
O n  t h e  h a r m o n i c  s u m m a b i l i t y  o f  F o u r i e r  s e r i e s .  

P. L. SHAR~IA and V. VE~U GOPAL RAO (Saugar, India) 

Summary. - The authors have defined the product of two summability methods and have 
applied it to Fourier series. The criterion are analogous to the known criterion Convergence 
of Fourier series. 

1. - Let  {p,} be a sequence of numbers  such that 

P,, = Po + P~ + ... + P,,, (P. :t: 0). 

A series ~ U. with partial  sums s . -=  ~ Uk is said to be summable  by 
o 0 

"NORLU~D method [111" defined by the sequence {P~I or simply summable 
(N, Pn), if ta tends to a limit as n ~ c ~ ,  where 

(1.1) t,, - -  (p,,)_l ~ p,--kSk. 
k ~ o  

If we choose 

(1.2) p ,  - -  (n -Jr- 1) -1 

and consequent ly  

14 

(1.3) P,, - -  E [(k + 1) -1] ~ logn 

the transform t,, reduces to 

~4 

(t.4) (logn) -1 ~ (k -}- 1)-'Sn_~:. 
k = o  

This method of summabil i ty ,  known as Harmonic  summabili ty,  was intro- 
duced by RIESZ [14] in 1924. This method is regular  [2]. It  is also known [14] 
that if a series is summable by harmonic  means  it is also summable,  (C, ~), 

> 0. We obtain another  method of summation viz., (H, 1) (C, 1) by super- 
imposing the method (H, 1) on the C]~SAl~O mean of order  one. 
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2.1 - Let f(t) be a periodic function with period 2re, and integrable in 
the sense of LEBESGUE over ( - -% n). Let its FOURIER series be given by 

GO CO 

(2.1.2) Z (an eosnt-4-b~ s i n n t ) =  N A.(t), 

it being assumed, without any loss of generali ty 
the FouI~IER series of f(t) is zero. 

We write 

that the constant term in 

1 
~(t) = ~{  f i x  + t) -r- f i ~  - -  t) - -  2s  }. 

2.2 - In 1932 HARDY 
cri teria for a FOUYaIER series at a point. 

TtIEORV2~i A [3]. - If 

(2.2.1) 

and 

and LI~LEWOOD gave the following convergence 

o(ii) ¢~(l) = 1 ' 
log 

as t ~ 0  

(2.2.2) A,,(t) -- 0(n -~) (0 < ~ < 1) 

as n ~ o o ,  then the FOUI~IER series of f(t), at t -  x,  converges to fix). 
Fur ther  LEBESGUE proved the following convergence criteria for a FOU- 

RIER series at a point. 

i2.2.3) 

and 

T~EO]~E)~ B [10].-  If 

t 

f l ~(t)ldt = o(t) 
o 

T[ 

n 

--o(i)  

as n ~ c ~  then the FOURIER series of f(x) at t-----x converges to f(x). 
Gergen has proved. 
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TKEOREM C [1]. - I f  ~(t) sa t is f ies  

( 2 . 2 . 5 )  

and 

t 

f r(t)dt = o(t) 
0 

~o t + n - -  ~(t)  
(2.2.6) t at - -  o(l) 

J 
kTz 

then the FOURIER ser ies  is convergent .  
Genera l i s ing  theorem C. Suszovc~[I and IZUMI respec t ive ly  

fo l lowing conve rgence  c r i t e r i a  for a FOURIER ser ies  at a point .  

TEEORE~t D [18]. If  cp(t) sa t i s f ies  

p roved  

(2.2.7) 

and 

(2.2.8) 

t 

0 

flu(t÷-:) 
1 

=o(1) 

then the FOURIER ser ies  is convergen t .  

