A strong form of spectral resolution

Joux J. BeNeDETTO (Maryland U.8. A}

Summary, - We consider pseudo-measures T on totally disconnected sets B as finitely addi-
tive set fumctions whit the usual variation nerm || .. If ECRR2NZ, m(E)=0, T=f",
felt, and [T < oo then T is a wmeasure. For arbitrary locally compact abelian
groups we give conditions that T be a measure in ferms of the pseudo~measure norm;
this result is known for RB[21Z.

Let G be a locally compact abelian group with dual group T and let
ECT be a compact totally disconnected set. We employ the following stan-
dard notation: LYG) is the space of integrable functions on G with the usual
L'-norm | |; A(I) is the space of Fourier transforms ¢ of wxe LY@), where
lelsa=]afi; CI) is the algebra of continuous functions vanishing at infinity
with sup-norm | [x; A'(F) is the space of pseudo-measures (the dual of A(T))
with doal norm | [»; 9IUP) € 4'(I') is the space of bounded Radon measures
(the duoal of C{I)) with dual norm | [; A'(E) consist of those Te€ A'(l) with
support contained in E; As(E) consists of those I'€ 4'(E) where for all ¢e 4(T),
¢=0 on E, <T, ¢>=0; ONUE) consists of those pe M) with support con-
tained in L.

E is a spectral set if A'(E)= A4E), a Helson set if OMUE) = A4E), a set
of spectral resolution if every closed subset of E is spectral, a set of strong-
spectral resolution it NU(KE)= A'(E), and a Kronecker set if every continuous
complex valued function ¢ on E, where |¢| =1, can be uniformly approxima-
ted by continuous characters.

In this paper we give conditions that E be a set of strong spectral re-
solution in terms of a suitable measure of the variation of a pseundomeasure.
In §1 we define pseudo-measure variation ||, and construet a cannonical
map A'(E)— OIUE) for those I'e A'\E) with | T]. <oc. Some properties of ||,
are presented in § 2 as well as general criteria for strong spectral resolution.
We consider the special case =R (mod 2n) in § 3 and by two different
methods get analogous results for arbitrary I' in § 4.

Finally we treat the case of profinite groups in § b and illustrate the
identity between pseundo-measure variation and Malliavin’s recent notion of
a strong c-lifting [3]. The resulf in this last section is preliminary and fur-
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ther related results will subsequently appear. Also we adapt a technique and
lemma due to VaroprovLos [b] for our Theorem 1.1 and Theorem 3.1.

By way of perspective we have the following sitnation in U'= K (mod 2n).
Helson showed that every Helson set is a set of uniqueness in the wide sense
(clearly, these latter sets have Haar measure zero, and, thus, they are totally
disconnected). It is not known if every Helson sef is a set of strong spectral
resolution, or, even if such sets are sefs of uniqueness; obviously, strong
resolution sets are of spectral resolution and Malliavin shoved that spectral
resolution sets are sets of uniqueness. Further, Varopoulos proved that Kron-
ecker sets are of strong spectral resolution and that there are sets of spectr-
al resolution which are not Helson. References and discussion to these results
are given in [1].

1. - Pseudo-measure variation.

A finite decomposition of Eis {F;:j=1, ..., n} where the F;&I' are closed
and mutnally disjoint and such that UF;=FE. We let

F={FCE:F is closed and is an element of some
finite decomposition of E}:

and for Te 4’ (B), Fe g, we define
T(F)E < 71, (‘I)F> 5

where ¢re A(I'), Yr=1 on some neighborhood of F, and ¢r=0 on some
neighborhood of E— F. Note that F— F is closed. A finile decomposition of
TeAE)is {Tj:j=1, ..., n}< A'(E) such that T=2T; and for which there is
a finite decomposition of H, {F;l, satisfying supp T, < F;.

PropositioN 1.1, - Let Te A'(E). For all Fe &, T(F) is well defined, and

for every finite decomposition { F;} of E, there is a unique finite decomposi-
tion of T given by 7j= Tlr,.

