
On closed sets of  ra, tion~d funct ions .  

~¢~emoria di OTTO S z J . s z  ( U n i v e r s i t y  of Cincinnati ,  Ohio) (*}. 

S m n m a r y .  - This paper contai~s proofs of the closure of certain sets of rational functio.s 
i n  various spaces. Thus, for example, conditions are de~gved for the closure of the sequence 

e t - - z~  
( x  ~ + z~e) - t  i n  the space L~(O~ o~), and for the set - -  i n  C ( - - 1 ,  - t -1 ) .  Analogous 

1 - -  ctzv 
results are proved for other related sets of rational functions. Some of these results are 
n e w  ; others are new proofs of known theorems. The main point is that a uniform method 
is  used throughout this paper. For a description of the method see article 1. 

1. Introduction.  - The fol lowing theorem is well known [see 4 and 5] (l). 
A necessary and sufficient condition for the closure of the sequence ~t~ l ,  
v----1, 2 , . . . ,  in L~(0, I) is 

1 - -  2R~ 1 
~. -- ~. R~ > -- 2 ('). ~=I [ +/>.~/~ -- 

The basic steps of the proof were.: 
a) Find a special sequence ~t ~I ,  which is c losed;  here we may take 

L, = v - -  1, by W E I E R S T E A S S '  S approximation theorem. 
b) Find the minimum, m , ,  of 

1 

o 
where u 0 --1, and t 0 any given integer k ~ 0. 

c) The set I tz" t~,oo, is closed if and only if for each k m,  - -  0, as n - -  oo. 
One advantage of this direct, elementary procedure is that it applies as 

well  to the more general case of triangular systems. We Shall also employ 
it to discuss some sets of rational functions in the infinite interval (0, 0¢~). 

2. Fundamental  concepts. - L;(0, 1) denotes the space of real or complex 
valued functions f(t) in 0 < t < 1, such that f ( t )and /f(t)/p are integrable; 
here, p ~ 1. Distance in this space is defined by 

l 

o 

(*) Questo  lavoro  p e r v e n n e  in redaz ione  il prime g iugno  1952 e I'A. r iv ide  le  pr ime 17 
p a g i n e  de l l e  bocce.  A eausu de l ia  Sun  morte,  i m p r o v v i s a m e n t e  a v v e n u t a  i l  J_9 set tembre 1952 
a ) [ o n t r e u x  (Svizzera)  l 'u l ter iore  lavoro  di r ev i s ione  fu assunto dal Prof .  It .  DAVID LIPSICH. 

Gli A n n a l i  di Matemat ica  r i v o l g o n o  un commosso  pens iero  al la  me mo r i a  det loro colla- 
boratore OTTO SZ.~SZ ben  noto ne l  moudo matemat ico  intcrnaz ionale .  

(~) ~-umbers  in square  brackets  refer  to the l ist  at the end of  this paper. 
(.2) Rz denotes  the real  part  of z ;  z is  the  conjugate  comple>: of  z. 
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L~!O, 1) denotes the space of measurable,  essential ly bounded functions.  
Distance in this space is clefined by 

(L, f~) "- ess. u. b./ f l ( t  ) - -  f~(t)/. 
o<~<I 

C(O, 1) denotes the space of cont inuous  functions.  Distance in this space is 
defined by 

(f~, f~) ---- m a x  I f ,  if) - -  f~(t)l .  

Clearly L~CLq for p > q; let p' --p/{p ~ i), and p' -- c~ for p -- I; p and 
p' are called conjugate numbers. 

A sequence of functions f~(t} e Lp(O, i) is called complete in this space, 
if the only function g(t') e Lp, which is orthogonal to all f,~{t), i. e. for which 

1 

[f"' g] ----- i f,,(t)[1-(t)dt - -  O, (n - 1, 2, 3, ...), 
f ,  

i 

o 

is g(t) c,z O. Here g(t) is the conjugate  complex to g(t) ; g(t) c,z 0 means  g(t) ---- 0 
almost everywhere (a. e.). 

The  sequence f,(/) ~ L~(0, 1}, (or in C) is called closed in this space, if 
to any funct ion ~(t} $ L~ there exists a sequence of l inear aggregates 

~t  

l .( t)  = ~ c.,f~(t) 

such that  

l i ~  (~, z~)=  0. 

It  is known that  completeness  in Lp and closure in Lp t l ~ p ~ o o ) ,  are 
equivalent .  Fu r the rmore  completeness  in Lp implies completeness  in Lq for 
any q < p  ~ c~. (Cf. [1], pp. 73-74). 

The same propert ies  extend easily to any finite interval,  by a l inear  
t ransformat ion of the variable t. 

F inal ly  a sequence of funct ions  in C(0, 1) is called complete in this 
space if for any funct ion  g(t) of bounded variat ion the infini tely many  
equat ions 

1 

f f , ( t ) d g - ~ - -  O, (n - 2, 3, ...). 1, 
o 

imply g(t) ~ g(1) --  g(0), except  at an enumerable  set of points. Again closure 
and completeness  in C(0, 1) are equivalent .  (Cf. [1], p. 73). 

