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S u m m a r y .  - Oan+2(2) is the group of a non-singular quadrie in PG(2n+ I, 2). The related 
]inite geomet~'y is used to give a simple and systematic determination o] the classes and 
characters o] the maximal subgroup ]ixing a point on the quadric, o] the intersection o] this 
stabiliser with the simple s~bgroup o] 0+~+~(2) o] index 2, and o] other subgroups. Explicit 
resctlts are tabulated ]or groups of orders 64, 128, 576, 960, 1152, 1920, 46080, 92160, 
1290240, 2580480. 

1 .  - I n t r o d u c t i o n .  

An orthogonal group 0~+~(2) of degree 2 n +  2 over the field of two dements  
is the group of a non-singular quadric Y2 in a [2n + 1], a projective space of di- 
mension 2 n +  t over tha t  field. For brevi ty we write 0~+~ for 0~,+~(2) hereafter. 
The maximal subgroup of the title is the stabiliser 3(~2,+~ in 02,+~ of a point m0 
on $2. That  other large subgroup of 02,+~, the stabiliser F~+2 of a point Po off $2, is 
the direct product of a group of order 2 with the symplectic group Sp~(2), and so 
may be considered as well-known. Kere we shall examine Jt(~2~+~, and in partic- 
ular determine its classes and characters. 

The tangent prime 3/o to z9 at mo is the join of mo to a [2n --  1] meeting Y2 in 
non-singular quadric Q. The group in Mo of the cone joing mo to Q is a copy of ~L~+2. 
Since the geometry of this cone m~y be inferred from that  of Q we expect that  in- 
formation for ~4~,~,+2 can be obtained geometrically from properties of the group 02. 
of Q. This is indeed the case; ~L~.+~ is the semidirect product of an elementary 
abelian group A~. of order 2 ~ with 0 ~ .  The action of the centralisers of elements 
of 0 ~  on the corresponding spaces of fixed points in the [2q~--1] gives the ctasses 
of Jlt~.+2 from those of 0~ .  Further ,  similar geometric considerations allow one to 
write down the characters of A(~2.+~ from those of O:,~ ~ and ~a~. The method 
is systematic and simple, both geometrically and nrithmeticalty, in practice. 

There are two kinds of non-singular quadric in [2n-~ 1]; ruled quadrics con- 
taining [n], and non-ruled quadrics containing only I n - - l ] .  There correspond two 
kinds of 02~+2. When we wish to indicate to which type  of quadric a group belongs 
we uttach a superfix (1) or (2) according as the quadric is ruled or not. 

(*) Entra~a in :Redazione il 7 giugno 1974. 
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To determine the periods and types  of powers of members of 3{~2~+2 expeditously 
it is helpful to have at hand similar information for 0~+~. The largest 02~+~ which 
has been explicitly described in the  l i terature is 0~s 1) (13), and this  contains .~(1) 0~2) U 4  , 

0~ 1), 0~ e). V~Te shall obtain the classes and characters of d~(~ 1), ~'~4 " (2), ~1 ) ,  ~L~e), ~{ (sl) 
of respective orders 8, 24, 2152, 1920, 2 580480. The results for "(1) the  dihedral UYI,~ 4 

group, and d ~  2), the symmetr ic  group X~ on 4 symbols, are familiar,  but  we need a 
brief geometric encounter with them on our way to the characters of ~ )  and ~%" (2). 
The group O~ 1) occurs as a primitive collineation group in complex 7-space, and has 
been studied as such by  HA~IILL (18). All our subgroups thus  occur as complex 
collineation groups. ~(s ~) is the group generated by  projections centred on the 56 ver- 
tices of a certain complex figure ~7 (18, p. 69). d~(61) and ~(62) are primitive complex 
collineation groups which contain homologies: M~C~ELL (21, pp. 1, 2) lists all such 
groups. LITTL~WOO]) (19, p. 190; or for a book reference 20, p. 277) obtains the 

characters and classes of dt~ 1) by  restricting characters of O~ ~), which is a copy of X s. 
But  as Lit t lewood himself says (19, p. 150), his procedures are tenta t ive  in nature:  
when applied to J~(s ~) t hey  become involved and laborious, chiefly because the 
64 classes of d~(s 1) occur in only ~8 classes of 0(8 ~). I t  was this tha t  provoked the  search 
for the simple and systematic  method presented here. 

I t  is necessary to have geometric descriptions of the classes of .~(1) .~(2) 0~), 0~2). U 4 , LiJ 4 , 

We deduce such descriptions from information available for 0(s ~). These descriptions 
have some interest  in themselves. 0(~ ~) of order 72 occurs as a transit ive subgroup 
of X~ in (19, p. 187 ; or 20, p. 275), while 0~ z) is a copy of X~. C0~WELL (3) discusses 
the geometry of O~ :) when establishing its isomorphism with Zs, bu t  the classes are 
not mentioned. 0(~ e) is the famous cubic surface group of order 51 840, and 
EDGE (12, pp. 642, 643) has described some of its classes from our viewpoint. 
F rame  (14, p. 94), t t ~ L L  (18, p. 78) and E])~E (11, p. 146) have obtained the com- 
plete classification in various other settings. Besides the  familiar characters of 
O~ '), 0~ ~) and 0~ 1) we need only those of ~()), ~,-¢(~) and ¢~). Each ¢, is the  direct 
product  of Z.  by  Z~, while ¢~) is the  direct product  of E~ by  E~, so their  characters 
are well-known. 

One advantage of our approach, not so far apparent,  is tha t  it  yields results not 

only for 3t~+~ but  also for any  subgroup of d~,~+~ containing ~ . .  A Sylow 2-sub- 
group 8~+~ of 0~+~ is one such subgroup, ~nd we obtain, in particular,  an inductive 

description of its classes. V~;e give the  classes and characters of 8(6 ~) and 8~ z), each 
of order 2 ~, and isomorphic. Another such subgroup is the stabiliser ~6.~+~ in 0~+~ 
of a t~ngent line to ~2 through m0. Although the classes of ~6~.~ can be obtained 
readily from those of ff~, the determinat ion of the characters requires a knowledge 

of the  stal)iliser of a point on a non-singular quadric in [2n]. Such a theory  has 
been worked out, bu t  its presentat ion must  be left  to another  day. Although there 
are similarities with the results in [2n -}- 1] there are also sigzfificant differences due 
to the  existence of a kernel for a quadric in [2n] (12, p. 630). Since we need to give 
a geometric interpretat ion of the classes of ¢~1) in order to find the characters of ~(s ~), 
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we m~ke a second use of this  informat ion and quickly de termine  ~he classes of ~(~) ~ 8  

of order 92160. 
+ 0~.+2 has a subgroup 02~+2 of index 2 which is usual ly  simple (6, p. 65). Each 

02,+~. we denote  these of dL2~+~, 8~.+~, ff2~+~, ~2.+2 has ~ subgroup of index 2 in + • 
+ 8 : ~ + 2 ,  + + + b y  Jf%n+e, ff2~+e, ~ , + e  respect ively.  Since A ~  is in Oe~+~ these fa, ll within our 

ambit .  ~o r  each of the  groups ment ioned above whose classes and characters  are 
explici t ly found we determine,  at the  same t ime,  the  classes and characters  of the 
<~ half-group ~>. ~i(J~ ~)+ of order 576 is another  pr imi t ive  complex eolline~tion group 
contuining homologies. Miss Hamit l ' s  paper  (17) is devoted  to  the  classification of 
its operations in tha t  representat ion.  ~L (~)+ ~nd ~(1)+ have been studied in connec- 
t ion with t r i a l i ty  (7, pp. 537, 538, 539). 

I t  is convenient  to recall  here  some nota t ion previously  used for quadries over 
G/~(2) (7; 12; 13). As suggested b y  our choice of symbols  above,  the  points of the  
[2n + 1] will be  called m or p ~eeording as t h e y  are on or off ~2. Lines are  of types  
g, c, t, s ~ecording as t h e y  meet  tP in 3, 2, ! or no ra .  A t  is a tangent  line and a c 
is a chord. 

2 .  - T h e  g r o u p s  Jt~.~,+2, Jt(~.~ ~ ( n > l ) .  

2.1. - We m~y take  coordinates (x, y; z0, z~, . . . ,  z~_~) =- (x, y; z ' ) o f  the [ 2 n +  1] 
so tha t  t9 is given b y  

(1) xy+Q(z)~=xy-~zoz~+z~z~+~+.. .+z~_~z2~_~+ ) . ( z ~ _ l - ~ z ~ _ l ) = O  , 

where A is 0 or 1 according as t9 is ruled or not  (4, p. 197). Since the only non-zero 
scalar is i a point  has a unique vector.  Likewise an element  of 0~,+~ has a unique 
ma t r ix  which must  fix the  above form,  so the  group of the  quadric  is the or thogonal  
group of the  quadrat ic  form. Since the  only possible eigen-value of a member  A 
of 0~,+~ is 1 the  fixed points of A correspond to  the  fixed vectors  and form a sub- 
space. For  b rev i ty  we call this  the  fixed space of A. 

0~+~ is t rans i t ive  on the  m (8, p. 35), so we ma y  take mo to have  coordinates 
(1, 0; 0'). Then its t angent  p r ime  Mo is given b y  y ~ 0, and so joins mo to the  
[ 2 n - - 1 ] :  x----y = 0. This space Co is the  polar  sp~ce with respect  to $2 of the  c 
joining mo to m~ with coordinates (0, 1 ; 0'). Any  point  of Co has a vec tor  of the form 
(0, 0; z ') :  we shah call the point  z and take  z '  for its coordinate vector  in Co. 
The section Q of f2 b y  Co is given b y  Q(z) = o, so, f rom (1), Q is non-singular and 
is ruled or non-ruled with $2. 

2.2. - Le t  A2n be the subgroup of those members  of ~L.~+2 which fix each line 
in Mo th rough  m0. A point  of Mo is ei ther fixed b y  an element  A of A2~ or is t aken  
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to the  th i rd  poin t  on i ts  join to mo. Hence  A mus t  have  the  fo rm 

A = 1 0 ~ . 

I~ 

We readi ty  see h ' o m  (1) that A fixes ~ if and  only if 

(~) = Q(a) and ~ ' =  (a,, ~.+~,. . . ,  ~ - ~ ,  ~0, ~ , - . - ,  ~-~)-  

I f  ¢¢ = 0 t hen  ~ = O. Otherwise  [3 is the  p r ime  coordinate  vec tor  of the  polar  
[ 2 n - -  2] in Co of c¢ wi th  respec t  to Q. We  wri te  this  A as (¢t,/2.). ~¢Iatrix mult ipl ica-  
t ion gives 

(3) ( ~ ,  I ~ ) ( ~ ,  I~) = ( ~ +  ~ ,  I~) ,  

so, the re  being 2 ~ choices for a,  we have  

LE51[MA 1. -- ~&2" is an elementary abelian group o] order 2"2% 

Any  point  not  in Mo has  for i ts  vec tor  (#, 1; c¢') for some # and c~. The point  
is on ~ if ~nd only if /z -~ Q(¢¢), in which case (a~ I~)  takes  it  to mi.  E v e r y  line 
t h rough  mo bu t  not  in Mo is ~ c containing,  besides too, jus t  ~ m and 1 p. Since euch 

point  of Co is polar  to mo the  lines th rough  m0 in Mo are g or t according as t hey  
m e e t  Co in m or p. We deduce 

LEMHA 2. - A~. acts transitively on the c through too, the m o]] Mo, and the p o]] Mo. 

2 . 3 . -  We consider t he  s tabt iser  in ~t~.+~ of m~, or, equivalentty~ of the  
chord mom~. Using the  fac t  t h a t  each m e m b e r  of th is  stabil iser fixes Co, we quickly 

see f r o m  (1) t h a t  i t  consists of all 1 ~ wi th  a in the  group  0 ~  of Q. VV-e 

0 
denote  1 ' b y  (0, a) :  this  is consis tent  wi th  our earlier no ta t ion  if a = I ~ .  

0 
The stabiliser,  the  set of all these  (0~ a) ,  may ,  wi thout  confusion, also be called 0 ~ .  

We m a y  p rove  

LE~MA 3. - J~ ,+2  is the semidirect product A2~O:~. 

P~ooF. - If A is in J~.+2 then there is~ by Lemma 2~ an (a~ I2~) such that 

( ~  I ~ ) A  fixes ml and so is in 02~. Hence  J¢~2~,+~ is A ~ 0 ~ .  Iv[orcover, A~  is normal  
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in ~ + 2  and~ as a glance a t  the  mat r ices  (a, I~)  and  (0, a) shows, in tersects  Os~ 
tr ivial ly.  Hence  the  p roduc t  is semidirect ,  and the  L e m m a  is proven.  

We  shall  wr i te  (a, a) for  (a, I,~)(0, a) :  th is  conforms wi th  the  previous  notat ion.  

2.4. - Le t  L be the  fixed space in Co of a in 02~. We denote  the  polar  space 
o r e  wi th  respec t  t o Q b y L ' .  I f  L is an  [r] then  L r i s a [ 2 n - r ~ 2 ] .  I n § 3  i t  will 

be necessary  to dist inguish the  (a, a) wi th  ~ not in L '  f rom the other  (¢t, a). We 
now give some p r e p a r a t o r y  l e m m a s  for the  fo rmer  set. Corresponding resul ts  for 
the  l a t t e r  set will ar ise as corollaries of the  discussion of conjugacy in § 3. F i r s t  

we need 

L ] ~ . a  4. - The non-zero vectors of I r a ( a +  I~)  are the coordinates o/ the 

points o] L' .  