PROOF. - T(F) is well-defined for if $re A(I), dr=1 on a neighborhood

of E—F, we have < T, ¢y —dr> =0.
For the unique finite decomposition, letting |{S;] be a finite decomposi-
tion of T and ¢ € A(I'), we have

<8, #>=<8), o> =D, 9> =<1, 9> = < Ty, 9>,

where ¢;e A(T), ¢;=1 on a neighborhood of F;, and ¢, =0 on a neighborhood
of E—F;. ged.
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The pseudo-measure variation of T e A(E) is
| Ty =sup {Z|TF)|: {F;} is a finite decomposition of E};

and we let R={Te A'E):|T], <ool. Clearly, for all pe9UE), |u) <|ph,
since for a given finite decomposition, {Fj},

DB =2 <y, dr et > =] <p, > [<|pl,
where € A(l), $ =Ty ¢, o0 & neighborhood of supp p, and [¢lo<<1l. In
particular, ONUE) S & S A'(E).

TarorEM 1.1. -~ There is a well-defined map

c: & — OUE)

TrsolT)=pr
and a subspace V(E) < A(l'), sup-norm dense in J(I'), such that supp pr Ssupp T
and T=ypr on V(E),

Proor. - Define
V(E)= |y € A(I'): there is open U, 2 E such that eard ¢(U,) <oo}.

Olearly, V(E} is a subalgebra of C{I') and we use the Stone-Weierstrass theo-
rem to show V(E)= C{). It is only necessary to check that V(E) separates
points and this will follow since I is totally disconnected. In fact, letting v,
A€ E there are compact open E,, E,, disjoint with E=E.UH,, yel,, A€ E;
thus taking disjoint open sets about Z, and Ej we construct ([4; p. 49)) ¢ € V(E)
for which (L) == 9(d).

For Te A(E) we define the linear functional

oT): VIE)— C
p> <T, 9>.

o(T) is obviously well-defined, and for fixed ¢ € V(E), with corresponding U,,
we see that

n U.= U,Ne~*() is open for all xe ¢(E)
and
@) EC U{U,.:xeqlE).

(2) is obvious. For (1), take x € ¢(E) and an open neighborhood N of # such
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that N 0 (p(U,) —iol)=Q; then U, N p~'(N) is open and we are domne since
U N o= (N) = U, N 9~ {x).

By definition of ¢ there are only finitely many U, and the U, are mu-
tually disjoint.

Clearly, {F.:xepE) and F.=ENU.} is a finite decomposition of E, no-
ting that F, is closed since F,= E N o~ x).

Thus, we use Proposition 1.1 and form the canonieal finite decomposition
1T of T. For e V(E) and Te A(E) we then have

c(Dp) = 2 < Th, 1>

*E¢(E)

gince

(3) ey = 2 <Thr,, o> = I a<T, ¢Fx>
~@o(E) *Eo(E)

where the last équality follows becaunse ¢(y)=x on U.,.
Therefore, for all v € V(E) and for all Te &,

4 let Tiie) | << sup |¢(y)| 2 | T(F)| << Mr sup [ely)],

YEE =€ o(E) YEE

where M, is a constant depending on 7 and where the last inequality follows
since Te&R.

Hence ¢(T)e QVUE) noting that V(E) = ) implies that the restrietion of
ViE) to E is sup norm dense in C(E)

Because of (3), the first inequality in (4) can have E replaced by supp T,
and thus ¢(Te O (supp T) ged.

2. - Criteria for speetral resolution.

We begin by recording some trivial properties of the notions introduced
in § L.

ProrosITION 2.1. -
a. || :R—RBt+ is a semi-norm.
b. ¢: R >NMNUE) is a linear surjection and for all pe (L), c(p)=p.

It is equally obvious that for Te &, oT)=0 yields T10)=0, and that if
FC E then V(E)C V(I). Further

ProposiTioN 2.2. -
a. For all Te 4'(E), | T|. =D

b. For all T, Se & with supp T'0 supp =8, |S+ T} =S| +I T} .
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w

6. For all Te& and for any finite decomposition {7} of T, I|T;|
[T} .

ProOF. - a. To show |c(T)| <<| T'|. we first note that B = V(E)N B, where
B is the closed unit ball in C(I).
Thus, for any > 0 there is 9€ B, € BN V(E) such that

HG(T}RléIG(T)(tpH+%5’:[6(1’}@)1—%8: <T,be*>+e=
ELT, > +e<X gl [< T, b, > |+ e<
ST dp > |+ e<|T).