THEOREM E [9]. I f  

(2.2.9) opt(t) = o(t ~) 

and  

(2.2.10) j I ~(t + x)t - -  ~(t) l d t __ o(1) 

1 

as n--cx~ then the ])~OUmER ser ies  of f(t) at t =-~ ,  converges  to f(~c). 

the 



206 P.L.  SHARMA - V. VENU GOPAL RAO: Or~ the harmonic summability, etc, 

2 . 8 -  The happlication of armonic summation to FOURIER series has 
been discussed by Jum~(~IUS and  HILLE and TA~IAI~KI~ [5]. Results of 
JURIN~I[rS are unpublished.  He has proved that the FouI+,IER series is not 
summable by harmonic  means almost everywhere.  

The main interest  of the harmonic  method of summation lies in the 
TAUBERIA~ theorem associated with it. IYEN@AI~ [6] proved that if an infinite 
series Ea,~ is summable by harmonic means to the sum S and if ~ a ,  = 
= O(n-~'), 0 ~ ~ < 1, then it converges to the same sum. Using this T~U- 
BERIAN result  it is easy to see that condition (2.2.1) of Theorem A is suf- 
ficient to ensure the harmonic summabil i ty of ~OURIER series. This was 
proved by IYENGAR [7] himself. Fur the r  S I D D I Q U I  [19] replaced condition 
(2.2.I) b y  a less str ingent condition, 

(2.3.1) 

t 

I ~°(t) I d t  - -  o l o g  

o 

HILLE and TAMARKI~ [5] have proved a theorem for harmonic summabi- 
lity of FOURIER series which is analogous to Theorem B. Condition (2.2.3) 
was fur ther  relaxed by a weaker  condition. 

t 

(2.3.2) fcp(t)dt = o(t) 
o 

for the harmonic summabil i ty of FouRIEn series by VARS~I, TEY [21]. NOW 
analogous to theorem D and Theorem E for harmonic  summabit i ty are also 
expected. This was infact proved by SA~:~]~¥ [15]. 

Theorem of S I D D I Q U I  w a s  fur ther  generalized for NORLVND summabili ty 
by RA.IAGOPAL [13]. Also both the results of SIDDIQUI and HILLE and TA)IA~- 
KIN were extended by S~Aa~A [16], [17] for double FOURI]~n series. 

IzUMI [8] has generai ized theorem B for (C, i) summabil i ty of FOURI]~R 
series. In  fact he proved that 

THEOREM F . -  If 

(2.3.3) 

t 

] '~(u)du 
o 

= o(t) 
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and 
7T 

(2.3.4) .~ t~ d t  - -  O(n) 

7~ ..o 
?4 

then the FOURIER series is summable (C, 1) to the sums. Now it is easy to 
see that theorems of HILLE and TAMARKIN and SAttNEY for the harmonic 
summabil i ty of FOURIER series can be generalized analogous to theorem F. 

The object this paper is to prove the following theorems:  

TI=IEORE~ 1. - If  
t 

(2.3.5) I¢?(u)du  --  o(t A) (5 ~ 1) 
. J  

0 

and 

(2.3.6) t~ log ~ dt -~ o(n log n) 

1 

then the FOURIER series is summable (H, 1) (C, 1) to sum zero at the point 
r: 

t - - -  for all 5~_~ 1 and k is some positive integer tending to infini ty 
n 

sufficiently slowly. 

THEOBE~f 2. - If 

(2.3.7) ?~(t) - -  o(t ~) 

and 

,n 

(2.3.8) lim t~ log ~ dt  - -  o(n log n) 
k ~ n  ~ rx) 

1 

then the FOURIER series is summable (H, 1) (C, 1) to sum zero at the point 

t - - -  for all 0_<~<_1 ,  v / ~ - - h ~ l ,  where ~(t)  is the ~th integral  of ~(t). 
n 
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8.! - We require the following lemmas 

L ~ A  1. [20], - For all values of n and t, we have 

(3.1.1) ~ sin kt 
k=o k -- 0(1). 

