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8 a m n i a r y ,  - We consider pseudo-measures T on totally disconnected sets E as finitely addi- 
tive set functions whir the usual variation n~rm tl ]Iv. I f  E~R/2 I ]Z ,  re(E)=0, T = f ' ,  
f e l  t , and [ ] T [ ] ~  then T is a measure. 2for arbitrary locally compact abelian 
groups we give conditions that T be a measure in terms of the pseudo-measure norm; 
this result is known for R/2IIZ. 

Let  G be a locally compact  abelian group with dual group F and let 
E___ 1 ~ be a compact  totally disconnected set .  We  employ the following stan- 
dard notation: LI(G) is the space of integrable functions on G with the usual 
L l - n o r m  [1111; A(F) is the space of Four ier  transforms ~ of x ~ L l ( G ) ,  where 
li lIA-=llxlll; c ( r ) i s  the algebra of continuous functions vanishing at infinity 
with sup-norm 11 [l~; A'(F) is the space of pseudo-measures  (the dual of A(P)) 
with dual norm I] [IA'; ~)I~(P)c_ A'(F) is the space of bounded Radon measures  
(the dtlal of C(F)) with dual norm ll Ill; A'(E)  consist of those TeA'(F)  with 
support  contained in E;  A~(E) consists of those T e  A'(E~ where for all ~ e A(F), 
¢p = 0 on /~, < T, V > -  0; 9K(E) consists of those i~ e !~ff~(I') with support  con- 
tained in E. 

E is a s p e c t r a l  set if A ' ( E ) :  A~(E),  a H e l s o n  set if 0T~(E)--A.~(E), a set 
of s p e c t r a l  r e s o l u t i o n  if every closed subset  of E is spectral, a set of s t r o n g -  

s p e c t r a l  r e s o l u t i o n  if ~:(E)----A'(E), and a K r o n e c k e r  set if every continuous 
complex valued function ¢p on E, where I v l = l ,  can be uniformly approxima- 
ted by continuous characters.  

In this paper  we give conditions that E be a set of strong spectral  re- 
solution in terms of a suitable measure  of the variation of a pseudomeasure.  
In § 1 we define pseudo-measure  variation II II~ and construct  a cannonical  
map A'(E)-->~VS{E~ for those T ~ A ' ( E ~  with liTll,, < ~ .  Some propert ies  of [lIl~ 
are presented in § 2 as well as general cri teria for strong spectral  resolution. 
We consider the special case F - - R  (rood 2~:) in § 3 and by two different 
methods get analogous results for arbi trary F in § 4. 

Final ly we treat the case of profinite groups in § 5 and il lustrate the 
identity between pseudo-measure  variat ion and Malliavin's recent  notion of 
a strong c-l if t ing [3]. The result  in this last section is prel iminary and fur- 

I*) Entraia in l~edazione il 5 gennaio 1969. 
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ther  related results will subsequent ly  appear. Also we adapt a technique and 
lemma due to VAnOPOULOS [5] for our Theorem 1.1 and Theorem 3.1. 

By way of perspect ive we have the following situation in F = R (mod 2~:). 
Helson showed that every t te lson set is a set of uniqueness  in the wide sense 
(clearly, these lat ter  sets have Haar  measure  zero, and, thus, they are totally 
disconnected). ]t is not known if every Helson set is a set of strong spectral 
resolut ion,  or,  even if such sets are sets of uniqueness ;  obviously ,  strong 
resolution sets are of spectral resolution and Malliavin shoved that spectral  
resolution sets axe sets of uniqueness.  Further,  Varopoulos proved that Kron- 
ecker sets are of strong spectral resolution and that there are sets of spectr. 
al resolution which are not Helson. Re[erences and discussion to these results 
are given in [1]. 

1 .  - Pseudo-measure  variation. 

A finite decon, position of E i s  { F : : j =  1, ..., n} where the Fj~  F are closed 
and mutual ly disjoint and such that U F : = E .  W e  let 

~ : I F ~ E : F  is closed and is an element of some 
finite decomposit ion of E}:  

and for T s A '  (E~, F e ~ ,  we define 

T(F) ~ < T, ~ > ,  

where ~ e A ( l ' ) ,  ~ r ~ l  on some neighborhood of /~, and ~ : ~ 0  on some 
neighborhood of E - - F .  Note that E - - F  is closed. A fi~ite decomposition of 
TeA'(E) is / T j : j =  1, ..., n} c_ A'iE) such that T - - Y  Tj ~nd for which there is 
a finite decomposit ion of E, IF:I, satisfying stipp Tj ~ t~). 

