
Topological aspects of the Bel-Petrov classification. 
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Summary. - The topological aspects of the Bel.Petrov classification of the curvature tensor 
are examined for compact orientable space-times in which the Einstein equations for the 
exterior case are satisfied. I t  is shown that for such space.times of Bel Case I I I  the 
metric tensor is singularity.free and that the l?ont~agin number identically vanishes. 
Bel Cases I and H are examined and conditions are given for qvhich the metric is 
singularity.free and the Pontrjagin number vanishes. Applications to gravitional ra. 
diation in general relativity are discussed. 

§ 1. - I n t r o d u c t i o n .  

In  a previous paper, [24], the author has given an integral formula for 
the PO~RJAGIN number  and index of a compact orientable 4k dimensional  
different iable manifold which has a Riemannian metric of arbi trary signature. 
In  this paper  that investigation will be continued for the four dimensional  
different iable manifolds of general relativity by considering the BEL-PE~ROV 
classification. Some topological results of AVEz [2], [3], CH:ERN [8], and ZUND 
[24] are reviewed in § 2. The necessary prel iminaries  about  the B]~L-PETI~OV 
classification, together with an important  lemma are given in § 3. The topo- 
logical consequences  of this classification are presented in § 4. 

Throughout  this paper, except  for minor changes, the notation and ter- 
minology of BIlL [6], LICHNEROWIOZ [15], and [24] are employed. 

§ 2. - Topological prel iminaires .  

Let  V~ be a four dimensional differentiable manifold which i s  provided 
with a RIE)~ANNIA~ metric  g~(wx) of hyperbolic  normal signature. For  brevi ty 
such a V4 will be called a space-time. If V4 is compact  and orientable it is 
known, AVEZ [2] and C]~R~ [8], that the EULER-PoI~cAR]~ characterist ic  is 
given by the integral formula 

(1) X(V4) = 1 
32rc 2 A • 

v ,  
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whore 

12) A a~__~ ~ r v ~ x ~ R ~ ,  ~R~, e~, 

d~f ~ V ~ dot (g~) d~°Ad~:h&c~A&d, and ~)~r~ is the LEVI-0IVI~i permutat ion 
symbol. The results of [3] and [24] show that the P o ~ J A o : ~  number  of a 
compact orientable space.t ime can be expressed by 

(3j p[ v~] - -  8~'  

where 

(4) ~ 1 R~, ~R~,  ~?~'~. (~) 

G ~ I ~ : i u  and DEBEVE~ [10] have shown that in V~ one may construct  
at most the following six scalars from the curvature  tensor and its adjoints:  

t5} 

whore 

(6} 

l 
o; A aeflsf 8 R ~, ~eR~ ", ~ 

B ~ ~ R ~, x~ * R~e, ~ 

Cd_i. 1 I~ ~, ~ * R * ~, ~ 

D ae~--- f ~ R ~ ,  ~R~,  p~RP ~, ~ 

Ea~.~ 1 
~i6 R 6, ~R~,  

F a~_~ ~ R~,~ ' ~R~,  

do,  

(i} In (2~) ~ was denoted by h 4 and P[V4] was written p4[V4]. 
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and 

1 
(7) • R • ~ ,  ~ = 71 ~ , l ~  • 

The six scalars of (5} are called the fundamental  scalars. 

LEM~[A. - In  V4, A and A are related to the fl~ndamental scalars by 

{8) A = 32C 

(9) ~ = 4B ,  

and if V4 is an EINST]~:N space 

(10) A = - -  32A. 

PRooF. - Equat ion {8) is an obvious consequence of {2), {5)and (7). Equa- 
tion (9) was obtained and discussed by the author  in [24] for the case when 
V4 is an EINS~EI~ space, however  it is clearly valid without this restriction. 
Equat ion (10) is established by noting that the RusE-LA~czos  identity [21], 
[14] reduces to 

(11) R~,~.:~ -}- * R • ~I~,x~ --~ 0 

if and only if V4 is an EINSTEIn space. 

Thus the first theree fundamental  scalars natural ly occur as the inte- 
grands of the topological invariants X{I14) and p[V4] for compact  orientable 
space-times. It  is clear from (5) and {11} that C ~ - - - - A  and F ~ -  D, hence 
in an E:~S~EI~ space there are only four fundamental  scalars. 