LEI~A 2. [4] - 

(3.1.2) 
~=o k 

7~ 

LEMMA 3. - For 0 < t ~ n '  we have 

(3.1.3) 
sin=(n - -  k - -  1) t 

~=o (n - -  k 1) (k + 1) t 2 = O(n log n). 

LEMmA 4. - For 0 <  t <  ~ __ - ,  we have 
n 

(3.1.4) dt(k=o (n sin'(n---- ~!-----1) t - -  k -  1)(k + 1)t 2]1 O( n l tg  n) 

PROOF. 

( n - - k - - 1 ) ( k + l  dt\ t ~ 

"-Y' ( n -  k--l)(k+l 1) It~(n--k--1)'2sin(n--k--1)tc°s(n--k--1)t--sin2(n--k--1)t'2tlp 

1 I O ( n - - k - - 1 ) ~ t  8 -  O(n--k--1)2t8 I 
= E ( n "  k - -  1)(k + 1) t ~ 

11 O(n--k--1)  O(n--  k - -  1)] 
- -~  E ( k + l )  - -  ( k + l )  

_ _ 1 [O(nlogn) -- O(nlogn)] t 

= 
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LEMMA 5. - For  1_ <_ t<_ T:, we have 
n 

(3.1.5) 

P R O O F . -  S ince  I s i n ( n - - k - - 1 ) t I - < ~ l  we have  

__ ~, 1 
k=o (n - -  k - -  1) (k --{- 1)P 

1 ~ {  1 I 1 1 
- ' ~ k = o  ( n - - k - - l )  - ] - ( k + l )  " 

i 
~ n ~  " l o g n  

4.1 - W e  shal l  now prove  theorem 1. 

PROOF. - S ince  the case  h :---1 is due  to RA~ [12] we shal l  cons ide r  here  
the  case  h > 1 on ly .  

The  CESARO m e a n  o[ the  f i rs t  o rder  of F o v R I E n  ser ies  of f(t) is g iven by  

-ff l j 
~ - - 2 u ( n ~ l )  ¢~(t) 

0 

sin ' (n -}- 1)t dt 
sin z t/2 

7~ 

1 j"  sin2(n -{- 1)/ 
= 2r~(n + 1) ¢~(t). t' dt + o(1). 

O 

On accoun t  of the r egu la r i ty  of H a r m o n i c  summat ion ,  we need  only  
p rove  tha t ,  

7~ 

1 ~, 1 f 
log n k=o (k --{- 1). 2z:(n - -  k - -  1) ~(t) 

0 

sin~(n - -  k - -  1)t 
t 2 

dt 

= 0 ( I )  as n - - ~ .  

Annaii di Matematica 27 
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We have  
~t 

i " sin~(n ~ k - -  1)t 1 ~(t) .v 
- -  2~ l o g n  k=o ( n - - k - -  1) (k-t- 1)t ~dt 

0 

1 

n 

=2=11°=-1 f +i +J 
o 

I ¢~(t) ~ s i n ~ ( n -  k - -  1)tt2 dt 
~=o ( n - - k - -  1) (k + 1) 

(4.1.1) = I, q- I2 + l~, say. 

~iow for 0 ( t ~"--'" 
~ t  

(4. t.2) 

1 ~ sin ~ (n - -  k - -  1) t 
2~:logn ~=o ( n - -  k - -  1)(k --~ 1)t 2 = O(n) by v i r tue  of L e m m a  3. 

k ~  

o(/ 
0 

~(t)  • 
1 ~, sin2(n - -  k - -  1)t ) 

27: log n k=o ( n - -  k - -  1) (k + 1)t 2 dt 

k77 

0 

--  0 1 [kT: ,~ _ 

= o ( 1 )  as n ~ .  

