On the harmonic summability of Fourier series.

P. L. SHarMa and V. VeENU GoPAL Rao (Saugar, India)

Summary. - The authors have defined the product of two summability methods and have
applied it to Fourier series. The criterion are analogous to the known criterion Convergence
of Fourier series.

1. - Let {p,.} be a sequence of numbers such that

Pn=po+p1+---+pn, (P == 0).

[eo] n
A sgeries X U, with partial sums s,= X Uy is said to be summable by
g g

“NORLUND method {11}” defined by the sequence {p,] or simply summable
(N, p,), if £, tends to a limit as n--oc, where

(L1 b= (P B puisi.
If we choose

1.2) Pe=m+ 1
and consequently

(1.3 P, = /‘E [+ 1)y oologn

Foseg

the transform {, reduces fo

(L.4) (mgn)-—iéo (e + 1)~*Sp_s .

This method of summability, known as Harmonic summability, was intro-
duced by Riesz [14] in 1924. This method is regular [2]. It is also known [14]
that if a series is summable by harmonic means it is also summable, (C, 3),
& > 0. We obtain another method of summation viz., (H, 1) (C, 1) by super-
imposing the method (H, 1) on the CEsARO mean of order one.
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2.1 - Let f() be a periodic function with period 2=, and integrable in
the sense of LEBESGUE over (— m, wn). Let its FOURIER series be given by

(2.1.2) OEO (b, cosnt -+ b, sinnt) = OEE 4,4,
1

n==1
it being assumed, without any loss of generality that the constant term in

the FoURIER series of f(f) is zero.
We write

(fle+ 6+ fle—1§—2s}.

DI =

P(f) =

2.2 - In 1932 HarpY and LiTTLEWOOD gave the following convergence
criteria for a FOURIER series at a point.

THEOREM A [3]. - If

(2.2.1) o(t) = o0 B , ag {—0
lOg 2‘

and

(2.2.2) Aty = Om—") 0 <3<1)

a8 n~-oo, then the FOURIER series of f{f), at { = », converges o f(x).
Further LEBESGUE proved the following convergence criteria for a Fou-
RIER series at a point.

TrrorEM B [10]. - If

H
2.2.3) [ | w()dt = oft
and
3
T
A e e ()
(2.2.4) /l ( Wt) ]dt = o(1)

ag n—oo then the FouRrIEr series of f(x) at { = x converges to f(x).
Gergen has proved.
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TaeorEM C [1]. - If of) satisfies

t

(2.2.5) f e(hdt = o(t)
and
8’5
e(t+F) =0
2.2.6) 4 t dt = o(1)

kT

n

then the FOURIER series is convergent.

Generalising theorem C. SUNovucHI and Izumi respectively proved the

following convergence .criteria for a FOURIER series at a point.

THEOREM D [18]. If o(f) satisfies

i
@2.2.7) j o)t = o(t2)
and
8

(2.2.8) f l ? (t ” ’E't) —¥0 ‘dt = o(1)
()

then the FOURIER series is convergent.

TrroreM E [9]. If

(2.2.9) eat) = o(t)
and
&
2.2.10) j Lol + x; — ¥ 1 g — o1

(%

as p—oo then the FoURIER series of f({) at { = x, converges to f(x).
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2.3 - The happlication of armonic sammation fo FOURIER series has
been discussed by JumiNeius and HiLLeE and TAMARKIN [B]. Results of
JuriNGIUS are unpublished. He has proved that the FoURIER series is not
summable by harmonie means almost everywhere.

