, ..., Byt 13 igrys o0 ,pR i Jek A,‘, ey .p]lK\(mg ir.
where RYi(x, x) is Cartan’s third curvature tensor [2] and ¢ is a unit vector

in the direction of the line of support.

TaEOREM 4.3. - The Ricor identity for a mixed tensor of contravariant
order p and covariant order g is given by

[ | Ty vaey @ p By veny § i, 1 ey § i
I ' in _ 1’ > p . o Rl s a..le 3 g:+]’ * *p 2o, _
(436’ A“,...,quhk A“, ...,7q|kh'—0i‘—1A fy0eesig thk
9 Ai“ ey ip R Aii, ey ip } K .
Pl Jyrews dpman bafipepas woey 4 jphE By vees o0 BOyRE DT

Proor. - The proofs of Theorems (4.2) and (4.3) follow the pattern of
the proofs of Theorems (3.2) and (3.3).
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