1 2 

1 

1 f sin 2 ( n ~ k - 1 )  t d 
27: log n ~(t) ~ (n-~ V - - i ) ~  Y+- 1) e t 

k ~  

~t 

1 

- ~ l o g n j  9, 
k ~ O  

1 - -  cos 2 ( n - -  k - -  1) td t  
( n - - k - -  1) (k ~ 1) 
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:Now 

1 (~;)z 

- -  2 =  l o g  n .  e = o  ( n  - -  k - -  1)  (k  + 

(~) 
1 

2 r c l o g n  t 2 k = o ( n - - k - - 1 ) ( k +  
k n  

"- h.1 --  I~.~, s a y .  

1 

(?F 
I2a 1 f ~(t) ~, 1 

- -  2 ~ l o g n .  t 2 k=o (n - -  k - -  t)  (k -i t- 1) 
.dt 

1 (?)~ 

- -  2 ~ : l o g n  
(~;) 

1 

k n ) '  

= 0 t 2 d t  

(?) 
I 1_ (?)~ 

(1)l[O"t)](~)A / 
= O -n ~ - l k ,  ' + 2  

n k ~  

n 

1 1 } 1 dt 
(n - -  k - -  1) "{- (-k--{- 1) " n 

1 (~;)~ 
1 j ~(t) 

- -  n , 2 ~ : l o g n  t~ log  ndt 
(~) 

1 

- t~ j ( ? )  + 2 f o(t~) t~ dt 1 
(?) 

°t ~t) dt I 
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On 

1 1 

(k- V 

= o(1).  
-t 

1 [ ~(t) 
the  o ther  h a n d  I~.~ - -  2 7 : l o g n  t ~ 

kr~ 

n 

1 

1 f ~(t) 
- -  2 ~ l o g n  t ~ 

# 

- -  ?2 e ° s 2 ( n - - k - - 1 ) t d t  
k=o (n - -  k - - 1 ) ( k  ~' l )  

_ _  ~ 1 l c o s 2 ( n - - k - - 1 ) t . _ ~ c o s 2 ( n - - k - - 1 ) t  1 
k=o n (re - -  k - -  1) (k + 1) dt 

- -  h.2.1 ~- h.2.~, s a y .  

C o n s i d e r i n g  12.2.1, we  h a v e  
1 

~ cos  2 (n - -  k - -  I)t  12 .2 .1 -  1 ~(t) 
l o g n  nt ~ k=o 2 ( n - - k - - l )  dt 

7c~  

n 

1 

1 /  
I: log  n nF 

1 

k ~  
m 

n 

n kr~ 

- -  0(1). 

1 

O(t)~ dt I 
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Again 
1 

l o g  n n t  ~ k=o 
cos 2 (n - -  k - -  1)t dt 

2(k -I- 1) 

1 

u log n .  nt ~ 
k n  

= J1 + ,1,, say.  

~. c o s 2 n t c o s 2  (k + l ) t  
k=o 2(k q- 1) 

q_ ~ s i n 2 n t  sin 2 (k -{-1) t l  
k=o 2(k H- 1) dt 

With  the help of L e m m a  2, we have 

1 

1 I~)  ~(t) cos 2 (k 1)t 
,/1 7: l o g ~  nt-- T cos 2 nt  ~ + dt - -  k=o 2 ( k  + 1) 

1 

--  u log n nt-- T cos 2 nt .  0 log dt 
kr~  

n 

1 

_ ! f - -  7 : n  l 2 
krr  

f~ 

- - c o s  2 nt dt  

cos 2 nt 

1 

1 

q- 2 t~ 

(7) 
- -  cos 2 nt  dt 
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1 

(7)~ :ll[o(~)oo.,.,]i~ ) ÷j 

1 (~)~ 
f oI,I t -{- t~ • 2 n s in  2 nt dt 

(?) 

o ~ c o s 2 n t d t  

÷t (~:) 
1 1 

_ o<,> ÷ o(,~) I/,~-.~, + o.J,~-.~, 1 

I (~)~ 

= o ( 1 )  as  n - - o o .  

S i m i l a r l y  J2 " -  o ( t ) .  

(4.1.3) T h e r e f o r e  / 2 - -  o(1). 

