
A two phase Stefan problem with temperature 
boundary conditions 

John  R. CANNON (1) and MAR]O PR1)IICERIO (~J (*) (**) 

Riassunto. - Si studia un problema di Stefan a due fasi in uno strato piano indefinite, quando 
sia assegnata la temperatura sui piani  che delimitano lo strafe stesso. 

Viene dimostrata t'esistenza (in grande) e l'unicitde della soluzione sotto ipotesi 
assai generali sui dati iniziali  ed al contorno. Si  prova la dipendenza continua e 
monotona della soluzione dai dati iniziali  ed al contorno. 

Abstract .  - We studied a two phase Stefan problem in a infinite plane slab, n:hen the 
temperatures are prescribed on the two limiting planes. 

We proved global existence and uniqueness of the solution under ~Jdnimal smoothness 
assumptions upon the initial and boundary data. Furthe~'more, n e demonstrated the 
continuous and monotone dependence of the solution on the initial and boundary data. 

1. - I n t r o d u c t i o n .  

An example of the two phase S~]~AN problem considered in this paper  
is a slab of unit thickness consisting partly of water  and partly of ice with 
the temperature  specified on the bounding planes. We consider the simplest 
case of only one water- ice  interface x ~ - s ( t ) .  Mathematically, the problem con- 
sists of determining two functions, u(x ,  t) and v(x ,  O, and a function x------ 
- - -s( t )  such that (u, v, s) satisfy 

Ll (u )  =- x~u~ - -  u~ -~ O, 0 < x < sit) ,  0 < t ~ T, 

(1.1)  u(O, t) = f(t) ,  u(s(t), t) = O, 0 < t ~_ T, 

u(ac, 0) = q~(x), 0 <: ~ ~ b, s(0) ----- b, 0 < b < 1. 

L2lv) ~- x~v= - -  v, = O, s(t) < x, < 1, 0 < t ~ T,  

~1.2) v(1, t) = g(/), v(s(tb t) = 0 ,  0 < t ~  T, 
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and 

(1.3) s(t) = - -  K~u~{s(t), t) d- K~v~(s(t}, t), 0 < t ~ T, 

k ' - ~ c  -~ i ~  1, 2 represent  the diffusivities, k~, i~---1, 2, the con. where ×~ ~ ~ , 
ductivitie% ~ ,  i = 1 ,  2, the densities, c~, i ~ I ,  2, the heat capaci t ies ;  K ~  
-~k~,a~-~L, i =  1, 2, and L is the latent heat ;  all cf the preceding constants 
are positive. T is an arbi trary but  fixed positive number,  and the functions 
f > 0 ,  g < 0 ,  q ~ 0 ,  ~ ( ) ,  and the value b, 0 < b < l ,  are the boundary  and 
initial data for (l.1), (l.2) and (1.3). 

Problems like {1.1L (1.21, and (1.3) have been considered by several 
authors (see [1, 5, 8, 9, 10, 12, 13, 14, 15, 16]). In each of the references 
cited the results require considerable smoothness assumptions on the data. 
In this paper  we prove the global existence and uniqueness  of the solution 
and demonstrate  the continuous and monotone dependence of the free bonndary 
x ~  s(O on the data. The results of this paper are based upon the maximum 
principle and the teebniqne of the retarded argument  and hence require 
minimal smoothness requirements  upon the data. t towever,  as in [5], it is 
necessary to require that the data functions are sufficiently small in order 
that an a priori bound for s can be obtained. From our method of argument  
it is evident that the results generalize to more general parabolic operators 
for which the maximum principle holds. 

2 . -  Definitions, hypotheses,  and reformula t ion  of  the free boundary  
condition. 

We begin with a list of the assumptions needed for the existence theorem. 

(A) Let f=f(t) and g-----g(t) be bounded pieeewise continuous functions 
such that there exist four positive constants sq, ~ i :  i, 2 such that 

(2.1) 0 < ~ < f ( t ) < ~  and - - ~ 2 < g ( / ) < - - ~ 2 < 0 .  

~B) Let  qo = ~(x} and ,+ = ~(x) be piecweise cont inuous functions such 
that there exist four positive constants a~, ~ ,  i =  1, 2 such that 

(2.2) 

and 

(2.3) 

(2.4) 

0 ~ qqx}~ at(1 --  exp { ×y~,(x - b)}) 

0 ~ ~(x} ~ -- ad l  - -  exp t - -  x71~2{x - -  b) }). 