Similar  defini t ions and propert ies  hold for an infini te interval.  
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W e  also introduce the space H~ of functions f(z), regular  in / z / ~  1, 
and such that 

27: 

( l  M~ I f ;  r I : 1/21: I f(rd°) I pdO) : 0(11 as r I 1 ; 
o 

H~ is the class of functions f(z) regular  and bounded in / z / ~  1. 
It  is known that if f(z) e H~, then lira f (re ~°)= f(e~O t exists a. e., and 

f l 1 
0 

is finite. 
A sequence of functions u,(z) ~ H~ is said to be complete in Hp if for 

any g(z) ~ H~, the equations 
$r: 

[u.,  g] --  f u.(e'°)g(d°)eo --  O, (n --  1, 2, ...), 
0 

imply g(z) = O. Here  1 ~ p ~ c~. 
The sequence u,(z) is called 

f(z) ~ Hp there exist a sequence 

n 

v = l  

such that 

For  p : 2, see M~.LMQUIS~ [3]. 
closed in H r  (1 ~ p  ~ c ~ )  if to any function 
of l inear aggregates 

2"ff 

(2.1) (f, l~) = 1/27: I f (d  ° ) - -  1,(e~°)tPdO ) ~ 0 as n ~ ~ .  
0 

It can be shown by using a standard device, that completeness and 
closure in some H~ are equivalent.  

The sequence u~(z) e H 2 is called orthogonaI and normal, if 

I O, for v :4=k 
[uv, uh] - -  1, for v : k (v, k - -  1, 2, ...). 

3. Preliminary lemmas. 
LE~I~A 1. - If  Rz :> 0 (3), then 

09 

f dx  ~: A ( z )  = = • 

(3) F o r  o u r  p u r p o s e  t h e r e  is  no  loss  of  g e n e r a l i t y  in  t h e  r e s t r i c t i o n  Rz ~ O. 
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This  is a well  k n o w n  fo rmula  and  
tha t  

In  fac t  

can be found  in m a n y  textbooks.  ~'ote 

A(z) = z-CA(z - ' )  ; A~- -  z) = A(z). 

LE~aMA 2. - I f  R u  ~> O, Rz  > O, t hen  

B ( u ,  ~) =- ( ~  + u~)(x~ + ~)  
0 

- 2u~(u  + ~)" 

1 1 ( 1  

Hence.  in  view of L e m m a  1, 

0 

1)1 

1 1 )  
4- U S ~ -t- gi d~c 

= 2(. '  - u ~ ~ - ~ - 2u~(u + ~)" 

LE~Ma 3. - I f  g~, r~ (v---O, 1, ..., n) are real  or complex  numbers ,  then  
the de t e rminan t  

has the value  

D .  - -  ~I 
v, k = 0  

For  references  see [5]. 

D,, = [~g~ + r a ) - ' ] :  

(g~ 4- r k ) - ' ,  n (g~ - -  gk)(n - -  rk). 
v:>k~O 

A consequence  of this  L e m m a  i s :  

[(g~ 4- rh)-']o 1 ~I (g~ - -  g°)(r~ - -  r°) 
[(g~ + r,)-~]~ g0 -t- r 0 ~=1 {gv + ro)(r~ -t- g,)" 

L]~MMA 4. - Given a sequence  of real  or complex  number s  z~, z.~, ..., z~ :4: za, 
in the ha l fp lane  Rz:>  O. If  the sequence  has  a f ini te  l imi t  point  ~ wi th  
R~ ~ 0, then  the sequence  

1 
(3.1) x ~ -+-z~,  (v = i,  2, ...) 

is complete  in L~(O, c~). 
To prove this,  we wish  to show tha t  if f(x) is a func t ion  in L~(0, c~), 

and  such  tha t  
co 

f f(x)d~_ _ 0 ,  ( v - -  1, 2 . . . .  t. 

0 

T h e n  f(x,) --  0 a lmost  everywhere .  
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The function 
Co 

0 

is analytic in the halfplane Rz > O, and vanishes at infinitely many points, 
with a limit point in the domain of regularity.  Hence  

Now for real z ~ 0 

hence, 

F(z) ~ O in R z  > O. 

Co 

1 f x ~ ~t- z ~ - -  e-(~'+~)~dt' 
0 

co  co  

F,o,= f f r,o)o 
0 0 

and the double integral is absolutely convergent for z ~ O. On putt ing 

we have now 

O(t) - -  f f (w )e -~ tdx  

0 

it follows that 

hence 

co  

F(z) -_ f e-o ¢(tlat 
0 

= 0 ;  

O ( t ) - - 0  a. e. in (0, c~), 

f ( t ) = O  a. e. 

This proves the lemma. I t  is known that completeness and closure in 
L~t0, ~ )  are equivalent. Hence  under  the assumption of Lemma 4 to any 
given e ~ 0 and to any function f(w)$ L2(0, c~) there exists a l inear 

aggregate E a~(x ~ -~- zv~) -~ such that 
1 

• l x ~ +  < ~ .  
0 

We shall employ Lemma 3 and 1 to find the necessary and sufficient 
condition for the closure of the sequence (3.1}. 
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4. Closure of  the  sequence ( x ' +  z~) -~ in L~(O, e~). 
A necessary and sufficient  condition for the closure of the sequence (3.1) 

is that any preassigned fraction (~c ~ q-z~) -~, Rz 0 ~ 0, can be approximated 
by (3.1)in the sense of {3.2). The sufficiency follows evidently from Lemma 4. 
Consider now the minimum of 

f ~ Uv ~dx, Qn --" X~ ,J 
0 -'t'- Zv" 

0 

for u o -  1 and u , ,  u.2, ..., u, , ,  arbitrary.  The approximation is possible if 
and only if 

m i n Q , ~ l ~ , ~ ( z , , ) ~ 0  as n ~ c ~ .  