For the opposite inequality, if |Fjl is a finite decomposition of £ we have
U< T, 4> | =< T, by e >

where ¢ =Xy 7 is taken in B.

Since ¢ € VIE) we have
< T, b > | = Dily) < (T,

so that taking the sup of the left hand side over all finite decomposition
gives | T, <[e(T]..

b is clear from a since total variation is additive when dealing with
measures having disjoint smpports. ¢ is a straightforward manipulation again
using this additivity property of ftotal variation. qed.

Thus for K a Helson set (and so there is M >0 such that [p| < M|p|s
for all p€ MUE)) we have |T]. < M|c(T)|+ for all Te&.

TrEOREM 2.1. - The following are equivalent:
a. E is a set of strong spectral resolution,
b. (4'(E),
¢. For all Te A(B), |T|e=|Th<oo.

| [.) is a normed space.

Proor. - The implications a to ¢ to & are obvious by the above pro-

positions.
To show b implies a we observe that (A'(E). | |.) nomed tells us ¢: A(E)—
OR(E) is one to one. qed.

Hence, E is a set of strong spectral resolution if |T|.=[T|s for all
Te A (E).
Related to the pseudo-measure variation we define the strong variation
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of Te A(E) to be
| T|o=sup {Z|<T, gr, >|:{F} is a finite decomposition of E1,

where ¢r€& A() is zero on a neighborhood of E— F and |¢r|=1 on a neighbor-
hood of F. Thus, |T].=|T|s and | T}, =|T|, for all T'e A(E), and we let B
={Te A (E):|T|. <ool. These two inequalities and the technique of Theorem
2.1 give

ProprosiTioN 2.3. - & = 9ONUE).

3. - Strong spectral resolution in B (mod 2w).

We recall the following Varopoulos lemma [5] whose proof is based on a
standard approximate identity result ({4; Theorem 2. 6. 5.]).

LeuMAa - For all ¢ >0 there is 3(c)> 0 such that for all m, neZ, 6e R
satisfying

le™r — gilt+m)| < 3(e) for Y€ F,
we have

.+ for Te A'(F).

ﬁ’(n)——ei6 E’(m)|<e||T[
TaroreM 3.1. - Let Te A(E) and let Nr> 0 have the property thaf for
every finite decomposition {T)} of 7, 2| T,]+ < Nr. Then T e INUE)
p 1
PRrooF. - By hypothesis Te & since 3| <T, b5 >|=2I|] T10) < 2| Tle -

We show that for fixed ne Z and >0, ]T(n)pr(n)[ < 3. Using the no-

tation of the Lemma and the fact that ViE)= CiI') implies the restriction on
V(E) to E is sup norm dense in C(E), we choose ¢ € V(E) such that

(6) smp ;e"“r——cp(y){<8(2N ) 3
and
(6) wrtn) — i) | < ;

Note that without loss of generality we can choose |¢|=1 in (B) and (6).
To gee this first choose ¢ e V(E) such that <1)( = on F], {1 a finite de-

composition of E and sup |e™r — ( [< . Then 1— 2 <G < 1+~ and we
YEE

&
detine ¢ e VE) such that o(y)=(c; + d;)e’’ on F; where |d;| < 5 and ¢+ d; =1
This does it, ‘
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For this finite decomposition of I/ we form the canonical finite decom-
position {I;} of T so that (5), the Lemma, and the hypothesis that 2T, < Ny

imply
| Ty — e TH0)| <
7

rol ®

Since g€ V(B), pr(9)= <T, 9> =" T(0).
Thus, ]

[rln) — T)| < | prln) — (@) | + | i) — T} | <s.
ged.

CorOLLARY 3.1.1. - K is a set of strong spectral resolufion if and only
if for all T'€ A'(E) there is N> 0 such that for every finite decomposition |{T}}
of T we have Z|7Tj|+=< Nr.

Proo¥. - One way is immediate from the theorem. The other way is clear
by taking Nr=[T| for T € O(H). ged.

In proving that Kronecker sets are sets of strong spectral resolution,
Varopoulos [5] showed that

(7) B[ Tlle =} T

for every finite decomposition of E; he used the Lemma in his proof. Obvi.
ously (7) is sufficient to apply Theorem 3.1 to Kronecker sets and hence
|T|w=]|T) for such sets (since [ple=|p[ for all p € DUE), E Kronecker).
We can also easily deduce this equality by using only (7) and the Lemma.