PROPOSITION 1.1. - Let  TeA'(E). For all F e  ~, T(F) is well defined, and 
for every finite decomposit ion {F j} of E, there is a unique finite decomposi. 
tion of 7' given by f/} ~ T~F i. 

PROOF. - T(F) is well-defined for if ~FeA(F), ~ r ~  I on a neighborhood 

of E - - F ,  we have < T, ~ - -  ~ > -- 0. 
For  the unique finite decomposition, letting {S j} be a finite decomposi- 

tion of T and ~ A ( F ) ,  we have 

< 8:, v > = < S : ,  ~ : ; j> - - r ,<Sk ,  ~ : >  = <T,  v¢;j> = <T~p~j, ~ > ,  
k 

where ~ieA(]?), ¢pj~ 1 on a neighborhood of /7':, and % ~ 0  on a neighborhood 
of E - -  F:. qed. 
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The pseudo-measure variation of T e A'(E) is 

t [T~ '= sup{Z  t T(Fj)I:{F]} is a finite decomposition of E}; 

and we let a~lTeA'(E):[lT[l,~<c, ol. Clearly,  for all ~teOL(E), 
since for a given finite decomposition, ~F]I , 

where ~eA(I?), ~=Z,'~Fj~ ~*] on a neighborhood of supp ~t, and ] 1 ~ 1 .  In  

particular,  ~91L(E) ~ R _ A'(E). 

TItEORE~ 1.t. - There  is a wel l-defined map 

c : ~ -+ ~grC(E) 

T~-->o(T) -- ~r 

and a subspace V(E) ~ A(F}, sup-norm dense in C(P), such that supp ~r C_ supp T 
and T = l ~ r  on V(E). 

PaooF. - Define 

VIE) =-- {¢¢ e A(F}: there is open U+ ~ E such that card qg U~) < ~ I .  

Olearly, V(E} is a subalgebra of C(F} and we use the Stone-Weiers t rass  theo- 

rem to show V(E)--" C(F). It is only necessary to check that V(E) separates 
points and this will follow since E is totally disconnected. In fact, lett ing y, 
) , e E  there are compact open Ev, E~, disjoint with E--EvUE~, "(eEv, ) . eEz ;  
thus taking disjoint open sets about /~ and Ez we construct  ([4; p. 49]) ? e  V(E) 
for which q~(L) :~ qg).). 

For T e A'(E} we define the l inear functional 

c(T) : V(E) --> C 

? ~  <T, ~>.  

c(T} is obviously well-defined, and for fixed qo e V(E}, with corresponding U+, 
we see that 

(1) 

and 

(2) 

&L ~ U, n?-~(~) is open for all x e ¢~(E) 

E___ utU~ :xem(E~l. 

(2} is obvious. For  (1), take xe?(E)  and an open neighborhood N of a~ such 
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that NN(:p(U~)--Ixl ) - 'O;  then b~N?-:~(N) is open and we are done since 
g~ 0 ~-~(N) = U~ n ~-~(x). 

By definition of ? there are only finitely many U~ and the (J~ are mu- 
tually disjoint.  

Clearly, I F~ : x e ?(E) and F~ ~ EN U~ I is a finite decomposition of E, no- 
ting that F~ is closed since F~-" E N ~-~(x). 

Thus, we use Proposition 1.1 and form the canonical finite decomposition 
IT~ I of T. For ? e  V(E) and Te A'(E) we then have 

since 

(3) 

c(T)(,~)-- E x< T~, 1> 

c(T)(?)-" E < 7 ; ~ ,  ¢p> = E x<T, ~F~> 
~e?(E) ~e?(E) 

where the last equali ty follows because ¢?(y)= x on U~. 
Therefore,  for all ? e V(E) and for all T e  ~ ,  

(4) i c(7'~(?)[ ~ sup I ?(Y) t E I T(F~)I < M T  sup t ?(Y) i, 
yez xe?(E) yeE 

where  MT is a cons tan t  depending on T and  where the last  inequali ty follows 

since T e  ~ .  