Finally, we assume that 

P = max (2KlelzT1 , 2K2%z~ -1) < 1, where 

el --~ max{~l, al) and e2 : max (~2, a2). 
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We  note that  (2.2~ and (2.3) ~re essent ia l ly  assumpt ions  of local L I P s c m ~ z  
con t inu i ty  of the ini t ia l  da ta  at x -~  b while  (2.4) is the res t r ic t ion  on the da ta  (3). 

Somet imes  it will  be necessary  to desigr~ate (1.1)and (1.2)as an auxi l iary  
problem for a given LIPSCItlTZ cont inuous  func t ions  s(t). By a solution of  the 
aux i l iary  problem, we mean  a pair  of func t ions  u ~-u(x ,  l) and v--~ v(x, t) 
such tha t  

1 ° . the der ivat ives  appear ing  in the equat ions  exist  and are con t inuous  
in the i r  respect ive  domain  of def ini t ion,  

2 ° . u and  v are con t inuous  in the c losure  of such domains  except  at 
points  of d i scon t inu i ty  of the data ,  

3 ° . for such points  of d i scon t inu i ty  

O ~ _ ~ l i m u ~ l i m u < ~  and  - - ~ < l i m v ~ l i m v ~ O  

as each such point  is approched  from the region in quest ion,  

4 °. u and v sa t is fy  (1.1) and (1.2} respect ively.  

Classical  ana lys is  of parabol ic  equat ions  [11] asserts  that  the solut ion of 
the aux i l i a ry  problem exists  and is un ique  under  the assumpt ions  l is ted 
above. )foreover ,  it follows [4, 11] that  u~(s(l), l) and v~(s(t), t) exist  and  are 
con t inuous  for 0 < t ~  T. If  ~ and ~ are con t inuous ly  d i f fe ren t iab le  in a 
ne ighborhood of b, then  ux(s(th t) and vx(s(l), t) exist  and are con t inuous  for  
0 ~ t ~ T .  

By a solut ion  (u, v, s) of the STEFA~ problem (1.1), (1.2) and (1.3), we 
mean  tha t  

1 ° . s ~ s ( l )  is a con t inuous ly  d i f fe ren t iab le  func t ion  for 0 < t ~  T 
( O ~ t ~ T  if ~ and  ~ are con t inuous ly  d i f fe ren t iab le  in a ne ighborhood of 
x -~ b) and cont inuous  for O ~ t ~ T, s(O) --~ b, and 0 < s(t) < 1, 

2 ° . u and v is the solut ion to the auxi l ia ry  problem for this s ~-s(l) 
in the sense specif ied above, and 

3 ° . u, v and  s sa t i s fy  (1.3}. 

We consider  now the r e fo rmula t ion  of the boundary  condi t ions  (1.3). 
By in t eg ra t ing  the opera tor  L~(u) --~ 0 over the region 0 < y~ ~ x _ ~ s ( z ) ,  0 < 
< t e a Z e l  and the operator  L2(v)-~O over the region s ( z ) ~ x _ ~ y 2 <  l, 
0 < to ~ z ~ t and  mul t ip ly ing  the resuI t ing  equa t ions  by K~z~ -~ respect ively,  

(3) It  is worth to note that, in the case of a water-ice system, ('2.4) requires that 1he 
initial and boundary temperature lie in the range (--40°C,~+~0°C) approximately: a range 
covering, under normal conditions, the entire range of validity of the description of the 
ft~sion process by means of (1.1)-(I.3). 



180 IOHN R. CANNON - MARIO PRLM~CERIO: A two phase Stefan problem, etc. 

it follows from adding the equat ions that 

(.9.5) 
t 

f [K2v~(s(z), ~ ) -  K~u,(s(z), ~)]dz = 

t 

f [K2v~('f2, ~)--K~u~('C~, ~ ) ] d : -  
t o 

~(t) ~: 

- -  K xylfu(x, t}dx- K2zF fv(z, t)dx,+ 
St 40 

~(to) /3 , /  -}- KI×-Z ~ u(x, toldz + K 2 x 2 t  v(z, toldx. 