§ 3. - The Bel-Petrov classification. 

In this section we present  an expose of some of the features  of the BEL- 
PETROV classification as developed by BEL in his thesis [6]. 

Since g=~(x ~) is of hyperbolic normal signature, at each point xE V~ the 
line element can be locally reduced to 

8 
(12) a s s :  ~0°} 2 -  ~ (0J) 2 

j = x  

where the 0 ~ are a system of l inearly independent  PFAFFIA~ forms. In such 
a frame the volume element ~ reduces to 

113) ~ ---- 0oA0:A(}2A0 ~. 
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Throughout  the remainder  of this paper all tensor components will be consi- 

dered with respect  to the frame 0 ~ of t12}. When  h or 5 is evaluated in this 
frame, (13) may be used, together with the standard parti t ion of unity technique 
[19], to obtain (1) and {3b 

In the BEL-PETROV classification the frame components  of R~,).~ are 
wri t ten in a symmetric 6 X 6 matr ix R--~ (RIj), where I denotes the row and 
J denotes the colum j and the a~ and ),~ indices are relabelled according to 
the scheme 

~ or i~ :  23 31 12 10 20 30 

1 or J :  1 2 3 4 5 6. 

If  the EI~STEI~ equations for the exterior case are satisfied, the matrix can 
be written in the form 

(14) 

where Y and Z are real 3 X 3 traceless matrices, i.e. Tr. Y ~  Tr. Z =  0. For  
the calculat ion of the fundamental  scalars it is convenient  to introduce the 
matr ix of mixed components R ~ x  ~ (RIjI, 

=(Y= 
(151 Rmi~ ~ Zmix Ymix / 

and its adjoint components 

- - Z m i x  - -  Ymix) 
(16) * Rm~x = R * i~i~ = ( 

Ymix Zmix ' 

I t  is easy to show by using these expressions that 

A -= - -  1 Tr. {R~i~R~i~) 

(181 h = g Tr. (Rmix * Rmix). 

According to the BEL-PETROV classification, if Ra~ ~---0, one has six ca- 
nonical forms for the curvature  tensor depending on the degeneracy of the 
eigenvalues of Rmix: 
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CASE I 

(19) 

where  

 20) 

(21) Rmix = 

Rmi  X 

"~  0 0 - -  ~ 0 0 

0 ~ 0 0 - -  i3~ 0 

0 0 ~. 0 0 - -  i3~ 

[~ 0 0 ~ 0 0 

0 [~ 0 0 ~ 0 

.0 0 ~, 0 0 ~ .  

and {  j=o. 

CASE l i b  

~ 0 0 2p 0 O 

0 - - ~  0 0 --i~ 0 

0 0 - - ~  0 0 --[~ 

- -  2[~ 0 0 2~ 0 0 

0 [~ 0 0 - - ~  0 

0 0 ~ , 0 0 - - ~ j  

2~ o 0 2[~ 0 0 

0 ~ - - ~  ~ o - - I ~ + ~ )  - 

0 - - ~  - - t ~ + a )  0 - a  ~- - [~  
(22) Rmix = ................................................................................................................. 

- -  2[~ 0 0 2~ 0 0 

0 ~ + ~  ~ 0 a - - ~  - - ~  

0 a ~ - - ~  0 - - ~  - - ~ + ~ )  

(Either z or a can be made to vanish by a suitable rotation in the 23 2-plane}. 

(23) 

CASZ I I Ia  

0 ~ - - v  0 - - v  ~[~" 

p. 0 0 - - v  0 0 

- - v  0 0 --p. 0 0 
R m i  x ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0 v p. 0 ~ - - v  

v 0 0 p. 0 0 

t~ 0 0 - - v  0 O. 

{Either ~ or v can be made to vanish by a suitable rotation in the 23 2-plane}. 

Annal i  di  Matematica 47 
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CASE IIIb 

70 0 0 0 0 0" 

0 ~ - - ' :  0 - - z  - - z  

0 - - ~  --.-a - - ¢ y  "~ 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0 0 0 0 0 0 

0 • a 0 ~ - - ~  

.0  ~ - - ~  0 - - ' :  --¢~ 

(Same indetermination of frame as in CASE IIb). 