4, Strong spectral resolution in I'.

The proof of Theorem 3.1 depended on properties of E (mod 2n) because
of the Varopoulos lemma. We now give two different proofs of Theorem 3.1
which are valid for any T.
Lemma 4.1 - Let X be a locally compact T» space and let ES X be
closed. Assume EC U U;, where each U; is a compact neighborhood of some
j=i
NE€E and 2U; N E= (. Then

a. The sets Elz— E, E2E El—- Elﬂ U1, Esggz—Ezﬂ Uz, reay EnEEn——I_
B, iNU,, form a decreasing sequence of closed sets.

b. There exist compact neighborhoods V; of E;nU;, j=1, .., n, such
that the V; are mutually disjoint, each V,& U;, and ECUV;.
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Proo¥. - Since 3UINE=0 we have U:NE=U’NE and hence U,NE is
open in E. Thus E=(E:NUjVE; and (E:0 1)), E; are disjoint closed sefs of E.

By local compactness, E;NU, SV, C CE, for some compact neighborhood
ifl of E.0U,, and we set Vlsfflnl]l.

Clearly, ViC U,, ViNE,= @ since ViC Vi CCE., and V, is a compact
neighborhood of E1NU; since 3UNE, =0,

Now for U, N E; we have 2U, NE, = O because 2U.NE, =0, and thus U,NE,
= USNE; so that U,NE; is open in E,. Consequently, E = (U, NE)N(U:NE)NEs,
a digjoint union of closed sets in E.

Again, by loecal compactpess, E,NU,C V.S @ViNEs), for some compact
neighborhood V. of E.n U, and we define Vy=V,nU,.

As with Vi, Vo C U,, V; is a compact neighborhood of U.NE,, and ViNE;
=0, V.NE;=8. Further, since VZQ@VI, Vinv,=0.

Continuing this process we find V,;, j=1, .., n—1, where the V; are
mutually disjoint compact neighboroods of the E;NU;, each V;NE,=8, and
E=(UnNEHU ... (U,1NE,)VE,, a disjoint union of closed sets in E.

Now, E, S U,. If not there is A€ E,, A ¢ U, whereas A€ U; for some j<n;
but A€ E, implies A€E;NU;, so that A¢ E,, and, consequently, A¢E,.

Also, 8U,NE, = @ implies 2U,NE, = O, so that

E,=UNE,= UNE,.

n—1

n—1
Therefore, since E.N(U V)=08 we have B, & U URLU V), and local com-
1 1

pactness gives
E.CV,CUNCU Ty,

~

V, a compact neighborhood of E.. Finally, set V.= V,nU, so that V, < U,.
qed.
TuroreM 4.1 -
a) Let T€ A'E). If there is Ny such that, for every finite decomposition
T4 of T, Z|T}.e < Nr then
17 <1 T < o

b) E is of strong spectral resolution if and only if for all 7€ A\E) there
is Nr> 0 such that, for every finite decomposition {7;} of T, 2[T;|+ < Nr.

Proor. -
a) Given e >0 and let ¢ € A(T) have the properties that |o|<1 and
NIy — <T, 9>|<e/2.
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For each y€ E and W,, a neighborhood of y, there is an open y-neigh-
borhood f@ and h, € A(l') such that MYE<§Z%;~’ h,=0 on CW,, and ¢=¢(y)+

+ hy on ’f]*r [4; Theorem 2.6.5].
We now choose U, & ﬁr’ a compact neighborhood of y, such that

(8) AU,NE = 0;

in particular, UﬁnE:UYnE and thus U, is a neighborhood of U,NE.

To see this note that by the total disconnectedness of K and because
@ﬁT is closed, there is a compact open neighborhood C, of v in E such that
C,NCU, =8

Letting K,=E — C,, there are disjoint compact sets U, and N, which
are neighborhoods of C, and K,, respectively.

Clearly, 3U,NC, =8 and 3U,NK, =0, and We have (8),

By the compactness of E let {U;:j=1, .., n|<'U,:y€E| cover E (where
U; is a neighborhood of v;).