The main inferest of the harmonic method of summation lies in the
TAUBERIAN theorem associated with it. IYENGAR [6] proved that if an infinite
series X a, is summable by harmonic means to the sum § and if Za,=
= On—?), 0 <& <1, then it converges to the same sum. Using this TAU-
BERIAN resulf it is easy to see that condition (2.2.1) of Theorem A is suf-
ficient to ensure the harmonic summability of Fourier series. This was
proved by IYENGAR [7] himself. Further SippIqui [19] replaced condition
(2.2.1) by- a less stringent condition,

¢

14
@2.3.1) f | o(t) | dt = o log %)

o

Hirre and TAMARKIN [3] have proved a theorem for harmonic summabi-
lity of FOURIER series which is analogous to Theorem B. Condition (2.2.3)
was further relaxed by a weaker condition.

t

2.3.2) / o)t = o(f)

0

for the harmonic summability of FOURIER series by VARsSHNEY [21]. Now
analogous to theorem D and Theorem E for harmonic summability are also
expected. This was infact proved by SamNeY [15].

Theorem of SipDIQUI was further generalized for NORLUND summability
by Rasacorawn [13]. Also both the results of S1pp1QUI and HILLE and TAMAR-
KIN were extended by SHARMA [16], [17] for double FoURIER series.

Izumr [8] has generalized theorem B for (C, 1) summability of FOURIER
series. In fact be proved that

TreoreM K. - If

¢
(2.3.3) / p(u)du = o(f)

0
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and

n

(2.3.4) [ i i (t - g> — { dt = O(n)

t2

T
n

then the FOURIER series is summable (C, 1) to the sums. Now it is easy to

see that theorems of HiLLeE and TAMARKIN and SABNEY for the harmonic

summability of FOURIER series can be generalized analogous to theorem F.
The object this paper is to prove the following theorems:

TuEoREM 1. - If
i

(2.8.5) f o(w)du = o(t2) A=1)
and
n
n
o(t+n)—e]
(2.3.6) 5 log y dt = o(n log n)

(-
23 UN
then the FOURIER series is summable (H, 1) (C, 1) to sum zero at the point

i:g for all A=1 and k is some positive integer tending to infinity

sufficiently slowly.

TaeoreM 2. - If

2.3.7) pe(t) = o(t)
and
)
T
o(t+2)—w0]
(2.3.8) lim 7 log 3 dt = o(n log n)
kpn—co

P
G)*
then the FOURIER series is summable (H, 1) (C, 1) to sum zero at the poin

tz;; for all 0SB <1, v/ =A =1, where g4(f) is the B* integral of o(f).



208 P. L. SHARMA - V. VENU GoPAL RA0: On the harmonic summability, etc.

8.1 - We require the following lemmas

Lauwma 1. [20], - For all values of % and {, we have

. " gin ki

(3.1.1) Z = o).
Lemua 2. [4] -

. % coskl 1

(3.1.9) 3 ._0@%3)

Leuma 3. - For 0 < :‘,Sg, we have

2 gin*tn — k& — 1)¢

(3.1.3) S —FDEE)E = O(n log n).
LeMmA 4. - For 0 < << Z—, we have
d/ » sin®tn — k — 1)¢ nlog n
— X o= = .
@14 dt(m n—k— 1)k + w) 0( i )
Proor.
- 1 {@_§in2(n~k*1)t
“mwk_nm+1&d £ ﬂ
—s 1 { Fin—k—1). 2sin(n—k—1)t cos(n—Ek—1){—sin*(n—k —1)4. 2¢
T m—k—1)k4-1) i

_3 1 %O(n—-— E— 1y — O(n~k—1)2t‘°’§
T T w—kE—DESFD t*

! {ZO(nmk—l)mO(ez—-k——l)}
Tt &+1) &+ 1)

= % [O(nlog n) — O(nlog n)]

)
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LeMMmA b, ~ Tor %Stﬁn, we have

n sin*n—k—1t _ (mlogn
(3.1.5) k_._o(n—k—l)(k—l-l)tz_o( £ )

Proor. - Sinee [sin(n —k —1)¢{| <1 we have

- 3 1
T e —k—1)(E + D

1z 1 1 1
%(n—k—-l)'*'(k-;-l) “n

£ k—z——-o
l
g — +logn

— 0 (n— iog n)_

4.1 - We shall now prove theorem 1.