Hence,  if (u, v, s) is a solution of (1A b (1.2), and (1.3 b then it 
(1.3} that  

t 

(2.6) sit) = s(to) A- f [K2v~(y2, z) - -  Klu~(T~, x)]dz - -  
t 0 

follows from 

~(to) "f~ 

+ Klxv' f u(~, to)dx + K 2 x 2 1  f v(x, 'o)dx. 
yt s(to) 

holds for any 71, "/2, to satisfying 0 < y ~ s ( z ) ~ l ' 2 < l ,  0 < t o ~ ' z ~ t .  Con- 
versely, if (u, v, s)satisf ies (1.1}, (1.2) and (2.6), where  s is assumed to be 
LIPSCmTZ continuous,  then since u and v satisfy {1.1) and (1.2) for this s, 
it follows that  u, v and s satisfy (2.5}. Hence,  (2.6) and (2.5) imply that  

(2.7) 
t 

s(t) -- s(to) = / [K2v~(s(z), ~t -- Kiu~(s(z), z)]dz 
to 

whence (1.3)follows. In  what follows it will be convenient  to in terchange 
(1.3) and (2.6) from t ime to time. 
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3. - Exis tence.  

This section is devoted to the proof of the following result. 

TItEORE~I 1. - Under  the hypotheses (A), (B), and (C) of section 2, there 
exists a solution (u, v, s) of the STEFA~¢ problem (1.1), (1.2), and (1.3} in the 
sense of section 2 which is defined for all t > 0. 

PnooF. - We begin with the construction of a family of approximations 
to a solution of (1.1), (1.2)and (1.3). Let  X ° be such that for each (} suffi. 
ciently small 

1, O ~ x ~ b - - O ,  

(3.3) X 0 =  0, b - - 0 < x < b + 0 ,  

1, b - 4 - O ~ x ~ l .  

Extending ~ and ~ to be zero outside of their  respective domain of definition, set 

(3.4) ~o-----X°~ and ~o----X°~. 

Consider the time interval 0 ~ t ~ ( }  and let (u °, v 0) be the solution of the 
auxil iary problem with qo and ~ replaced by ~o and ~o respectively and with 
boundary s ° = s ° ( t ) ~ b .  Next, we define s o in the interval 0 ~ t ~ 2 0  by re- 
tarding the argument  in the boundary condition (1.3) and obtaining 

(3.5) 
i 

s ° ( t )  = b + | [ K 2 v ~ ° ( s ° ( =  - -  0), • - -  0) - -  
¢ 

- -  K l U ° ( 8 ° ( ' c  - -  0), z - -  0}]d'~, (} ~ t ~ 20.  

Next, we obtain u ° and v ° for 0 ~ l ~ 2 0  by solving the auxi l iary problem 
(1.1) and (1.2) for 0 ~ t ~ 20 with the << initial >> conditions u°(x, 0) and vO(x, O) 
at t = 0, boundary s given by s o for 0 ~ t ~  20, and boundary data f and g 
for 0 ~ t ~ 2 0 .  Since u~(s°{t), t) and v°(s°(t), t) exist [4, 11] and are continuous 
for 0 ~ t ~ 2 0 ,  it follows that (3.5} can be used to define s o for 2 ( } ~ t ~ 3 0 .  
By induction, s o can be defined for 0 ~ t  g To, u ° can be defined via the 
auxil iary problem in 0 ~ x ~ s O ( t )  and O ~  t ~ To, and v ° can be defined via 
the auxil iary problem in s O ( t ) ~ c ~ l  and 0 ~ t ~ T 0 ,  where To is the first 
positive time that sO(To)=$ or sO4T0)~1- -8 ,  0 < $ < b <  1 q $ < 1 ,  and 
clearly To-----T0(~). In  the following we demonstrate  tt~e 

T o =  inf T o > 0  
0~0<0' 
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for 0* suf f ic ien t ly  small  so that  X ° is defined.  This  will follow from the 
der iva t ion  of an apr ior i  hound on s o which is independen t  of 0. Thus  in the 
in terva l  0<:_ t ~  To the s o will form a bounded equ icon t inuous  family.  The 
ASOOLI-ARZE~A theorem will give the exis tence of the f r e e - b o u n d a r y  s at  
least  for O ~ t ~ T o .  I t  will then be shown that  any  solut ion of (1.II, (1.2) 
and (1.3) can be con t inued  from t to t + ~ for any  t ~  To where ~ is inde- 
pendent  of t. F rom this will follow the exis tence of the solut ion of the S~E~h~ 
problem (1.1), {1.2) and (1.3) for all time. 

