On a Theorem of E. Cartan.

By J. A. Lesuie (Ibadan, Nigeria).

Sammary. = The object of this nole is lo prove: - Let G be a connected, locally compact
subgroup of an analytic group H wmodelled on a Banach space. Then @ itself is a finite
dimensional analytic subgroup of H.

Introduction.

In this paper we generalise E. Cartan’s famous criterium for a connected
locally compact group to be an analytic group. In the oclassical text ([1], pp.
130-135) of C. CHEVALLEY, H. Cartan’s criterium is generalised to take the
form: Let G be a connected, locally compact group. If there exisis a continuous
univalent homeomorphism h of G info a finite dimensional analytic group H,
then @G itself is o finite dimensional analytic group.

Our generalisation takes the connected locally compact group G as a
subgroup of a non-necessarily finite dimensional analytic group and deri-
ves that G must be a finite dimensional analytic group.

In [2] the reader will find a detailed exposition of all aspects used in this
paper of the elementary global theory of analytic groups modelled on the
open sets of a BANACH space.

The ideas behind the proof of my generalized form of E. Cartan’s theorem
are essentially the same as those used in [1] to prove the above cited theorem
of C. CHEVALLEY. They are here translated into the langunage of BANAcH
spaces which to a certain extent, I believe, clarifies the original proof of the
less general theorem.

PRELIMINARIES. - In (2) I showed that there exists an analytic mapping, exp,
from the tangent space, T,(G), at the identity of an analytic group G modelled
on open subsets of a BANACH space into the group G with the following impor-
tant properties:

1. There exists an open neighborhood U of 0 in T,(G) and an open
neighborhood exp(U) of ee @ such that exp: T'—exp(U)is a homeomorphism onto.

2. exp ((t, + t)v) = exp (f,v) exp (Lv) for all #;€ R (exp (U), exp ) will
be called a canonical chart at the identity of @G.
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3. Given any analytic homomorphism h: B — GgoveT(G) such that
h(t) = exp (fv).

Proposirion 1. - Let G be a locally compact subgroup of an analytic group
H and let exp: Syl0) — H be a canonical coordinate system al the identity of H.
Suppose further that K = G N exp (Sy'0)), 0 << b < a, is a compact neighborhood
of the identity in G. The function defined by (k) = exp —'(k)/ || exp ~*(k) || on
K — ¢ is continuous and furthermore I{K N Cle)) is compact.

Proor: The continuity of II is evident. To show II(K —e) compact it clearly
suffices to show that there exists a positive real number 7 such that

*) (K N C(exp (SH0)) = II(K N C(e)).

Let x==e¢ be an element of K M exp(Sy.0) and suppose b/(m -+ 1) =
= {lexp Y x)|] <b/m where m = 2. From the homomorphic property of exp
in S,(0) we have exp —“x™) = m exp &) and thus Il(x) = II(x™). Now b/2 <
< (m/(m + 1)b < m || exp @) || = || exp ~@m) || <b. Q. E.D.

TuroREM. ~ Let @ be a connected, locally compact subgroup of an analylic
group H. Then G itself is a finite dimensional analylic group; in fact, G may
be given the structure of an analytic subgroup of H (see [2)).

Proor. - Let (V, = exp(8,), exp ~) be a canonical chart at the identity
of H where S, is an open ball of T H) with center O and let U = V.M G be
a connected compact neighborhood of the origin in G.

Put B equal to the boundary of U. As B is compact and e ¢ B there exists
a positive real number a such that |j« || > a for exp («) € B; we have S4(0) CS..

Put V = exp(Sa0)); and designate by H, the subset of L(H) of those infinite-
simal transformation Ye L(H) such that exp ({Y)e G for all real numbers ¢

LeMMA 1, - Let ox€ U, or ke, k=1, be o sequence of elements such that

exists, then lim e H,.

{lox ] e loxdl

ProoF. - For every kg o largest integer éx which has the following two
properties: (i) éxllox || <a; (i) orelU for 0 =m = 4.

lim ox = e. If op = exp (2z) and lim
2 k

Let ¢’ = exp («) be the limit point of a converging subsequence of (o/);
since 7z || @x || < @. « is a limit point of the set {izxx} and therefore || ¢’ || = a.

" Thus no cluster point of the set {oi} can belong to B.

By the definition of 4, we have either (ix 4 1)||ax || =a or ajp+i ¢ U.
Let K be the set of integers dx such that ojxts ¢ U.

If K where infinite then o would also be a cluster point of the set
{ohti}={oh-or} since lim oxr = ¢, thus o’'€ B contrary to (¥), therefore K
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must be finite. It follows that there exists N > 0 such that for & > N

delloe ]l <a<<(ie+ DlHacll;

now gince hm [x + Dol —defloxll]= hm I| az || =0 we have the following
equalities. *
) li}fn el ar )l = a,
@) lim 4 = oo,
k
(3) suppose O<< i << a, if ey =][a"ti] (where «[ ]» means
« the integral part of»), then lim mg/éx = fa—,
k
and
4) li;n (mg || oar || — ) = 0.

It is useful to observe that

B) myp < ik
and therefore
(6) mg |l ax]] <& and ofreU.