PRooF. - I f  L is an  [r] t h e n  a +  I2~ has  r a n k  2 n - - r - - l ,  so the  points  of Co 
with  coordinate  vec tors  in I r a ( a +  I2~) f o r m  a [ 2 n - - r - - 2 ] ,  say 2/. Since L '  is a 
[ 2 n -  r - - 2 ]  we need only show t h a t  27 is conta ined in L ' ,  which is the  in tersect ion 
of a l l  pr imes  of Co t h a t  are fixed b y  a. I f  I is the  p r ime  coordinate of a fixed p r ime  

then  l r a  = f .  Hence,  for any  z, 

l ~ ( a +  I ~ ) z  = l ' a z +  i ' z  = l ' z  + l~z = O.  

So each point  of N lies in every  fixed p r ime  and thus  in L ' ,  and the  resul t  is proved.  

L n ~ A  5. - I] ct is a point o] Co o]] L '  then the space oJ ]ixed points o] (a, a) is 

the join o] mo to the intersection o] L with the polar pr ime o] ~. 

Paoo~.  - The  m a t r i x  of (a, a) is, f r o m  §§ 2.2, 2.3, 1 where  [3 and  v 
a 

are as in (2). Hence  the  point  (x, y; z) is f ixed if and only if 

+vy + ~ a z  = 0 ; ay  + a z  = z .  

B y  L e m l n a  4 and  the  second equat ion y = 0, so the  fixed points  are in Mo. Then 
the  equat ions become 

~' a z  = 0 ; a z  = z ;  

which are equivalent  to 

Since ~ is the  coordinate  vec tor  of the  polar  p r i m e  of z¢ we have  the  result .  
We  m a y  notice t ha t  if a = 0 or g is in L '  t hen  the  same a rgumen t  shows t h a t  

the  fixed points  of (a, a) in Mo are  those  in the  join of ~m0 to  L. 

2 - . d n n a l i  d i  M a t e m a t i c a  
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2.5. - One immedia te  consequence of L e m m a  5 is t ha t  i] a ¢ O  then the ]ixed 
space o] (a, Is~) is the polar [ 2 n - - 1 ]  o] the line moa with respect to ~.  In  the  ter-  
minology of (10) this line is the  axis of the involution (¢~, I~.). Fur ther ,  

+ by  (10, pp. 62, 65) we see tha t  each (~, I2~), and hence A~,  is contained in 0.~+~. 
The  Dickson invaI'iant of (0, a) in Os~+2 is the  same as tha t  of a in Os.. This 

follows immedia te ly  f rom equat ion (21) of (6, p. 65); see also (4, p. 206). Thus (6~ p. 65) 
+ 0+2~+~ intersects O~ in 02 +. Hence  ~2~+~ intersects  Os~ in 02 + and so, b y  Dedekind 's  

rule,  we have  

+ L J ~ A  6. - J ~ + 2  is the semidirect product A2~ 0.2 +. 

We may  now jus t i fy  the  t i t le b y  proving 

+ + 
THEOREM 1. -- J~2n+2 is maximal in 02~+~, and Jt~2~+ ~ is maximal in O~n+e. 

PI~oo~. - A point  m on Q is moved to the  th i rd  point  of the  line romp b y  
those (a, Is,) with g not  conjugate to m. IThus, since Os. is t ransi t ive  on the  points 
of Q, ~ts~,+s is t ransi t ive on the  m of 3/0 other  t h a n  mo. This set can, b y  § 2.2, only 
be e m p t y  if Q has no points.  ~ r o m  (I) this is so only if n = 1 and Q is non-ruled. 
Hence,  by  L e m m a  2, 2~(~ ~) has two orbits  on ~ and all other  JLs.+s have  th ree  orbits:  

mo; the  other  m in 3/0; the  m off Mo. 
Suppose tha t  the  subgroup J~ of O~+s s t r ic t ly  contains ~l~.~.+~. There  must  be 

elements of J~ moving rap. Hence  for the  case of ~4~ z) the  group ~ is t ransi t ive on 
the  m of Y2. For  the  other  ~f%~+s there  are at most  two orbits under  J~. Suppose 
there  are two. Then  ei ther  the m in 3/o other  t han  m0 or all the  m of Mo form an 
orbi t  under  J(~. Bu t  the  m in Mo other  t han  mo span Mo: to see this  observe f rom (1) 
t ha t  if Q is ruled then  the  vert ices of the  simplex of reference in C0 lie on Q; while 
if Q is non-ruled and n > 1 atl bu t  two of these  ver t ices  are  on Q, and the  th i rd  
points of the  join of the  other  two to the  point  z with z o = z ~ = l  and z ~ = 0  
otherwise are m. Henc% in ei ther  case, eve ry  element  of J~ fixes Mo and thus  rap. 
This is impossible. Hence  ;E has one orbi t  of m. The indices of ~i(~+s in J~ and 0s,+s 
are thus  equal, each being the  number  of m on tg. Hence J~ is 0s.+~ and zli~.+s is 
maximal  in 0s,+~. 

+ ~ on the  m of Co; We m a y  repeat  the  proof for A ~ + e  using the t rans i t iv i ty  of 0 + 
see (9~ p. 419). 

2.6. - Each  subgroup of ~{~,+s containing As, is the semidirect  p roduc t  of As~ 
and the  intersect ion of the subgroup with 0 ~ .  

The ~2~+~ fixing a t th rough  mo contains A2~ and meets  0 ~  in the  stabiliser ff~. 
of the  point  P0 of intersect ion of the  t with Co. Associated with Po is a unique truns- 
vect ion {Po} whose fixed space is the  polar [ 2 n - - 2 ]  of P0 with respect  to Q. if2. is 
(9, p. 421) the  direct  p roduc t  <{Po}> × ff~.~ where if+ is a copy of Sp~_~.(2). Thus 
~ + ~  is the semidirect product A2~ff~ and 33+~+2 is A2~J'2~. 

A Sylow 2-subgroup of dr2.+2 must  contain the  normal  A~., ~nd so is the  product  
of As~ with an 82~. Bu t  J~s~+~ has index ( 2 ~ + ~  1 ) ( 2 ~  1) in 02~+s, the  upper  
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sign being taken if and only if t9 is ruled, since this is the number  of m (22, p. 302). 
~- + 

Hence A ~ 8 ~  is an 8~+~. Likewise A2~8~ is an 8~+~. Although we shall not  use 
the information it is worth remarking tha t  the usual  description of Borel subgroups 
as stabilisers of flags follows immediate ly  by  induction. 

3. - The conjugacy classes. 

3.1. - We obtain the classes of the group A~.9 where 9 is a subgroup of 0~.. 
Any  subgroup 9 of 03, gives a semidirect product  A~,9 containing A~.  We prove 

T l ~ n O ~  2. Le t  C be a conjugacy class of 9. Suppose tha t  the space of fixed 
points in Co of an element of C is an [r] and tha t  the  eentraliser in 9 of tha t  element 
has orbits of sizes a , ,  as, ..., a~ on the [ r - - l ]  of the fixed space. Then 1~-1 classes 
Co, Cz, . . . ,  C~ of As~9 arise from (2. (20 containing (2 has size 2~-,-11~1, and 
for i > 1  C~ h~s size 2 "~ . . . .  ~a~]C I. 

P~OO~. - The members of A ~ 9  are those (a ,a )  wi th  (O,a) in 9. All (O,a) 
mentioned in this proof are in 9, and ~11 geometry is in Co with respect to Q. 

Matrix multiplication gives 

(4O (al~ al)(a2, a~) = (al + ala2, alaz) , 

so the  inverse of (a, a) is (a-~ct, a-~). Consequently 

(5) (a, a) - l (a l ,  al)(a, a) == (a - l (a -~  a l~-  ala) ,  a-lala). 

Let (0, a 0 be in C and have conjugates (0, aj} in 9 for l ~ < j <  [(2l- Take (0, bj) 
in 9 so tha t  b~a~b~ = a~. The (0, bj) form a set of coset representatives of the 
centralizer 3¢ of (0, a~) in ~. ~-ow by  (5) 

(0, bj)-~(bja, al)(O, bj) = (~, b~-l alb~) = (a, aj) .  

Hence, by  enumeration, each (¢t, al) has ICI conjugates by  the (O, b;) and 
these 2 ~" sets contain each (~, aj) just  once. These are all the  elements of A~9  
arising from C. 

Two of these sets ~re conjugate in A~,9 if and only if the  corresponding (¢t, al) 
are. I f  (a~, al) is conjugate to q of its fellows then  (al, al) ha~s qlCl conjugates 
in A~9.  I f  the conjugate of (al, a0  by (a, a) is (as, a0  then  from (5) thee lement  
(0, a) is in ae. F rom now on (0, a) will be an  d e m e n t  of this  centraliser. Since 
(a, a) = (a, I2~)(0, a) we m a y  consider the conjugates of (m~, a0  by  the (a, I2~) and 
then  the conjugates of these by  ag. We write L for the fixed space of (0, a0  in Co. 

The conjugate of (0, a0  by  (a, a) is, b y  (5), (a-~(ct-~ a~a), a~) or ( ( a ~ -  I2,)a-~a, a~). 
Hence, by  Lemma 4, the other (a, a0  conjugate to (0, al) are those with z¢ in L'. 
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We obtain a class Co of g~.9  containing 25 . . . .  ~ICI members ,  since the  [ 2 n - - r - - 2 ]  
L' has 2 ~ . . . .  ~ - -1  points.  Co contains (0, a~) and thus  C. 

Suppose, now, tha t  g~ in Co is off L' .  F r o m  (5) the  conjugate of (a~, a~) b y  
(a, I~.) is ( ~ +  ( a l +  I~.)a, a~). The 2: . . . .  ~ vectors  a~ + ( a~+  I~)¢¢ are  the  coor- 
dinates of those points of the  join of a~ to L'  which are not  in L' .  The polar 
[ 2 n - - r - - 2 ]  of all these points meet  L in the same [ r - - l ] .  These points are 
those in the  polar  space of this j r - -1 ]  b u t  not  in L ' .  Thus  the 2 ~-'- 2 ~ . . . .  ~ such 
(a~, a~) with ~ off L '  fall into 2"+~--1 sets b y  conjugat ion b y  A~n. 

Since the  conjugate of (a~, a~) b y  (0, a) is (a-~a~, a~) the  combinat ion  of ~hese 
sets to give full classes of A ~ 9  is de termined  b y  the  act ion of J¢. Two sets combine 
if and only if there  is an element  of J~ taking one of the  corresponding I t - - l ]  of L 
to the  other.  The proof of the  Theorem is thus  complete.  

Since each class of A ~ 9  arises f rom one of 9 this Theorem 2 gives all the  

classes of A~9.  

3.2. - F r o m  the  detail  of the  above proof and L e m m a  5 we have  

COI¢OLLAI~¥ 1. - a) The ]ixed space o] (a~, a~) in Co is the join o] Z to a polar c 
through rap. 

b) The fixed space o] (a~a~) in C~ with i>1  is the join o] mo to the corre- 
sponding [ r - - l ]  o] the orbit in L. 

3.3. - W i t h  9 = 83. Theorem 2 gives an ind~wtive determination o] the classes 
o] 8~+~ in terms o] those o] 82~ (§ 2.6). The 82 each have order 2 so the  induct ion 

+ starts .  Similarly,  since the 8 + are trivial,  Theorem 2 gives the  classes of 82~+2 in- 
ductively.  This is, however,  more a theoret ical  t han  ~ pract ical  resul t :  ~ssociated 
with a flag there  is a large number  of orbits of pr imes in Co, and the  discussion 

becomes intr icate.  

3.4. - Theorem 2 gives, by  Lemmas  3, 6, the  classes o] ~(~+~ and ~(~+~ ]rom 
those o] 0~. and O~ + respect ively.  As we shall see the  resul t  is of pract ica l  use for 
these  groups;  for many  eentralisers the  orbits are those [ r - - l ]  of L which have 

the  same kind of section with Q. 

3.5. - We may  obtain some informat ion about  powers and periods of members  
of 3(~+~. Suppose tha t  (0, a) has fixed space L in Co. I f  a is in L '  then  (a, a) is 
conjugate  to  (0, a) and so has  the  same period.  On the  other  halad we have  

L E p t A  7. - I f  a is not  in L '  then  (a, a) has even per iod which is ~t most  twice 

the  per iod of (0, a). 

PEOOF. - B y  (4) we find t ha t  

(~, a)~=  ((a~-~ + a~-~+ ... + a +  I~.)~, a~), 
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so the  per iod v of (a, a) is lu where  u is the  per iod of (0, a). Since 

(a~'~-l + . . . +  1 2 = ) a =  ( a ~  - I~,)(a"-l ~ - a'~-~ + . . . +  I2~)o t -  O, 

we have  l<-<2. Were  v to be  odd then  we should h a v e  

a = (a ~-1 + . . .  + a ) a  --  (a + I~,~)(a ~-~" -~ a ~-~ -~ ... + a ) a ,  

in contradic t ion  to  I J em m a  4. 
We shall  see below tha t  bo th  posibili t ies can occur if u is even. 
(a, a) ~ arises f rom the  class of (0, a ~) in 02~. Fo r  la te r  use we show t h a t  (a, a) ~ 

cannot be conjugate to (0, a ~) i ] L '  contains L. For,  f r o m  the  detai ls  of the  proof  of 
Theorem 2, the i r  being conjugate  would demand  the  exis tence of an ~ such t h a t  

( a +  I2,)¢t = ( a 2 +  I ~ ) a .  

But  t hen  a d- (a d- I ~ ) a  would give a point  in L and  thus  L' .  B y  L e m m a  4 we 
should deduce t h a t  ~ was in L' ,  a contradict ion.  

4. - The  characters .  