Since the funct ion  s o is cont inuous  for 0 " ~ t ~  To, it follows that 

(3.6) iI So IIo = sup l.~o(t) l < ~ .  
O < t < T  0 

We demons t ra te  the fol lowing lemma.  

LEMMA 1. - For  0 ~ t ~ To, 

~3.7) 

and 

z?*( S0/lo + ~), 

(3,8) [v°(,~O(l), t l ]~  ~2(1 - -  exp ( - (!1 so H0 + ~:)zT*~ } I -* 

where ~, = max  (~,, al) and ~2 = m a x  I~2, a2). 

PROOF. - Set  

(3.9) w~(x,  t) = ~,(1 - exp { - (11 ~0 il0 + ~)*;-*~ })-~" 

" f l -- exp { ll s° ]]° + ~* (x -- s°(t)) } } - t) 

for 0 ~ ~c ~ s(t) and 0 _~_ t ~ To. Dire~.t computa t ion  shows that  

(3.10) 

since 

• e x p {  JI 

L,(W~,)--~ -- ~,(1 -- e x p { -  (If s° [[o ~- ~3,)x~-*8 } ) -*" 

(3.11) ff sO H$ + 2 it bOlto~l + ~2 + IlSo lioiO + ~,io > tl So J ~ i  + ~ > o. 1 ,,,, 
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Moreover ,  we have  

(3.12) 1¥~°(0, t) = ~(1 - -  exp  ( - - ( I t  s° iio -[- ~lAx~ -~  })-~" 

• { 1 - -  e x p  { - -  z~-~ (]1 s o [[o -b  ~ ) s ° ( t ) }  t - -  f ( t )  

~ - -  f(t) ~ ~ - -  f(t) > O, 

s ince  

13.13) 

Also 

(3.14) 

and  

(3.15) 

so(t) > 8. 

w°(s°(t), 0 = o 

W°ix ,  O) ~ ~(1 - -  exp  t z~-~q~(x --  b) I ) - -  q~(x) 

~ 0  

s ince  q~ sat isf ies  (2.2). Hence ,  by the m a x i m u m  pr inc ip l e  W~>__O in 0 ~  
s°(t) and  0 ~ t ~ To. There fo re ,  

(3.16) 

S ince  

W°x(sO(O, t) <_ u2(s°(t), 0 ~ o. 

(3.17) W°xts°(t), t)---- - -  El(1 -- exp i - - ( [ i  i0 lto "-~ TJ1)'~ll~ I ) -1; (tl 80 il 0ZI__~ Hi), 

(3.7) fol lows immedia t e ly .  Also, the resu l t  (3.8) fol lows f rom a s imi la r  appli-  
ca t ion  of the  m a x i m u m  pr inc ip le .  

D i f f e r en t i a t i ng  {3.5) and  a p p l y i n g  (3.7) and  (3.8) we see tha t  

2 
(3.18) H s~ lie ~ E K~e~×;-~(1 - -  exp { - -  (H s° lie -k ~)×/-~8 } ) -~ .  (J] s o lie q- ~). 

Reca l l i ng  

(3.18) 

and  se t t ing  

(3 20) 

P = m a x  ( 2 K l $ i x 7 1  , 2K2~2x22 } < 1. 

",~ = m a x  (~1, 72) 
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( a 2 4 )  

Then ,  e i t h e r  

(3.25) 

o r  

(3.26) 

and  

(3.21) ~ = ~ rain (zv1 , y,~-l), 

we ob ta in  

(3.22) I s° ilo ~ F{1 - -  exp  i - -  ~ II "~ !Io } )-1( I s° lie q- ~)- 

F r o m  (3.22) we can  d e m o n s t r a t e  the  f o l l o w i n g  l e m m a .  

L~,M)~A 2. - F o r  s o on 0 ~ t ~ To, 

(3.23) tl ;~o Ire -< m a x  - ~ l og  ; 

PROOF. - F i r s t ,  s u p p o s e  tha t  

1 log < , 

]1 so i]o ~ - -  ~ log 

t3.27t 

II .~o I~o > --  ~ log 

C o n s i d e r  (3.26). F r o m  (3.221 we see  tha t  

, ~o,o ~ , ( , _  ox, l_ ~(_ ~ ,o ~ (,_~_~) 
• (11 Do lie + ~) = 

= r ( ,  , -  r)- ,  

2 r  ,4o 
- l + r ( t f  Ii0+~). 