F i n a l l y  

-ff 

i f  
2r: log n 

1 

(?V 

(t s in  s (n  - -  k - -  1) t dt 

~t °) 0 ~-~ - -  1i (~ • ~ v. 

?z 

1 f - -  27: log n 
1 

n ~(t) ~ i - -  cos  2 (n - -  k - - 1 )  t d t  
t ~ ~=o ( n - -  k - - 1 )  (k -J-1)  

7T 

1 f - -  27; log n 
1 

k=o (n - -  k - -  1) (k -j- 
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5 2  - -  

7r 

1 / r(t) 
7; log  n P 

1 

cos  2 (n - -  k - - 1 )  t 
2 ( n - - k - -  1) (k  + 1) 

- -  o(1) . . . . . . . . .  

7~ i j  
TC log n 

1 (~)~ 

r(t) 
t 2 

cos  2 ( n - - k - -  1) t 
2 (n - -  k - -  1) (k -}- -1) dt 

= L 1 - - L 2 ,  say.  

T~ 

f 7: log n 
1 

q~(t) ~ 1 ~ c o s 2 ( n - - k - - 1 ) t  

t~ . = o n  ( 2 ( n - - k - - l )  
cos  2 (n - -  k - -  t ) t  1 

+ 2(k+  1) dt 

dt 

- -  L~a + L,.~, say .  

L 2 . 1  - -  

xj 
nr: log n 

t 

(TV 
t~ k=o 

cos  2 ( n - -  k - -  1) t  dt 
2(n - -  k - -  1) 

_1; 
n . u l o g n  

1 

=o(1)/ ),, 
1 (~)~ 

= o(1). 

A g a i n  

2 . $  - - -  

7r 

n .  r~ l og  n .  t 2 2 (k + 1) 
x 
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sin 2 nt sin 2 (k -}- 1) 1 
- -  2(k -1- l) dt 

-'L~.2.1--L2.2.2, say. 

W i t h  the help of Lemma 2 we have 

L 2 . 2 . ~ - -  
1 

n .  ~: log n cos 2 nt log } dt 
1 

7~ ~ + ~  

n .  r: log n 

1 

1 
2 nt log - -  dt 

--  2nT: logn - - c ° s 2 n t l ° g - t d t  
1 

) +÷° ( t -  ~ 
1 ~ 2-n log ~ dt r :) :  cos 2 nt 

27: log n 1 (t - -  ~-n 

1 

-- 2r~ n logn  
1 

1 
~y--) cos2 nt log ~ dt 

.~-n)~ c°s 2 nt l °g (  ~-~) 2r~nlogn ( t - -  t - -  ~ 
dt 
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hText 

7r 

+ / o ( t . _ ~ n ) , . (  t 1 

1 

o(t) (t - ~1 ~-~ =°(1)+2~nlognlf 2hi dt 
1 

k~i J 3,, 

--o(1).  

7T 

1 

1 

1 
P8 -- 2z: n log n / 

1 

cos2ntlog { dt 

td 

7T 

1 ~¢ (t)  - -  ~o t - -  ~ 1 

- -  ~ n log n t2 eos2ntlog ~ dt 
1 

1 rc 2 cos 2 nt log ~ dt 
+ 2Tcn' iogn ~o t - - ~ n  n t~t~-2Tn-n) 

1 

= P~.~ + P3.,, say. 

With the help of the second mean value theorem, hypothesis (2.3.5) and 
integration by parts 

P3.2 = o (1) .  

Fur ther  using hypothesis (2.3.6) it is easy to see 

P~.~ = o (1). 
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-ff 

L2.2.~ = 1 f ¢¢(t) ~ sin 2 nt sin 2 (k + 1) t 
u n l o g n  t 2 k=0 2 ( k + l )  dt 

1 

- ]  

7~ 

_ 1 f n l o g n  
I 

~(t) sin 2 nt .  0 (1) dt 
- U  

7T 

- ~ ) s i n 2 n t d t  

1 

- -o (1 )  as in Jx. 