4.1. - We  first need to give a geomet r i c  descr ipt ion of the  charac te rs  of ~4~. 
We  wri te  Zo for the  uni t  charac te r  which t akes  the  va lue  1 a t  all  (a, I,~). Fo r  each z 
in Co we define ;/~ on A~, as follows. ~{(0,  I~)} is 1, while on the  non- ident i ty  ele- 
ments  of A2~ the  va lue  of Z,{(ct, I2~)} is 1 if ~ is conjugate  to z and - -1  otherwise.  
Since a line has  1 or 3 points  in the  polar  [ 2 n - - 2 ]  of z we see f rom (3) t h a t  Z~ 
is a cha rac te r  of A2~. Since dis t inct  z have  dis t inct  polars  we obta in  all 2 ~ ' -  ] 
non- t r iv ia l  i r reducible  charac te rs  of A2~ this  way. 

4.2. - W e  m a y  m a k e  ~ ac t  on the  set  of charac te r s  of ~ b y  defining, for 
each (0, a) in 6, 

(6) (0, a) Z~ = Z~, where  w = a z .  

Since (0, a) p rese rves  po la r i ty  in Co the  va lue  of (0, a ) z  ~ at (~, I~,) is the  va lue  
of X~ at  ( a - l a ,  f~.). This  e lement  is b y  (5) the  conjugate  of (a, I~)  b y  (0~a). 
Thus  we h a v e  the  same act ion as t h a t  described b y  Serre (23, I I ,  p. 18). 

L e t  zj, j = 1, .. . ,  q, be  points  one f r o m  each orbi t  under  the  act ion of 6 in Co, 
and let  ~ be  the i r  respec t ive  stabilisers.  For  s impl ic i ty  we now wri te  ZJ for  the  

charac te r  associated with  zj. Then,  in the  p e r m u t a t i o n  rep resen ta t ion  of g on the  
charac te rs  of sty,, ~0, Z1,.. . ,X~ fo rm a set of orbi t  representa t ives .  Fu r the r ,  for 
j>~l,  the  st~biliser of ~ in g is, b y  (6)~ 6j.  The  s tabi l iser  of Zo is ~o = 6. 
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4.3. - ]~ollowing Serre (237 I I ,  p. 18), we extend each X~ (j>~0) to a character  ~ 
of A~9~ by  pu t t ing  

(7) 2~{(a, a)} = 2~{(~, I~)} ,  for all (0, a) in 9~. 

9~ is the  quot ient  of A~.9~ by  A~ ,  so we may ,  in the  usual  manner ,  ex tend an 
irreducible charac ter  @ of 9~ to one ~of  A~g j  where 

(s) ~{(~, . ) )  = e{(0, ~ ) ) ,  for a~l (o, ~) in 9~. 

Now take  the  Kronecker  p roduc t  ~ × ~ of ~ and ~j, and induce f rom this a character  
of A2~9. By  (23, Theorem 17) this charac ter  is irredueibl% and if we take all pos- 
sible pairs j ,  @ we obtain each irreducible charac ter  of As~9 just  once. Tha t  pa r t  
of the  proof  tha t  Serre leaves as an exercise is readi ly  verified using Mackey's  cri- 
ter ion and its extension (23, I I ,  p. 11). 

4.4. - We examine how the  geomet ry  determines the values of these induced 
characters  f rom those of the  corresponding @. Suppose tha t  class C of 9 gives rise 
to classes Co, Cx, . . . ,  C~ of A~.9 as in Theorem 2: we re ta in  the  nota t ion of §3.1. 

I f  j = 0  then  9 o = 9  and ~oiS the  unit  character  of As.9. So 7 f r o m  (8)7 the 
value of the  induced charac ter  associated with ~ in each class C~ is the  value of @ in C. 

I f  j ~> 1 then  the  value of the  charac te r  induced f rom ~/j x ~ on C~ is 

(9) 

the  summat ion  being over all (~, a) in C~ (~ A2,~gJ. These are the (~, a) in ¢~ with 
(0, a) in ¢ ( ~ 9 j .  I f  i = 0  there  are for each such (0, a) 2 ~ . . . .  1 such a b y  §3.1;  
namely  0 and those ~ giving points of L', the  polar  [ 2 n - -  r - -  2] of the  fixed space L 
of (0, a) in Co. Since L contains zj we have  ;/j(c~ 7 I ~ ) = 1  for these a. Hence 
f rom (7), (8), (9) and Theorem 2 the value o] the induced character on Co is 

(lo) {Ee{(o,-)}}l :gJlltet ; the  sum being over  (0, a) in C n ~ , .  

If  i ~ 1  the re  are 25 . . . .  la~ such ~ for each (0, a). The polar [ 2 n - - 2 ]  of these :¢ 
meet  L in the  [ r - - 1 ]  of the  orbi t  associated with C~. Hence 7/~{(a, I2~)} = 1 if 
and only if the  corresponding [ r - - ] ]  contains z~. Le t  n~j(a) of these a~ [ r - -1 ]  con- 
ta in  z~. Then  the value o] the induced character on C~ is 

(11) { ~ ( 2 n , j ( a ) -  a,)@{(0, a)}} 19:9,1/]C]~, ; the  sum being over (0, a) in C (~ 9j .  

We m a y  briefly summarise  our finding as 

Tm~o~E~ 3. - The extensions to A2,g o] the irreducible characters o] the quotient 
group 9 together with the characters determined by (10), (11) ]rom all possible pairs j,  
with j = 1, 27 ...7 q, ]orm the character table o] A2n 9. 
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The m e m b e r s  of C (5 g~ m a y  fall  into several  classes in gj.  For  all m e m b e r s  of 
one such class n,j(a) has  the  same value,  and in prac t ice  we m a y  sum over  these 

classes. 

4.5. - I f  g is 0~. o ther  t h a n  O(o 2) then  q = 2 b y  the  t r ans i t i v i ty  of O~n on the  m 

and p of Co (8, p. 37). gl and  g~ arc ditch and ff~ respec t ive ly ,  and  we h a v e  the  char- 
acters o] ~ . + ~  in terms o] those o] 0~ ,  d~2~, ff~. and  the  g e o m e t r y  of Q. Similar  

+ 0(2~) s t a t emen t s  hold for d~2~+~, l~or q = 1, the re  being no m (§ 2.5), and  the  mo- 
difications for d~(42) are obvious.  

I f  g is P~n fixing Po in Co, t hen  ~ g  is ~2n+~ b y  § 2.6. The polar  [ 2 n - - 2 ]  
in Co of /90 mee t s  Q in a non-singular  section, and P2+~ is the  group  of th is  sec- 
t ion (9, p. 421). We  need the  s tabi l iser  in the  o r thogona l  g roup  in the  [ 2 n - - 2 ]  
of one of i ts  m, and  as s ta ted  in § 1 we m u s t  pos tpone  a discussion of this .  Once 

this  m a t t e r  is p resen ted  we m a y  use  Theo rem 3 to give the  charac te r s  of ~n+~. 

5. - The groups O~ ~', 0(~ ~), O~ ~', ~.~'~'a' and ff~). 

5.1. - I n  the  r ema inde r  of th is  pape r  we app ly  our  general  resul ts  to the  ex- 
plicit  de te rmina t ion  of the  classes and charac te rs  of those  groups  ment ioned  in § 1. 
The brief  exposi t ion necessary  i l lus t ra tes  the  usefulness of the  method.  The Theorems  
of th is  and  la ter  sections are  the  tables.  

5.2. - Suppose,  hencefor th ,  t h a t  ~ is speeialised to be  a ruled quadr ie  in [7]. 
We recal l  some nota t ion  f rom (7) and (13) for subspaees.  P lanes  are  labelled according 

to the i r  section with .O as follows: 

d: ly ing on sg, /5: a single p o i n t ,  
e: a r epea ted  l ine ,  j :  a conic with 3 m  which lie in pairs  on c .  
]: a line pa i r ,  

Solids are s imi lar ly  categorised by :  

co: ly ing  on sg, ~o: a point  cone,  
y: a r epea ted  p l a n e ,  ~: a non-s ingular  ruled quadr ic ,  
~: a p lane  p a i r ,  2: a non-s ingular  non-ruled quadr ie .  
%: a single l ine ,  

The solids have  polar  spaces of the  same t y p e  as themselves .  The polar  spaces with 
respec t  to  D of the  points,  lines and planes  will be  labelled b y  the  corresponding 
capi ta l  le t ters .  P ,  J ,  C and  S have  non-singular  sections wi th  f2, those of the  las t  
two being respec t ive ly  ruled and non-ruled.  The Co and Mo of earlier sections are 
of t y p e  C and M respect ively.  A full incidence tab le  for the  subspaees  has  been 

given (13, p. 16): the  na tu re  of the  subspaces  in a given space is of ten obvious. 
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5.3. - T he  67 classes of 0(s ~), label led  I m X W I  b y  Hami l l ,  a re  l i s ted in (17, pp.76,77);  

and  the i r  f ixed spaces  wi th  r e spec t  to  39 a re  g iven  in  (13, pp.  26, 69) excep t  for  classes 

L V I ,  L V I I ,  L I X ,  L X ,  I~XIV, L X V ,  L X V I ,  L X V I I  whose  m e m b e r s  fix no points .  

S imi lar  resu l t s  for  0(s ~)+ are  g iven  in  (7, p.  552). t~rom these  tab les  we m a y  qu ick ly  

d e t e r m i n e  t h e  d i s t r ibu t ion  a m o n g  t he  classes of 0(s ~) of t he  e lements  of a s u b g r o u p  

f ixing a subspace  U po in twise :  in  a class of size N the re  a re  N x / y  m e m b e r s ,  where  
t h e  f ixed space  of each m e m b e r  of t he  class has  x subspaees  of t he  same  k ind  as U, 
a n d  t h e r e  a re  y such  subspaees  in  [7]. I f  U is a c t h e n  t he  s u b g r o u p  is 0(6 ~) ac t ing  

on  t h e  po la r  C, as in § 2. I t  is g iven  in Tab le  1. Since Xs, which  is i somorph i c  

'~(') we m a y  label  t h e  to  0(6 ~) (§ 1), has  22 c lasses  a n d  ~q(~) ha s  en t r ies  in 22 classes of ~s , 
classes of 0 (1) b y  t h e  co r r e spond ing  labels  in  O(s 1). A cons idera t ion  of sizes, per iods  

a n d  p o w e r  t y p e s  read i ty  identif ies  t h e  cyc le  t y p e s  in  Z s. To f ind t he  f ixed spaces  
in  C t a k e  t h e  po la r  of a f ixed space  in  [7J - - th i s  po la r  is in  C - - a n d  t h e n  r ec ip roca te  

in  C. I n  p r e s e n t i n g  t ab l e s  we a d o p t  t h e  fo l lowing 

C O ~ ¥ E ~ I O ~ .  - For a group ~2 we give ]irst those o] its classes in JE+ and then, 
separated by a horizontal line those o] the coset. A n  asterisk indicates that a class o] 23 

splits into two equal-sized classes in  JC+. 

TABL:E 1. - The conjugacy classes o] 0(61)= 2:8 and o] O~ x)+. 

Class 

I 

I I I  
IV 
I X  
X 
X I  
X I I  
X I I I  
X X X  * 
X X X I V  * 
X X X V I  
X X X I X  

I I  
V 
VI 
V I I  
X V I I  
X I X  
X X  
X X I I  
X X I I I  
LV 

Size 

1 

210 
112 

1680 
1120 
2520 
1344 

105 
2688 
5760 
1260 
3360 

2S 
420 

1120 
420 

1120 
3360 
4032 
3360 
1260 
5040 

Period 

1 
2 
3 
6 
3 
4 
5 
2 

15 
7 
4 

6 i 

2 I 
6 
4 ' 
6 

12 
10 
6 
4 
8 

Cycle 
type  

18 

1423 
153  

123 3 
133 z 

1324 
la5 

2 a 
35 
t7 
43 

26 

162 
132  a 

I323 
la4 
233 

134 
125 
136 
224 

8 

2rid 

IV 

I I I  

X I I I  
X 

IV 
I I I  
X 
I X  
X I I  
X 
I I I  
X X X V I  

Power types 

3rd 

I I I  

X I I  

X I I I  

I I  

I I  
V I I  

V 

5th 

IV 

I t  

Fixed 
space 
in C 

t- 
C 
yJ 

t 
C 

t 

S 

9 

g 
C 

J 
e 

J 
h 
P 

P 
P 
f 
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TABLI~ 2. - The conj~gacy classes o] the c~bic sur]ace group 0(62) and o] 0(~ ~)+. 

Power types 

Class 

I 
I i1 
IV 
I X  
X 
XI  
x ! I  
x n I  
X ! V *  
XV 
X X X V I I I  * 
X X X I X  
XL * 
XLI  * 
X L I I  * 

I I  
V 
V1 
VII  
X g l I  
XX 
X X I I  
x x ! I I  
XXIV 
XXV 

Size 

1 
270 
240 

2160 
480 

3240 
5184 

45 
1440 

540 
80 

1440 
720 

5760 
4320 

36 
540 

1440 
1620 
1440 
5184 
4320 

540 
4320 
6480 

Period 

1 
2 
3 
6 
3 
4 
5 
2 
6 
4 
3 
6 
6 
9 

t2 

2 
2 
6 
4 
6 

10 
6 
4 

12 
8 

2nd 

IV 

I I I  

IV 
X I I I  

X 
X X X V I I I  

XL 

1V 
I l l  
X 
XI1 
X 
I l I  
lX  
XV 

3rd 

II1 

XIII 

X I I I  
X I I I  
XXXVI  I I 
XV 

l I  

I I  

V 

X X l l l  

Fixed 
space 

5th in S 

S 
y~ 
Sg 

t 
8 

t 
6 

Z 
g 
g 

8 

J 

J 
/ 
P 

I I  p 
P 
h 
~7~b 

This allows charac te r  tables  to be  presented  economicMly. The  classes of JC 
in ~ +  will be  called eve~, and those  in the  coset odd. 

