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Summary.. In  this note we discuss the invariant  properties of  the group of homographies 
mhich leave a third order differential element E3 invariant.  

1. - In [2] BOI~IPIANI discussed the projective invariants of configurations 
associated with a third order curvil inear  differential  element E'8 in the ordi- 
nary project ive space Ps; in particular,  he showed that the configuration C1 
of the element E3, a line r, and a point P ~ r  has u project ive invariant  
and that the configurat ion C~ of the element Es and two lines has two inva- 
riants. Fur thermore,  it is shown in [1] that the configuration C2 has another 
invariant  in the event that the two lines are incident and, in addition, that 
the invariants of Cz which Bo)~PIA~I discusses are not geometric when the 
two lines are incident. The purpose of this note is to discuss the projective 
propert ies  of the configurat ion consisting of the element E s ,  a line r and a 
plane 7: © r ;  in fact, we show that this configuration has a projective inva- 
riant and give an analytical  formulation of this. We remark here that the 
configurat ion C~ is not the dual configurat ion of C~. In fact the dual configu- 
ration of C~ would be a line, a plane and, using BOMP~ANFS terminology, a 
par t icular  pseudo-element ,  i.e., an equivalence class of differential  elements. 
For  a precise definition of pseudo-element ,  see [3]. 

The author wishes to acknowledge here a communique from Professor  
BO2tIPIANI which was inst rumental  in the preparat ion of this manuscript .  

In the following we will indicate points of /)8 by the ordered tetrad 
(t, x ,  y, z) or, alternatively, by ~c~(i = O, 1, 2, 3). 

2. - Let  C be a curve passing regular ly  through the point 0(i, 0, 0, 0) 
with tangent y = z = 0 and osculat ing plane z = 0. The equivalence class of 
curves (of at least class C 2 in a neighborhood of 0) which have a contact of 
order three with C at 0 is called a third order eurvil inear  differential  ele- 
ment E~ with center  0. This element can be represented analytically by the 
expansions (t = 1) 

y = a x  ~ + a l x  ~ + O(x ~) 

= b x  ~ + O(x9 
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where the coefficients a ,  a l ,  and b are determined by C and the symbol 
0(~ ~) indicates that the coefficients of the terms ~ 4 are arbitrary. 

By changing the plane y ~ 0, we can always reduce the representation 
of the element E,~ to the form 

(2.1) 
y = a x  ~ + O(~c ~) 

= bx ~ + O(x ~) 

where t ~-  1, a . b  =4= O. 

The group of homographies G(E.~) which leave the expansions (2.1) inva- 
riant (or leave the element E3 invariant) is represented by 

where 

?4' -~  p l t  + p2x  + p3y  -{- p4z 

) , y ' - -  - i  2 --p~ qly + q~z 

- - '~  3 z ~,z' ~--- p~ "q~ 

q~ -~  ab-~p[2ql(2ap~q2 - -  P2ql). 

Since each collineation of this group maps a generic line r, whose 
equations we can always write in the form 

(2.2) 
t - -  s~y - -  s3z ~ 0 

~c --k h2y -{- h~z ~-  O, 

onto t ' :w '~--O~ we can express 
the equations 

where 

these homographies more conveniently by 

~t' ~ t - -  six, - -  (s2 + h2sl)y - -  (s3 + h~sl)z 

),x/ ~ n (x  + h~y + h3z) 

),y' ~ n2(y + pz)  

(2.3) p ~ ab- l ( s l  + 2ah~). 

For a fixed line r, equation (2.3) represents a projectivity between the 
pencil of planes through the tangent (depending upon p) and the pencil of 
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planes through r (depending on sl). The locus of line intersections of corre- 
sponding planes in this project ivi ty are generators  of the quadric  Q, 

(2.4) az(t - -  s2y - -  s~z) ~ (by --[- 2a*h2z) (x -{- h,y -t- h3z) ~ O. 

By varying r, we obtain a l inear system of quadr ics  of freedom three. 
This system is characterized geometrically in [2]. 

3. - Since G(E3) depends on six parameters,  a generic line (which de. 
pends on four parameters)  and a generic plane (which depends on three pa. 
rameters) has an invariant  under  G(E~); in fact, we have the theorem: 

(3.1) 

where 

THEOREM 1. - Let  r be a generic line with equations (2.2) and u be a 
plane, not passing through r, with plane-coordinates  u~(i ~- O, 1, 2, 3), uo ~ 0, 
then the function 

[au,7:~ + buo(u2 - -  k~:~)] 2 
I(~:, r) ----- 

Uo7~1 

~:1 ~ -  u s  - -  u l h ~  Jr. uos2 

~ ~ ~3 - -  u l h ~  "Jr UoS3 

k ~ 2ab-lh2 

is invariant  under  G(E~). 