Hence c( T) e eD~,,( E) noting that V(E)~ C(F) implies that the restrict ion of 
V(E) to E is sup norm dense in C(EI 

Because of (3), the first inequali ty in (4) can have E replaced by supp T, 
and thus c(T) e !~qS(supp T). qed. 

2. - Cr i t er ia  f o r  spec tra l  r e s o l u t i o n .  

We begin by t'ecording some trivial properties of the notions introduced 
i n ~ l .  

PROPOSITION 2 . 1 . -  

a. H [1~ : ~ - - > R +  is a semi-norm. 

b. c:~-->e2~(E) is a l inear surjection and for all ~ 9 ~ ( E ) ,  c(?)--t~. 

It is equally obvious that for T~,~, c(T)=O yields ~'(0)--0, and that if 
F ~  E then V[Et ~ V(F). Fur ther  

PROPOS~TIO~ 2.2. - 

a. For all TeA'(E), I]T~.--ilc(T)II~. 

b. For nil T, S e ~  with supp TN supp S - ' O ,  IIS+Tlt~=llSll,+IITIt~. 
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c. For  all T e A  and for a n y  f ini te  decomposi t ion  t~I  of T, EIIT]I]~. 

PBOOF. - a. To show Itc(T~lt~ ~ii Ti!~ we first  note that  B-~ V(EtflB, where 
B is the closed uni t  ball  in C(F). 

Thus,  for any  e > 0 there is ~e B, ~ e B f l  V(E) such tha t  

!I c ( T )  Itl __<Ic(T)(~)t+ 2 ~[c(T)(~) l + s = < T, +e ~ > -{- z = 

~< T, cj +~)> + ~_< X cjl t< T, % >  I+~_< 

i < T, % > I + ~  ~ ilTll~ • 

For  the opposite inequal i ty ,  if IFjl is a f ini te  decomposi t ion of E we have 

2 t < T, ~q>[ = Z <  T, yFie > 

where ~ - - ~ F  ge is t aken  in B. 

Since ¢~ ~ V(E) we have 

so that  tak ing  the sup of the left  hand  side over all f ini te  decomposi t ion  

gives tl Tll~' < [lc(Tl]~. 
b is c lear  from a since total var ia t ion  is addi t ive  when deal ing  with 

measures  hav ing  dis joint  supports,  c is a s t ra igh t fo rward  man ipu la t ion  aga in  
us ing  this  addi t iv i ty  p roper ty  of total  var ia t ion,  qed. 

Thus  for E a He lson  set (and  so there  is M > 0  such that  /I~11t <--Mtt~tlIA" 
for al l  ~ 6 ~ E ) )  we have ITtI~MIIc(T~I1A, for all T ~ .  

THEOREms[ 2.1. - Tile fol lowing are equ iva len t :  

a. E is a set of s t rong spect ra l  resolut ion.  

b. (A'(E}, tl its) is a normed space. 

c. For  all  TeA'(E), liTli.~,<_ltTll~<~. 

PRoof .  - The impl ica t ions  a to c to b are obvious by the above pro- 
posit ions.  

To show b implies  a we observe that  (A'(E L II 11~) nomed tells us c:A'(E}--> 
91"~(E) is one to one. fled. 

H e n c e ,  E is a set of s t rong spectra l  resolut ion if IITtI~=IITII~' for all 
T ~ A'(E). 

Rela ted  to the p seudo -measu re  var ia t ion  we def ine the slrong variation 
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of Te  A'(E) to be 

il T]!~v~sup {El < T, ~?~ > ] :  {F]} is a finite decomposit ion of E},  

where ?e~  A(P} is zero on a neighborhood of E - - F  and [ ~ I  "~ I on a neighbor- 
hood of F. Thus, !]7'[l::~liTiI~, and IlTtl,~>I]Vtio for all T+A'(E), and we let 
= ITeA'(EI:IlT][:: < c ~  l. These two inequalit ies and the technique of Theorem 
2.1 give 

PROPOSEVlON 2.3. - ~ "-- 9E~E). 