CASE 0 

= (ot  

which is merely the MI~KOWSKI space-time of special relativity. 

In our opinion one of the advantages of this method of classification lies 
in the natura l  manner  in which the fundamenta l  scalars appear and play a 
basic role in the determinat ion of the BEL-PETRO¥ cases: 

THEOREM 1 (2). - If  the EII~s~EII~ equations for the exterior case are sa- 
tisfied then the exterior case are satisfied then the space-time V~ is of 

1 °) CASE I I I . -  I f  and only if A - - - - - B = D = E - - - - - 0  

2o) CASE II. - If  and only if {A + iB) 3 -  - 6{D--{-iEl ~ 

3 ° } CASE. - If  and only if nei ther  1 ° nor 2 ° is satisfied. 

The BEL cases are related to the PEwROV types as used by SACHS, 
by the scheme 

BEL CASE 1 II~ IIb III~ IIIb 0 

PE~ROV TYPE I D II  I I I  N 0. 

[22], 

Fur the r  details about the BEL-PETROV classification can be found in [4] 
and [5]. 

§ 4. - T o p o l o g i c a l  c o n s e q u e n c e s  in  Genera l  R e l a t i v i t y .  

The results of § 2 and § 3 have shown that the BEL-P~TnOV classifiea. 
tion is int imately related to two fundamenta l  scalars and that in a compact 

(~) This  t h e o r e m  w as  p r o v e n  b y  ]5 BnL in  h is  thes i s  (6). 
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orientable space.time for which Ra~-~--0 two of these scalars, A and B, occur 
in the integral  formulae for the EUI,ER-POINO~,R]~ characteris t ic  and PO~T- 
TR~FA(~I~T number.  By the first part  of Theorem 1, one obtains. 

TI:IEORE~ 2. - Let  V4 be a compact orientable space-time in which R~B-----0. 
I f  V, is of BEL CASE I I I  then X(V~)--~0 and p[ I~] = 0. 

This result  can also be immediately seen by using {23) and (24) to verify 

that the expressions for h and h given in ~17) and (18) vanish identically. 
Par t  of this theorem, p[V~] ~--0, was given by AVEZ [3]. 

It  is well known, [1], that x(V4)--~ 0 is the necessary and sufficient con- 
dition for the existence of a continuous non-zero tangent  vector field on V4. 
In  part icular ,  [17], [23], this is equivalent  to the existence of a singularity.  
free metr ic  tensor field g~(x x) on V4. Although EInStEIN never formally 
required  that the physically meaningful  solutions of his equations be singu- 
larity-free, he often expressed the desirability of such solutions [9]. Thus 
part  of Theorem 2 states that a compact orientable space-time of ]3EL Case 
III ,  in which R~-----0, always admits topologically a singularity-free metric. 
The physical interest  in this result  is related to the fact that space-time of 
BEI~ Case I I I  are f requent ly  [7], [17] identified as represent ing the most idea. 
tized form of gravitational radiation. In fact BEL Case IIIb exhibits the same 
type of algebraic s t ructure  

l~R~, zF = 0 
(26) 

l ~' * R ~ ,  ).a ~-- 0 

possessed by the tensor / ~  in s ingular  electromagnetic fields [16]. A number  
of exact  solutions are known for BEL Case I I [ :  e.g. the plane and plane- 
fronted gravitational waves of Case IIIb,  [7], [26]; and the Case III~ solution 
of KERR and GOLDBERG [13]. Unfor tunate ly  it is not known whether  any of 
these solutions are compact. 

The BEL-PETROV classification makes no assumption about the real 
scalars appearing in the canonical matrices t19) - (25) other than requir ing 

a 3 

that X a i = 0  and ~ ~i----0 in Case I. Hence  by direct  calculat ion of h a n d  

h one obtains the following: 

THEOREM 3. - Let V4 be a compact orientable space-time on which R a ~ O .  
Then one has 

BE]:, Case I :  

(27t 

V4 



372 I . D .  ZUND: Topological aspects o/ the Bel-Petrov classification 

8 

1 ~ ~#~i. p [ V ,  l = 

BEL Case I I :  

6/ 
(29) X(V4) = u~ (a~ _ ~2) .  