PROO:~ " : - Take a t ransformation g ~ G(E~) which maps r onto r':[t--~ x~-~ 0]. 
W e  have 

I(~', r ' )=  [aulu~ + buou3N(UoU~) 

where the ui are the plane coordinates of gn ~-u ' .  A calculat ion shows that 
for any fe a(g~) 

I(grc, gr ) -~  I(7:', r ' ) =  I(frc', fr'). 

By choosing f : g - 1 ,  we have 

I(gT:, gr)---- I (~ ,  r). 

Let  G(I(1:, r)) be the group of homographies  which leave I (~ ,  r) inva- 
riant. Obviously G(E~)C G(I(=, r)). In  the following we show that G(I(~:, r))C 
C G(E3) and, consequently,  G(I(~:, r))----G(Ea). 

Annal~ d~ Matema t ioa  $ 
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L ] ~ .  - A homography f which leaves the line r': [t ~--- x = 0] invariant  
and has the property that I(~:, r ' ) =  I( fu,  r'), identically with respect to ~, 
belongs to G(E~). 

PROOF. - If the homography f has the form x ~ ' =  a~xl, (i,]-~ O, 1, 2, 3), 
then a#----- 0, for i :4:J, and 

a88 = a~a~2 

a44 : ~2~:2  

which imply that f e G(E~). 
Now take a homography h e G(I(~:, r)). The homography h has the property 

l(hu, hr) ----- I(7:, r) 

for generic ~: and r. There  obviously exist homographies g,, g2~ G(Es) which 
map r anti hr onto r ' :  [ t ~ x = 0 ] ,  respectively. Since g, ,  g2 leave (3.1) inva- 
riant,  we have 

I (g~ ,  g,r) = I(~, r) = I(hu,  hr) ---- l(g~hu, g~hr). 

The homography f -~  g2hg-~ ~ maps glr onto g2hr ---- r' and leaves (3.1) invariant  ; 
therefore, by the Lemma it belongs to G(E~). The equality h = g~*fg~ implies 
that h e  G(E3). We have proved the following theorem: 

THEOREM 2. - A homography of P~ which leaves I(7:, r) invariant  is a 
t ransformation of the group G(E~). 

COnOLLARY. - The invariant  ~3.1) of a plane and line completely chara- 
cterizes the group G(E3). 

We propose to show that the invariant  I(~:, r) is transitive with respect  
to G(E~), i.e., there exists a t ransformation which maps a given plane- l ine  
pair %, r,  onto any other  p lane- l ine  pair u2, r2 for which I (%,  +'1) ~ I(,=2, r~). 
Clearly there exist transformations,  say f and g,  of G(E3) which map r , ,  r2 
onto r ' :  [t = ~c-----0], respectively. Since f, g e G(E~), we have 

I(%, r , ) =  I( f%, f r l ) =  I(gu2, gr2)= I(~2, r2). 

There exists, however, a unique transformation h e  G(E~) which leaves r '  in- 
variant  and is such that hf% =g=2. Therefore,  the composition g- lh f  maps 
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r~ onto r~, ~ onto 7:2 and has the property that 

I(7:~, r~) ----- I ( g - ~ h f ~ ,  g-~-hfr~) ~-- I(7:2, r2). 

COROLLAnY. - The invariant  I ( ~ ,  r) is the only (independent) invariant  
of a plane and line under  t ransformations of G(E3). 

4. - In  order to give a geometrical construct ion of the invariant  1(7:, r), 
consider the envelopes of the quadrics  which contain the element E~, the 
line r, and are tangent  to the plane 7:. The residual  intersection of this sy- 
stem is a cubic developable on which there are four wel l -determined planes;  
namely, the plane T:, the osculat ing plane z ~ 0 and the two planes of the 
developable intersecting in the line r .  It is only a matter  of calculat ion to 
verify that the cross ratio of these four planes is a rational function of I ( ~ ,  r). 

This invariant  can be interpreted more directly as the cross ratio of four 
points on the unique skew cubic C ~ which contains the element E8 and is 
tangent to the line r at the point P-- - - r  N 7:. In this case, the four points 
are the center  0 of the element E~, the point P ,  and the two additional po- 
ints, say Q, R ,  in which the plane r: cuts C 3. This construct ion gives rise 
to several  other equivalent  interpretat ions of the invariant  I(~:, r). 

5. - If  we fix the line r, the set of planes for which 1(7:, r) --~ 0 is given by 

au~(u2 - -  ulh2 -[- uos2) -~ buo[U~ - -  ku2 - -  (h~ ~ h2k)u~ + (s3 - -  ks2)Uo] ~ 0 

where  k - ~  2ab-~h, .  This locus is the envelope of the quadric  Q~ obtained 
from the projeet ivi ty (2.3). More generally, the planes for which l(~z, r) is 
constant, r fixed, belong to the fourth class envelope in the pencil  determi- 
ned by the envelope of the quadric  Q~, counted twice, and the envelope compo- 
sed of the star of planes through the center  0 of the element E~ and the 
pencil  of planes with axis r, counted three times. 
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