PRrOOF. ~ Since the case A — 1 is due fo Rar [12] we shall consider here

the case A > 1 only.
The CesARO mean of the first order of FOURIER series of f(f) is given by

. 1 sin®(n + 1)¢
=gt D) 0 gz
_ 1 s1n2(n + 1)t
=g@rn) W0 E

On account of the regularity of Harmonic summation, we need only
prove that,

1 K gin¥ k - 1)#
log n k?o (B4 1). 27:{3@ 1)_[ #(0)

=o(l) as m——oo.

Annali di Matematica 27
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We have

%

1 » o gin*n —k — 1)}t
T b
T 2n logn[ w() ko (B —FE —1) (k+1)t2dt

0

B ey
1 : » sin’(n—k — )t
—_27r10g'n§/ +[ +j . %m(t)kio(nwk—l)(k—i—l)tzdt
©G) G)A

(4¢1.1) = Il + Iz + 13, Sa;y.

Now for 0 < tii_%
1 no gin®(w— k- 1)1
2nlogn oo B —Ek — 1)k 4 1)

= O(mn) by virtue of Lemma 3.

_ 1 v gin®(n —k — 1)f
L= O(] U 2nlogn kio n—k-—1)FE -4+ D dt)

kx
= O(n j cp(t)dt)
= 0% %'o(gf
(4.1.2) - =o(l) as n—oo.
1
(G2
1 o sin®(n—k — 1)t
L= 2nlognk @) ki, m—k—1E4 L at

K
n

1
Emya

1 e 51— cos3(n—k— 1)t
2n10gnj £ ogmy M—E—1EF1D

)

dt
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1

| G ) 1
_ ¢l)
" 2rnlog n([_ [ ;cio m—k—0E+ 1D dt

FrYa
o /" Wb § oos2m—k— 1t
2rlogn P g B—k—1)4+1)
kn

*w

= I ; — I, say.

=

()=
1 o) & 1
Now IL.= 2nlog n [ T ;ch m—k—1)Ek-+41) at
%)

1 (* ® 1 1 1
I ?l) 3 _ .o
-znlogn,k[ R T (3 1 R

)
km\Z
)
= n.2n lognjk & log ndt
G)

1 (= 0
_ P
= 0(7-7) Z Lo at

()

nteo GF o

= ol . +2] P
kr i
Kk L (7)A

(1 (] ot4) = o(tA)
=) || h:ﬁ) 2] P
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kmr "N
_ o) G )A ~ (r )
w el +Hele
_o(1) {(km\a=2  (km\A—2
-2y~
:‘;0(1)
iy
. 1 H o) 8 cos2(n—k— 1)t
On the other hand I, = Srlogn / e kio (n—-k———l)(k—l—-‘l)dt .
k
( Z 1 2( E— 1Dyt 2 E— Dt
” cos 2(n —k — cos 2(m —k —
27r10g [ t* % m—k—1) + &+ 1) at

=L, + Lisa, gay .

Considering I,,:, we have
1
(=
»

1 f o8 ,’;, cos2(n—k_1)tdt

Iz.z.1 -

nlogn nf? =, 2m—Fk— 1)
km
PRI
1 H”ﬁ)A (¢ 1
- () 1
m log n nt* 0(Iog t)dt
kr\»
"
(’ﬂ N
AW
—oft ®
=0 (n) ] 2 at
km

oyl e

= O(l) .
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Again

dt

1 [ (8 g cos2 (m—k— )¢
ni* k_o 2(k+ 1)

k.—
”

/( @(t)

" cos 2nlcos 2 (k + 1)¢

T r log n k_o 2(k+ 1)
» gin2nt sin 2¢& 4 )]
pX
Tl T wmry @
= dJy -} Ja, say.
With the help of Lemma 2, we have
1
’C_”)K
1 e " 0082 (k + 1)t
Jizfclognj i (3():s2ntk§O 2(k+ﬁ1—)—dt
kn
(%)
o WE 1
— P()
= iTogw Wi ——=-cos 2 nt- 0(10g )dt
kn