Now 

Qn -- 

and 

By Lemma 2 

Oo 

c~u~th, c~h -- [(x,' -+- z~)- ' (x  ' + zh~)-~dx, 
v, k=O 

0 

min Q. - -  [c,,]~ " [c~a]~. 

a , k  = 2z,z~(z, + ~h); 

thus Lemma 3 yields (with g, : z,, r ,  : z,) 
¢b ~ 2, Zv Zo 

e/Zo/~(Zo + zo) ~ z~ + Zo 

On putting z .  = v,~ + iw. .  and 

{4.1) ~ : i - - ] z n - - z °  : 
Zn - I -  Zo 

we have 

and 

(4.2) 

~n --  4V0~o/: lII (1 - -  ~), 

4Voq)n 

/z. + zo/~ 

Thus ~. ~ 0 if and only if v v./~ + z0/-~ "--- c,o. We may choose z 0 real and 
1 

positive, so that the condition becomes 

oo Vn 
(4.3) Z --  co. 
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But 
/~./~ + v~ ~ (v. ÷ v°) ~ ÷ ~ "  ~ 2(/~,,/~ + v~l ; 

hence (4.3) is equivalent  to 

/z./~ ÷ vo 

If this holds for some %, it holds for every positive % hence we may 
choose Vo = 1. We have established the following theorem: 

THEOREM 1. - The s ~ u e ~ e  (~ ÷ z~) - i ,  Rzv ~ 0, v ~ 1, is closed (complete) 
in L~(O, ~ )  i f  and only i f  

Rzv 
0 0 .  J . J  

,=1 1 + Iz~,l ~ 

5. Closure of  the sequence x ( x 2 +  z,~) - i  in L~(0, co). 
The sequence x(x2-l-zv2) -~, R z ~  O, can be treated in much  the same 

way. If  f(x)~ L~, then 
¢ o  

F{z) = f x f (x)  d x  

0 

represents  a regular  function for Rz ~ O. If  F(~v) - "  0 and the sequence { ~v I 
has a limit point inside the halfplane Rz ~ O, then F(z)~  O. Now for real 
positive z, 

0 0 

where  

= ; e-~'tO(t) dt, 

GO 

(I)(O - -  f xf(x~) e-'udx" 
0 

As before it 
n imum of 

QO 

0 

Now 

v, k=O 

follows that f ( ~ ) ~ 0  in (0, c~). We next  consider the mi- 

u o -  1; u~, u~,..., u.  variable. 

A n ~ a l i  di  M a t ~ t i e a  
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where  
CO CO 

x ~ -t- z : ) [ i "  + z,. ~) z,~ ~ - -  z~ ~ ~x ~ + z,. ~ 
0 

2(z~ ~ - -  ~ : )  2(zh 4 -  z~) 

L e m m a  3 yields (with g, --  z,, r~ --  z,l 

x~ + ~ dx  

(from L e m m a  1t. 

rain Q, --  2(zo + zo) II1 

Thus  the condit ion for closure remains  the same as in the previous case. 
We have proved:  

T~EORE~ 2. - The  sequences t ~/( x~ + z:~ I, Rz~ > O, is  closed i n  L~(O, oo) 
OD 

i f  a n d  o n l y  i f  ~, Rz~/([ + / z ~ F )  - -  oz .  

On put t ing  
2 2(1 + 2~.) i 

z~ _ 1 + 2 ~  - - / i  + 2~/2 RL, > - -  ~ , 

we get 
Rzv 1 A- 2).~ 

1 -+-/z~/= -- 2 ~ / 1 ~  2~,~/~' 

and the condit ion ~ z~/(1 + Iz+/~) - -  oo becomes 

1 + / ) , , / '  

which is exactly the necessary and sufficient  
the sequence {~-~ I in L:(0, t) (cf. [4]). On wri t ing  

condit ion for the closure of 

it is seen that  the sequences  

1 
1 I' t l  + ~ : , ~ t  I O~ ~ :4- Zv ~ 

are s imul taneously  closed or not closed. Fur the rmore  RT~ > 0 if Rz~ > 0 and 
conversely. Final ly  

~ Rz~ z~ -~ _ ~, Ryv  
(5.1) ~ 1 + Iz~l~ - -  ~ Izv/-~ ÷ 1 1 + I,:~f~" 

Thus  Theorem 1 is equivalent  to: 
Tt-IEOREM 3. - The  sequence {1-I-x2y~2}, R':,, > O, is  closed i n  L~(O, o~} i f  

a n d  on ly  i f  the series (5.1) is  d ivergent .  

1 ~ 1 1 
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6. T h e  s e q u e n c e  z ~+~ e -~1~. 

Let  f (~ ) s  L2(0 , ~ ) ;  the funct ion  

(6.1) 
0 

1 
is regular  in the ha l fp lane  Rz > -  ~. Hence  if F ( z ~ ) :  0, v ~ 1, and the se- 

1 
quence  z~ has  a f ini te l imit  point  inside the hal fplane Rz > - -  ~, then  F(z) -= 0. 

Iqow for c > 0 

f / 1' for a > l  
1/2=i z-~a~dz = O, for 0 < a < . l .  