I f  U is an s then  the  pointwise s tabi l iser  in O(s 1) is 0(62) act ing in the  polar  S, 
and is g iven in Tabte  2. 0(62)+, being genera ted  b y  the  squares  of e lements  
of 0 (2) (6, pp.  66, 67), is t he  unique subgroup of index 2 in O~ -~), and so is in O(s 1)+. 
Since 0(62) has  25 classes (14, p. 95) we m a y  label these  here  b y  the  corresponding 
labels in O(s 1). F r a m e  also gives the  relat ion of these  classes to those of 0(62)+ (see 
also (18, p. 73)). Earl ier ,  D m K s o ~  (5, p. ]38), )'nAS~E (15, p. 483) and TOp1) (24) 
had  independen t ly  classified 0(~ 2)+ in o ther  representa t ions .  

~¥e ma.y r epea t  the  p rocedure  for 0(4 j) which is the  subgroup  of O~ ° fixing a c 
pointwise.  The resul ts  fo rm Table  3. 0(4 ~) of order 72 acts  in a u, and acts  t rans i t ive ly  
on the  6 g  there in  (8, p. 37). I t  mus t  thus  be  t ha t  group given b y  LITTLE- 
WOO]) (20, p. 275). O~ 1)+ is (6, p. 68 )Z3×Z~  act ing on the  two reguti  in ~, so any  
class of 0(4 ~) wi th  a 1 in its eycle p a t t e r n  in Li t t lewood 's  labelling is in 0(41)+. The 
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TABL~ 3. -- The eonjugaey classes o/ the groups O(a ~) and O(a ~). 

The group 0(~ ~) o/ order 72. The group 0 ~ =  2:5. 

Class 

I 

I I I  
IV 
X *  
X I I I  * 
X X X I X  * 

I I  
VI 
X X I H  

Size 

1 
9 
4 
4 
6 

12 

6 
12 
18 

Cycle 
~ype 

1 6  

1 a 2 ~ 
3 ~ 

la3 
1 a 2 
123 

2 3 

6 
24 

Fixed 
space 

in z 

Class Size 

I 1 
t I I I  15 
s IV , 20 
- X I I  * 21 

i , 

g I 10 . . . .  - I I  [ 

VI ] 20 
j v i i  i 3o 

P . . . . .  i 

Cycle Fixed 
type space 

in 

1 ~ 
12 ~ t 

lZ3 c 
5 

1~2 j 
23 p 
14 m 

Periods and power types ma.y be read off from Tables 1, 2. 

identif icat ion of cycle t y p e s  is now easy,  and  we m a y  label  classes b y  the  corres- 
'"(1) 0(42) m a y  be con- ponding  class in 0(8 ~). 07  ) acts  in a ~ and is Z 5 on its 5 m .  ~ 4 ,  

sidered as those  subgroups  of O(s ~) fixing pointwise  a z and a 2 respect ive ly ,  these  
be ing  the  polar  spaces wi th  respec t  to D of the  [3] in which the  0~ ) act .  Al ternat iveIy ,  
0(~) and  0(~ 2) are the  pointwise s tabi l isers  of an  s in 0(62) and  0(6 ~) respect ively .  The 

4 

same labell ing of the  classes of 0(41), 0~ 2) occurs however  we regard  them,  and b y  

using it  we keep the  in ter- re la t ionship  of all  the  groups.  
0(~ ~) is of order 2 act ing on a c. I t s  non- ident i ty  e lement  is in class I I .  O~ 2) is Z~ 

ac t ing  on the  3 p  of an  s. I t  ha s  2 e lements  in I V  and 3 in I I .  

5 . 4 . -  I n  order to calculate the  charac te rs  of d~(81) we need the  classification 
of if(l) re la t ive  to the  g e o m e t r y  of the  C on which 0(61) acts.  if(61) is the  stabit iser of 

a po in t  Pc" The polar  [4] of Pc is a J ,  call i t  Jo" We saw in §§2.6, 4.5 above  
t ha t  9"~ 1) is <{Pc}> × ff~l)+ where  ff~)+ acts  as the  or thogonal  group in J0- Moreover,  

if(6 I)+ is i somorphic  to Sp4(2) and  hence to Z 6 (4, p. 99; DICKSO~ gives reference to 

JO~DA~). So if(6 ~) has  11 even and 11 odd classes. 
We find the  4 is t r ibut ion  of -¢(~) among  the  classes of 0(6 ~) b y  the  me thods  of the  v 6 

previous  section; i t  m a y  be r ead  off f rom the  second and ~hird columns of Table  4. 
En t r i e s  occur in 9 even and 8 odd classes of 0~ 1). Those in I I I  cor respond to the  
60y~ th rough  Pc. Since 15 of these  V are  in Jo (12, p. 634) I I I  m u s t  spli t  in -6¢(i). So 
m u s t  X I  since no class of S 6 has  size 180, though  two have  size 90. Thus  I I I  and X I  
mus t  spli t  as in Table  4 to give the  11 classes of if(6 ~)+. One of the  1 6 J  t h rough  Pc 
is Jo, so I I  splits in v6¢(1). The 160 e lements  of fig1) i n V I  cor respond in pairs  to the  80j  
t h rough  19o. Since 20 of these  j lie in Jo (12, p. 634), and so have  kernel  19o, V I  splits 
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TA~L~ 4. - The conjugaey class o] '$(~)= <{Po}> × X~. 

Class type 

16 

142 
1~22 
133 
123 

32 

24 
15 

2 a 
6 

1~ {Po} 
142 {Po} 

2 ~ {Po} 
1 ~ 22 {Po} 

Size 

1 
15 
45 
40 

120 
40 
90 
90 

144 
15 

120 

1 
15 
15 
45 

Class in O~ x) 

I 
I I I  
I I I  
IV 
IX 
X 
XI  
XI  
XI I  
X I I I  
X X X I X  

I I  
I I  
V 
V 

Fixed Fixed 
space ._  space 

L in C in J0 

¢ Jo 

e 

t t 
c :Pc 
t t 
t t 
s P0 

e 
C 

Jo 
J 
C 

e 

Jo 

e 

e 

Primes of L through Pc 

16J, 152' 
3e, 4j  
lc ,  lh,  1], 4j 
3h, 4j 
Po 
19o 
Po (focus) 
Po (non-focus) 
/~o 
le, 6] 
Po 

15~ 
4~, 42, 7~p 
3 t (all through focus) 
3t (1 through focus) 

133 {Po} 
123 {Po} 
1~4 {Po} 

32 {Po} 
15 {Po} 

6 {Po} 
24 {Po} 

40 ¥ I  
120 VI 
90 VII 
40 XVII  

144 XX 
120 X X I I  
90 X X I I I  

J 
J 
h 

Po 
Po 
/ 

J 
t 
t 
Pc 
Po 
Po 
t 

3t 
i t ,  i t ,  l s  
l t ,  2s 

it ,  2c 

in g~l). An involution A of 0~ 1) in V has for its fixed space an e with 4p. For  

just  one of these p, the  locus of A,  d{p}  has for fixed space the polar ~ of the g 
in e (10, pp. 63, 64), and so is in X I I I .  Since 0(6 t) is t ransit ive on the p of C 15 of 

the  60 members  of g(61) in V have Pc for focus. Thus I I ,  V, VI  must  split as shown 

in Table 4 to give 11 odd classes for g~l). This table may  now be completed apar t  
f rom the first column and the verbal  entries against  XI .  

Through  an m of Jo pass 2 of its 62 ,  and these 2 2 meet  in an h (12, p. 634). 
I f  an element of g~)+ fixes each of the 6 2 it must  fix the single m common to each 

pair. t tenee it fixes each m in Jo and so, by  the information a l ready available in 

Table 4, is the  identi ty.  We conclude tha t  ~(~)+ is X s acting on the 6 2 o] Jo. A member  

of q'(61)+ with cycle t y p e  6 does not  fix nor interchange 2 of the  2, and so can fix 

no m in Jo. Being in a class of size 120 it must  be in X X X I X .  Using informa- 
t ion from Table 1 for periods and power types  together  with the known sizes of the 

classes of 2:~ we m a y  now identify the cycle types  of the  classes of g(61)+. That  the 

geomet ry  is used to give a definite labelling is not  for tui tous:  there  is an al ternative 
labelling related to ours by  the outer au tomorph ism of Z~. 

I f  A is in ~(~1) then,  by  Table 4, the fixed spaces of A and A{p0} have different 



28 1~. H.  DYE: The classes and characters of certain maximal, etc. 

dimensions.  However ,  since {Po} fixes Jo pointwise,  these  fixed spaces have  the  same 
section with Jo. Hence  one of A, A{po} has  a fixed space L not  in Jo while the  other  
has  for  fixed space the  in tersect ion of L with  J0- The labell ing of the  odd classes 
of ~0) follows immedia te ly ,  apgr t  f rom t h a t  of V I I  and X X I I I .  One of these  is 
l~4{po} and the  o ther  24{iOo}. Suppose,  now, t ha t  A is in 1~4. Then A fixes 2 2 
in Jo and  hence the i r  polar  s, s~, s2 say,  t h rough  Po- Since the  fixed space of A is 

a t the  2 p off Jo on each s~ are  in te rchanged  b y  A ; so t hey  are b y  (Po}. Hence  A{po} 
fixes s~, s2 pointwise,  and so i ts  fixed space is the i r  join which m u s t  be  an h. 

Thus  l~4{po} is V I I ,  and  so 24{po} is X X I I I .  
I f  B in 0(~ ~) is in X I  t hen  B is conjugate  in 0(~ 1) to m e m b e r s  of bo th  1~4 and 24. 

Hence  for one p of the  fixed t of B the  fixed space of B(p} is an h, and for the  
o ther  p on t the  fixed space of B(p} is an f. I n  ana logy  with  V we call the  first p 

the  locus of B. Table  4 is now complete .  

5 , 5 . -  Each  li" 4 is ( { p o } ) × ¢  +, where '$4 + is X3. A similar,  bu t  much  simpler,  
discussion to t h a t  in § 5.4 gives the  following information.  The polar  p lane of Po 

is denoted  b y  jo. 

1~ {Po} 
12 {po} 
3 {po} 

The classes o] '$~. 
I 

Class Fixed [ Primes 
Class Size in space I of J5 

(1)  • ! type 04 L In ~ I ~hroug h Po 

12 3 I I I  t Po 

3 2 IV s Po 

1 I I  jo 3 t 
3 I I  j l t ,  lc,  l s  
2 VI Po - -  

Class 
type 

i~ {po} 
~2 {Po) 
3 {Po} 

The classes o] ¢(a 2). 

Size 

13 1 
12 3 
3 2 

Class 
111 

0(4 ~ 

I 
I I I  
iv 

II 
II 
VI 

Fixed Primes 
space of L 
L in 2. through Po 

; .---[  ~j, 3h 
t ! 2o 
c l Po 

J 0  

J 
po 

3t 
I t ,  lc ,  I s  

6. - The ca lculat ion  of  the  classes and characters  of  ~ ) ,  ~,-~/~), .~,-6M~s), ~ ) + ,  .~Q~)+, J~L~ ~)+. 

6.1. - We use  Theorem 2 to obta in  the  classes of ~t(s I). F r o m  each class of 0 (1) 
we p ick  an e lement  and  de te rmine  the  orbi ts  under  i ts  centrMiser  of the  [ r - - I ]  

of the  fixed [rJ. The [r . --1]  of an orbi t  mus t  all be  of the  same le t te r  type•  Fre-  
quent  use is made  of Table  1; we recall  t ha t  any  incidence re la t ion of subspaces  

t h a t  is not  obvious m a y  be found in Table  1 of (13). 
0(61) is the  central iser  of the  iden t i ty  e lement  in I and acts  t r ans i t ive ly  on the  J 

and F of C (8, p. 37). Thus  for I the orbits are 28 J ,  35 1¢. The centrMiser  of a 
t r ansvec t ion  {P0} in I I  is the  corresponding -8¢(1). Since if(l)+ acts  as the full or thogonal  
g roup  in the  fixed space Jo of {Po} (§ 4.5) the orbits for I I  are 15 W, 10s, 6 2 (8, p. 40). 
Not ice  t h a t  the  eentrMiser  of an e lement  A of 0(61) contains each t ransvec t ion  whose 

centre  is in the  fixed space of A. 
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TABLE 5. -- The conjugacy classes o] ~L(s 1) of order 1152 and o] .j~(l)+ o/ order 576. 

Power types 
Class 

I 
I,q 
I t  
I I I  
I I I ~  
! I ! p  
IV 
IV p 
X *  
X l I I  * 
X I I I m *  
X X X I X  * 

Size 

1 
6 
9 

36 
36 
72 
16 
48 
64 
24 
72 

192 

I I  12 
I I  t 36 
I I  c 36 
I I  s 12 
VI I 96 
VI [--  t] / 96 
X X I I I  [ 144 
X X I I I  [-- t] 144 

P e -  

r i o d  

1 
2 
2 
2 
4 
4 
3 
6 
3 
2 
4 
6 

2 
4 
4 
6 

12 
4 
8 

2nd 3rd 

I t  
I j  

IV I j 

I t  
X X I I I  

I j  
Id  
IV I I  
IV p I I  s 
I ! I  
I I I  m 

Class in 0(6 ~) 

I 
I I I  
X l I I  
I I I  
X X X V I  
X I  
IV 
I X  
X 
X I I I  
X X X V I  
X X X I X  

I I  
V 
X X I I I  
V I I  
VI  
X I X  
X X I I I  
LV 

' F i x e d  
space t 

. L in C 

U 

q~ 

g 
t 

t 
C 

g 

J 
e 

J 

Primes of L 
through m o 

12J, 19F  
3e, lh, 3] 
2d, le ,  4 ]  
le, 2], 4j  
mo (focus) 
~ 0  
lh ,  6j 
9~$ 0 

~Y~O 

ld ,  6 ]  
mo (nowfoeus) 
~b o 

7% 6~, 22  
lg ,  2 t  
2g, i t  
3t 
l t ,  2c 

lg,  2c 

T he  een t ra l i se r  of a m e m b e r  of I I I  has  order  192 and  induces  a g r o u p  in  t h e  

f ixed space  ~. The  subgroup  of 0(81) fixing F po in twise  has  order  4 since it  con- 

ra ins  1, 1, 2 e l ement s  in  I ,  I l l ,  I V  respec t ive ly .  H e n c e  t he  cent ra l i se r  i n d u c e s  in ~0 

a g roup  of order  a t  leust  48. The  m in  ~ tie on 3 c o n c u r r e n t  non -cop l ana r  lines. The  
g r o u p  in  [3] f ixing such  a t r io  of l ines is eas i ly  seen to  h a v e  order  48; one recal ls  

t h a t  over  GF(2)  a s implex  de t e rmines  a un ique  <~unit-point ~> and  t h e n  uses t he  
f u n d a m e n t a l  t h e o r e m  of p ro jec t ive  g e o m e t r y .  H e n c e  t he  cent ra l i ser  ac t s  in F as 

t he  full  g roup  of i ts  figure. Thus ,  b y  t he  f u n d a m e n t a l  t h e o r e m ,  the orbits ]or I I I  
are 3 e, 3 ], 1 h, l j .  A s imi lar  a r g u m e n t  shows t h a t  the orbits ]or X I I I  are 2 d, 1 e, 12 ]. 