L @(2)00521“ dt
it ¢
IE
. 1 (kﬂ%
£ Ed
1-{ 20, con2nt ) +2 [ 20
nil & rr t
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o
+[ -q;g)-fmsinzmdt
=)

k_w)i‘
+[ 0 (%) cos 2 nt di
(s
+ [ 0

(

kr
L]

{a
(—tg) 2 nsin2ntdl

N
= o(l) + o(;z) 3 /tA—S at + n=th—2 dt%
() ()
=0o(l) as n--oco.
Similarly J, = o(1).

(4.1.3) Therefore I, = o(1).

Finally

T ” g g
1 f @(t) sin*(n— £k l)tdt

2rlogn B oo —E—1) (k1)
(W)

ks

1 Tt & 1—-0052(%~——k-——1)tdt
w2n10gn] 2 oo m—k—1) (k1)
1
=)
_‘L] RiUNS: ! dt —
T 2nlogn o m—k—1E+1
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1 fn o) 2 cos2(n—k—1)t¢

~wlogm ?ki()?(n—k—l)(k—i—l)dt

(3

1 f p(l) 3 cos 2(n—k-—1)1

= ()“E@—n ?‘kf_.oz(n—k_l)(k-{-z)dt
1
=)
= L, — L,, say
7 1 jﬂ ®) 5_:'} cos2(n-—k—1t  cos2(m—k— 1} ai
T nlogn £ gmon| 2m—Fk—1) 2k 4 1)

= Ly, + Lz.z; say.

e

1 j $(f) & cos2(n —k—1)¢

2 dm—h—1) “

L, =~
7 unlogn

_ 1 0] 1
_—n-ﬂ:lognj £ 'O(IOgE)dt
1

[

— 0(1) f o) g
()

= 6(1).
Again
1 f _CE_@X {eos2nt0032(k+1)t
£ o

Las 2(k+ 1)

’ :n-nlogn_

(<
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_ sin2nfsin2(k 4 1)

9%k + 1) dt

== Loy — Lggs, say.

With the help of Lemma 2 we have

_ 1 [ e 1
Lg.z_l = ;@‘:’}: Iog“'):z,f ”gz— Co8 2 ni log} dt

[z

| i (t - %)
——— 7 008 2 nt log

=

b

_ 1 #(?) 1

—2nnlognf ?—COSZ‘MtIOg—tdt
R

ZF

Tt
ar)
—_ 1 / ML/ cos 2 nt Iog% dt

= wf %f} cos 2 nt Iog% dt

2n (t 7
-3
L / .,_._2% cos 2 nf log o dt
T PR
) (=3 =)
kit
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T

?lf—5,
*’fm@l@;] (pi?“"(‘f“_"gj“

G

ki

R )
/<>

kn

=P, + P+ 3+ P,, say.

1

217

)
27: cos 2 ni log% dt

2n

cos 2 nt log—t — log

| (-5

(e
P, = mllog " / ‘Og) cos 2 nt log L dit
(2
(5)5+m
= 1 ?i(-l cos 2 nt di

1
En\L . 7
[ Y
(‘n) T

(—1}3@ cos 2 nt dt

(I)t(f>2 n Sin 2 nt dt

. 1
GE)e+5

= o(1) -+ o(:@) U 1= i 4 nzftA~2 dt %

BF P

= o(l) ag n—oo.

Annali di Matematica
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Similarly P, = o(1).