Hence  for a > 0, us ing  (6.1) 

1/a 

Thus  if F ( z ) ~  O, then 

oo 

f e-~/~f(x)dx~ 
if, 

= 0  for all c ¢ > 0 ;  

it follows that  f(x)c,z 0 in (0, c~). We have proved :  
Tt~OREI~ 4. - The sequence l e-~l~a~ ~ I is complete in L.2 O, ~ )  i f  the se- 

1 
quence z~ has a finite limit point inside the halfplane Rz > - - ~ .  

1 
Denote by ~,, ~ , . . .  a sequence of real numbers  such that  ~ ~ ~ > 2" 

By Theorem 4 the sequence e-=12~ y'~ is closed in L.~(O, c,z). Thus  a sequence 
t e-~'f2~ I, Rz~ > O, will be closed in L~O , ~ )  if and only if each e-~f'25 ~ can 
be approximated  by l inear  aggregates  of the funct ions e-~i2x ~ in L~(0, c~). 
Consider one such ~ which is different  f rom each z~; denote it by zo. Now 
wri te  

oo 

0 

v, k = O  
0 
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In  par t icular  let z 0 --~¢, and 

z ~ - - : c + v ,  v - - l ,  2, 3 , . . . ;  where a ~ - - -  

then 

1 
2; 

'~ r ( 2 ~ + v  + k 4 - 1 )  
Q , , -  ~ u~i~k 

~,~=0 r(2:¢ + 1) 

Now [cf. 6, p. 46] min  Q,, ~ 0 ( n -  cx~); if follows that the sequence 

[e-*f~x ~+~ }1,~ is complete  in L~(0, c<)). For  other proofs of. [10] and [2]. 

7. Closure of  the sequence 
C t  - -  Z.~ 

in C(-- 1, -+- 1). 
Let c be u real  or complex constant,  

variation,  then  

is regular  in / z / ~  1, and 

O ~ / c / ~ l ;  if ~(t} is of bounded 

-j-t 

a t - - z  F(z) = 
1 - -  -ctz 

- -1  

. . . . .  a+(t) 

+1 

/F(~)/ <_ ]'/a~(O/. 
- -1  

Assume that  F ( z v ) - O  for v = l ,  2, 3 , . . . ,  and that  Z ( 1 - - / z ~ / ) = ~ ;  it 
then follows from BLASC]~KE' S theorem, that  F ( z ) ~  O. Now 

at - -  z _ ct - -  z(1 - - / c /2 t  2) ~ (z~t) '~-~, 
1 - -  c t z  1 

and termwise integrat ion is permi t ted  as the series is boundedly convergent  
to a cont inuos function.  For. we have for - - 1  _~ t ~ 1 

/z/(1 - - / c / ' t  ~) ~ (.;t) '~-~ <_ ~ (1 - /~ / '~ t~) ta  t ~-~ 
1 1 

= (1 + / a l ) O  - ~at~") < 2. 
Thus 

it follows that  

F(z)  = c td~(t) - -  z ~ (1 --/c/2t2)(zct)"-~d~(t) ~ 0;  
1 

- 1  

I 1 

ta+(t) = o, ~(1  --/~/~t,)t .-~d+(t) = o, (n = 1, 2, ...), 
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Thus 

and 

( 7 4  

1 

J,, = j ' t zkd4(t )  = /c/'J,,+, , (k=O, 1, 2 ,... ). 
-1 

It follows that /&I G /Jk+, /  Furthermore 

hence J, = 0 and JR = 0, k = 1, 2, 3, ... . 
The system ( tn  10, oo being closed in C(- 1, -+ I), it follows, using a 

well known theorem of I?. RIESZ on closure, that the system 

is closed in C(- I, i- 1). 
If /c/ = 1, then write 

hence 

Now from (7.1) Jk = J,  hence 
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o r  

1 

(7.2) 2k f l +(t) - -  +(-- t ) -  Jo l t2~-~dt - -  - -  Jo. 
o 

Clear ly  

g(t)  _ +(t) - ' 4 ( - -  t) - Jo - o a s  t t 1. 

Given $ > 0, choose ~ so that  / g ( t ) /<  
tha t  / g ( t ) / <  M ;  t hen  f rom (7.2) 

for  1 - - ~ < t < l ,  and  M so 

thus  

I--~ 1 

o I--~ 

/ J o / <  M(1 - -  N)~* + s I 1 - - ( 1 - - N ) 2 a  }, 

and le t t ing k ~ o0 

IJol ~ ~ .  

H e n c e  J0 = 0, Jk - -  0, k = 1, 2, 3, .... 
(For con t inuous  f(0, P. F u ~  proved  (Math. Ann. 77, 1916, p. 146-147) 

1 

that  n f f l t ) t n d t  -* f(1) as n - -  c~). 
o 

Summar iz ing ,  we have  p roved :  
THEOREM 5. - Le t  0 < / c / ~  1, /z~/ ~ 1, E (l -- /z~/)  - -  ~ ,  then the sequence 

~s closed in  C(--  1, -I- 1). 
1 - -  ~tz~ 

8. Completeness of t he  sequence 1 / ( 1 -  zvz) in H~.  
I f  f(z) ~ H i ,  and  

2,": 

(8 .1)  f e- 'ny(e")dt  = O, (n = O, 1, 2, ...~, 
0 

c o  

then, pu t t ing  f(z) - -  E c , z  ~ we have  
o 

2 ~  

(8.2) ( e-~ntf(e~t)dt - -  27:c, - -  O, (n - -  O, 1, 2, ...), 
o 

hence  f ( z ) ~ 0 .  T h u s  the sequence  z n, n - - - 0 ,  1, 2, . . . ,  is comple te  in H ~ .  