H e n c e ,  

13.2s) II D~ No < 2 r ~  
- - 1 - - F  

I), 
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which demonstrates  (3.23) for the case ~3.24). For  the case 

(3.29) 

the supposit ion I3.26) leads to the contradiction (3.28). Hence  for (3.29), (3.25) 
holds which demonstrates  (3.23). 

Select  now a $o such that 0 < ~o < b < 1 - -  ~0 < 1. It is clear that 

To = inf To(~o) > O. 
0 

)Ioreover,  s o form a bounded equi -eont inuous  family on 0_~ t ~  To. By the 
ASCOLI-ARZEr,A theorem there exist a sequence s0j which converges unifor- 
mly to a function s~s{t) on O~_t~__To as 0i-->0. The function s is LIPSOHITZ 
continuous, with LIPSCHI~z constant given by the right hand side of (3.23) 
with ~ set equal  to ~o. Let  u and v denote the solution of the auxi l iary 
problem for this s. Clearly u°~ tends to u uniformly as 0i-->0 and v°; tend to 
v uniformly as 0j--->0. Since 

(3.30) s0j(t -~ 0j) - -  8°;(to -1 u 01} = f { K2v~;(y2, ':) - -  K:u°;(y:, z) t d~ - -  
~ g  

to 
sOj[t) 

- K:~-' f uOj(~, t)d~-- K2×Tl f vOj(x, t)d~+ 
T~ sOj(t) 

sOj(to) V,~ 

+ K1w: f u°J(x, to)dJe + K2xT~ f v°J(x, to)dx, 
Y~ sOJ(to) 

it follows that u, v and s satisfy the heat balance (2.6). Hence, (u, v, s) is a 
solution to the S~EFA~ problem (1.1}, (1.2) and (1.3) for 0 ~ t ~  To. 

In order to continue a solution to (1.1), (1.2) and (1.3) to times larger 
than To, it is necessary to obtain some a priori information on solutions of 
the STEFAN problem (1.1), (1.2) and (1.3). For  the moment, it is convenient  
to assume that there exists a l~o > 0, 0 < ~o < b < 1 -  ~to < 1, such that 

( 3 . 3 i )  ~ o : ( t L o  - -  x) _<_ ~(~),  0 < o~ < I~o, 

and 

(3.32) ~O_~o~((1 - p0) - -  ~) ~ +(~),  (1 - }~o) _< ~ _< 1. 

AnnaI i  di  M a t e m a t i c a  24 
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W e  shal l  demons t ra te  la ter  that  (3.31} and (3.32} can eas i ly  be removed.  Note 
that  for consis tency here it it must  be assumed that  a~ is re la ted to ~ via 

a l l l  - -  exp { - -  z~-l~b } ) ~ ~ ,  

and a2 to ~2 via 

a2(1 - -  exp t - -  x~-l~2II -- b) } ) ~ a2. 

LE~IMA 3. - I f  S is the free boundary  of a solut ion (u, v, s) of (1.1), (1.2) 
and (1.3), then  there exists  a ~tl, 0 < ~tl~___ ~o, such that  ~ < s ( t ) <  1 --~t~ for 
all t for which the solut ion is defined.  

PROOF. - Since ~to<b < 1 - - ~ o ,  it follows that  if  s takes on the value  
I~ then there is a f irst  t ime t* at which say s(t*)--~ t~. Clearly, s{t*)~_0. But  
by condi t ion (3.31) it follows from an e l emen ta ry  appl ica t ion  of the m a x i m u m  
pr inciple  that  

--uAs(t*), / * } ~ 1 ~  -~ 

while 

- A ,  

where A is a cons tan t  which depends  only on ~2, 22, and a2. Hence,  from 
(1.3j we see that 

(3.33) s{t*)~>~l~ -1 - - A  > 0 

for ~ suf f ic ien t ly  small.  
By s imi lar  r eason ing  to tha t  of Iemmas 

is valid. 
l and 2, |he fol lowing l emma 

LEMMA 4. - I f  (u, v, s) is a solut ion of the STEFAiN ~ problem (1.1), (1.2) 
and (1.3) for 0 ~ t ~ T*, then for 0 < t ~ T* 