Now
43___1__... v 2”; cos2nt)log}_10g_m_1__)dt
2n nlogn (t—it_ 7 (t—£>
2%) { 5 S

(s
3 n
ot — =
1 ( 2n> x
_.W/ -(;*_—E_Tcos?ntlog(l‘ﬁ;;t)dt
1 2n
(FFes

%/ cos 2 ntlog(l ._57%»

=2Tcnlogn t——iz .
L5 ()5
: Ty 2nsin2nt n
(2%
.k .
(F)+4
’ 2 nt
) cos2n -
ot
(¢~
P
(F i
; n) cos2nl =
+ @(i-é—n-)(———wt_f.m,dt
2%)
1
(55 +a
1 4 9 .
i T: A n
T 2n
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2n
ez
m_(f a=s
=0(1)+§E7%@U (t—gﬁ) dt
(o2
+}@ (t—%&)A—std
(S)+5

=o(1)

Next

km\x , =«
(S)+a
17
1 o= (t—g) .
= wTogn 7 cos2ntlog2 at
1
(e

cos 2 ni log—i dt

1 7 T 2n
+2wn210gn‘/¢<t_2n> 2( 11:)2
Bl —5—

2n

1
km\Z
”

L]

=Pa.1+ Py,, say.

With the help of the second mean value theovem, hypothesis (2.3.5) and
integration by parts

P3_2 P 0(1) .
Further using hypothesis (2.3.6) it is easy to see

Pg.]_ =0 (1.).
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1 f o) 3 sin2ntsin 2k 1)t

Loas =7 nlog n A 2k -+ 1) at
i
5
_ lelog . J A sin 2t 0 (1)t
()
=1 f %0 Gin 2 it dt
wnlog n ¢
1
F
=o0(l) asin J;.
(41.4) Thus I, = o(1).

Collection of (4.1.1), (4.1.2), (4.1.3) and (4.1.4) completes the proof of
the theorem,

(6.1) - To prove Theorem 2 by virtue of Theorem 1, we shall consider
the following two cases separately

Case 1 0<p<1 and A=1
Case I 0=spg=1 and A>1.

PRrRoOOF OF 0ASE I. - By virtue of Theorem 1, il is sufficient to show
here that if (2.3.7) holds, then

{6.1.1) L=o0() as P> DO
Since
kn
S i » sin®(n—k— 1)t
Il_2nlognf cp(t)kio(n———l::-—l)(ls—l—1)t‘2dt

0
kr

s osin*(n—k—1)¢ 17
H Uy ey Y e mZL

_ 1
T 2nlogn

kr
" (s sin®(m—Fk—1)¢
_f ‘I’“}&é(ﬁo(n—k—1><k+1>t?)d‘
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6.1.2) =1I,— 1. say.

Also by (2.3.7) we have

(6.1.3) O = o () = o)
(5.1.4) Hence I, = o(l), as n—ooc by Lemma 3.
Also
’ﬂ
1 dy sint(—F — 1)t
ve = 27:10gnf (D(t)?ﬂ(z m—k—1)&+ l)tzdt
1]

kn

3
1 f d(z",‘ gin®(n —k — 1)¢ > fqog(u)(tnn)‘ﬁdu

T onlogn) A\ —k—1F+ )P
0
ke kr
n n

1 af s sin®m—kE—1)1 \
= e — -8
21r10gnf%(u)duf(i " dt(;EO m—k—DGF e

¢ o

by changing the order of integration

“+~ k'::
1 r sin*(m—k—1)¢
2n10gnf J f%t"“ dt(kio(n—lc——l)(k+1)t2>dt

1
or u+H

1 LA sintn—k— 1)t
”‘é}‘&lognf ‘PB(“)d“U“_“) dt(ﬁo(n-—k-—l)(k—]—l)t“‘)dt

[

ka

~ 2 sin*(m —k — 1)¢
+f =0l 3 g = )]
u+—

“w

kr L1
” "n

1 nlog n
...B
T 2nlogn j. o) A f(t " 0( ) a

£

d(» sii*tm—Ek—1)¢
+"Bf e L

u+-’;~'
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by Lemma (4), where u - ;@ <k <L %«t