T he  t r a n s v e e t i o n s  cen t r ed  on a 2, gene ra t e  t h e  full  g r o u p  of i ts  quad r i e  (6, p 65), 

so the orbits ]or I V  are 5h,  10j .  

A t r a n s v e c t i o n  {Pc} i n t e r changes  t he  2 m of a c t h r o u g h  Pc, and  in t e r changes  
the  o the r  2 p  on an  s t h r o u g h  Pc- W h e n  we consider  t he  t r ansvec t ions  cen t red  

on t he  f ixed spaces  we find t he  fol lowing orb i t s  u n d e r  cen t ra t i se rs :  ]or X 2 m, 1 p; 
]or X I I  3 p ;  ]or X X X I X  2 m ,  l p ;  ]or V I  3t ,  3c, ),s; ]or V I I  3t ,  4 s  The  een- 

t ra l iser  of a n  e lement  of X X I I I  has  order  32 and  ac t s  on the  f ixed space  ]. B y  
Table  4 on ly  16 e lements  of t he  cent ra l i ser  fix b o t h  p in ]. I t e n c e  the re  are  e lements  

of the  cent ra l i ser  i n t e r chang ing  t he  2 p in ]. This  f ac t  t o g e t h e r  wi th  the  ac t ions  

of t he  t r ansvee t i ons  cen t red  on ] shows t h a t  the orbits ]or X X I I I  are 2 g, 1 t, 4 c. 
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TABL]~ 6. -- The eonjugaey classes o /~t~  ~) o/ order 1920 and o/~(~)+ o/ order 960. 

Class 

I 
i j  
I h  
I I I  
I I I m  
I I I p  
IV 
I V p  
I V m *  
X I I  * 

I I  
I I t  
I I  e 
I I  s 
VI 
VI [ - -  l]  
VI I  
V i i  [~-- 1] 

Size 

1 
10 
5 

60 
60 

120 
80 
80 

160 
384 

20 
60 
60 
20 

160 
160 
240 
240 

Per iod  

2 
2 
4 
4 
6 

12 
¢ 

8 

Power Lypes 

2nd 3rd 

I h  
i j  

IV 13 , 
IV I h  

i j  
I j  
IV I I  
IV 19 I I  s 
I I I  
I I I  m 

Class in O~ ) 

I 
I I I  
X I I I  
I I I  
XV 
X I  
IV 
I X  
X I V  
X I I  

I I  
V 
V I I  
X X I I I  
VI 
X X I V  
V I I  
X X V  

Fixed  
space 

L in S 

S 
t~ 
Z 
tv 
g 
t 

t 
g 
C 

J 

] 
h 

d 
m 

h 
~ n  

T h e  c e n t r a l i s e r  of a m e m b e r  A of I X  c o n t a i n s  e l e m e n t s  of X I X  s ince  t h e  s q u a r e s  

of X I X  a r e  in  I X ,  a n d  t h e s e  e l e m e n t s  m u s t  i n t e r c h a n g e  t h e  2 p of t h e  f ixed  t of A 

s ince  t h e i r  o n l y  f ixed  p o i n t  is  t h e  m of t. H e n c e  the orbits ]or I X  are l m ,  2 p .  

T h e  c e n t r M i s e r  of a m e m b e r  B of X X X V I  h a s  o r d e r  32 a n d  so c a n n o t  ac t  t r a n s i -  

t i v e l y  on  t h e  3 m of t h e  f ixed  s p a c e  g. S ince  e l e m e n t s  of L V  fix on ly  one  m each  

a n d  h a v e  t h e i r  s q u a r e s  in  X X X V I  the orbits ]or X X X V I  are 1 m, 2 m. W e  shal l  

ca l l  t h e  m f ixed  b y  t h e  c e n t r M i s e r  t h e  locus of B .  

T h e  c e n t r M i s e r  of a m e m b e r  of V f ixes  t h e  focus  a n d  a c t s  t r a n s i t i v e l y  on  t h e  

o t h e r  3 p in  t h e  f ixed  space  e (10, p. 64)7 s ince  t h i s  e is  t h e  a x i s  of (10). T h e  3 t 

t h r o u g h  t h e  focus  a r e  t h u s  p e r m u t e d  t r a n s i t i v e l y  s ince  each  c o n t a i n s  one  non- focM p.  

T h e  t h i r d  p o i n t  on  t h e s e  t is  a n  m. H e n c e  t h e  3 m of e a r e  p e r m u t e d  t r a n s i t i v e l y .  

T h u s  the orbits ]or V are 1 g, 3 t through the locus, 3 t not through the locus The orbits 

/or X I  must  be 1 m, l p (locus), I 29 (non-locus). 
F o r  c lasses  w i t h  f i xed  space  a p o i n t  t h e r e  is  one  o r b i t  of l e n g t h  1:  t h i s  o r b i t  is  

t h e  s ing le  [ - - ] ]  or  e m p t y  subspace .  A c lass  of 0(61) w i t h  e m p t y  f ixed  spaces  g ives  

r i s e  to  one  c lass  of ,~(81) b y  T h e o r e m  2; t h e r e  a r e  no [ - - 2 ] !  

T h e o r e m  2 a n d  i t s  C o r o l l a r y  g ive  t h e  c lasses  of JG(s ~) w i t h  t h e i r  s izes  a n d  t y p e s  

of f ixed  spaces  in  [7]. Th is  info,~mation f o r m s  p a r t  of T a b l e  7, w h e r e  c lasses  a r e  

l a b e l l e d  as  fol lows.  I f  a c lass  of 0(61) h a s  n u m e r i e M  l a b e l  K t h e  c lass  of v~ (1) c o n t a i n i n g  

i t  i s  l a b e l l e d  K ;  b y  § 5.6 i t  is  in  c lass  K of O~ 1). T h e  o t h e r  c lasses  of vtt(s ~) a r i s i n g  
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TABLE 7. -- The conjugacy classes o] ~(81) o] order 2580480 and o] Jf~(s 1)+ o] order 1290240. 

Class  

I 
I d  

I I I  
I I I c  
I I I h  

111t 
I I I j  
I V  
I V h  
i v j  
I X  
I X m  
I X p  
X 
X m *  
X p  
X I  
X I m  
X l  pl 
X I  P2 
X I I  
X I I  p 
X I I I  
X I I I d *  
X I I I e  
X l I I ]  
X X X  * 
X X X I V  * 
X X X V I  
X X X V I  m 1 
X X X V I  ~r~ * 
X X X I X  
X X X I X  m * 
X X X I X p  

I I  
II~o 
I I x  
I I 2  
V 
V g  
V q  
V t2 
V I  
V I  s 

Size 

1 
28 
35 

840 
2520 

840 
2520 
6720 

448 
2240 
4480 

26880 
26880 
53760 
17920 
35840 
17920 
40320 
40320 
40320 
4O320 
21504 
64512 

420 
84O 
420 

5040 
172032 
368640 

20160 
20160 
40320 
53760 

107520 
53760 

56 
840 
560 
336 

3360 
3360 

10080 
10080 

8960 
8960 

P e r i o d  

1 
2 
2 
2 
2 
4 
4 
4 
3 
6 
6 
6 

12 
12 

3 
6 
6 
4 
4 
8 
8 
5 

10 
2 
2 
2 
4 

15 
7 
4 
4 
4 
6 
6 
6 

2rid 

I / ~  
I / ~  
I J  

I V  
I V  
I V  
I V h  
I V j  

X 
X 
I I I  
I I I e  
I I I h  
III]  

X I I  

X I I I  
X I I I  e 
X I I I d  
X 
X 
X 

I J  
I J  

I J  
I F  
t J  
I V  
IVy 

P o w e r  t y p e s  

3 rd  

I Y  
I J  
I I I  
I I I  h 
! I I j  

1/7 

IJ 

x!I  

X I I I  
X I I I d  
X I I I e  

5 t h  

I J  

I V  

Class  
in  O(s 1) 

I 
I I I  
X I I I  
I t i  
V I I I  
X V  
X X X V I  
X I  
I V  
X I V  
I X  
I X  
X X X I I  
X X V I I  
X 
X X X I  
X X V I  
X I  
X X V I I I  
X X X V  
X X X V I I  
X I I  
X X I X  
X I I I  
L X I  
V I I I  
X X X V I  
X X X  
X X X I V  
X X X V I  
X X V I I I  
L X I I  
X X X I X  
L X I I t  
X X X I I I  

2 
2 
4 
4 
2 
4 
4 
4 
6 

12 
I I  
I I s  

I I  
V 
X X I I I  
V I I  
V 
L I I I  
X X I  
X V I I I  
VI  
X X I V  

F i x e d  
space  

[7] 
T 
G 
T 

Y 
Z 

S 

X 

g 
t 

g 
t 

~f 
g 
t 
t 
2 
t 
G 
O) 

y 

e 

e 

g 
g 

g 
t 

/ )  

E 
/7 

H 
E 
d 
e 

e 

J 
h 
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TABLE 7 (continued). 

Class 

VI t 
VI e 
V I I  
VI I  t 
V I I  s 
X V I I  
X V l I  [-- 1] 
X l X  
X I X  [ -  1] 
x x  
xx [-- ]] 
xxH 
x x ! I  [ -  1] 
X X I I I  
X X l I I  t 
X X I I I  g 
X X I I I  e 
L7¢ 
LV [-- 1] 

Size 

26880 
26880 

3360 
10080 
13440 
35840 
35840 

107520 
107520 
129024 
129024 
107520 
107520 

10080 
10080 
20160 
40320 

161280 
161280 

Period 

6 

'i 
4 I  
8 
6 ' 

12 
12 
24 
10 
2O 

6 
12 

4 
4 
4 
8 
8 
8 

Power types 

5th 2nd 3rd 

IV II~0 
I V j  II 2 
I t I  
I I I  
I I I h  
X I I  
X p  II~ 
I X  VI I  
I X  m VI I  ,* 
X l t  
Xllp 
X V 
X p  Vg 
I I I  
I I I  
I l l  
I I I ]  
X X X V I  
X X X V I  m I 

II 
II~ 

! 

Class I Fixed 
in O(s 1~ space 

XVI  e 
X l X  ! 
VII  H 
X V I I I  e 
X X V  h 
X V I I  j 
XLVI  m 
X l X  / 
X L V I I  m 
X X  j 
XLIV 
X X l I  j 
L IV  m 
XXlll i~ 
X V I I I  e 
L I I I  d 
LV ? 
LV ] 
XLVIII m 

f r o m  K in  ~o (1) are  label led K a  where  a is t he  l e t t e r  t y p e  of t he  subspaces  of the  as- v 6 

socia ted  o rb i t :  for  t h e  t h r e e  cases whe re  t h e r e  a re  two  orb i t s  of t he  same  k ind  of 

subspace  a suffix I is a d d e d  to  ind ica te  t h a t  t he  subspaces  of t he  o rb i t  con ta in  the  

focus,  and  a suffix 2 for  t he  o t h e r  orbi t .  The  o the r  i n f o r m a t i o n  in Tab le  7 for  class K 

of 2£(s 1) comes  d i r ec t l y  f r o m  t h e  c o r r e s p o n d i n g  i n f o r m a t i o n  in Tab le  1. 

T he  o the r  en t r ies  in Table  7 are  compi led  in order  as  follows. F o r  a class K a  

of ~tL(s ~) one finds, us ing  Tables  2, 4 of (13), t he  possible  classes of O(s ~) in which  it can  
tie, and  t h e n  uses  Tab le  3 of (18) to  find the i r  co r r e spond ing  pe r iods  and  p o w e r  t y p e s  
in to(l) T h e n  one uses  Table  I and  t h e  i n f o r m a t i o n  in § 3.5 to  g ive  poss ib le  pe r iods  

for  K a  a nd  i ts  possible  power  t y p e s  in ~(sl); t he se  possible  power  t y p e  classes occur  

ear l ier  in Table  7 a nd  so, we m a y  as sume ,  h a v e  the i r  ent r ies  comple te .  Mak ing  these  

two  s t r ands  of i n f o r m a t i o n  compa t ib l e  u n i q u e l y  g ives  t he  ent r ies  for  all K a  excep t  

X l p ~ ,  X l p 2 ,  X X X V I m ~ ,  X X X V I m 2 ,  X X X I X r a ,  V t ,  Vt~ and  t he  e n t r y  

X X X V I  m~ for  t he  squares  of L V [ - - 1 ] .  Suppose  t ha t ,  a p a r t  f r o m  the  as te r i sks ,  

Tab le  7 is o the rwise  comple te .  We  t a b u l a t e  for  t he  7 excep t iona l  classes the  am-  

bugui t i es  wi th  wh ich  our  p r o c e d u r e  leaves  us. 