(3.35) 

and 

(3.36  
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where 11 s ]I = sup [s'(t} [, r~ is def ined  by (3.20}, _P is def ined  by (3.19} and 
O~t~T* 

(3.37} 

Consider  now the u componen t  of a solut ion of the S:eE]~'A]; p roblem (1.1}, 
(1.2) and (1.3). For  t ~ T o ,  it follows f rom (3.36), (3.34), (2.1) and  (2.2) tha t  
there  exists  a posit ive constant  ~q~ which  is i ndependen t  of t such that 

{3.38} ] u~(x, t) t <_ r~ 

for bt~ <_x<_s(tL Since  0 <__u(x, 0 <-~ and u(s(t), / } = 0 ,  we have  

(3.39) 
I e~, 0 _< 0C_< ~C*, 

0 < u i x ,  t) < 
I ~(slt} - -  x), x* <_ x <_ s(t), 

where  x * - ~ - s ( t ) -  ~t~-le~ and ~3 is increased  if necessa ry  so that  ~l~-le~ < 2-11~ 
which  implies  that  w* is positive. Given ~ > 0, cons ider  tl~e func t ion  

(3.40) ¢7(a~) = (~: q- s)(1 - -  exp i ~ I x - -  s{t) } !). 

F r o m  (3 .39) i t  is c lear  that there exists  an ~4----~(~, ~y~l} suf f ic ien t ly  large  
such that  

(3.41) o _< u(x, 0 -< ~(x}. 

Simi lar ly ,  there  exists  an ~5 such theft 

(3.42} O ~ v l x ,  t }~+tx ) .  

where  

(3.43) ~[x) ......... (~2 + e)(1 - -  exp i - -  ~ s (x - -  s{t))! }. 

Suppose  now that  a solution (u, v, s) of the S~EFA~ problem (I.1), (1.2) 
and (1.3) exists  for 0_< t < ~*, where  T * ~  To. Then,  for ~ suf f ic ien t ly  small  
and  fixed, (3.41) and  (3.42} imply that  the discuss ion of L e m m a  1, L e m m a  2, 
and the pa ragraph  fol lowing L e m m a  2 can be dup l i ca ted  with ~ rep laced  by 
e~--I-e, ¢: r ep laced  with e2 + s, ~l~ rep laced  with ~ ,  ~12 rep laced  with ~ ,  a n d  
8o rep laced  with  2-1~tl. Hence ,  there  exists  a posit ive z which does not  depend  
upon  t such that  the solut ion (u, v, s) of the STEFA~ problem (1.1), (1.2) 
and  {1.3) can be con t inued  to the in terva l  T*_<t  ~ T * +  v. By induct ion,  it 
follows that t!le sQlution (u, v, s) exists  for  0 ~ t ~ T for any  a rb i t r a ry  T. 
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The removal of (3.31) and (3.32) is quite easy. Recall that  the a rgument  for 
the existence of (u, v, 8) for 0_< t_< To did not require  the assumpt ions  (3.31) 
and (3.32). Hence,  for data satisfying only condit ions (A), (B) and (C) of section 
2, a solution exists for 0_<t_.<To. At t ~  To, u > 0  for 0 _ < x < s ( T o )  and 
v < 0  for s(Tot < x <  1. Consequently the existence of a 9 0 > 0  and the con- 
dit ions (3.31) and (3.32) at t ~---To follow from the cont inui ty  of u and v and 
the condit ions (2.t). Reconsiderat ion of the problem for t ~  To and the previous 
a rguments  yields the resul t  stated in Theorem 1. 

4. - S t a b i l i t y .  

Let (u~, v~, s~), i ~  1, 2, denote solutions of the S~EFA~ problem (1.1), 
(1.2} and (1.3) for the respect ive data /~, gl, ~i, ~ ,  and b~, i----1, 2, which 
satisfy assumpt ions  (A), (B), and (C} of section 2. Assume that  

(D) ~ and ~ ,  i ~  i, 2, are cont inuously  different iable in 0 _  x <_ ? 
and 1 - -  y <: ~ _<_ 1, ¥ > 0, respectively.  

We state the fol lowing result.  