(5.1.5)

kr

" £ 1"
=Wf pa(u)du “(t-—-—u)l‘ﬁ-;‘]“ +O(nlog n)
kn

o osin®n—k—1)¢ 1%
+”B[ki n—k—1)k+ 1}#]0 f

1
m '0(” log n)

+ 1t O(n log n)} by 2.3.7) & (3.1.3)

kr kr
”

= o(nf) f w=tdy - o(nkty) f udu

[} 0

%14 {CE
= o(wf)[w]; + o(nfts) [wti] ”

::0(1),

as n—oo such that okt is o(1).
From (5.1.2), (6.1.3), (6.1.4) and (5.1.5) we see that (5.1.1) holds true and
this completes the proof of case I.

Proor oF CASE II. - By virtue of Theorem 1 it is sufficient to show

here that

(5.1.6)

L+ 1, =o0() as P00
for 0<ixt and A>1.

Since by virtue of (2.3.7)

(6.1.7)

@ (f) = O(p—2+y)

‘We have similarly as in case I

(5.1.8)

I =0() as 0 —00
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Next

_“
" " sin®(n — k — 1)¢ il
,0(%—k—1)(k+1)tz

~on Iog [
kn '}‘
1 n="logn (‘»‘)A
= getaga| "0 ")

k)
1 i d sin®*(n —k — 1)
fQU”@m—k—nw+nAm

2nlogn t dt
ke
krn i‘
et 1 — —3 -ﬂ—)
~ 2mlog ‘n[ (#2490 (n~" log ”)}’ﬁf_
”
1
o |
d(a sin*n—k—1)t
di — )8
<k§o n—k—1)(k -+ 1)t2) at f Dg(u) (f — u)~Bdu
4]

1
‘2nmgﬁj dt
kw

(k:}l s 4 (% sin®(n — &k — 1)¢
(2 =t 0w

1
z )fcpgu)duj(t——-u at

+)

(i)

m—
&
]

k k =
& T
\ LAy sin*(n—k—1)t
+0@wJ megy‘wsmhm*k—nw+bgm

by changing the order of integration
= 0(1) + Ly + L, say.

(5.1.9)
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Here
1
kN 1 ki i
(=) &)
T W
. a sin*(n — &k — 1)t
— -tz
6 —u " (Z w—Fk—1)(k+ 1)t2)dt
(6.1.10) =La+ L. say.
G
1 1
Lpy = O(M) f wo(w)du f (t — u)—B-O(n "tg ”) at by (3.1.4)
(S 1
=] Om)f :{%@[(t_ u)l—B} ﬂdu, by mean value theorem
ke “
(e
= 0 f .‘L%L”) du by (2.3.7)
kn
(S
= o(nﬁ)[u" }Im
1
== O(W) + 0 (kv)
G.L11) =)

as n—oco and k is defined such that o(k) is o(1) by (6.1.5).
Also

[ 1
1 5 sinfe—k—1)¢ ()2
log n) "B“’B(“)d“l Em—h DGt ]( )

(l‘,ﬂ) il

L4

Iz.1.2 - 0(
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()5

ol s

kn

(5 [
= 0wt f o (w)du 4 O(nf)
:8:4

3 %

y (2.3.7) and the fact that;—é—% < 1, since u > 1

kr

kw kn
- il

(5.1.12) = o(l)

a8 n--oc, and k is defined such that o(kﬁ’*gg—‘) is 0(1) as m—oco by (5.1.5)

We have from (5.1.10), (5.1.11) and (5.1.12)

5.1.13) Li,=o0() as n--cc
Similarly we can show that
(5.1‘14) 12_2 — 0(1) as n—oo,

Hence from (5.1.9), (5.1.13) and (5.1.14), it follows that

(5.1.15)

I =o0(l) as mn—oo.

This completes the proof of case II

Annali di Matematicn

kn\y
= o(nB'**”“ [w%-l} - nB—l)[uH—z]( )

kr
“

1
°——
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I

Bl=
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