Class in dtt(s 1) 

XI  Pl, X I  P2 
X X X V I  m 1, X X X V I  mi 
X X X I X  m 
Vt l ,  Vt~ 

Possible classes (and their corresponding squares) in O(s 1) 

X X X V  (XV), X X X V l I  ( x x x v I )  
X X V l n  (VIII) ,  L X I !  (LXI) 
X X X I  (X), L X I I I  (X) 
X V l I I  ( l iD,  X X I  ( X l I I )  
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~(s 1) has  35 840 members  in X X X I  in O(s ~) (13, p. 68), and these, b y  the  infor- 
mat ion a l ready a t  hand  in Ta~ble 7, are  all in X m. Hence  X X X I X  m is in L X I I I .  
There  are  60 480, 40320 members  of ~(1) in X X V I I I ,  L X I I  of O(s 1) respectively.  
40 320 of those in X X V I I I  are in X I  m so, b y  a considerat ion of sizes~ X X X V I  m~, 
X X X V I  m~ are in X X V I I I ,  L X I I  respect ively.  

An (a, a) of V t~ has its a polar  to the  focus p of a. In  view of the  discussion in 
§3.5 ( a , a )  ~ is in I F  or I J .  Bu t  (p} fixes ~ and commutes  with a so, b y  (4), 

+ xo) , = + = 

Since a{p} is in class X I I I  of 0 (1) b y  § 5.4, (¢~,a) ~ must  be in I F  which is in 
X I I I  in O(s 1). Hence  V t 1 is in X X I .  The 10080 members  of ~(1) in tha t  class (13, p. 68) 
are thus  accounted for, so V t2 is in X V I I I .  An (a, a) of X I  p~ has its a polar to 
the  focus p of a and, again, (~, a)~- = ((,{p} + Io)~, (alp})°-). The fixed space of 
a(p} is (§ 5.4) an h which, by  Le mma  4, is polar to (a(p} -~ /6 )a .  Hence,  b y  § 2.4, 
the  fixed space of (a, a) ~ contains the  Z joining h to the  point  mo stabilised b y  J¢,(1). 
Thus XIp~  must,  by  § 3.5, have its squares in I I I  h which is in XV in 0~ 1). Con- 
sequent ly  X I  p~ is in XXXV.  Similar ly X I  P2 has its squares in I I I ]  and is in X X X V I I .  
We m a y  now complete  the  informat ion in Table 7 for ~(~(1). 

6.2. - A similar discussion, using products  of t ransvect ions  in 0(61)+, yields the  
classes of JtiJs t)+. We present  a more speedy al ternat ive  procedure.  An even class 
of ~(s 1) ei ther forms a single class of Ji(~(s 1)+ or is the  union of two classes of ~(~(s I)+ of 
the same size. The former  possibil i ty occurs if and only if the  eentralisers in ~(~(~) 
of elements of this class of ~(~(1) contain odd elements. I f  an element  A in an even 
class K a  of ~(~(s 1) has p in its fixed space then,  b y  L e m m a  5, these p arc polar to 
the  m0 stabilised b y  JC~(s 1). Consequently the  centraliser in ~(s 1) of .4 contains the  as- 
sociated t ransvect ions which are odd elements, and so K a  is a single class of ~(i)+.  

I f  an even class K of 0(6 I) splits in 0 (1)+ then,  b y  Theorem 2, the  corresponding 
classes of ~i~(8 ~) split in ~4~(s*)+ : the  centralisers in 0 (1) and 0(61)+ of a member  of K coin- 
cide and have  the  same orbits in the fixed space. Fur the r ,  b y  Theorem 2, if an even 
class K of 0~ ~) does not  split in 0(6 ~)+ then  the  class 1~ of ~(~(s 1) does not  split in d4~ (1)+, 
nor does any  Ka  corresponding to an orbit  of length one. Using these cri ter ia  we 
deduce from Tables 1, 7 tha t  classes X X X ,  X X X I V  of A~(s 1) split in ~4~ (*)+, and tha t  
the  only other  classes tha t  can split are X m, X I I I  d, X X X V I  m.2, X X X I X  m. 
These classes lie in X X X I ,  LXI ,  LXII ,  L X I I I  respect ively  in t~(~) and, b y  Table 7, ~ 8  

are the  only classes of ~(~(s ~) so to do. F u r t h e r  (7, p. 522) X X X I ,  I~XI, L X I I ,  I~XIII  
all split in O(s 1)+, and the  result ing classes all contain members  of ~(~)+ (7, p. 523). 
Thus  X m ,  X I I I d ,  X X X V I m 2 ,  X X X I X m  split in jf~(1)+. Al ternat ively  we m a y  
use the  resul t  t ha t  the number  of split t ing classes is the  excess of the number  of 
even classes over  the  number  of odd classes (1, p. 338; Burnside gives an e lementary  
ofpro of in Note E on p. 472), and this  is 35--29-- - -6 .  

We may  infer the  orbits under  centralisers in 0~ ~)+. For  X there  are two orbits 

3 - A n n a t i  di Matemat~ca 
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of i m, s imi lar ly  for X X X I X .  For  X X X V I  the re  are  th ree  orbi ts  of 1 m, and for  X I I I  
two orbi ts  of 1 d in the  fixed 9. This  las t  fac t  accords wi th  the  fixing b y  0 (~)+ of the  
2 famil ies  of d on a Kle in  quadric,  and  the  corresponding spli t t ing of X I I I  d accords 
wi th  the  fixing b y  0~ I)+ of the  2 families of ~o on a S tudy  quadric.  All o ther  orbi ts  
are as for 0 (1) . 

6.3. - The same techniques  yield the  classes of dt(~ ) f rom those of 0(~ ~) described 
in Table 3. We omit  the  details and give viL (1), ~(~(62) in Tables 5, 6; the  class labelling 
indicates the  corresponding orbits  of the  central isers  of 0(4 *). To obtain  periods and 
power  t ypes  in dgo~ ) and spli t t ing in ~1~ )+ we make  repea ted  use of similar informa-  
t ion in Tables  1, 2 for 0(~ ~). The las t  column of Table  5 is readi ly  compiled.  One 
recalls t ha t  the  point  mo stabil ised b y  ~t1~(61) is a ve r t ex  of the  quadr ie  in a fixed space 
of a class of t y p e  Ka .  0(61) is t rans i t ive  on the  m of C so 36 of the  108 m e m b e r s  of 35(6 ~) 

in X X X V I  in 0(6 ~) have  m o for focus;  these  mus t  be  in III d. 
I f  we regard  0(1)6,0(6 e) as the  pointwise stabil isers in 0(81) of c, s respec t ive ly  (§ 5.3), 

t hen  ~(81), ~(6 ~) are  the  pointwise  stabil isers  in O(s 1) of an ] and an h respect ively.  We  
m a y  in te rp re t  the  6th  columns of Tables  5, 6 as giving the i r  d is t r ibut ion in O(s 1). 

Classes of di~(s 1) and d~g(~ ) wi th  the  same label  tie in the  same class of 0(8 I), and  are  
re la ted  to the  con ta inment  of 0(~ ) b y  0(61), A few classes of dIL(~ 1), 2~(62) wi th  the  same 
label are not  in the  same class of 0~1): the  6th columns of Tables  5, 6 ensure  no 

confusion can arise. 

6 . 4 .  - 0(21) and 0(2 ~) are descr ibed in § 5.3. For  diL(~ 1) we obta in  the  classification 

below. 

Class 
number 

1 

1 
3* 

Class of ~I) 

I 
I p  
I m* 

I I  
I t  [-- I] 

Size Period Class in 0(41) 

I 

I I I  
X I I I  

I I  
X X I I I  

Fixed ~ Primes of J5 
space L in through m 0 

J 

2j, 5] 
f~0 
~q~b o 

i t ,  2c  

The first  column is added in ant ic ipa t ion  of fu ture  use. H a v i n g  more  t h a n  one in- 

volut ion 3{~(41) is a copy of the  dihedral  group D s. 3(~(~ 1)+ is a Kle in  4-group. The 
spl i t t ing of I m* accords wi th  the  2 fixed g belonging one to each regulus in ~. 

0(1) is Zs on the  5 m of its 4, so d ~  z) is a X4 We obta in  the  following tabu la t ion :  4 
cycle t y p e s  are inferred immedia t e ly  f rom those of 0(~ 2) in Table  3. 
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Cycle t y p e  Class of ~((2) Size P e r i o d  Class in O~ ~) F i x e d  P r i m e s  of L 
space L in  i t h rough  m 0 

14 
22 

13 

122 
4 

I 
I / ?  
IV  * 

I I  
I I  [ - -  1] 

I 

3 
6 

i . . . . . .  6 

i 6 

I 
I I I  
I V  

I I  
V I I  

J 
J mo 

6j, l h  
T/b o 

m o  

i t ,  2 e  

TABLE 8 

(a) The irreducible characters o / ~ ( 1 )  

Class W~ W3 W1 W4 

I 
I j  

!1  
I I I  
I I I  m 
I I I p  
IV  
IV/?  
X *  
X ! I I  * 
X l I I  m* 
X X X I X  * 

I I  1 
I I t  1 
I I  c 1 
I I s  1 
VI  1 
VI  [-- I] 
X X I I I  1 
X X l I I . [ - -  1] 1 

One of each assoc ia ted  

1 I 4 4 4 2 
i i 4 4 4 2 
i I 4 4 4 2 
1 1 --2 
I I --2 
I I --2 
I 1 1 --2 --2 2 
i 1 I - - 2  - - 2  2 
1 1 --2 1 1 2 
1 --I 2 - -2  
i - - I  2 - - 2  
1 - - I  - - i  1 

6 6 12 9 9 18 
2 2 4 - - 3  - - 3  - - 6  

- - 2  - - 2  - - 4  1 t 2 
2 - - 2  1 1 - - 2  

- - 2  2 1 1 - - 2  
--I --I 2 

3 3 - - 3  
--I - - i  i 

3 - - 3  
- - I  1 

---I 2 
- - I  2 
- - I  2 
- - I  2 
- - I  - - I  
- - I  - - I  

1 
1 

4 --2 2 3 3 
2 2 - - i  - - i  

--2 --2 1 1 
2 --4 --2 --3 --3 
i I - - i  

- - I  - - i  1 
I - - I  

- - I  1 

pa i r  is g iven.  

Class 

(b) The splitting in J(~(G 1)+ o] the sell-associated characters o] ¢1L(61). 

Wl( i )  Wl( i i )  W2(i) W2(ii) W3(i) Wa(ii) 

x (i) 
X (ii) 
X I I I  (i) 
X I I I  (ii) 
X I I I  m (i) 
X I I I  m (ii) 
X X X I X  (i) 
X X X I X  (ii) 

1 1 - - 1  2 2 - - 1  
1 t 2 - - 1  - - 1  2 

- - 1  1 2 - - 2  
1 - - 1  2 - - 2  

- - 1  1 2 - - 2  
1 - - 1  2 - - 2  
I - - 1  - - 1  1 

- - 1  1 - - 1  1 

See ~' 6.6 io r  r ead ing  off ful l  t ab l e  for ~(J61)+. 

W~ (i) 

3 
- - 3  
- - 1  

1 

w.(ii) 

- - 3  
3 
I 

--I 
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TABZ~ 9 

(a) The irreducible characters of ~C~ ). 

Class Yl Y~ 

I 
t j  
I h  
I I I  
I I I m  
I I I p  
IV 
I V p  
IV m * 
X I I  * 

II 1 
l i t  1 
l i e  t 
lls I 

VI 1 

v I  [-- i] 
V I I  1 
V I I  [-- 11 1 

One of each associated 

1 4 5 6 5 15 10 
1 4 5 6 1 3 2 
1 4 5 6 - - 3  - - 9  - - 6  
1 1 - - 2  1 - -1  2 
1 1 - - 2  1 - -1  2 
1 1 - - 2  - -1  1 - - 2  
1 1 - -1  2 - -2  
1 1 ---1 ---2 2 
1 1 - - 1  
i --I I 

10 20 10 
- - 2  - - 4  - - 2  

2 4 2 
2 - - 2  

- - 2  2 

I --I I 

i --I I 

--I I --i 

2 1 
2 1 
2 1 
2 1 

- -1  1 
- -1  1 

- -1  
- -1  

pMr is given. 

3 3 
- -1  - -1  

1 t 
- - 3  - - 3  

1 - -1  
--I 1 

4 2 - - 2  
2 2 

- - 2  - - 2  
2 - - 2  - - 4  
1 - - t  1 

- -1  1 - -1  

Class 

(b) The splitting in ~(J~)+ o] the sell-associated characters o] JR}~ 2), 

Y, (i) t ' ,  (ii) Y~ (i) Y~ (ii) 

IV m (i) 
IV m (ii) 
X I I  (i) 
X I I  (ii) 

½(~ + W) ~(~ - Vs) 
~0- v-~) ½(~ + v-5) 

See ~ 6.6 for reading off full table for ~L(6 ~)+. 

6.5. - T he  u sna l  cha rac t e r s  of 2~(41), ~L[ s), g iven  expl ic i t ly  in (20, pp.  265, 273), 

m a y  be  conf i rmed  b y  t he  m e t h o d s  of C h a p t e r  4. 
T he  cha rac t e r s  of t he  JiL 8 m a y  t h e n  be  w r i t t e n  d o w n  us ing  T h e o r e m  3. The  

va lues  of t h e  ni~(a) r equ i r ed  in  f o r m u l a e  (10), (11) a re  g iven  in  t he  las t  co lumns  of 

t h e  t ab les  for  t h e  if4 a n d  ~G4 (~ 5.5, 6.4). F u r t h e r ,  since cycle  t y p e s  a re  g iven  in  

Tab le  3 t he  r equ i r ed  cha rac t e r s  of t he  04 m a y  be  r ead  off f r o m  (20, pp.  265, 275). 