3. - Strong spectral resolution in R ([nod 2T:). 

We recall the following Varopoulos lemma [5] whose proof is based on a 
standard approximate identity result  ([4 i Theorem 2. 6. 5.]). 

LEMMA - For  all e > 0  there is ~(e)>0 such that for all m, n ~ Z ,  OeR  
satisfying 

[d~ -- e~(°+~) I < ~(~) for y e F ,  

we have 

I T ( n ) -  e ~° T(m) l < e II TI]A' for T e A'(/0. 

TttEORE~[ 3.1. - Let  T e A'(EI and let N r >  0 have the property that for 
every finite decomposition t ~ l  of T, ZIITjIIA, < Nr.  Then T e  ~)T~(E). 

PROO]~. - By hypothesis T~  ~ since E l < T, ~§ > i - -  E ITj(0)i<:~tlSilA,. 

We show that for fixed n e Z  and e > 0 ,  I T(n)--~T(n)[<~. Using the no- 

tation of the Lemma and the fact that V(E)--C([) implies the restriction on 
V(Et to E is sup norm dense in CiEL we choose ? e V(E} such that 

(5) sup t e"v--  ~(y) l < ~ 
yeE 

and 

(6) t < 

Note that without loss of generali ty we can choose I ? t ~  1 in (5) and (6). 

To see this first choose ,.~ e V(E) such that ~(1") ----- cj e ~/ on F], t F/1 a finite de- 

composition of E and sup Id"v--,C(7) t <  2 .  Then 1 - - ~ < e j <  1 + ~  and we 
$eE 

define ¢~e V(E) such that ?(y)~(cj+d/)d ~j on F/ where Id j l<  ~ and c j + d j - - 1 .  

This  does it, 
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For this finite decomposition of E we form the canonical finite decom- 
position {~/~f of T so that (5), the Lemma,  and the hypothesis that Z[tT]f]A,< Nv 
imply 

[ T ( n )  - -  , ,  e J Ti(O) I < ~.  
J 

Since  ~ E V(Et, Z~(~) = < T, ~ >  = ~ e"J ~(0) .  
] 

Thus, 

qed. 

COROLLARY 3.1.1. - E is a set of strong spectral resolution if and only 
if for all T E A ' ( E )  there is /V:r> 0 such that for every finite decomposition ITj} 
of T we have ~7)I[A,_<_N~. 

PRoo~. - One way is immediate from the theorem. The other way is clear 
by taking Nr~t[TI[1 for T e ~ ( E ) .  qed. 

In  proving that Kronecker  sets are sets of strong spectral resolution,  
Varopoulos [5] showed that 

(7) ~ il Tj 11~' = II T[]~, 

for every finite decomposition of E; he used the Lemma in his proof. Obvi. 
ously (7) is sufficient to apply Theorem 3.1 to Kronecker  sets and hence 
tlTII~,=HT]!o for such sets (sine,, [l~U~,=ll~ll~ for all ~CV~(E), ~ Kronecker). 
We can also easily deduce this equali ty by using only t7) and the Lemma. 

4. Strong spectral resolution in I'. 

The proof of Theorem 3.1 depended on properties of /~ (mod 2u) because 
of the Varopoulos lemma.  We now give two different  proofs of Theorem 3.1 
which are valid for any F. 

Lemma 4 . 1 -  Let X be a locally compact T2 space and let E ~ X  be 
n 

closed. Assume E ~  U Uj, where each U] is a compact neighborhood of some 

) ' iEE and ~ 5 ~ 0 E = 0 .  Then 

a. These t s  EI ~-- E, E2 ~ ~ - -  E~ N U:~ , E3 ~- E2 - -  E2 N U2 , ... , E,~ ~- E,_~ - -  

E,_~N Un-1 form a decreasing sequence of closed sets. 

b. Th(~re exist compact neighborhoods Vj of E j N U / ,  j - - l ,  ..., n,  such 
that the V/ are  mutual ly  disjoint, each V j ~  U], and E ~ 0 Vj. 
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PROOF. - S i n c e  $U~NE:O we have U~NE:U~NE and hence U~NE is 
open in E. Thus E - -  {E,N U~)UE2 and (E~N U~), E2 ale disjoint closed se[s of E. 