Because of Lemma 4.1 there are mutually disjoint compact neighborhoods
{Vitg=1,...n}l such that ECS UV, and V;CT;.

It ;= V,nE we set <JJFJ.€A(I‘) to be 1 on a neighborhood of F; and O on

a neighborhood of the closed set E—Fj.
Then,

<7, o> = T, b CFLPF] =X <T, CP(Y})LI)F]> +Z <TLPF,~; k*(]-> .

Consequently,
£
| <T, 9> |< BI<T, bs, 2> |+ g3~ B T,

By hypothesis we therefore have
| <T, 9> =<|T| +¢/2,
so that [T < |T|..
Obviously, Z|7,]- < Nr implies that, for any finite decomposition {T¢r}
of T,
I, QJF]- > = 2[1T¢Fj1]A'SNT,
and, hence, [T]. <oo.

b) Clear from a. ged.
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Thus, in B (mod 2x), {7) holds for all 7€ A(E) if and only if |S
for each S¢€ A'(E).

v =[S,
TureoreM 4.2 - Let T€AE). If there is Ny such that, for every finite
decomposition {T;} of T, Z|7j|» < Nr, then T € DUE).

Proor. - For ¢ € A(l'), and using the notation of Theorem 1.1, we define
the linear functional

HTLL: V(E)—> C

o> <T, by >.

For fixed ¢ € VIE) we set F.=EN¢~x), x€oE), and define S,= T{dy,
since {F,:x€9(E)} is a finite decomposition of E.

Hence, prfp) =<Th, ¢>= 3, <&, 9>= ¥ x<TY, s, >; and, therefore,
=€¢(E) #€ ¢{E}

Junfe) | <lole 2 1 <TY, dr, > |

<lpbleb 2 1290l

< Neldlafelo = Kr.y|¢lo-

Thus, V(E)= CI') implies pz, € OUL) and
pr, = ¢ on ViE)
Consequently, because pr=1T on V(E) we have
dpr=pry on V(E).
Let I be the closed ideal in A(I') generated by V(E). Clearly the zero-set
of I is empty so that, by the Tauberian theorem, I= A(l'). Thus any ¢ € A(T)
is represented as lim ¢,$,=¢ in A(I') where ¢,€ V(E) and J, € A(T).
For such ¢., . we have

<7, {'.bﬂan> :<T‘~pn7 P> = < Rry, s ':Fn>=<‘-PnP~T; tPn > == < fr, CPn‘l’n>-

Therefore <7, 9> = <ur, o> for all g€ A, qed.
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5. - Pseudo-measure variation in profinite groups.

Let {I',: « € A} be a family of finite abelian groups each with the discrete

te topology, (4, =) a directed set, and
Cg:T, =T, a =8,

a family of continuous homomorphism for whic C; is the identity and
Og- C;=0f. Il', is a compact abelian group, and the projective limit I' of
iI',t is that subgroup of II', consisting of all {y,}€ I, for which Cxy,) =
=vg if a=B. It is easy fo check that ' is closed in II[';,, and thus it is
compact. A profinite abelian group is a projective limit of finite abelian groups.
For our purposes we also note that profinite groups are totally disconnected,;
this is a trivial consequence of the fact that compact groups are totally dis-
connected if and only if the identity is the intersection of all its compact
open neighborhoods [2; p. 118].

TEEOREM D.1. - Let I' be profinite. E is a set of strong spectral resolu-
tion if and only if for all T€4(E), |T] <oo.

Proor. - Let T¢A'E). Strong spectral resolution implie |T], <oo by
Proposition 2.2,

Conversely, since I' is fotally disconnected and because V(E), as a sub-
algebra of A(I), is self-apjoint, separates points, and not all its elements vanish
at any fixed y&€ I, we apply the Katznelson~-Rudin theorem [4; pp. 239-241]

directly and have V{(E)= A(I").
Thus, since the hypothesis allows us to apply Theorem 1.1, we have T'=py
because T = pur on V(E)

qed.

Therefore, in light of Malliavin’s characterization of sirong spectral res-
olution in terms of strong c-liftings (e.g. [3] for details) we have necessary
and sufficient conditions that pseudo-measure variation be finite in terms of
inequalities dealing with measures. Also, by the Katznelson-Rudin theorem,
the statement of Theorem 5.1 holds for any totally disconnected T,
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