Then ,  we m a y  p roceed  to  t he  cha rac t e r s  of Ji(,(s 1). The  %(a)  are  now g iven  b y  the  
las t  co lumns  of Tables  4, 5, and,  since cycle  t y p e s  are  g iven  in Tables  17 4, t he  
cha rac t e r s  of frO) a n d  0(6 ~) m a y  be  r e a d  off those  of X~ and  Zs,  wh ich  a re  conven i en t l y  

t a b u l a t e d  in  (20, pp .  266, 267) .  T h e  i r reduc ib le  cha rac t e r s  of ~4(J 1), ~ ) ~  JL(s ~) a re  

p r e s e n t e d  in Tables  8, 9, 10. 
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~(~(1) has 29 pairs of associated characters and we give one f rom each pair;  the 
other is obtained by  changing the signs of the entries in the  odd classes. ,~,(s ~) has 
also 6 self-associated characters which vanish on the odd classes, and we label these. 
We present  other character  tables similarly. 

6 . 6 . -  I t  is a s traightforward mat te r  to repeat the process and obtain the 
characters of ~.~(~)+, ~(~)+, zl(~(s ~)+. Those characters of aIternating groups t ha t  are 
required may  be found from (20, p. 272). In  accordance with general theory  (1, ~o t e  E) 
29 of the  irreducible characters of ~4G(s ~)+ are the restrictions of the 29 pairs of asso- 
ciated pairs of characters of dt(~(s ~). Fm'ther ,  each self-associated character X of ~(~(s ~) 
is, on restriction to ~(s ~)+, the sum of two irreducible characters X(i), X(ii), and the 
other 12 characters of ~(s 1)+ so arise. The values of X(i), X(ii) in a class of J~(s ~)+ 
which is a full class of zgC(s ~) are each half  the value of X in tha t  class. Hence it is 
only necessary to present,  and in practice calculate, the values of X(i), X(ii) on the 
other classes of J~(s 1)+ : if a class K (Ka) of 2~ (~) becomes two of ~it(s ~)+ we label these 
K(i), K(ii) (Ka(i), Ka(ii)). The same principles are adopted when giving other 
character tables. 

7. - The classes and characters of  the 8~ and $~. 

7.1. - ~(~(4 ~) = ~2~(~) -2~°a> must, be an 8(~ ~). 0(2 ~) is the group of a c and the action of A(2 ~) 
is described in §§ 2.2, 2.5. On composing these actions in z we find 5 orbits of points 
under  the  action of ~(4~)-= 8~ ~). These are the  point m o stabilised by  8(4 ~), the 
other 4 m i n t h e  po l~rp lane  ]0 of mo, the 2 p  in Io, the 4 m  off ]o, the 4 p  off ]0. 
~(4 ~) is tabula ted  in § 6.4. The geometry  is so simple t ha t  the  calculation, by  our 
techniques, of the classes and characters of 8~ ~) and $(6 ~)+ is almost trivial. Usually 
the algebraic construction of the  (complex) characters of 2-groups is difficult. 
Except  for the  a t t achment  of suffices we label the classes" of 8(~ ~) by  the same prin- 
ciples used for ~(s 1) (see § 6.1 ). Suffices, usual ly 0, are a t tached to those classes cor- 
responding to an orbit of subspaces through m 0 under  a eentruliser in o 4e(~), and not 
to classes associated with an orbit of subspaces not  th rough too. Where two suffices 
occur 1]o corresponds to ]0 and 1]~ to the other f through m0. 

7.2. - 0(2 ~) is X 8 acting on an s, so $(z 2> is the stabiliser in 0 (2) of a p o n ' s .  
Thus 8(4 2) ~(z) ~(2) = ~ ~ v2 is the subgroup ~2) of ~(~) fixing a t, call it  to, through the m o 
stabilised by  ~(J4 ~). The orbits in 2 of 8(4 2) are m o, the 2 p in t 0, the other 4 p in the 
polar plane ho of too, the  4 m off ho, the  4 p  off ho. 8(~ ~), being a Sylow 2-subgroup 

of ~(42)= ~(2 ~)27~ is a Ds, and so is isomorphic to 8(~ ~). 8(~ ~) is <(01 "/,11)" and this group 
is also an . The map ~ given by  

: (¢t, a) (1) --> (a, a) (~) , 
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X~ X5 x~ 

140 70 210 210 420 315 315 630 28 140 252 280 140 448 140 280 252 140 
- - 2 0  - - 1 0  - - 3 0  - - 3 0  ---60 - - 4 5  - - 4 5  - - 9 0  4 20 36 40 20 64 20 40 36 20 

12 6 18 18 36 27 27 54 - - 4  - - 2 0  - - 3 6  - - 4 0  - - 2 0  ---64 - - 2 0  - - 4 0  - - 3 6  - - 2 0  
4 --I0 14 --I0 4 
4 6 --2 6 
4 14 --I0 14 
4 --2 6 --2 

--4 --2 --2 --2 --4 

---riO 10 15 15 - - 1 5  
6 - - 6  - - 9  - - 9  9 

- - 2  2 3 3 - - 3  
:--~ 2 --i --I 1 
- - 2  2 - - 1  ---1 1 

2 - - 2  1 1 - - 1  
2 4 

- - 2  - - 4  
- - 2  
- - 2  

2 
2 

3 3 - - 1 8  8 12 

- - 4  
12 
28 

- - 4  - - 2  

4 - - 5  - - 5  - - 2  4 4 
4 - - 9  - - 9  6 4 
4 - - 1  - - 1  - - 1 0  - - 4  - - 8  - - 8  

3 3 6 
10 20 
2 4 

- - 2  - - 4  
2 

- - 2  

12 - - 8  8 4 - - 1 6  
8 - - 4  - - 8  - - 8  

- - 1 6  4 8 - - 8  12 12 
- - 4  8 4 4 

6 - - 6  - - 6  - - 1 2  
6 - - 6  - - 6  - - 1 2  
6 - - 6  - - 6  ---12 - - 2 1  27 6 

2 2 4 - - t  - - t  - - 2  

1 --i 

--I 1 
1 --i 

--I --I 2 2 
--I --i 2 - - 2  

I 1 - - 2  
I I - - 2  

3 
--I 

27 - - 2 1  
3 3 

i0 --I0 --20 --i0 i0 
2 --2 --4 --2 2 

--2 2 4 2 --2 
--2 2 --2 2 

2 --2 2 --2 

1 2 - - 2  2 1 - - 1  
- - 1  - - 2  2 - - 2  - - 1  1 

1 2 - - 2  2 1 - - 1  
- - 2  2 - - 2  

2 - - 2  2 
2 --2 

--2 2 
--3 

i 

6 4 --4 12 --8 --12 
6 --4 4 --12 8 12 

4 --4 12 --8 --12 

2 

--4 --2 --2 2 
4 --2 --2 2 

2 2 --2 
2 

- - 2  

--I 3 - - 2  
3 --i - - 2  

--I --I 2 
I --I 

--I i 
I - - i  

1 
- - 1  

1 

3 --3 
- - I  I 

12 8 --12 4 
--12 --8 12 --4 

12 8 --12 4 

---I  1 
1 - - 1  

- - 1  1 
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ABLI~ 10 ( c o n t i n u e d ) .  - (b~ The splitting in og~ 1~+ of the self.associated characters of ,~(s ]). 

Class X 1 (i) X i  (ii) X 2 (i) X~ (ii) X a (i) Xa (ii) X 4 (i) X~ (ii) X 5 (i) X 5 (ii) X 6 (i) Xe(i i  

: m (i) 
: ra (ii) 
: I I I  d (i) - - 3  
: I I I  d (ii) - - 3  
: X X  (i) 
: X X  (ii) 

§ 6.6 desc r ibes  h o w  t h e  fu l l  t a b l e  for  o~(s 1)+ 

- - 3  - - 3  - - 3  
- - 3  - - 3  - - 3  

21(-  1 + iVY)  ~ ( -  l -  iV/~) 
{-(-- 1 - -  i V ' i 5 )  ½(-- 1 + iV' i-5)  

c an  b e  r e a d  off. 

3 - - 3  - - 3  3 
- - 3  3 3 - - 3  
- - 2  14 - - 2  14 - - 5  11 27 - - 2 :  

14 - - 2  14 - - 2  11 - - 5  - - 2 1  2' 

~) The irreducible characters of a~(sl) ; values on the odd classes. 

~he c h a r a c t e r s  axe i n  t h e  s a m e  o rde r  as  i n  t h e  t a b l e  for  t h e  e v e n  c lasses) .  

Class  XI  X2 

~g 

ti  
t~ 

rI s 

rI c 

~II 

q I  s 
~VII  
~ V l I  [-- l] 

~ I x  [--i] 
~x 
~ x  [-- ~] 
~ X I I  

~XIII 
[ X I I I  t 
{ X I I I  g 
~ X l I I  c 
,V 
~V [--I] 

1 5 10 9 
1 5 10 9 
1 5 10 9 
1 5 10 9 
1 1 2 - - 3  
t 1 2 - - 3  
t 1 2 - - 3  
1 1 2 - - 3  
1 2 1 
1 2 1 
1 2 1 
t 2 1 
1 3 2 3 

1 3 2 3 
1 3 2 3 
1 ---I I 
1 - - I  1 

I - - i  

1 --1  
I - - I  

I - - I  

1 1 - - i  

I i - - i  
I - - I  2 ---I 

I - - I  2 ---I 
I - - 1  2 - - I  
1 - - t  2 - - 1  
i - - I  1 
l --I 1 

i 0  16 5 4 10 4 
10 16 5 4 10 4 
10 16 5 4 10 4 
10 16 5 4 10 4 

2 - - 3  - - 2  4 
2 - - 3  - - 2  4 
2 - - 3  - - 2  4 
2 - - 3  - -2  4 
1 - - 2  - - 1  1 1 - - 2  
i - -2  - - I  l I - -2  

1 - -2  - - I  1 1 - -2  

1 - -2  - - I  1 I - - 2  

- - 2  I - - 2  - - 4  
- - 2  I - - 2  - - 4  
- -2  I - - 2  - -4  

1 - -2  2 - -2  1 i 

1 - - 2  2 - - 2  1 1 
1 1 1 - - 1  
1 1 1 - - 1  

1 - - 1  - - I  
1 - - 1  - - 1  

1 
1 

- - I  

- - i  

- - 2  
- - 2  
- - 2  
- -2  

I 2 

1 2 

1 2 
i 2 

- - i  

15 

- - I  

3 

- -5  
3 

3 

- - i  

- - I  

3 

- -3  

- - I  
I 

• I 

1 

- - I  

1 
- - i  

5 
- - 3  

I 
- - i  

I 

- - I  

- -15 

I 
- - 3  

5 
- - 3  

- - 3  
I 

l 

- -3  
3 

i 

- - I  

- - I  

- - I  

i 

- - I  
1 

3 
- - 5  
- - I  

1 
1 

- - 1  

~ q 



R .  I t .  D Y E :  The classes and characters o] certain maximal, etc. 41 

Class X , ( i )  X , ( i i )  X2(i) X2(ii)  X 3(i) X 3(ii) X 4(i) X~(ii) X~(i)  X 5(ii) X 6(i) X~ 

X X X I V  (i) 
X X X I V  (ii) 
X X X V I  m~ (i) 
X X X V I  m, 2 (ii) 
X X X I X  m (i) 
X X X I X  m (ii) 

~(-~+~v~) ½(- ~-iv~) 
½(-- 1 - - i V Y )  ½(-- 1 - i - ivY)  

1 1 1 1 --2 2 --2 2 - - I  3 - - I  
I 1 1 1 2 --2 2 - -2  3 - - l  3 

--I 1 --i 1 2 --2 

1 --I 1 --I - - 2  2 

60 - -  30 30 45 45 
- - 4  2 - - 2  - - 3  - - 3  

12 - - 6  6 9 9 
- - 2 0  t0  - - 1 0  - - 1 5  - - 1 5  

6 6 --3 --3 
6 6 - - 3  - - 3  

- - 2  - - 2  1 1 
--2 --2 1 I 

3 3 - - 3  
- - 3  - - 3  3 
--I --I I 

1 1 ---I 

2 - - 4  - - 2  - - 3  - - 3  
2 - - 4  ---2 - - 3  -~3 

- - 2  4 2 3 3 

--I --I 1 

1 I --i 

- - 2  
--2 
- - 2  

2 

--2 5 --3 
--2 --3 5 
--2 1 1 

2 - - I  - - l  
- - I  1 

1 - - I  

16 50 54 40 20 16 - - 1 0  - - 2 0  - - 3 6  - - 4 0  
2 6 8 4 16 6 12 12 8 

- - 4  - - 1 4  - - 1 8  - - 1 6  - - 8  - - 1 6  - - 2  - - 4  4 
4 I0 6 --16 - - I0  --20 --24 --20 
4 2 6 --8 6 --4 4 

--4 --2 --6 8 --6 4 --4 
- - 2  2 - - 4  2 4 - - 4  

2 - - 2  4 - - 2  - - 4  4 
4 2 - - 2  2 - - 2  - - 4  4 2 
2 - - 2  - - 4  4 2 - - 2  2 - - 2  