0. Szlsz: On closed sets of rational functions 207 

DEFII~ITIO~ 1. - The class of functions ftz) regular  in / z /<" 1 and con- 
t inuous in / z / ~  1 shall be denoted by K;  a sequence u,,(z)$K is called 
closed in K if to any function f(z)~ K and to any given ~ ~ 0 there exists 

a l inear aggregate l , , -  Z c,~u~ so that 
1 

I8.3) /f(z) --  t,(z)/ < e for / z /  ~ 1. 

It  follows from a theorem on normed vector spaces [cf. [1], p. 58, Theo 
rem 7], that the sequence lu,~(z) l is closed in K, if and only if the infinitely 
many equations 

.]u,(e'tid+(t)_ = O, (n -~ 1, 2, 3, 
f *  

0 

(8.4) 

imply 

(8.5) 
27T 

. f  g(e't)d~( O 
0 

- - 0  for every g{z) eK .  

Here  ~(t) is of bounded variation. On putt ing g(z)--z  n, it follows from 
(8.5) that 

fin 

(8.6) f e = o, (n = o, 2, ...). 
0 

Conversely if (8.6) holds, then employing a well known theorem of F]~J~R 
on ari thmetic means, it follows that (8.5) holds. 

Thus the sequence z'*, n -  0, 1, 2, ..., is closed in K and the statements 
(8.5) and (8.6) are equivalent.  Our aim is to prove the following theorem. 

THEORE~I 6. - Let 

the sequence 

/ z J  < l, z~ :4: zh for v=4:k; 

1 
( v - - l ,  2, 3,...), 

r v ( z )  - 1 - -  z v z '  

is complete in H,~o i f  and only i f  E ( 1 - / z ~ / ) - - c o .  
Consider the function 

2r~ 

F(o )  = [ ! 1 - -  ~e  - ~ t  dr, 
0 

it is regular  for / z / <  1 ; by assumption Flz~) = 0. 
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Furthermore, by termwise integration 
2rr 

F(z) = ~ z e-i~tg(eUldt ; 
0 

0 

hence F(z) = g(z) e H~, and by a theorem of F. RIEsz, F(g) ~ 0. It follows that 
2~ 

f e-   g(e t)dt = O, {v = 1, 2, 3, .-4, 
0 

hence g(z) ~- O. 
00 

Conversely, if v {1 ~ /z~ / )  < ~ ,  then the product 
0 

- - - hi.) 
t z~ - -  z / z ~ / ~  

is a function, regular in / z / <  1 and belonging to /-/~. 
By FATO~' s theorem on the boundary function 

2rr 

1 f h(x,)dx_ 1 f h(e't)e~_tdt 
h(z) - -  2~i J x, - -  z - -  2r: I e ~t - -  z 

Ix ]= t  0 

2rr 

By assumption, 

- -  2 ~ j  1 - -  z e  - ~ t "  

1 f h{eU)dt - - 0 ;  

0 

hence the sequence 1/(1--z~z) is orthogonal to the function h(z}. Thus we 
have proved that the condition Z ( 1 - / z ~ / ) - - ~  is sufficient for completeness 
of the sequence ~1/(1 --z~z) l in Hoo, and necessary for the completeness 
in H~, 1 ~ p ~ c , . ~ .  

In this connection, the following theorem is of interest: 
Tt~EOI~EI~I 7. - I f  u.,(z)eH~, (or K), and i f  the sequence l u,(z)]  is closed 

in  H~ (or K), then the sequence ~ u,($), u,Oz) l z - - e  ~t is closed in  L~ (or C} 
for all real or compleoe valued funct ions of  t in  (0, 27:). 

For the proof, note that any real valued function q)(t)e L~ (0, 27:) (or C) 
is the real part of a function f{e ~t) where f (z)~ H~ (or K). Now f(z) belongs 
to the span of the sequence tu,,(z) t, hence f(~) belongs to the span of the 
sequence lS,~(z) t. This yields our assertion for real valued functions. If q)(t) 
is complex valued (I)(t)----q~(t)-bicb~(t), then the same argument applies to 
(I), and (I)~, which proves our theorem. A corresponding theorem holds for 
completeness. 
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9. Direct  proof of  closure in H~. 
It  is of interest  to give a direct e lementary discussion of the closure of 

the sequence l 1 / ( 1 -  z~z) l in H.2. It  is parallel  to  the one used in §§ 1, 2. 
Suppose that f(z)~ H~, and that 

2 r t _ _  

f f(ef~)dt _ _ o = 1, ...). 

0 

Consider the function 

[' f(e't)dt 

0 

it is c lear  that F(z) is regular  for / z / ~  1, 
If  the sequence ~zsl has a limit point inside the 
e lementary  theorem F ( z ) ~  O. But for / z /  <~ 1 

hence 

and F(z~)-~O for v - - i ,  2, .... 
unit circle, then by an 

"~Tr 

0 

27T 

, f  e'  f(e' tdt - -  O, 
0 

i v -  0, 1, 2, 3, ...). 