(4.1.4) Thus  /8 = o(1). 

Collect ion of (4.1.1), (4.1.2), (4.1.3) and (4.1.4) comple tes  the proof of 
the theorem.  

(5.1} - To prove Theo rem 2 by v i r tue  of T h e o r e m  1, we shall  cons ider  
the fol lowing two cases sepa ra te ly  

Case I 0 < ~ < 1  and h = l  

Case I I  0 <-- ~t <_ 1 and  h > 1. 

P R o o f  oF CASE I. - By v i r tue  of Theo rem 1, il is suf f ic ient  to show 
here  that  if (2.3.7) holds, then  

(5.][.1) /1 = o(1) as n ~ .  

Since  
~TT 

2 *: log n 
0 

2~: l o g n  

~¢(t) ~, sin ~ (n - -  k - -  1)t 
k=o (n - -  k - -  1) (k + 1) t 2 dt 

k ~  

s i n  2 (n  - -  k - 1) t l ~- 
~=o (n - -  k 1) (k + 1)t 2 - -  0 

k ~  

n 

- -  O ( t ) ~  k=o (n - -  k - - 1 )  (k + l) P dt 
0 
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(5.1.2) --  I1.~ - - / l a  say .  

Also by (2.3,7) we have 

(5.1.3) tiP(t) --" O(t v-~+x) --- O(l) 

(5.1.4) H e n c e  I~., = o(1), as n - - c o  by L e m m a  3. 

Also 
kT~ 

I~'~ --  2~: log n ~ E 
0 

k ~  

i f  
- -  27: l o g  n 

0 

k-~ kT, 

1 
- -  2 7: log 

0 0 

sin ~ (n - -  k - -  1) t 
(n - -  k - -  1) (k + 1)t * dt 

t 

d}\~=o (n - - k ~ - -  i) (k + 1) t ~ dt ¢p~(u)(t -- u)-~du 
0 

sin~(n - -  k -  1)t 
(n ~ k - -  1) (k -F 1)t~) dt 

by chang ing  the order  of in tegra t ion  

k ~  1 k ~  

n 

d[ ~ sin~(n--k--1)t ~dt 
__ 1 n f  ~(u)clu{f Jr_ f }(t_u)_~ d ~k-o(n- -k - -1) (k+l ) la]  ~ - -  2 ~ : l o g  ~ " 

o u u+5 
n 

hE u+~ 
n 

1 ~ :, s in~(n--k- -1) t  
- - 2 r : l o g n  ~(u)du ( t - -u) -  dt f i=o(n- -k - - l ) (k+ l)t 2 dt 

0 0 

i f  
-- 2 ~ l o g n  

0 

k ~  

n 

+ f ( ' - ~ ) - ~ - (  ~ s ina(n- -k - -1) t  ) 1 
dt\k=o ( n - - k - - 1 ) ( k - - 1 ) t  2 dt 

dt 

f d ( ~  s iu~(n--k--1) t  ) 
+ n 0  ~ ~,=o (n - -  k - - 1 )  (k + l) ~ td 

u+!_ 
t$ 
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i <k,: 
by Lemma (4), where u ~ n ~ ~ n 

kT~ 
t$ 

- - 2 u l o g n  
0 

~(u)du l [ (t--u)l-~. l ]. .O(n logn) 

k ~  

e=o ( n -  k - -  11 (k -{- 1)t "~ 

1 f o(u~)dulo(1)+-- 
- -  27: l o g  n 

0 

1 
u. n ~-~ "O(n log n) 

+ n~. 0 (n log n) 1 

k n  

u~du 

k ~  

n 

0 0 

by(2.3.7) & (3.1.3) 

kr~ kT~ 

= o(n~)[u',]: + o(,~+i)[u,,+l] 2 

(5.1.5) - -o (1 ) ,  

as n--*c~ such that o(k'~+ 1) is o(1). 
From (5.1.2), (5.1.3), (5.1.4) and (5.1.5) we see that (5.1.1) holds true and 

this completes the proof of case I.  