2 2 - - 2  - - 2  2 
--2 --2 2 2 --2 --2 

6 6 - - 6  ~ 6  6 6 - - 6  
- - 2  - - 2  2 2 - - 2  - - 2  2 

1 - - I  1 2 --2 2 1 - - I  
- - I  1 - - I  - -2  2 - -2  - - I  1 

1 - - I  1 - - I  
- - I  1 - - I  1 

1 - - I  1 - - i  i 
- - I  I - - I  1 - - I  

2 --2 2 --2 --  2 --2 
2 --2 2 --2 --2 2 --2 

- - 2  2 - - 2  2 2 - - 2  2 
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is, b y  (4), an  expl ic i t  i s o m o r p h i s m  f r o m  8~1) t o  8(~): superf ices are  ~ t t ached  to  dist in- 

gu i sh  these  two groups .  I f  we n u m b e r  a class of 8(4 e) b y  t he  same  n u m b e r  as its image  

u n d e r  ~-1, t hen ,  in 8(4 2) classes ] ,  2, 3, 4, 5 h a v e  for  f ixed spaces  2, to, t h e  o the r  2 t 

in  ho, j ,  mo respec t ive ly .  O t h e r  i n f o r m a t i o n  m ~ y  be  in fe r red  f r o m  Table  3. 
A rep l ica  of t he  d iscuss ion  for  8(61) gives  the  classes and  cha rac t e r s  of $(2) A p a r t  

f r o m  t h e  l~belting of classes we  ob t a in  t he  same  tab les  as  for ~(~) This  is ev idence  O 6 , 

for  an  i somorph i sm.  I n  f~ct  we m ~ y  give  a s imple  p roof  t h a t  a Sylow 2-subgroup 

o] the cubic sur]aee group is isomorphic to a Sylow 2-subgroup o] Z s. For suppose 
t h a t  a is n o w  in  8 (1). t h a t  ¢z' ' =  (1, 0, 0~ 0) is t he  v e c t o r  • , , : (~o,~,~,~z~) ,  and  t h a t  m o 
of b o t h  mo ~bove.  T h e n  s imple  m a t r i x  ca lcu la t ions  show t h a t  

O: (a,  a)  -+  ( a  + (z¢2 + aa) n o ,  z (a ) )  

is an  i s o m o r p h i s m  f r o m  8(6 ~) to  8(62). 
This  resu l t  m a y  be  induced  f r o m  k n o w n  g roup - theo re t i c  resul ts .  O~ i) is a c o p y  

of S05(3) and  so (2, pp .  145, 146) its Sy low 2 - s u b g r o u p s  a re  ea, ch i somorph i c  to  t he  

W r e a t h  p r o d u c t  D s ~ Z2, where  Z 2 is cycl ic  of o rde r  2, and  so is a Sy low 2 - subgroup  

of Z s (16, pp.  81, 82). t I o w e v e r  th is  p roof  gives  no i n f o r m a t i o n  concern ing  t h e  

r e l a t ion  of t he  classes of 8(6 ~) to  t hose  of 8(62); our  0 g ives  an  expl ic i t  co r respondence .  

T~BLE 11. - The classes o/the isomorphic groups 8(6 ~), 8~ ~) o/order 2 ~ and o] the isomorphic S(~ ~)+, 8(2)+ 

Group as 8(8 i) 

Class in dL~ ) 

I 
I ]  
I ]  
I ?  
I j  
I j  
I I I  
I I I  m 
I I I p  
X l I I  
X I I I  m 
X I I I  m 

I I  
I I t  
I I t  
I I c  
I I c  
I I s  
XXIII 

X X l I I  [-- I] 

Class 

1 
1 ,t o 
1 ] i* 
1!  
1 Jo 
l j  
2 
2 m o 
2 p  
3*  
3 m o * 
3 #z * 

Size 

4 
4 
8 
8 
4 
4 

16 

Class 

I 

1 ho 
l j l *  
l h  
1 jo 
l j  
2 
2 m o 
2 p  
3*  
3m0* 

4 
4 t o 
4 t  
4 e 0 
4c  
4 s  
5 

Period 

1 1 
1 2 
4 2 
4 2 
2 2 
4 2 
4 2 

8 
8 

8 ' ~ 4 
16 

2 
4 

Group as 8~ 2) 

3 p *  

Class in ~ 

I 

I h  
Id 
I h  
Id 
I j  
i i i  
i i i  .~ 
I i i p  
i i t  
i i i  m 

5[--i] 

4 
4 
4 

16 8 

4 

4 to 
4t 

4 e o 
4s 

40 

5 
5[--i] 

IIlp 

I t  
I I t  
I I t  
I I e  
118 
I I e  
VI I  
VI I  [-- 1] 
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Table 11 gives the  classes of the isomorphic 8(~ ). Classes of 8~ z) arc labelled in 
an a, nalogous fashion to those of 8(6~): where 2 suffices are required 0 corresponds to 
an orbit of subspaces through t 0. The pairing of the classes of 8~ ~), 8~ 2) is tha t  in- 
duced by  0. 

We should perhaps point out tha t  8(s ~) and 8~ ~) are not isomorphic. Although 
we shatl not  pursue it here~ ~ discussion of these groups by  ore" present methods 
shows tha t  o s~(1)~ 8~ e) have respectively 2304, 3072 demen t s  with period 8. 

8. - The classes of ~(1) and ~1)+. 

8.1. - We must ,  since ~(81): ~'6~(~)(C(~)--6 ' discuss orbits under centralisers in if(6 ~). 
F rom a class of if(6 ~) we choose an clement and find the  orbits under its centralizer 
of the [r ~ 1] of the  fixed [r] in C. ~¥e use T~ble 4 and rever t  to the notat ion of § 5.4. 

The centraliser for class 16 is ff~) and this  acts t ransi t ively on the 15 m and 
15 non-kernel p in Jo. Fur ther ,  i t  acts t ransi t ively on the  6 ~ and 10 u in Jo, and so 
acts t ransi t ively on their  polar s and c through Po. Since {P0} interchanges the 
2 points off Jo on one of these s or c, ff~) acts transit ively on the m off J0 ~nd 
the  p off Jo. Reciprocating we find tha t  the orbits ]or 16 are Jo~ 15 J ,  15 F, all 
through P0; 12 J ,  20 F, not through Po. 

The kernel p of the fixed space J of ~ member of 1~2(po} is not  Po. There are in J 
and through Po, 7 ~p of which one is the intersection of Jo and J, 4u, 4 ~ (12, p. 634), 
and in J and not  through Po, 8 ~, 6 ~, 2 ), Consequently the centraliser must  h~ve 
at  least 7 orbits: we shall deduce later tha.t there are exactly 7. 

All other orbits m a y  be found by  the methods used for 0(6 ~). I t  is helpful to 
consider classes in their related pairs in ({Po})×X~, and, of course, we may  only 
use transvections with centres in Jo. Except  for classes whose fixed spaces are Po 
we list these orbits: those before the semi-colon are subspaces containing Po, and 
those after it are subspaces not containing P0. 

lo(po}: 15 ~; 10 ~, 6 ;~ 
142: 3e, 4j; 3]~ l h ,  4j  
1:2~: l f, l e ,  I h, 4 j ;  2],  2e, 4 j  
1~2~{po}: I t  ( through focus), 2 t; l g ,  2 t ( through focus), 1 t 
183: l j  (in Jo), 3h, 3j ;  2h,  6 j  
t33{p~}: 3 t ;  3c,  l s  
123, 1~4~24: l p ;  t p ,  l m  
123{po}: I t ,  lc~ l s ;  2t ,  2c 
1~4{po}: l t ,  2s ;  2t ,  2s  
24{po}: l t ,  2c;  2g,  2c  
32~6: l p ;  2m* 
15: l p ;  2p* 
23: l e ,  6f ;  2d*, 6]  
23(po} : 3 t; ~ g, 3 t. 
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T~BLE 13. -- The eonjugacy classes oj 3~ ~) o/order 92160 and of 3(s ~)+ o] order 46080. 

Even classes Odd classes 

Class 

16 
16do 
toJ~ 
l O J  
IO_F o 
l O F  
142 
14 2 e o 
1 ~ 2 Jo 
142 j  
142 f 
142 h 
122 ~ 
12 22 ]o 
l~2~f 
122 a e o 
12 2 ~ e 
1"22 ~ h o 
l~2~jo 
l~2~j  
lZ3 
lS3 jo  
18 3 j~ 
P 3 j  
133ho 
183h  
123 
123 Pc 
123 p 
123 m 
3 ~ 
3~po 
3Sm * 
lZ4 
l~4po  
l ~ 4 p  
l ~ 4 m  
24 
24 Pc 
24 ,p 
24 m 
15 
15pc 
1 5 p  * 
2 s 
2 s e o 
2~/o 
2~] 
28d * 
6 
6 Po 
6 m *  

Per iods ,  f ixed spaces 

S i z e _  Class in  ~(s  1) 

1 I 
1 I J  

15 I J  
12 I J  
15 I . F  
20 1 2~ 
60 I I I  

180 I I I  e 
240 I I I  
240 I I I j  
180 I I I  j 

6o I I I  h 
180 I I I  
180 I I I f  
360 I I I ]  
180 I I I  e 
360 I I I  e 
180 
720 
720 
160 
160 
480 
960 
480 
320 

1920 
1920 
1920 
1920 

640 
640 

1280 
1440 
1440 
1440 
1440 
1440 
1440 
1440 
1440 
2304 
2304 
4608 

60 
60 

360 
360 
120 

1920 
1920 
3840 

1° {po} 
16 {Po} ~o 
i° {Pc} 
16 {Pc} 2 
1, 2 {pc} 
14 2 {Pc} ~o 
14 2 {P0} ~1 
14 2 {Pc} 

142 {Po} ~ 
l a2  {Pc} 2"o 
142 {Pc} 2 
2~ {Pc} 
2s {Pc} to 
23 {Pc} t 
28 {ps} 
1~ 2~ {Ps} 

I I I  h 12 22 {Po} t~ 
! I I  j 13 22 {Po} to 
I I I  j 1222 {Po} t '  
IV 1~ 2 2 {Ps} t 
IV j 12 2~ {Pc} g 
IV d I s 3 {pc} 
I V  j 183 {Po} to 
I V  h I s 3 {Pc} c 
I V  h I s 3 {Po} s 
I X  123 {Ps} 
I X  19 123, {Po} to 
I X  p 123 {Po} t 
I X  m 123 {Pc} co 
X 123 {Pc} c 
X p  123 {Pc} so 
X m  124 {Po} 
X I  1 ~ 4 {Po} to 
X I p l  1"'4 {Po} t 
XIpa  1~4 {Pc} so 
X I  m 1 ~ 4 {Pc} s 
X I  3~ {po} 
X I  p~ 3~ {Pc} [- -  1] 
X I  P l  15 {Ps} 
X I m  15 {P0}[--1] 
X l I  6 {pc} 
X I I p  6 {po} [-- I] 
X I I p  24 {Po} 
XIII 24 {Po} to 
X I I I  e 24 {po}eo 
X I I I ]  24 {Pc} c 
X l I I ]  24 {po}g 
X I I I  d 
X X X I X  
X X X I X  p 
X X X I X  m 

Class S i ~  Class in  J ~  ) 

20 
12 
30 
30 

180 
240 
120 
180 
120 

60 
120 
360 
360 
120 
360 
360 
720 
720 
360 
360 
320 
960 
960 
320 
960 
960 

1920 
960 

1920 
960 
720 
720 

1440 
1440 
1440 
1280 
1280 
4608 
4608 
3840 
3840 

720 
720 

1440 
1440 
1440 

I I  
I I  
I I  
I I 2  
I I  
I I  t~ 
II~p 
I I  !P 
I I  
I I  :~ 
I I  2~ 
I I  2. 
V 
V t l  
Vt2 
V g  
V 
V t l  
Y t  2 
V t l  
Vt~ 
V g  
VI  
VI  t 
VI  e 
¥ I  s 
VI  
V I  t 
VI  t 
VI  c 
VI  c 
VI  s 
V I I  
V I I  t 
V I I  t 
V I I  s 
V I I  s 
X V I I  
X V l I  [ - -  1] 
x x  
x x  [--  1] 
X X I I  
X X I I  [ - -  1] 
X X I I I  
X X I I I  t 
X X I I I  e 
X X I I I  c 
X X I I I  g 

and  o the r  i n f o r m a t i o n  m a y  be  read  off f rom Tab le  7. 
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A star  indicates an orbit  which becomes two under  the  corresponding centraliser 
in ff~)+. Those for 3 ~, 6, 2 ~ are inferred f rom the  act ion of centralisers in 0(61)+ 
which is described in the  last  paragraph of § 6.2. The centraliser in ff~l)+ of an A 
in class 15 has order 5 and so is (A) .  Consequently we have  the  star.  

~ )  has 52 even and at least  48 odd classes. Since at least 4 classes split in ~ ) +  
the  excess of the  number  of even over odd classes is at  least 4 (1, Note E). 
Hence  ~ )  has 48 odd classes, and the  orbits for 1~2{po} are as stated. F u r t h e r  
the  only orbits t ha t  split under  ff~)+ are those s tarred above~ and they  correspond 
to the  classes of ~ )  which form two classes in ~(s ~)+. 

We give the  classes in Table 13. Ex c e p t  for suffices we label the classes b y  the 
principles used for JC~(s 1) (see § 6.1). In  analogy with 8 (1) su]Jices are only attached to 

classes associated with an orbit Of subspaces through P0; where two suffices are used 0 
corresponds to the  intersect ion of the  fixed space with Jo- Dashes are a t tached to 
122~{po}t~ and ]~2~{p~}t ' to indicate tha t  the  subspaccs of the  ~ssociated orbit  con- 
ruin the  focus of the  fixed space. 

8.2. - In  conclusion we may  remark  tha t  our techniques have been applied to 
give the  classes and characters  of other  groups, including ~(s ~) ~nd ~4{~(s 2)+. These, 
in turn ,  have been used in a geometr ical  s tudy  and classification of 0~ 2) and 0~ 2)+, 
which it  is hoped to present  soon. We m~y mention,  too, t ha t  at a recent  conference 
in Ganisville, and in a re la ted prepr in t ,  J.  S. FRAME and A. 1%LTDVALIS have  ~n- 
nounced some progress in the  problem of determining the  characters  of the  ortho- 

t on a l  and symplect ic  groups over GF(2). 
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