THEOREM 2. - There  exists a constant  C which depends  upon T, ×~, K~, 
m, ~,  a~, ~ ,  i ~ l ,  2, y and min(b~, b2, ( 1 - b ~ ) ,  (l--b2}) such that for 
O < t < _ T  

(4.1) 

where 

I 8~(t) - 8:(t) l <_ c t sup ! f~(~} - -  f~(~ J + 
O ~ , r ~ t  

+ sup I gl(':) - -  g2(':) [ + sup I (Ihlx) - -  d)z(X) I + 
0<::x<~'f O<x<l 

+ sup [~ i (x ) - -  ~(x~l + sup ! +i(x)-- +i(x) l + 
0~x:~ T 1 - - ~ < x < l  

( K2zc~Pdx), 

O<_x<_b~, 

b~ <: x<_l. 

PROOF. - A straight  forward appl icat ion of the technique used in [3] yields 

(4.2~ 
1 

181(o - 82(ol <- If - b21 + f + 
0 

t 

f 3u~ 3u2 I 

0 
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t f vl 
0 

~ul ~u~ z) and for 0 <_ t ~ T, 0 < y1 < y and 1 - -  y < y2 < 1. ~Next, ~ ( y ~ ,  ":) - -  ~:~(yz, 
~v~ , ~v2 
~-~iy~, ~ ) -  ~-(y~,  z) can easily be es t imated in terms of the data and 

sup is~(:q)--s~(~)t. Consequently,  (5.1) follows from an appl icat ion of GRO~- 

WALL'S lemma via [2, t emma 2 page 380]. 

5. - U n i q u e n e s s .  

As a corollary to the stability resul t  we have the following uniqueness  
theorem. 

T~{EOREM 3. - Under  the hypotheses (A), (B), (C b and (D), the solution 
(u, v, st of the STEFAI~ problem (I.1), (1.2) and {1.3) is unique.  

6. - M o n o t o n e  d e p e n d e n c e .  

The following result  is a consequence of the m a x i m u m  principle  and 
the stability theorem. 

THEOREM 4,  - Under  the assumpt ions  (A), (B), (C~, and (D) if (u~, v~, s~); 
i-----1, 2, are solutions of the STEFAI~ problem (1.1}, [1.2), and (1.3) correspon- 
ding to the data  f~, g~, ~ ,  ~ ,  and b~ and if f~ <_ f2, g~<--g2, ~<_~2, ~ <--~2, 
and b~ < b2, then 81(t) "~ 82(t) for all t > 0. 

PROOF. - Suppose  first that b~ < b2. Then,  sl( t)< s2(t). If  not, then  there 
exists a first t ime t* such that  s~(l*j--~s2{t*} and s~{t*)~s2(t*}. By the max imu m 
principle,  u 2 - - u ~ > 0  in 0 < w < s ~ ( t } ,  O<t<_t* .  At (s~(t*), t*), u z - - u ~ = O .  
Hence,  by the parabolic version of HoPF ' s  lemma,  

Similarly,  

_ _  3Ul ~8 Jt *l 

OV2 , ~ v l  , (s~(t t, t*! > ~ -  (sl(t ~, t*~. 

By (1.3), it follows that s'2(t*)> s2(t). Hence,  sl(t)< s2(t). The remainder  of the 
theorem follows from the stability by consider ing the solutions of (1.1), (1.2), 
and (1.3) for b2 ~ ~, f2, g2, ~2, and 42 and by let t ing s tend to zero. 
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7. - Asymptotic behavior. 

Referring to the asympotie behavior result in [8; p. 71] if f and g are 
s u c h  t ha t  

OD 

(7.1) f t/(~) - -  fo:l 2 + (g(~) - -  g~12~ dz < ~ ,  

t 

where f~  is a positive constant, ~ < f~ < ~ and g~ is a negative constant, 
- -~2 < g ~  < - - ~ 2 ,  then the solution (u, v, s) of problem (I.l), 11.2t, and (1.3~ 
tends asymptotically to the steady state solution 

t7.2t 

w h e r e  

u,o ~ b ~ f ~ ( b ~  - -  x), 0 <_ x _< boo, 

v ~  ----- (1 - -  b ~ ) - ~ ( - -  g~)lb~ - -  x), b~ _< x __< 1, 

t7.3) boo = K~ f ~ ( K ~ f ~  + K 2 t - -  g~)t -~. 
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