I t  follows that f(e")c.~O. We have thus proved the l emma:  
L E p t A  5 . -  I f  I z ,  I h~s a limit point inside the unit circle, then the 

sequence ~ 1 / ( 1 -  z,z) l is complete (closed) in H~. 
In  par t icular  we may choose z v - - ( v +  1) -~, v - - 1 ,  2, 3, .... ~ow a 

sequence 1 ( l ~ z v z ) - ~ l  is closed in H,  if each element of the sequence 
l ( 1 - - v - ' z ) - ~ l  can be approximated in the sense of (2.1) (p----2) by l inear 
aggregates Z c~(1 - -  z~z) -~. Denote a term of 1 {l - -  (v -t-- 1)-~z) -"  I, if it is not 
contained in the sequence ( 1 -  z~z) -~, by ( 1 -  z,z) -~. Consider the minimum 
of the Hermi t ian  form 

we have 

Q l u l = 

0 

for z - -  e ~t, u o ' - 1 ;  

2~ 

(i dt Q t u l - -  ~ - 
~, o u~ua 1 - -  z~e't)(1 - -  zae - ' t )  

0 

-" Z u~u~c~, say. 

A ~ n a I i  di M a t e ~ a t i ~ a  27 
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H e r e  

and  

(9.1) 

)+ Cv h - - .  Z v n S i n t  zame- i m t  t 

0 

i - z~z~ z~(z~-' -- z~) 

rain Q+ u i - -  [c:+]:__ m . ,  say. 
Ice+I, 

Now (cf. L e m m a  3 wi th  g~ = zv -~, r~ = -  z~ for  c¢ = 0 or 1) 

t~ ( z c '  - -  z+-')(z~ - z~) 

~z~  ~ (z~-~--  z~) 

Thus  
Tt 

n ( z c '  - z ° - 9 ( z o  - z~) 

Zo Z o - ,  _ Zo ~I ( z c '  - ~ol(Zo - '  - Z1 
1 

and this espress ion  r educes  eas i ly  to 

(9.2) 

To 

~J~ n 

2 ~  f i  Zo - -  Zv " 

r a n - -  1 - -  /Zo/"~ 1 1 - - z o z ~  

I 
- 1 - - / z + / + + l ,  /1 -ZoZ~/~ ." 

have c losure  in H+2 it is ev iden t ly  necessa ry  and suff ic ient  
0, and this is the  case  if and only if 

that  

(9.3) 

1 --/Z~/~+ 
- - -  ~ o r  

/1  - -  z ° z J  ~ 

(1 --/zv/) = ~ .  

Thus  the sequence  I 1/(1 - - z , z ) l  is c losed in H:  if and only if (9.3) holds. 

10. Or thogona l i za t ion  o f  the  sequence 1 / ( 1 -  z~z). 

I f  zv =4 = za, for  v =4= k, then 

D .  = [c~+] 4-  o, 
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hence the functions r ~ ( z ) -  1 / ( 1 -  z~z), v = 1, 2, ..., are l inearly independent.  
Orthogonalization and normalization yields the sequence p,~(z) where 

r,(z), . . . ,  r,,(z) 

,,(z) = M, ,  . . . . . . . . . . . . . .  

• , . • , , ° . ° , • • , . 

Ci,n--i • • • ~ ~ n ~ n - - I  

a n d  

t 
r(3 I n r C I **-i M n  -~ = ~,~ { t ~d , ' t  ,kJ~ }~, / 8 . / ~ 1 ;  

employing again Lemma 3, yields 

l _ 
1 .-i z~ 

• II f z J  
~,(z)  = ~ 1 - -  z~z  I 1 - -  zz~ 

where ~,~ is the normalizing factor. 
In  terms of the orthogona] sequence I~,~(z) l 

approximation in H: to a given function f(z) 
standard method. We have 

then 

and 

Q~ = I f (e  ~t} - -  ~ c~(e")[ '~dt  
1 

0 

0 

Now put 

the l inear aggregate of best 
can now be found by the 

0 

2~ 

f ~je ,  t)f(e,~----)dt 

0 

1 1 1 1 

. f Q,  = ~ / c ,  - y~/~ + / f ( e "  / d t  - -  ~ / ~ / ~  
1 1 

0 

t Ience  Q,~ becomes minimal for variable el, .... c,,, if 

(~v --" Yv, (v = 1, 2, ..., n). 
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We get 

min Qn - f /f(eft)P dt - -  ~ / T J  2. 
] 1 

o 

The development of f(z) in terms of the sequence I f),~(z) t is 
C O  

(lO.i) f(z) ~ ~ ~,,~,(~). 
o 

I f  ~ ( 1 - / z J ) - - ~  ~ then the development converges uniformly to f(z) in 
any circle / z / ~ r ~ l ,  and in the mean on / z / - ' l ,  whenever  f(z) eH~,  
(cf. [3]). If z ~ zk, k an integer, then 

and 

p,(zk)--0, for n - - k + 1 ,  k + 2 , . . . ,  

k 

f(zh) "-  ~ v ~ ( ~ h ) " -  ~' ~;~Pfik), for n ~ k .  
~ 1  ~ 1  

It follows that the partial sum S.(z) of (10.1) takes on the values f(zk) 
for z - - z ~ ,  k - - 1 ,  2, . . . ,  n, hence it represents  the interpolation for f(z) at 
the given points z~,... ,  z , .  

For  another  proof el. MALMQUIS~ [3], TAXENAKA [11] and WALSH [12], 
[13]; WALSH gave some more general  results. 