PROOF oF CASE I I .  - By virtue of Theorem 1 it is sufficient to show 
here that 

(5.1.6) I1 + I~ : o(1) 

for 0 ~ ~ < 1 

Since by virtue of (2.3.7) 

(5.1.7) 

We have similarly as in case I 

(5.1.8) 

as n.--~oo 

and h :> 1. 

,:I) (t) = 0(t~-~+ I) 

li -- 0(1) as n~oo 
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Next 
1 

I ~ = 2 ~ z l o g n  [¢?(t) ~ s in • (n - -k  - 1 ) t  "t 
kTz 

n 
1 

[ .. In-' log n] ]\~-) 
--  2~ log n 

n 

1 

nJ (~'(n--k--1)(k--~ l)P) 
• d sin ~ ( n - k - 1 ) t  

1 (t) dtt dt 2 ~ log n 
krr  

n 

1 

= 2 T: log n o (t~-~). 0 (n- '  log n) ~:~ 
n 

1 

f d ~* sin2 (n --  k - -1 )  t ~ f 1 ~ (k~o dt O~(u) (t --  u)-~ du 
2 ~  l o g  ,~ _ ( ~ i ~ - - i i ~ : ( - i ) t  ~1 

1 1 

= o(1) + 0 l o g n  ~(u)du ~ \ ~ = o  . . . . . .  (n : ~-__-i i-(~-+--l-)t~/ dt 

1 

- { - O ( ~ ) J  (nSin2(n--k--1)t--- k -- 1)(k + l)t 2]'d'-~ 

by changing the order of integration 

(5.1.9) -" o(1) --F- I2.~ -~- I2.2, say. 
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Here 
1 1 

(7)~ o÷~ iV) ~ 
I~ ' : ° (i;5) f ®~(") d" { f + I" 

kT:  u 3. --n u+; 

( t - -  u ) - ~ d ( z  sin2(n ~ k - -  1)t ~dt 
(n - -  ~ ~ i ) i k ~  ~ i)t ~] 

(5.1.10) = I~.~ + I2.1.~, say. 
1 

(~)x .+: 
• o 1 ) ~  by (3.l.4) 

1 

= 0 (n) j 
k ~  

1 

= 0 (n~) f 
k ~  

1 

n 

= o ~ + o (k~) 

o (u ~) du 
U 

by mean value theorem 

by (2.3.7) 

(5.1.1t) - -  o(1) 

as n - - * ~  and k is defined such that o(k~) is o(i) by (5.1.5). 
Also 

1 

1 

sin~ ( n - - k  ~_ 1) t ] (~)2  
k=o ( n - -  k - -  1 / ( k +  1)/J 

1 
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1 (7); 
l [ \~-gn] ¢~(u)du 0 (n-* log n) t= ] , , 

n 

du 

1 
by (2.3.7) and the fac t  that  1__ < 1, s ince  u > n '  

u n  

1 1 

-K -~- 

33 1 o 1 =°(k~+7) q-°(n~-~2-~/~)-k°(k~+~)-k ( ~ )  

(5.1.12) - -  o (1) 

as n - ~ ,  and k is def ined  such  that  o(k~-!]-l) is 0(1) as n ~ c ~  by  (5.1.5). 
W e  have  froni (5.1.10), (5.1.11) and (5.1.12) 

(5.1.13) I3.1 - -  o(1) as n - * o z .  

S imi la r ly  we can  show that  

(5.1.14) 12.2"- o(1) as n ~ .  

H e n c e  f rom (5.1.9), (5.1.13) and (5.1.14), it fol lows that  

(5.1.15) / 2 - - o ( 1 )  as  n ~ .  

This  comple tes  the proof  of case II.  

Anna~i  tZi M a t e m a t i c a  
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