BEL Case lla: 

(30) p [ v , ]  = - 

F, 
BEL Case lib: 

(31) 19[ V~] = - -  ~ 15a~ -[- (z~ - -  a~ -F a~) I" ~b (s) 
V~ 

It is clear  that  in general  x(V,) and p[V~] need not vanish  for space- 
t imes of BEL Case I and II .  Using (27) and .(29) one may  select  special  
space-times of Case I and I I  for which x{V4)= 0: 

THEOREM 4. - Let  V4 be a compact  orientable space-time in which Ra~-----0. 
Then  ga~ is singulari ty-free in each of the following special  space . t imes:  

BEL Case I :  

(32) 1° ai=e~ti ,  ~ =  "¢-1, j - - l ,  2, 3 

Or 

(33# 2 ° The ~9 are a pe rmuta t ion  of the ~j. 

B~L Case II: 

{34) ~=~, E=+I, ~, ~&0. 

Similarly one can select special space-times for which "A---~ 0: 

THEOREN 5. - Let V, be a compact orientable space-time in which B=~------0. 
Then p[V,] =0 in each of the following special space-times: 

BEL Case I: 
3 3 

{35) E ~i~i=O where ~ ~ i ~  ~ ~ = 0 ( ~ )  
~I j=l I-----I 

(3) The in tegrand  may  be simplified. See the r emark  fol lowing (22). 
(4~ ~o r  example  Gcj ___--0 or ~j = 0 for j -  1, 2~ 3. 
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B~& Case II~: 

(36) t ° ~ = 0 ,  ~ 0  

o r  

(37) 2 ° ~ 0 ,  a = ~ 0  

BEL Case II~: 

(38) 1 ° " : ~ 0 ,  a ~ - - 5 ~  

o r  

(39) 2 ° a ~ 0 ,  x----5~. 

The proof is immediate by using (28), (30) and (31). It is interesting to 
note that (37} is similar to the situation for the SCHWARZ$CHILD solution 

km 
where c¢-- r8 and ~ ~-0. The special space-times of Theorems 4 and 5 are 

not the same except in BEL Case IIb for the obvious choices of a or z. 
If V4 is compact and orientable the PO:~RJA(~IN number  p[V4] is related 

to the index of V4, ':(V4), by H[~ZEBRUCH'S index theorem, [11], 

1 
~40) z(V,) = ~ p[ V,]. 

By definition this index is equal to the difference between the number of 
positive and negative signs in ' the quadratic form associated to the cohomology 
product f2 0 g~, f2, g~EH~(V4; .~). The coefficients of this quadratic form 
are written as the intersection matrix a~i, [12], and given by 

(41) J(z~, z~) = aq 

where the indices i, j range from 1, 2, ... up to the second BET~I number  
i b~(~) of ~ ,  and tz~I, i - - 1 , . . . ,  b~iIQl is a basis for HdV4; '~ }. The intersection 

matrix is then related to the cohomology product by the formula 

where ~ :Hq(V~;  ~)----H~_q(V4; ~), q ~  1,. . . ,  4, is the isomorphism of the 
POINCAR]~ duality theorem; f*, g~H2(V4; ~), and z4 is the generator of 
H4( V~; ~). By the familiar properties of the cohomology product, the POI]SCA*~ 
duality and (46) it follows that the intersection matrix is symmetric and 
non-singular. 
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I n  [24] the a u t h o r  p r e m a t u r e l y  a s s u m e d  tha t  z ( V 4 ) - - - - -  2, i.e. tha t  the 
s i g n a t u r e s  of a~j and  g ~  were  ident ica l .  Th i s  is not  n e c e s s a r i l y  t rue .  T h e o r e m  

2, by  (40}, a s s e r t s  tha t  for  c o m p a c t  o r i e n t a b l e  space - t imes  wi th  R ~ - - - - 0  t ha t  

~:(V,t ~ 0 for  BEL-PE~aOV Case  I I I .  T h e  g e n e r a l  d e t e r m i n a t i o n  for  "~(V4) fo r  
c o n n e c t e d  four  d i m e n s i o n a l  d i f f e r e n t i a b l e  m a n i f o l d s  has  r e c e n t l y  been  inve- 

s t i ga t ed  by  MILNOR, [18]. 
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