11. Closure o f  t r i angu la r  sequences. 
We can use the device of the previous sections to answer the following 

question : 
Given a t r iangular  system of constants in the unit  circle z , , l ,  z, ,s,  ..., 

z , , , ,  n ~ 1, 2, 3,~..; / znJ  <: 1; under  what condition can every function 
n 

in H~ be approximated by l inear  aggregates ~ v~/(1--z~,,~ z)? We assume 

z,,~=~=z,,~ for v=]=k, v, k :  1, 2, .... n ;  if z, ,~--z~,  indipendently of n, we 
get the previous case. We introduce auxi l iary constants z~, ~----1, 2, . . . ,  so 
that / z j  ~ 1, ze =~ z~ for all u, n, v, and assume that the sequence 1/(1 - -  zaz) 
is closed in Hs. 

We now seek the minimum of the Hermit ian  form (z,,0 stands for a 
fixed %) 

2g 

Q I u l  = ~ ~ =  U o =  

o 

the minimum is 

n 
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where  now 

ev k -.-. 
27: 

- -  ° 

z., ~(Z , - I  - -  Z., k) 

We find, replacing in (9.2) z~ by zn,~, 

2~ f i l  1 (i - - /ze/~)(1 - - / z . . ~ / ' )  
m,, - -  1 - - / z ~ / ~  1 - -  / 1  - -  z , , ,  ~ z ~ l :  f" 

We now must have lira mn ---- 0, which is equivalent to ~. (1 - - / z~ ,  ~/) ~ 

as n ~ ~ .  Our result  is :  
THEORE~ 8 - Given a tr iangular  system 1 z~,~l v - -  1, 2, . . . ,  n, n - -  1, 2, 3, . . . ,  

/ z ,~ ,J  < 1, z,,~ :4: Z,~k for v =4= k. I n  order that every funct ion in H., can be 

approx~imated by linear aggregates ~ c ~ / ( 1 -  z,,~z), it is necessary and  suffi- 

cient that 

lim i n - -  ~. /z.. ,~/ l - -  c<~. 

On writ ing z.,~ - -  1/~,~,~ the basic rational functions become ~,~,~/(~.~,~ z); 
this form was used by WALSH, who discussed more general  approximation 
problems for such systems. (of. [13], chapters VIII  and IX;  see also TAKE- 
~AKA, [11]). 

12. Closure in C(0, ~ ) .  
We now discuss the closure of the sequence t l/(w "~ -bz~ ~) !l,~ in C(O, ¢x)}; 

we may replace z~ "~ by ~, and w~ by ( 1 -  Off, 0 ~ t ~ 1 ; w e  thus consider the 
sequence t/(1 -- t + ~t) for 0 ~ t ~ 1. Replacing 1 - -  ~ by % we get the sequence 
t/(1 - -  y~t} - -  r~(t), say. Note that r~(0) --  0, v - -  1, 2, 3, .... Adjoining the constant 
r,,(t) ~-1,  the sequence I r~(t)10,~ will be closed in C(O, 1) under  certain 
conditions for T~. We employ the following cr i ter ion:  the sequence tr~(t) l is 
closed in C(0, it if the infini tely many equations 

1 

/r~(t)d~(t) - -  O, (v --  O, 1, 2, ...), (12.1) 
l 

0 

imply ~ ( t ) ~  O. Here  ~(t) is any normalized function of bounded variation, 

~(0) = 0, ~(t} --  I ~(t -I- 0) -i- ~(t - -  0) }, 0 < t ~ 1. Consider the function 

1 

f ,  F(z) - -  ~ d~(t); 
0 
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it is r egu la r  in the complex  p lane  outs ide  a cut  a long the real  axis  from 1 
to + o~. By  (12.1). 

1 

(12.2) fd~p(t) - -  0, thus  ,~(1) - -  ~10) ----- 0, 
0 

and F(?~) = 0, v ---- 1, 2, 3, .. . .  To employ  an e l e m e n t a r y  theorem assume  that  
the s equence  1 ~'~ I has a f ini te  l imit  poin t  outs ide  the l ine z ~  1 : then iV(z) ___ 0. 

F o r  / z /  < 1 
1 

F(z) --  Y, z ~ t ~ ~d~(t), 
0 

0 

hence  in v iew of (12.2) 

1 

f t~d~ttt 
0 

= 0 ,  for  v - - O ,  1, 2, .. . .  

Bu t  the s e q u e n c e  I t  ~ I0,~ is c losed in C(O, 1) hence  + ( t ) ~  0. This  y ie lds  
the  theorem (for a re la ted  resu l t  see [7]): 

Ti~EOI/EM 9. - I f  the sequence 1?~ I has a finite l imit _point, not on the 
line z ~ 1, then the sequence t t/(1 - -  ?vt i is a base for all  continuous functions 
in  [0, 1], vanishing at t - - O .  

As a coro l la ry  we have  the r e s u l t :  
TaEOi~El[ 9 ' . -  I f  the sequence ~ has a finite l imit point  outside the 

negative real axis,  then the sequence [ (x~ + ~)-~I is a base o f  all continuous 
functions in [0, o~], vanishing at x . - - o o .  