By local compactness, E~fl U~_ V, c CE2 for some compact neighborhood 

V1 of El13U1, and we set VI=--PlNU1. 
Clearly, VI~U1,  V~f)E2=O since VI~  VI~CE~,  and Y~ is a compact 

neighborhood of E~fi U~ since $U1NE~= 0.  
Now for U2 N E2 we have ~U2 NE2 = 0 because "~U~E~ = O, and thus U2~E~ 

-0 --~)~NE~ so that U:NE~ is open inE> Consequently, E--(U~NE~)N(U20E~)NEa, 
a disjoint union of closed sets in E. 

Again, by local compactnesu, E~flU~_ V ~ ( V ~ N E a ) ,  for some compact 

neighborhood l~ of E~N U~, and we define V ~ V ~ N  U~. 
As with V~, V ~  U~, V~ is a compact neighborhood of U~flE~, and V~flEa 

- - 0 ,  V2fiE3--O. Further,  since Vzc_~V~, V~NVx--O. 
Continuing this process we find g], j =  l, ..., n - - l ,  where the Vj are 

mutually disjoint compact neighboroods of the E~flb~., each V/NE,==b'), and 
E=(UINE~) 0 ... (~_INE~_~)UE,, a disjoint union of closed sets in E. 

Now, E~-----U~. If not there is ;~E~,  kqU~ whereas ) . ~ .  for some j < n ;  
but ).EE= implies ~.EEiflUi, so that ),~E]+~ and, consequently, ),~E~. 

Also, aU~flE~'- 0 implies ~U~NE~,=O, so that 

0 E~-- U~NE~-- U. NE.. 

n--I n - - 1  

Therefore, since E~fl( U 1~)=6) we have E , ~  U°~U@( U Vj), and local con> 
1 1 

pactness gives 
n - - 1  

c_ 72 --  n C( u v;), 
1 

~r a compact neighborhood of E~. Finally, set g~--~ V,N/7~ so that V . ~  U~. 

qed. 

TItEOREM 4.1 - 

a) Let TEA'IE). If there is Nr such that, for every finite decomposition 
t Tjl of T, ,~ [ITjII~, ~ zYr then 

[I -<t1 T[to < 

b) E is of strong spectral resolution if and only if for all T E A'~E) there 
is J~r:>0 such that, for every finite decomposition tTi} of T, EIITjlIA.~!Vr. 

PRooF. - 

a) Given ~ > 0  and let ~o6A(P) have the properties that ]q~l_<l and 

IIJTIIA,-- < T, 
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For  each y 6E and Wv, a neighborhood of 7, there is an open y - n e i g h .  

h v 0 on Ci4~, and ~--+{7)-{- borhood Uv and h~EA(F) such that Ilhvlt < 22V~' --  

q -h  v on Ur [4; Theorem 2.6.5]. 

We now choose U~_c Uv, a compact neighborhood of y, such that 

(8) 3UvNE = O; 

in particular,  U;NE--UyNE and thus Uv is a neighborhood of UvNE. 
To see this note that by the total disconnectedness of E and because 

CUy is closed, there is a compact open neighborhood C~ of 7 in E such that 

Lett ing Kr~-E--C~, there are disjoint compact sets U~ and Nr which 
are neighborhoods of C~ and K~, respectively. 

Clearly, 3U~f)C~----O and 3UrNK r - -O,  and we have (S). 
By the compactness of E let lUg:j= 1, ..., nl c7-~U~:TEEI cover E (where 

U/ is a neighborhood of 7/). 
Because of Lemma 4.1 there are mutual ly  disjoint compact neighborhoods 

t V / : j = I  . . . . .  nl such that E ~  0V/ and V/~U]. 
If F]~ V/NE we set ,~F]6AIF) to be 1 on a neighborhood of F/ and 0 on 

a neighborhood of lhe closed set E--/+;..  
Then, 

<T, 9> -- <T, Z ++Fj> = E <T, +(yj)~;j > -[-~ <T~ri, hy/>. 