(4) implies

ar

iii H 7 = thm
(iii) 1m MpoE Tl

which implies that

lim o = exp ((t, lim —2%_ ) 0<t<a, exists.
k e exl

Put o(f) = exp (t lim——— I T )c(t) e U since orre U.

Replacing o by ox'(ox' € U for k sufficiently large) we have ox* = exp(—ax)
thus o( — ) = exp ( — tY), where

Y=lim % for ||, |b], |b+b]<a
ol

we have o(t, + t,) = o(t)al,). Designate by Hom R, () the set of continuous
homomorphisms of the additive group E into &.
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As R is simply connected, there exists a continuous extensions 0 e HomqR,
G) of o(l) whose corresponding element in L(H) is Y.

CorOLLARY. — Let ©® e Hom R, G); we have
OtelU for t<al|l YO | )™

Lemma 2. - H, is a finite dimensional subspace of L(H).

Proor. - Note that if Ye H, then aYe H, since exp({aY))=(exp(ad)Y)e(G).

To prove that H, is a vector-space we need only prove that Z,, Z.e H,
implies 7, + Z, € H,. Put O,() = exp ({Z;) and put o = 60,0,k 1 =k < o).
For k sufficiently large, oze U; moreover exp YOk = k—Z;. From (2)
exp ~Yor) = kY4, + Z,) + k*A(k) where || 4%) |} remains bounded for R = 1.

We may assume without loss of generality that Z, 4+ Z; == 0; thus ox F=¢
for % sufficiently large. Now

BTN Zo+ Zell =k N AR = Ml exp Zon) | = k1 2o+ Zo || + B2 1] AGR) |

and
. —Hox) Zy+ 7, exp ~(og)
1 — — 1i .
P uzl-;-z =5 [AW] = N2+ Zell koo k2| ZoF 2| + 5 || AR |
therefore
. exp Nox) _ L2
o exp =0l =~ 17+ Zll < 0

by lemma 1. Thus 7, + Z,€ H,.
H, is a closed subspace of L(H). In effect, let a, be a CAUCHY sequence
in H, converging to a€ H, 0. Put §, = |la — a, || an€ H; put o, = exp (B,).
Clearly lim o, = e and for n sufficiently large we have exp (3,)€ G, thus
#“

bo_ =_Z € H, therefore a € H,.

WBall = Mamll = Holl
As exp is a homeomorphism of a closed neighborhood of the origin of #,
onto a compact subset of A(G) we have that H, must be finite dimensional.
Q.E. D,
The lemma implies that if Ye H, is such that || Y || < @ then there exists
an element g€ U such that g = exp (Y). This proves that exp /H,NS,(0) is a
homeomorphism onto a subset U, C U containing the origin.

hm

LemMa 3. - U, is a neighborbood of ee G.

Proor. - H, being finite dimensional there exists a direct sum decompo-
sition of I(H)= H, - H,, where H, is a closed subspace of L(H); let m;L(H) —
— H; be the canonical projection. The element exp (a). exp (a.), x;€ Hj, is
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in V when |] a, ]| and || a; || are sufficiently small. Put exp—'(exp (). exp (p)) =
= flon, @) = (%3, of ) (as @)+ (ayof) (e, )i Filon, o2)= (Wiof) (%, @) is an
analytic function such that (3fi/da),,0) = ¢m, and (3fi/3¢s)0,0) = 0 for 4 ==j. From
the inverse function theorem (2, Appendix I) we deduce the existence of a
chart (U, W) at ee H such that ¥ (exp (a;) - exp (22)) = &, 4 ¢, whenever |[a, ||,
[|%2]| < b for some positive real number b. Put V.= exp (S(0)) where 0 < § < b, a.
Suppose that U, is not a neighborhood of ee @, and choose a sequence
or € U such that or ¢ U, with Ii}:n or == ¢ € (; suppose in addition or e V,.

Now lim W(or) = Oe L(H) thus for k sufficiently large exp (ny(W(ox)) =
k
= or € U, and lim o} = e€ G. Put of = (o%)ox. For k sufficiently large, one
k

has of ¢ T, thus without loss of generality by a choice of a subsequence we
may suppose since ox € U; that we have of +=ee G, ofe U for & sufficiently
large. By the choice of the chart (U, W) at ee H, we have

o = exp (n(W(or))) and W(ox) = exp ~*(ck).

From Proposition 1 it follows that the set of {exp —*(az)/ || exp —*(ox) || }
has a cluster point a g L(H).

exp —{oz) )
Let oz le a subsequence of { ——*——— 1| converging to 2. By lemma
¢ 4 | irexs e ene d
1, @ € Hy; however, (o) = lim my(oz) = 0 which is a contradiction since || o || =
—lim || ax || = 1. k Q.E.D.

If o€ U,, put f(o) = exp —*(a) € H,f is a homeomorphism of U, onto a subset
of H, containing the ball [ja|] <a, «e H,. Let a’ be a positive real number
such that || exp —%a) ||, || exp ~(@") || < &' implies [} exp —*(o—'¢") || < @ and desi-
gnate by U/ the set of elements o€ U, such that [lexp—*(o)]| < &'. As exp—Yo,077)
may expressed as an analytic funcdon of exp—(g,) and exp—(s,) for || exp—(os)]|,
|| exp ~Y(oz) || < &’ It follows that G is an analytic group (see {2]).
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