W e  now pu t  x : =  u, and use  the fo rmula  

1 I / 
u + ~ = t"+:-~dt' u ~ O, R~ > O ; 

0 

we employ  T h e o r e m  9' wi th  a p a r t i c u l a r  s equence  ~ ~ }, e. g. ~ - -  (v + t) /v,  
v = 1, 2, 3 , . . . ,  and  denote  an a rb i t r a ry  term of this s equence  by  ~); let  
c o - - 1 ,  and ci ,  c~, . . . ,  be a r b i t r a r y  cons tants .  Then  

hence 

1 

. / (  ) E c~ ~ c~t u+b-i dt, 
o U + ~ - -  i 

0 

1 
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We have proved [5], that the sequence l t ~ - i l  is closed in L~(O, 1) and 
a fortiori  in Ld0 , 1), if 

(12.31 R ~ > ~  and E I - t - / ~ - - I / ~ = c ~ "  

Thus, under  this assumption the function (u-4-~o}-i belongs to the span 
of the sequence t ( u - 4 - ~ ) - i  }. In  view of Theorem 9' we have proved the 
theorem : 

TREOREM 9" - If (12.3} holds, then the sequence I x  ~ 4- ~ IJ,o~ is a base of 
all  cont inuous  func t ions  in  [0, c~], van i sh ing  at ~ , -  c~. 

In  view of Theorem 9' the case of main  interest  is when / ~ , / ~  c~. 
In  this case the condition (12 3) reduces  to 

R ~ > ~  and ~. / -~/2- ' -c¢,  or ~ ,~=¢x~.  

The sequence {x~/(vc2-t-zv)l can be discussed in a 
simple manner .  

We replace z2 by ( I -  t)/t, and z~ 2 by 1 -  ~ ; then 

similar, though less 

The funct ion 

] t 1 

1 

0 

d~(t) 

_ V t ( 1  - t )  

- -  1 - - ~ t  " 

is regular  if z is not on the line z ~  1. For  / z / <  1 

If  

1 

r(z) = ~Zo f tvv~ - tld+(t). 
0 

1 

f WW:- t} 
i - ~ ~  d+(t) = F(~) = O, 

0 

and if the sequence }~1 has a finite limit point outside the line z ~ 1, then 
FIz} ~ 0, hence 

1 

j 't~+~Vl .......... td~(t) - -  O, v = O, 1, 2, .. . .  

0 
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l - -  

But  the sequence 1, VI  - -  t, £ + ~ V 1 - -  t, v = 0 ,  1, 2 , . . ,  is c losed in  C(0, 1) 
t[9], § 8); hence the sequence  

1, x I x t 

is closed in C(O, ~ ) .  W e  have now proved 
THEOREM 10. - I f  the sequence z~ has a finite l imit  point  outside the ne- 

gative real awls, then the sequence 

x t t 1, is closed in CO, oo). 

To eliminate the condition of a finite limit point, we employ the formula 

c o  

/ te -~t sin x td t  - -  x / (x:  -~- z~), Rz  > O, x ~ O. 

0 

Thus  

and 

x ~ c~/(x ~ + z~ ~) - -  t sin x t  e~e-~,~ t dt, 
0 

O 

I 1 x c /(x ÷ 
0 

0 

Concluding as before we  get the theorem:  
1 

T~EORE)~ 10'. - I f  Rz~ > ~ and  

2Rz~ - -  t 
1 + (Z~ - -  1) ~---  ~ '  

then the sequence 

c o  1 

0 

1, 1 + ~  , t ~ _ t _ z 2  ~,~ 

is closed in  C{0, cx~). 
We finally remark that closure propert iers  of the sequence x / ( x ~ ÷  z~) ~ 

can be discussed in a similar manner.  
Closing note. - In  a recent  paper  H. ](OBER (A note on approximation 

by rational functions, ¢ Proc. of the Edinburgh Mathematical Society )), Series 2, 
vol. 7, 123-133) gave a proof of Theorem 6; moreover, he proved closure in K, 
on employing and extending a result  due to J-. E. LITTLEWOOD. Here  is an 
account of his proof :  
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Consider the function 

2~ 

" a~(O 
F ( z )  = 1 - ze-"' 

0 

and assume at first that ~b(t) is real and monotone. Then 

27z 

I -- Rze-" 
F(z) -- .  /1 - -  ze-*t/' d~b(t) :> O, for / z /  < 1 ; 

o 

thus the function w -  F(z) maps the cireular  region / z / <  1 onto the half- 
plane R w  > 0, or on part  of it, while the function 

$rr 

o(i + z) = fa+(o, 
y(z) = i - z ' 

0 

maps / z / <  1 on the whole halfplane. Moreover, 

2~ 

F(o) = [ d+(O = ~ = yiO); 
0 

hence F(z) is subordinate to y(zb (cf. W. RoGosINsxI, << Mathematische Zeits- 
ehrif t  2, 17, p. 262). It  folloows from LI~?~I,EWOOD' S theorem (, Prec.  London 
~a themat ica l  Society >> (2), vol. 23, Theorem 2) that 

2~ 

M,,(p; F ) - -  ~ {F(oe") l ldt~ _ 

o 

where 0 < 0 < 1 ,  0 < Z < l ;  but Mx(,o; y ) < A x ,  where A~. is a constant, 
depending only on X. A similar inequali ty now follows for any t~(t) of bounded 
variation. 

Let now F(zJ  - -  0, v -- 1, 2, 3, ..., and P. (1 - - / z~ / )  - -  c¢, then by a theo- 
reom of F. R IESZ (<< Mathematische Zeitsehrift  ~, 18, p. 87-95), F(z)=--O. But 

21 

0 . 1  
0 

hence 
277 

0 

: 0 ,  v - ' 0 ,  1, 2, .... 

The theorem uow follows from the closure of the sequence l e~tl in K. 

Anna| i  di M a t e m o t i ~  
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