Consequently, 

I < T ,  %°> [ ~ E I  <T:  ' ~ / >  I-4= ~-~T ~' [I T+FjIIA ', 

By hypothesis we therefore have 

1 <T,  + >  l-----tlTll: + ~/~,  

so that IiTb' < lIT[], • 
Obviously, ZHY/}I.4,_< NT implies that, for any finite decomposition 

of T, 

I< T, +~+ > t<_ +[tT+~+ItA,<_NT, 

and, hence, U T II~ < ~ -  

b) Clear from a. qed. 
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Thus, in R (mod 2u), (7) holds for all TEA'(E)if and only if IlS[I~,--I1SU~ 
for each S E A'(E). 

THEOREM 4 . 2 -  Let  TEA'(E). If there is . ~  such that, for every finite 
decomposition 1T/I of T, vII~}lI~._<Nr, then TE V|LtE}. 

PROOF. - For  +E A(P), and using the notation of Theorem 1.1, we define 
the l inear functional 

~T+ : V(E)--> C 

+~--> <T, ' ~  > .  

For fixed ~EV4E) we set F~--EN~-~(x), xE~(E),  and define S ~ T ~ C ~  
since 1F~:xE~(E)I is a finite decomposition of E .  

Hence, ~+{~)~--<T~, ~:>= Z <S~, ~:>: F~ x<T~.~, , ~ : > ;  and, therefore, 
e ~(z) ~ ~(E) 

~e ~(~) 

il+ll  l[ +It: II II , 

--< Nr II'~]!A ll ~l]~o------ Kr,+l]~l[~o. 

Thus, V(E) = C(F) implies ~r+ E 9]~(F) and 

~r+ --  ~ on V(E). 

Consequently, because IXT~--T on V(E) we have 

~t~r---- its+ on V(E). 

Let I be the closed ideal in A(P) generated by VIE). Clearly the zero-set 
of I is empty so that, by the Tauberian theorem, I-----A(FJ. Thus any ¢?EA(F) 
is represented as lira ¢?~+~--~ in A(I'I where ~ E  V(E) and ,5~EA(F). 

For such ¢?~, ,~. we have 

Therefore <T,  ~>  --  < ~tI., ~ for all ~EA(F). qed. 



JOHN J. BENEDETTO: A strollg ]orrn o/ spectral resolution 323 

5. - P s e u d o - m e a s u r e  v a r i a t i o n  in p r o f i n i t e  groups .  

Let 1F~: a E At be a family of finite abeiian groups each with the discrete 

te topology, (A, ~ )  a directed set, and 

C~: r ~ r ~ ,  ~ ,  

a f~mily of continuous homomorphism for whic C~ is the identity and 

C~. C~=  0~. IIl:~ is a compact abelian group, and the projective limit l ~ of 
lP~l is that subgroup of IIP~ consisting of all I~'~f E IIl'~ for which C ~ )  --  
--y~ if ~ .  It  is easy to cheek that P is closed in IIP:,  and thus it is 
compact. A profinite abelian group is a projective limit of finite abelian groups. 
For our purposes we also note that profinite groups are totally disconnected; 
this is a trivial consequence of the fact that compact groups are totally dis- 
connected if and only if the identity is the intersection of all its compact 
open neighborhoods [2; p. 118]. 

TtI~OREM 5.1. - Let P be profinite.  E is a set of strong spectral resolu- 
tion i[ and only if for all TEA'(El, ItTtl~<~. 

PaOOF. - Let  TEA'(E). Strong spectral resolution implie t } T I I : ~  by 
Proposition 2.2. 

Conversely,  since P is totally disconnected and bee;rose V(E), as a sub- 
algebra of A(F), is self-apjoint, separates points, and not all its elements vanish 
at any fixed ~'E r ,  we apply the Katznelson-Rudin theorem [4; pp. 239-241] 

direct ly and have V(E)-- A(F). 
Thus, since the hypothesis allows us to apply Theorem 1.1, we have T----~tr 

because T - -  ~T on V(Ei. 

qed. 

Therefore,  in light of )1alliavin's characterization of strong spectral res- 
olution in terms of strong c-liftings (e.g. [3] for details) we have necessary 
and sufficient conditions that pseudo-measure variation be finite in terms of 
inequalit ies dealing with measures .  Also, by the Katznelson-Rudin theorem,  
the s ta tement  of Theorem 5.1 holds for any totally disconnected P. 
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